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To be, or not to be, that is the question

—— {Hamlet)
William Shakespearer
It, or Bit, that is the question
* Matter * Information
* Energy * Entropy
Life feeds on negative entropy The Sun as a low-entropy energy source
__ (Whatis life?) - —— {Road to reality)

Erwin Schrodinger Roger Penrose



It from bit

“It from bit. Otherwise put, every ‘it’ — every particle, every field of force, even the space-time continuum itself

— derives its function, its meaning, its very existence entirely — even if in some contexts indirectly — from the
apparatus-elicited answers to yes-or-no questions, binary choices, bits.”

John Wheeler
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What is the relationship between matter and
spacetime at the quantum mechanical level?
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The entanglement may be the essence of spacetime
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Many physicists believe that entanglement is the essence of quantum weirdness — and
some now suspect that it may also be the essence of space-time geometry.

Ron Cowen
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Hundreds of researchers in a collaborative project called “It from Qubit” say space and time
may spring up from the quantum entanglement of tiny bits of information




The information loss paradox manifests itself in the middle stage of evaporation
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The information loss paradox manifests itself in the middle stage of evaporation

% S s* % Page theory
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Key issue:
How to compute the entanglement entropy between the Hawking radiation and
the black hole in a quantum field theory?
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m Pure state

A pure state |y) is a quantum state that can be completely described by a
single wave function or state vector in Hilbert space H,.

1
V2

* Normalization: the state satisfies (Y|y) = 1

W)y =—=UT) + ) ) € Hy



m Pure state

A pure state |y) is a quantum state that can be completely described by a
single wave function or state vector in Hilbert space H,.

1
V2

* Normalization: the state satisfies (Y|y) = 1

W)y =—=UT) + ) ) € Hy

 the density matrix p given by |y){(y]

_ ((Tll/))(l/)IT) (TIIP)(I/)N)) _ (1/2 1/2>
P \@I GpXapl) /2 1/2

« Purity criterion: the trace of the square of the density matrix is Trp?=1.



m Pure state

A pure state |y) is a quantum state that can be completely described by a
single wave function or state vector in Hilbert space H,.

1
V2

* Normalization: the state satisfies (Y|y) = 1

W)y =—=UT) + ) ) € Hy

 the density matrix p given by |y){(y]

<<T|¢><¢|T> <T|¢><¢|¢>):(1/2 1/2>
LDyt Lpywlly) —\1/2 1/2

« Purity criterion: the trace of the square of the density matrix is Trp?=1.

* Physical meaning: the system is in a definite quantum superposition, exhibiting
full coherence and capable of interference.



m  Pure state of 2-qubit system
» The Hilbert space :

%ABz}[A@}[B Dlm(}[AB)=2X2=4



m  Pure state of 2-qubit system
» The Hilbert space :

%ABz}[A@}[B Dlm(}[AB)=2X2=4

1 1
W) = Y)a @ [Y)p = \/_i(m + N4 ® E(IT) + )

=~ (N @M+ Ma® s +11a @ Mz + V)4 ® I1)p)
= %(|T>A|T>B + [ Daldds + [DalDp + [Vall)p)



m  Pure state of 2-qubit system
» The Hilbert space :

%ABz}[A@}[B Dlm(}[AB)=2X2=4

1 1
W) = Y)a @ [Y)p = \/_i(m + N4 ® E(IT) + )

=~ (N @M+ Ma® s +11a @ Mz + V)4 ® I1)p)
= %(|T>A|T>B + [ Daldds + [DalDp + [Vall)p)

* The density matrix p,5 given by |Y)(y| is a 4 X 4 matrix

Convention for bases in H 5 :
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m  Bipartition of 2-qubit system

1
[Y;): “1:“2233:“425

N

PaB =

S =
=
=
=

Trpap=1, Trpsp°=1

* The reduced density matrix p4:

pa =Trgpap = (MNYXWD[T)p+ (LYYW [)g
(172 1/2
Pa=\1/2 1,2
e Trps%=1, Trpg?=1, no correlations between A and B.

|¢1> = |¢>A 03¢ |¢>B
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= Pure state of 2-qubit system Y1) EH, Q Hp
1 1
EPR state |l/)11) = ﬁ(lT)A|T>B + N)All’)B) i) a1 = a3 =0, a,= a4=\/—§

- The density matrix p, given by [y, )(¥;;] is a 4 X 4 matrix

1/2 0 0 1/2

0 0 O 0 _ _
Pa=| 0 0 0 O Trpa=1, Trpsp*=1

1/2 0 0 1/2



= Pure state of 2-qubit system V) € Hy Q Hp
1 1
EPR state |lp11) = ﬁ(lT)A|T>B + |J’>A|‘L)B) i) a1 = a3 =0, a,= “4:\/_5

- The density matrix p, given by [y, )(¥;;] is a 4 X 4 matrix

1/2 0 0 1/2

[ 0o 0 o0 O
PaB=| 0 0 0 O
1/2 0 0 1/2

Trpag=1, Trpap*=1

« The reduced density matrix p,:

1/2 0
Pa = ( é 1/2) Trpa=1, Trp,*<1
« Trp,? <1, the subsystem Ais correlated with B.

1
W) = ﬁ(lT)A|T>B +1alb)g) # W) @ l@)s

- Trp,? <1, the subsystem A can not be described by a pure state in #,, dubbed
as a mixed “state” .
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m  Pure state of 2-qubit system W) EHY Q Hp

1
1Y) = ﬁ(”)A”)B + [Dald)g) # [W)a @ lo)s

How to distinguish a pure state and a mixed state?

1 (172 0
g =1+ 11)) b ea= ("2 10)

* pure states possess maximized information in the sense that it is unitary.

« while mixed states, due to their classical uncertainty, contain less information.

How to evaluate the correlation between subsystem A and B?

How to evaluate the information lost during the course of tracing subsystem B?



m  The entanglement between A and B

« Entanglement entropy

For a pure state of two subsystems, the von Neumann entropy of the subsystem is defined as the
entanglement entropy.
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For a pure state Sa=8g =—Trpglnpg
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m The entanglement between A and B

« Entanglement entropy

For a pure state of two subsystems, the von Neumann entropy of the subsystem is defined as the
entanglement entropy.

Sa=—Trpalnp, 0<S,<Spge=1In2 0<S,<log,2=1
For a pure state Sa=8g =—Trpglnpg
1/2 12
For [1;) S, =0 pa = (1/2 1/2>

I I
For EPR state [{;) 5, = _Trfln <§> =In2

EPR state is the maximally entangled state.

* Information contained in subsystem A:

IA ESmax_SA = lnd—SA




m  The entanglement between A and B

« Entanglement spectrum (Renyi entropy):

1 Trp,™
Sy = In
1-n  (Trp,)"

.0 n .0 Zy(A)
§=-Trpslnpy = —lim—Trp," = = lim ——=2
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m  Pure state of 3-qubit system Hipc =HsQ Hg K H

1 .
« (GHZ state: |l/)]> = ﬁ (|T>A|T>B|T>C + |‘L>A|J’>B|‘L>C) PABC: 9 X9 matrix

Pag = TTcPapc = %(”T)(TTI + |li)(ll|)=%

C OO =
o OO O
o OO O
-0 o O

Sap = —TrpapInpyp =In2

» S,p measures the entanglement between subsystem (AB) and C.

Trpap=1, Trpap%<i

* pyp IS @ mixed state

Is the subsystem A entangled with B in p,5?



« Separability criterion: For a bipartite density matrix p,5 , it is separable if there
exists a probability distribution {p;} and local states p{* ,pf such that :

pas = Lipi P @ pf
Clearly, it can be written as a probabilistic mixture of product states:
1 1
pap =7 [THT] & [THT] + 5 DT [INL

no bipartite entanglement between particles A and B!
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« Separability criterion: For a bipartite density matrix p,5 , it is separable if there
exists a probability distribution {p;} and local states p{* ,pf such that :

pas = Lipi P @ pf
Clearly, it can be written as a probabilistic mixture of product states:
1 1
pap =7 [THT] & [THT] + 5 DT [INL

no bipartite entanglement between particles A and B!

« a necessary and sufficient condition for separability: if the partial transpose of p,5 with
respect to one subsystem (e.g., pﬁg (has only non-negative eigenvalues, then p,p is
separable.

Physical meaning: In the GHZ state, genuine three-partite entanglement exists, but any
two particles are not entangled — their correlations are purely classical!



m  Pure state of 3-qubit system

1
e Mutual Information of GHZ state: V) = —2(|T>A|T>B|T>c + [V alV)s )

\/_

[(A:B):=S(pa) + S(pg) — S(pap) =1n2

In the GHZ state, the mutual information between any two particles equals 1
bit, which comes entirely from classical correlations (since p,5 is separable).

no bipartite entanglement between particles A and B.
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W=

P23 = TTip123=
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O RR O
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o oo o

2 2 1 1 2
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m  Pure state of 3-qubit system HyQ Hg @ H

1
- Wstate: |P) = —3(|100) + 1010) + |001))

\/—
1 0 0 O
_10 1 1 0
P23 = Trip123= s5lo 1 1 o0
0 0 0 O

2 2 1 1 2
S =-=Trpy,zInp,; = — (glogzg + glogz 5) = log, 3 — 3 S 0.918

* Now partial transpose on qubit 2: map (ij, kl) -> (il, kj) : (12, 21) -> (11, 22)
1 0 0 1
10 1 0 O
P23 00 1 0
1 0 0 O
1++5

. pﬁg has a negative eigenvalue: ) =
state is entangled (non-separable).

the reduced two-qubit state of the W

2



m  The extension to N-qubit system Hi QH, - X Hy

“All or nothing” entanglement. The state is extremely non-local but fragile.

1
- W state: = —(]100 -+ 0) + |010 - 0) + |00 --- 01
Y \/N(l )+ | )+ | )

“One-excitation” entanglement. The state remains entangled even after losing some particles,
making it more suitable for noisy environments or quantum networks.

* Both states serve as essential resources in quantum information:

GHZ for secret sharing and extreme non-locality tests,

W for robustness in lossy channels and distributed quantum computing.
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The average entanglement entropy is

. d“‘Zd:B 1 dy—1
(Pa) = 7 2dg

j=dB+1

For large dimensions

- d 1
S(ps) = Indy — ﬁ + 0(@)




m The typical states in an N-qubit system Hi Q@ Hy - & Hy

 Page theorem:

Letd, = 2%, dg =2""% andd, < dg (k < N/2)

The average entanglement entropy is

. d“‘Zd:B 1 dy—1
(Pa) = 7 2dg

j=dB+1

For large dimensions

- d 1
S(ps) = Indy — ﬁ + 0(@)

* Key implications for N-qubit systems

1. Typical states are highly entangled.

2. Contrast with GHZ and W states.
GHZ S =In2 for1<k<N

3. The theorem inspired the Page curve in black hole physics.



m  Entanglement and Qunatum Error Correction (QEC)

[¥) ) )

_> :
Uiz
— T >
— > T: More outgoing channels than
incoming ones
2 Entanglement =
lY) = z a;|i) J > [0) = Z a;|7)
i=0 =0

1
(U1 ® I3)[0) = i) ®ﬁ(|00> +111) + [22))

- 1
(Usx @ L)|P) = 1§) ®ﬁ(|00> +[11) + 22))

U12

|00) = |00) |11) = |01) [22) — |02) )

0) = (|000) + |111) + [222))/V3
101) = |12) |12) > [10) [20) = |11) 1)
|2

(]012) + [120) + [201))/+/3
) = (]021) + [102) + [210))/V/3

|02) - [21) |10) —» [22) |21) — |20)
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 Singular Value Decomposition (SVD) of matrix

* Tensor and tensor chain decomposition

« Matrix Product State (MPS)

« Entanglement entropy of MPS

» Operators and expectation values
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m  From states to tensors

B = D iyt i) ® liz) @B lin) h=1,..,d
dim(#,) = dV

« Ford = 2, N>20 , the Hilbert space is too huge to compute.

* For a many-body system, it is hard to compute the energy spectrum and the
ground state and excitations.

* Let alone the entanglement structure of the state.



m Diagram for tensors
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m Diagram for tensors

o N T

Scalar Vector Matrix Tensor

C Va Mab Talaz...an

e Contractions:
I’ _____ 1 Vb Mab

¢ id N a- - b

C=Xg Yq Vp = xq Mgy Map = Aac Bep
 The order of indices:

b C
clockwise: l _____ l
m Tabca a= - 2 . E d

A B !

TABC
C‘ Tabca = Aabe Beca



m  The key ideas in tensor network approach

1. Applying SVD to decompose tensors into the product of tensors with lower orders.

2. Applying the approximate method by truncating the diagonal matrix.
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m  The key ideas in tensor network approach

1. Applying SVD to decompose tensors into the product of tensors with lower orders.

2. Applying the approximate method by truncating the diagonal matrix.

m Eigenvalue decomposition of the matrix

Hermitian matrix: M=M= M = Urut

[ is a diagonal matrix, referred to as the eigenvalue spectrum

D.D _ D-Dﬁ+-D _ D. D. D.i

The maximum eigenvalue problem

lim M¥X = [Eu©®y T

K—oo

Truncation of the diagonal matrix: ~ (Too= T4 .. = Tp—1y(p-1))

L d
‘- - e



m  Singular value decomposition

M: a X a matrix

M = UAVT

Rank: the number of non-zero eigenvalues



m  Singular value decomposition

M: a X a matrix

M = UAVT

Rank: the number of non-zero eigenvalues

Truncation of the diagonal matrix A

a d
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m  Tensor train decomposition:

[ S 11 AR 11

abcd a (bcd) a (bcd)

T

abcd

a b C d

1.  Without any approximate TT decomposition, the "exponential wall" problem cannot be
solved without rank loss.

2. Orthogonality is typically indicated by an arrow: it stipulates that contracting the inner
indices of a tensor with its conjugate tensor yields the identity matrix.



m  Matrix Product State (MPS):

By = ) iy 1) @ 1i2) ®...@ liw) ih=1,...,d
L iy
_ 21 4(2) (N-1) (N)
lpiliZ"'iN o Ai1a1 Ai2a1a2"' AiN—laN—zaN—l AiNaN—l

=4
.



m  Matrix Product State (MPS):

By = ) iy 1) @ 1i2) ®...@ liw) h=1,..,d
L iy
_ 21 4(2) (N-1) (N)
lpiliZ"'iN o Ai1a1 Ai2a1a2"' AiN—laN—zaN—l AiNaN—l

e

o p—) as
T—T——T—-— -—T a,=1,..,D
Iy Iy

MPS reduces the parameter complexity of quantum
multibody from exponential to linear levels!



m  EPR state as the simplest Matrix Product State (MPS):

) = —= (111 + [11)

V2 m GHZ state
1 —(lo ®N_|_ 1 XN
¢ W) = \/—(I ) |1)®N)
= Tr(4fa%) Isis,) i
5155=1 ) = 2 (Afi]A‘[qé] Afl’\‘,’]) 15155 ... Sp)
515,=T
Lo 1 0) 0 1 1 0
A[l] = Ap 21/4 (O 0 Afy = 21/2N (0 O)
! T 0 0) 1 1 00
Ay = A 21/4 (O 1 A = 21/2N (0 1)
........ A, D=2 A, Lo - A, - 4 4, [
| 1) |52> |51) |S2> |SN>




m Various tensor network states

By = ) iy i) ® liz) ®...® i)

i oy
C
Z,

1. Matrix Product State (MPS)

2. Tree Tensor Networks (TTN)

3. Multiscale Entanglement
Renormalization Ansatz (MERA )




m  Schmidt decomposition and entanglement spectrum:
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m  Schmidt decomposition and entanglement spectrum:

lY) = z Vii,.iy 1) ® i) ®...Q |iy) ii=1,..,d
i iyin
D-1
Yijiyiy = z Ui iy i aNaVisrinssina
a=0

11 Ly il iN

D-1
¥y = D AdUDIVe)
a=0

1. The Schmidt decomposition of quantum states corresponds to the singular
value decomposition of their coefficient matrices

2. A, is the entanglement spectrum:

ZAaZ =1 S=—-Trpglnp, = —ZAazlnAaZ < InD
a a



m  The reduced density matrix and entanglement entropy of MPS:
d

|¢MPS> = z Tr (AE?L]AEE] ---AE%]) |i1i2 e lN)

ilizu_zl

[¥rps) *TT T —T—r (rss] *L* # —‘*




m  The reduced density matrix and entanglement entropy of MPS:
d

|¢MPS> = z Tr (AE?L]AEE] ---AE%]) |i1i2 e lN)

ilizu_zl

[¥rps) *TT T —T—r (rss] *—L‘ # —‘*

p = [Wups) (Wypsl *L # ‘ _‘_L




m  The reduced density matrix and entanglement entropy of MPS:
d

|¢MPS> = z Tr (A'ii]A'ié] ---AEII\\I]]) |i1i2 e lN)

i1ip =1

[Yumps) *TT T —T—~ (rss] *#4 L —L
p = [Wups) (W yps) *# # # |

T

pa=Trgp




For SVD:

pa=Trgp = (MT)dsz /\ZDXD (]VI)Dxd2 = _Za/\azln/\a2



m Higher-order singular value decomposition (HOSVD) :

Tape = Gijk UaiVbj Wek

Giji is the core tensor of T,

Bond reduced matrix

Jiir = Giji Gy jg

It is a non negative definite diagonal matrix, and the elements are arranged in non ascending order
Joo= J11 = 0)

_____________



m  Operators on states:
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m  Operators on states:
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General operators on states:
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m Expectation values:
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m Correlations:
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m Basic procedures to find the ground state:

1.

2.

Given the Hamiltonian, starting from a random MPS state.

Evaluate the expectation value of the Hamiltonian at this state by SVD and
tensor contractions.

Leave the most left tensor uncontracted, diagonalize the matrix, find E,;,;;,.
Reshape the eigenvector to form a new tensor for the most left tensor.
Repeat the above steps for the next tensor neighboring to the most left one.

Repeat the above steps until E,,,;;, unchanged.
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= Imaginary time evolution to find the ground state:

When the system temperature is extremely low (f — ), the system density
operator is given by the eigenstate with the lowest Hamiltonian (denoted as |g)),
which is called the ground state of the system. The corresponding eigenvalue E, is
called the ground state energy.

Jim e~FH /7 = |g)(g|

Hlg) = E;4lg)

Ground state solution refers to finding the lowest eigenstate and eigenvalues of the matrix
corresponding to the Hamiltonian, corresponding to the following optimization problem

E, = (g|H|g)

ﬁll_r){jlo e FH lomps) = 19)

f =Nt, N - oo, issmall
ﬁ = ﬁlz + ﬁzg + H\34

ef(ﬁ1z+ﬁz3+ﬁ34) ~ eT(H12+ﬁ34) eT(ﬁ23) — eTﬁ12 eTﬁ34 eTﬁ23
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