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Historical developments

* There are four fundamental interactions in the nature, three of which (EM, Weak,
Strong Interactions) are described by gauge theories.

* What about the remaining force, gravity? Can it also be reformulated as a gauge

theory, thereby allowing us to draw on quantization techniques from gauge field
theory?

* The core feature of a gauge theory lies in its dynamics being rooted Iin the concept
of connection.

* The quantum theory is highly relied on the corresponding classical theory.

* The geometric dynamics: From ADM (Arnowitt, Deser, Misner) formalism to Palatini
formalism.

* Yet neither framework constitutes a true connection dynamics.

* In 1986, the Ashtekar formalism—a complex connection-based dynamical

framework—was established, laying the foundational groundwork for loop quantum
gravity.



However, quantization based on the complex connection cannot be
rigorously implemented due to the non-compact nature of the internal
gauge group.

In 1995, Barbero revised Ashtekar's complex variables into real canonical
variables.

Holst subsequently constructed a generalized Palatini action to support
this real connection dynamics.

Despite containing a free parameter (the Barbero-Immirzi parameter [3)
and featuring a more complex Hamiltonian constraint than the Ashtekar
framework, the generalized Palatini Hamiltonian with real connections is
now broadly embraced by loop theorists for quantization efforts.

Applicable scope of connection dynamics: Connection dynamics beyond
GR, coupled with matter fields....




‘ Basic elements of SU(2) group

Def. 1. A group G is a set equipped with a map (group-product, composition) G X G — G such that
(1) (8182)¢ = g1(8283). V81,842,853 € G
(i1) didentity element e such that ge = eg =g, VYgeG.
(iii) Yg € G, its inverse g~ such that gg™' = ¢7'g = e.
Def. 2. Let G and G’ be two groups. A map ¢ : G — G’ is called a homomorphism, if ¢(g12>) = ©(g1)e(g2), VYgi1.2 € G.
Def. 3. A homomorphism ¢ : G = G’ is called an isomorphism if the map ¢ is 1-1 as well as onto. An isomorphism ¢ : G — G is

called a automorphism on G.

Def. 4. A Lie group of dimension n is a group G such that G is also a smooth manifold of (real) dimension n.

= A group is called abelian such that gh=hg, for any elements in G




SO (2) group

* For a rotation along Z-axis, we have

X cosf@ sinf, x
(y’) = sin @ cos 9) (y)

sinf@ cosé@

[cos@ —sin@} X

* SO, we only need to consider the matrix
* This the SO(2) rotational group, which is abelian group

[cos(a+,3) sin(a+ﬁ)] _ [cosa sina] [cos,@ sinﬁ]

sin(a + 8)  cos(a + B) sina  cosa | |sinf cosf

N [cosﬁ sinﬁ] [cosa sina] B [cos(6+a) sin(ﬁ+a)]

sin3 cosf sina cosa sin(8+a) cos(f+ a)



SO (2) group

_ . cos) —sinf 1 0
= For 6 =o0case, we have the identity element wnd coso |~ 1o 1171

cos(—0) —sin(—e)] _ [ cos 0 sin@} _ [cosﬂ —sinﬂ}l

= The inverse element Lin(_g) cos(—0)

—sin@ cos@ sin@ cos@

= Now, we are going to demonstrate SO(2) is isomorphicto R »:R—50(2)

sinf@ cos#f

cosf —sinf
cos) —sin0

0 — p(0) =
= This map send identity to identity as 0+ »(0) = Lmo 050 ] =1 [
cosf) —sinf
sinf cosf ]

= Inverse element to inverse element -0+ po(—0) = - [

= Keep the additivity (o + 8) > p(a + 6):[‘”5“" —sina] {cosﬁ —Sinﬁ]

sina cos« sin3 cosf



SO (2) group

= SO(2) is also isomorphic to U(1) group, which reads {e?|6 € R}(-,1)

= This map from Rto U(1) group  7: R — {e”|0 € R}

0 — 7() = e

= This map keep the operation (a+ ) — 7(a + B) = '*™P) = ¢ie . ¢'f
[cos@ —sinﬁr [cosnﬁ — sinnf
= Moreover, > —

sinf cos#@ sinnf  cosnb

= Isalsorealizedas 6 +—= []._, et — it



SO(3) group

1 0 0 1 0 0 N
= Now we come the rotation matrix along x-axis g, = (0 cos sine) = (0 cos 3 sinN)

0 —sinf cosf 0 —Sil’l% cos%
= Notethat N — oo, cos%%l,sin%m%,
1 0 o\"
= Wehave R, =limy .. |0 L | =limy o ¢ = limy oo (I + LX)V
0 -2 1
N
0 O
= withXbeing. x—|og o 1],
0 -1
1 0 0
= Now the group element g¢=|0 1 =+ =I+LXx
0 -+ 1



SO(3) group

0 0 0
= Similarly, we have Xm—(g 0 1),)@,—(

o O
o o O©

0 -1 0
0 0 |, X.=1-1
0 O 0

X T
= The definition of SO(3) group SO(3) ={Re R | R'R=I,det R =1}

= Letan element of SO(3)groupas (O: O = %/

OT0O = (eﬁJ)TefiJ — 7
= We have — JT L J=0

= Moreover, since : det(ﬁ’—A) — etr(4)
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We arrival  det(O) =1 = det(e?’) = () — 1
— tr(J) =0

The complete basis of 3X3 matrix read

0 O 0 0 1 0 -1 0
J1 = 0o -1}, =0 00|, J=|1 0 0
1 0 -1 0 O 0 0 O

: 00 0
Introduce Jk — ?f'jk we have ; _(0 0 —i), jy_(
0 i

o o O

r —

These basis satisfy (T, T] = ieind
isJj| = L€k Ik

With this basis, all group element can be represented as

R = Ei(ﬂ¢j$+gy@+gzjz) — eiﬂkﬂ
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SU(2) group

= The SU(2) group is a 2X2 complex matrix, such that

Ul =vUt =1 -and det(U) = 1

UTU — (eiJi )TEEJI o ]_

Let a group element U = ¢/, we have l
= (e)ei = e i =1

Moreover det(U) = det(e") =1 R 1 |
= det(e) = e ") =1 = J} =,
= tI‘(Ji) =0

The complete basis of trace zero 2X2 complex matrix is the Pauli matrix

0 1 0 —i 1 0
o1 = , o093 = | _ , O3 =
! 1 0 . i 0 3 0 —1
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SU(2) group

= The commutation relation between Pauli matrix read [Ji, (Tj} — 2‘563'.;;1@ Ok
= Introduce J; = %G}i

= Wehave [J;,J;| = 1€;,J

= SU(2) group is the covering of SO(3) group

= Lie algebra is the tangent space of the identity element, so if we write a

group element as eig'f

= Then T forms an Lie algebra

13



The ADM formalism of GR

e Consider the Einstein-Hilbert action on an 4-manifold M:

1

Snlgas] = 5 | d*x(e)Rle]

e To carry out the Hamiltonian analysis, suppose M is
topologically > x R for some 3-dimensional compact manifold
> without boundary. For noncompact %, the dynamical fields
have to satisfy certain boundary condition such that the
boundary terms could be removed.

e We introduce a foliation parameterized by a smooth function
t and a time-evolution vector field t* such that t“(dt), =1
in M, where t® can be decomposed with respect to the unit
normal vector n® of X as:

t = Nn® + N¢,

here N is called the lapse function and N¢ the shift vector.

14



o After the 3+1 decomposition and the Legendre
transformation, the Hilbert action can be expressed as

Sy = / dr/ dPx[7PLh oy — H(hap, 722, N, N,

where h,p is the induced spatial metric on 2, and from which
the symplectic structure on the classical phase space is
obtained as

{hap(x). 7(y)} 1= 3,655°(x — ).

and the Hamiltonian reads

H = N?V,(h.7) + NS(h. 7).

15



e [he smeared diffeomorphism constraint V(K/) generates the

infinitesimal spatial diffeomorphism by the vector field N9 on
2

e The smeared Hamiltonian constraint S(/N) generates the
infinitesimal bubble time evolution off 2.

e [hey form a first-class constraint system as
{V(N), V(N')} = V([N, N),
(S(N), S(IM)} = —V(NIM — MO,N)h?).

6
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Introduce momentum p** = ¥E(K* — Kh**) conjugate to spatial metric h_{ab}

® Diffeomorphism and Hamiltonian constraints

V., = —2D°p.,
2 ab L 5 1 3
H, = -— b——=p> ) —=Vh 3R
° \/E(p Pab ™3 ) 2\/_

® Wheeler-DeWitt equation.

- : : _ gk
The 3-metric is expressed in terms of triad as  4ab - = 0,k€,€l,

Notice that this relation is invariant under local SO(3) rotations 9; > O;- e’

. . / b cif
Introduce K_a”i through extrinsic curvature as K, = Kape/0”
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Due to the symmetry property of K_{ab}, we thus have the following constraint :
(A P/ B B
(I ab «— \ [rtfjb] — 0

Consider the quantity F7 — \/Fe?
With the help of above equation, one can equivalently write G_{ab} in the form

Gy = Koy Efy = 0

We can also write the diffeomorphism and Hamiltonian constraint as functions
on the extended phase space, which one can check to be explicitly given by

H, :=2sDy|K]E? — 81 K] E]

S

H = — =0 (KLK] — KIK})E¢E} — \/det(q)R
det(q

18



= Let us equip the extended phase space coordinatised by (K% _a,E”a i) with
the symplectic structure

{E4(2), El(y)} = {Kl(2), K[ (y)} = 0, {EX2), K] (y )}_ é 157 8(ax, y)
Note that the compatibility condition [),q,. = 0 -, implies that
Dyel =0 = Ty = —eb [E'}&_E:‘g — T e ]

By using the explicit formula to introduce r+i_a as

i ]- 171k | c
TG = 3¢ ey el , —ep , +esenel ]
1 i1k b ] l
) MER(E, - B, + ESELE,]

+16-ij'kE£ 9 [ (det(£))p Ej (det(E)) 4

4 T det(E) b det(F)
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We can then write the Gauss constraint in the form
G—ff — D—I—E;,:H(H}I )( Eﬁ) — F_u( —}JEG) —I—EJH[FE + (H}I a)}( 3JERJ{)
—. (3) D [?}Eu

This equation suggests introducing the new connection

Al = Ty BKI

d

This is the exact definition of Ashtekar-Barbero connection.

Take Ashtekar connection A and triad E as the conjugate pair, they satisfy
the following commutation relation:

[A(X), E’ (X))} = 87 GBS626% (R — X')

20



It remains to write the constraints in terms of these new variables. To that
end we introduce the curvatures

Ry, := 20Ty + €T qTy
DEL, =20, WAL + e DAL P A,

Let us expand F in terms of [ and K
BIFi = RI, +2 26D, K} ]+ e KP K}

: : : I EY
Contracting with E yields )7 () g — Fon B + 2Dy (K7

L E ") + BKIG,

Bianchi identity means

€ijk LeTCRI b =0 = 261,3 EefLRF

1 b efec pj ] b
effe = - Q_.Ej €cap€! R, = R Ej =0



= Now we compare it with the expression of Diffeomorphism constraint and
thus arrive at the conclusion

BRI, WEY = —sH, + P Kiq,

= Next, we note that

abhmﬁ? 9 EE'DG-GJ'
32 3

+ (KIE2) — (KiE) (KFEY)

DI eiq DB PR = —det(q)

= With this in hand, the Hamiltonian constraint can be written as

22



il (SJEE} 4+ 2 (S)E;Dac;j

el By - FGED U ER) - (KiE2)?
\/FR_ 32 (I{jEQ)(I Ek.) _ (I{Q_E?_)Q
H+ (s — ) (KjE2)(KFEY) — (K1E2)®
det(q)
i.;'
~J e ~k P s
Sl (RSB — (K1)~ 55

:_H (1- %) vaitr]

Vdet(q)R
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= Now we can solve the Hamiltonian constraint as

fjg (8) i ,. Y ,.
— - O i . (B pa B b o B pan (.
H —_ \/| (1{:‘1—'({3ng}‘ |: Fﬂ-bEJ Kl E,I.L Eg —I_ 2 EF DU_ (Tj‘]

e (K] OB (VK] DR ~ (VKE P By
(&= 9) Jdet(DEB)

= At this end, the Gauss, Diffeo, Hamiltonian constraints read respectively

Gf —_ DaE';a
1 i b
V., = —F,E;
K[ b
UkEaEb E E
H, = Lpk 282 +1) LA KK
g 2’{\/5 ab (/8 )25\/_
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The Palatini formalism

e [he Lagrangian formulation

e Consider an 4-manifold, M, on which the basic dynamical
variables in the Palatini framework are tetrad e* and
so(1, 3)-valued connection w_M(not necessarily torsion-free),
where the capital Latin indices /. J,... denote the internal
Minkowski space indices and the Greek indices o, (3, ... denote
spacetime indices.

e A tensor with both spacetime indices and internal indices is
named as a generalized tensor.

e The internal space is equipped with a Minkowskian metric 7,
(of signature —, +, +, +) fixed once for all, such that the
spacetime metric reads:

[ _J
g ¥ .5 — TN J e(_‘_g e}{-} .

25



The Palatini formalism

® The Palatini action is given by:
1
SP[egawaU] 2,{/ d4 ( )el eJQa,Ba

where the so(1, 3)-valued curvature 2-form J of the

l1J

connection w,~ reads:

Qaﬁ — 2D[awﬁ] — aaw[.} — aﬂwalj —+ walK A\ LOﬁKJ,

here D, denotes the so(1,3) covariant derivative with respect
to w,, H acting on internal indices.

® Besides spacetime diffeomorphism transformations, the action
is also invariant under internal SO(1, 3) rotations:

(e,w) — (/,0') = (b~ te, b~ wb + b~ tdb),

for any SO(1, 3)-valued function b on M.



The Palatini formalism

® The gravitational field equations are obtained by varying the
Palatini action with respect to ¢;* and w Y respectively.

&

We first study the variation with respect to the connection
1J
W, .

87

® Using the Leibnitz rule and integral by parts, one obtains

5Sp = —° ] S5 " Dal(e)ef e’
K JM
where we have extended D,, to a generalized so(1, 3)
covariant derivative acting on both spacetime and internal
indices, and used the fact that DA™ = 0, A" for all vector
density A® of weight 4+1 and neglected the surface term.

27



The Palatini formalism

® Thus it gives the equation of motion:

1 ~
Dal(e)efjel)] = — 4 Paln ekiel es] =0,

where 77“57’5 Is the spacetime Levi-Civita symbol and ¢, the
internal Levi-Civita symbol. This equation leads to the
torsion-free Cartan’s first equation:

D[aeé] = 0, (1)

which means that the connection w_" is the unique

torsion-free Levi-Civita spin connection compatible with the

tetrad e;'.

® The variation of Sp wrt. e_[f gives

e,aQaéJ — Q ’Ke, eKeB = 0,

which is equivalent to the vacuum Einstein equation



The Palatini formalism

After the 3+1 decomposition and the Legendre transformation, one obtains from
the Palatini action the configuration and conjugate momentum respectively as:

lJ . 1J .«
w, = w, hy,
pa . ra
PIJ . — [’nJ]’

where Eé‘*, = Vdet hef' h, , and the internal normal vector is defined as 1] = nae?
One also has the Lagrangian multipliers: n n&, o Mo

(8

There exist second-class constraints. Solving them, one results in dynamical

variables (E2 K,), i =1,2,3, where K, := gih%w."n),

here qf denotes the internal projection map with respect to the internal normal nl.

29



The Palatini formalism

® Note that the "boost part” of the Gauss constraint wrt n’ is
solved, and K, will be related to the extrinsic curvature of ¥
on shell.

® The symplectic structure on the classical phase space is
obtained as

{E%(x), K, (y)} = 816363 (x — y).
The remained first-class constraints read
G,-’ = E,'J'kKaank ~ 0,
V, = Vu(K,/E" - KJ'EC.(sb) ~ 0,
S' = 2Vdeth E2%Eb YKJK + Vdet hR ~ 0,

where V, is the SO(3) generalized derlvatlve operator
compatible with triad e, and R is its scalar curvature.

* Note that K.’ is not a SO(3) connection. Hence we are still
in geometrical dynamics.

30



The generalized Palatini formalism

e [he generalized Palatini action in which we are interested is
given by [Holst 1996]:

1y KL
25)E KLQQ';'B )

1
Saleg- ] = 5 [ d*x(e)efe(@, +

where (3 is the Barbero-Immirzi parameter.

e Note that the generalized Palatini action returns to the

1
Palatini action when z = 0 and gives the (anti)self-dual

. 1 .
Ashtekar formalism when one sets — = +/.

e Moreover, besides spacetime diffeomorphism transformations,

the action is also invariant under internal SO(1, 3) rotations.
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e The generalized Palatini action in which we are interested is
given by [Holst 1996]:

1 o 1
5 .U _ d4 “a(Q U :
[eK ] 2H.- /M X(e)ef eJ ( a3 2?\))

i)

where 3 is the Barbero-Immirzi parameter.

e Note that the generalized Palatini action returns to the

1

Palatini action when 3= 0 and gives the (anti)self-dual
[~ 1

Ashtekar formalism when one sets — = +/.

I8

e Moreover, besides spacetime diffeomorphism transformations,

the action is also invariant under internal SO(1, 3) rotations.
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it

e The variation of S with respect to the connection w, J gives

] 1 [ a3, 1

VS = — d*x(e)ete’ (6 F + M

092G e M ( ) [ ~J (( a3 2 )
Lo u, Yy o ke 3

which leads also to the conclusion that the connection w,_,.,;_“ IS

the unique torsion-free Levi-Civita spin connection compatible
with the tetrad e}".

e As a result, the second term in the action S¢ can be
calculated as:

3 LKL B0
(e)ef e, e Qupkr = "7 Rapys-

which is exactly vanishing due to the symmetric properties of
Riemann tensor.  [Nie-Yan term]
e So the generalized Palatini action returns to the Palatini

action, which will certainly give the Einstein field equation. .



e L Al

We consider only the case where the Barbero-Immirzi
parameter 3 is real. Then the Hamiltonian analysis of the
generalized Palatini action will involve second-class
constraints.

However, in the 3+1 decomposition it is convenient to carry
out a partial gauge fixing, i.e., fix an internal constant vector
field n' with -'r;,UnInJ — —1.Then the internal vector space V
is 3+1 decomposed with a 3-dimensional subspace W

orthogonal to n’, which will be the internal space on ¥.
An internal reduced metric 0j; is also obtained by the
projection map g;.
The spatial metric and the internal reduced metric are related
by: |

hap = djehel.,

where the orthonormal co-triad on X is defined by

i . Lo
e, = e,qhy.
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e Note that the internal gauge group SO(1,3) is reduced to its
subgroup SO(3) which leaves n' invariant.

e [wo Levi-Civita symbols are obtained respectively as

. | J KL
€ijk = 4;4;qE N €K
__ . 8! .53 Y ) _.
ﬂabc T ha hb h‘: L Qﬁ(‘t{ﬁ”}-"
e Using the connection 1-form w ", one can obtain a spin
connection on 2 as:
rr' . 1hc‘1: i 1J KL
T A anE KL”JWQ )

T2
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e After the 341 decomposition and the Legendre

transformation, the generalized Palatini action becomes:
Sc _/ dt/ d>x[P? L AL — Heor(AL, PPN N, N,
R 5

where the configuration and conjugate momentum are defined
respectively by:

Al = T4 8K,
= 1 - 1
Py = D1 f "Uabcﬁfjkeéeé( = H%\/Eef,

here the determinant of the 3-metric h,, on X satisfies

det h = (13)> det P.

In the definition of the configuration variable AL, we should
emphasize that F; Is restricted to be the unique torsion free
so(3)-valued spin connection compatible with the triad e;.
This conclusion is obtained by solving a second class
constraint in the Hamiltonian analysis.
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Thus the symplectic structure on the classical phase space is
obtained as

—

{AL(x). PP(y)} = 6050° (x = y),

In the Hamiltonian formalism, one starts with the fields
(AL, P?).

Then neither the basic dynamical variables nor their Poisson
brackets depend on the Barbero-Immirzi parameter 3.
Hence, for the case of pure gravitational field, the dynamical
theories with different 5 are simplectic equivalent.

The Hamiltonian density Hor iIs a linear combination of

constraints:
Hiot = NG + N7V, + NS,
1 ; ik

where A" = —5€ kWi

37



e [he three constraints are expressed as:

G = D,P? = 0,P? +¢; AP
Vv, — Ppb ab—lifizKG
s - P PPl Fh —2(1 + B2)KI, K]
>vdetq [a" b
bR+ A2 G

vdet g

here the configuration variable A’ performs as a su(2)-valued
connection on X, and F/, is the su(2)-valued curvature

2-form of A’:

= 2D, Ay = DAL — DAL + € ALAL.
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e [he Gaussian constraint G; has crucial importance in
formulating the general relativity into a dynamical theory of
connections.

e [he corresponding smeared constraint function,
G(N\) = / d’xN'(x)Gj(x), generates a transformation on the
5

phase space as:

(AL(x). G} = —DN(x)
(P2(). GIN} = e “N(x)P{(x).

which are just the infinitesimal versions of the following gauge
transformations for the so(3)-valued connection 1-form A and
internal rotation for the so(3)-valued densitized vector field p
respectively:

(A,. P)— (g 'A.g + g7 1 (dg),. g 'P g).

39



e To display the meaning of the vector constraint V,, one may
consider the smeared constraint function:

V(N) = /z Bx(NPEF, — (N2AD)G)).

It generates the infinitesimal spatial diffeomorphism by the
vector field N9 on X as:

{ALx), V(N)} = LyAL(x),  {P(x), V(N)} = LyP?(x).

The smeared scalar constraint is weakly equivalent to the
following function

S(N) = /zd3xN(x)5(x)

, .
= ,{6 d3xN

\/—[EU kFap —2(1+ Bz)K[;Ké]],

which also generates the infinitesimal bubble time evolution

40



e [he constraints algebra has the following form:

{GIN). GIN)F = G(IA N,

{G(N). V(N)} = —G(LzA).

{G(N), H(N)} = 0,

{V(/i{)f V(N)} = V(IN, N']).

{V(N). S(M)} = —S(LyM).

{S(N), S(M)} = —=V((NIyM — MIpN)h?")

—G((NOyM — MO,N)h™A,))
[P20,N, PO, M]

—(1+ 8H)G( e ).

e Hence the constraints are all of first class.



Note that the evolution of constraints is consistent since the

Hamiltonian H = / d>xH,or is the linear combination of the

Y
constraint functions.

The evolution equations of the basic canonical pair read

LA ={A HY,  L£.P?={P? H}

Together with the three constraint equations, they are
completely equivalent to the Einstein field equations.

Thus general relativity is cast as a dynamical theory of
connections with a compact structure group.
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| Connection dynamics beyond GR

= The advantage of a dynamical theory of connections is that it is convenient to
be quantized background independently.

= Modified gravity theories have received increased attention recently, since it
can explain the "dark universe” without recourse to dark energy and dark
matter.

= As one of the representative modified gravity theories, f(R) theories has been
successfully cast into a connection dynamics formalism and then been
quantized through extending LQG scheme [XZ and Ma, 2011, PRL].

= The non-perturbative loop quantization procedure is not only valid for GR but
also valid for a general class of metric theories of gravity.
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It is also straightforward to construct the connection dynamics for more
general scalar-tensor theories of gravity [XZ and Ma, 2011, PRD | with the
action reads

| w(P)
S(g) = —— | d*xv=g|oR - —=(0,0)0"¢ — 2V
(8) 167G s X g[ﬁb y (0,$)0" ¢ (¢)
Now the Ashtekar variable becomes Al =T! + 3K,
where K. = Kue? with

cab b qab

K = K + —(¢p — N0,

K + (b~ NO9) _

The Gauss constraint reads Gi = DuE! = 0,E! + e ALE™ =0,
And the diffeomorphism constraint reads

V, = F' E? + 70,9,

871G 3
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= [ he Hamiltonian constraint

: L1 . leE*E?
H = ¢ Fjb—(;’32+ —)8jman'"Kg oo S
167G a ¢ \/‘7
(R @B wor

(3 + 20(9)) | 87Gd Vg Vi va
1
[“’(‘” VADeh) DD + \GDD' + \FV(M

831G

= Loop quantum gravity in its Hamiltonian form relies on a connection
formulation of the gravitational phase space with three key properties: 1.) a

compact gauge group, 2.) real variables, and 3.) canonical Poisson brackets.

= Besides the modified gravity, Weyl gravity, supersymmetry gravity, higher
dimensions, are also have corresponding connection dynamical formalism
[Bodendorfer, Eder and XZ, Handbook of Quantum Gravity. Springer,
Singapore (2023)].
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Coupled with the matter fields

Matter and the gravity are coupled to each other: matter tells the spacetime how
to curve, while the spacetime tell the matter how to move.

In quantum mechanics, ihaW/et=HY, Hamiltonian generates time evolution

However, the notion of time is absent in pure GR since we only have Hamiltonian
constraints rather than a true Hamiltonian.

Deparametrized framework: Using the scalar field as an internal time.
For massless scalar field with the action

1

Sp =3 / 4 X /59" 6 6

M
The diffeomorphism constraint reads

Co(x) = C5(x) + w(x)do(x),

46



Coupled with the matter fields

= [he Hamiltonian constraint

2(
C(x) =C®(x) + %?T (z) !

. « ; CEer
= We can solve the vector constraint C.(z) = 0 , obtaining ¢,. = —=

= [hen the scalar constraint becomes
C'(z) = =(x)— h(z),

h = -\/—\/509"“ - \/6\/((79”’)2 — qCT CY".

= For Dirac observable O commute with ¢ = z—h lead to %O = {0, h}.

= The equation of motion (EOM) of the operator O describes its evolution with
respect to the scalar field ¢

47



Ashtekar formalism of the non-rotational dust

= The deparametrization formalism of LQG were realized in a few system
including massless scalar field [Lewandowski et.al, 2010] as well as dust field
[Husain and Pawlowski,2012; Thiemann et.al, 2013].

= These coupled system can be achieved both at the classical level as well as
the quantum level. The combination of LQG with the deparametrization
framework makes it possible to solve the quantum Hamiltonian.

= Currently, there exist two different strategies to solve this coupled
Hamiltonian constraint.

= The first strategy is to deparametrize the system first and then quantize the
coupled system [Lewandowski et.al, 2010; Husain and Pawlowski,2012;
Thiemann et.al, 20195].
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Ashtekar formalism of the non-rotational dust

The second strategy is proposed by Lewandowski and Sahlmann [PRD
(2016)]. They quantize the coupled system of gravity and a massless scalar
field. However, the commutator of two Hamiltonian operators does not vanish
and hence no nontrivial solutions could be obtained.

Instead, we consider the non-rotational dust model coupled with GR which
was also widely investigated in LQG literatures [Lewandowski et.al, 2015;
Thiemann et.al, 2010, 2015; XZ et.al, 2020].

Our purpose is to quantize the coupled system without imposing any gauge
fixing. As a consequence, the Dirac quantization procedure can be realized in
loop quantum gravity by this system [XZ and Ma, PLB 2023].

Our starting point is the action which reads

S = 21/d4x —gR + ;/d4x\/—gM (gabaaT(?bT—l— 1) :
K
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Ashtekar formalism of the non-rotational dust

= The diffeomorphism and Hamiltonian constraints read respectively

Go(x) = G'(x) + 7(x) Ta(x) =0,

r 1 ? a
Crotal = cé + E (Mﬂ\/a + M\/a (1 +q bT,aT,b)) =0,

= where T(x) is the configuration variable of the non-rotational dust, 11(x) is the
conjugate momentum of T(x) satisfying

m(x) = £M\/q\/1+ g T 2(x) T p(x).

s Substituted this condition into scalar constraint, we obtain

Crotar = |C&(x)| + 7(x)/1+ q**T,a(x) T p(x) =0
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Ashtekar formalism of the non-rotational dust

= Now the question is how to directly implement quantization by the following
scalar constraints

cel = r(x)+ ol = 0.
\/1 + qab T,a T,b
= The appearance of term 7 = \/anir — makes it hard to tame at the
quantum level. o
= Our key observation is that
\/a 2 3 i 25()()
9 = — Ef Aaas 1 T ?
Vq+ EPEPT.T, KBG { 2 Va

where g = %‘Eabce”k E,-anbEﬂ and

S[f] = [ d’xf(x)S(x) := [ I*xf(x)\/q(x) + EPEPT 2T ».
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‘ Ashtekar formalism of the non-rotational dust

= Therefore, the smeared version of Hamiltonian constraint reads

C(N) = /z d’xN(m(x) + h(x)) = 0

= where

) = 1670 (g B (AL ST - 2520

=:  hi(x) 4+ h2(x).

= The above Eq implies that one can define a physical Hamiltonian h(x) which
generates the evolution of the system with respect to the dynamical dust
"time” T(x).

= The the whole coupled system can be quantized successfully by LQG

method, and the Dirac quantization procedure can be realized [XZ and Ma,
PLB 2023].

52



Holonomy

Holonomy group is the group of linear transformations induced by parallel transport around closed loops based
at a point P in a manifold M, with respect to a given connection V on a vector bundle E. Specifically, for each
piecewise-smooth loop Y at P, the connection defines a parallel transport map Py : Ep — Ep, which is invertible

and linear. The set of all such maps forms a subgroup of GL(EP), called the holonomy group at D, denoted

Hol, (V).

The equation of holonomy reads jl‘e{t}(i’il-) — h‘e[t} (iq)iilﬂ(e(f))éﬂ' (t)’ h-e[ﬂ} — 1.

1
The solution to this equation would be ~ h(c) = Pexp(: / [AL¢7T]dt)
0

which could also be expanded as

oo 1 t, to
he(A) = Pexp/ﬁl =1+ Z/ dtn/ dt,, 1 -- / dt1 A(ty) -+ A(t,)
e —1Jo 0 0
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Properties of Holonomy

= The beginning point, final point and range of a curve c € C is defined,

respectively, by
b(c) :=c(0), fl(c):=c(1), r(c):=c(]0,1])

x Composition - : C XC —C of composable curves c1, c2 € C (those with
f(c1) = b(c2)) and inversion =1 : C — C of c € C are defined by

o (2F t 0,
(c-loez}(f){: a3 t 0

} .
3

ITI ITI

Uy e
co(2t — 1) c (1) =c(l 1)

lull—
[— w||—
| I |

= Thenwe have 1 htlwl(&j—h (A)he,(A)
2. ho-1(A) = h.(A)~!
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Properties of Holonomy
= For gauge transformation A9 :— —dgg—1 + Ad,(A)

= The holonomy transform as

h9(A) = he(A%) = g(b(c))ho(A)g(f(c)) ™

s Some reference use different notion (Ashtekar and Lewandowski, CQG
2004), the ¢ A, g 'A,g0 + 9, duga,

= Then the resulted equation for holonomy is

d
E(;"’e(t,tlg A) = —Ay(e(t)e*(t)U(t, ty; A), and U(ty,t: A) = 1.
at
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Aharonov-Bohm effect

= Covariant derivative for EM field reads D,, = 0, + i%Aa

= Then the parallel transport for electron should be D,y =0

= [hismeans D,y =0

. € na
= (8 + 1EAM)¢ =0 e _
e Quantudm Detection
= 8,u¢ — —j— A#w chafge screen
h particles 55th b
= P(z) = Y(z0) exp(i% /.A,ud&:“) Solenoid

= Even for interior which absence of B field, the phase prosses a shift as

AB:%?{A-dl:%/B-dszgﬁb [C. N Yang and T'T Wu, 1975]
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Holonomy for LQC

= The densitized triad and spin connection can be simplified as

1

_2 _ . :
E = pV, *\/det(°q)%, A, =cV, *°w].

= Commutation relation between ¢ and p reads

K3
C,py = -
{c,p} ;

FIG. 3, An elementary cell 2 in a cubic partition.

= The SU(2) holonomy along an edge e is given by $1, 52, 53 are the edges of the cell and 1, 2, 3 the

three oriented loops which are boundaries of faces
orthogonal to these edges.

e .. flc, . )
A(e) = cos - + 2[sin 7] (6997 7

= =

i
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Elf] =

= Given a functional 1 /EQ(T fi(x).

h_ﬁ)’

= The Holonomy-Flux algebra

(h(A), E(S)) = —ﬁe(e ) Bunso (M) + 8,0, o (AT,

(

+1 e 1sthe ‘up’ type w.r.t. § n,é

a

= Direction factor: (e, S):={-1 eisthe ‘down’ type w.r.t. S

= Example:

0 e1sthe “inside/outside’ type w.r.s.

> O)
ensS

e=e°e, e Ne=eNns

(h(A), E(S)} = kB h, (A) 71, (A)

/
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Thiemann trick

= The final complication is the presence of the volume element Vdet P in the

denominator. _ ) De
V3 ik L i

€, ‘= —= MNabe€ : :
‘ 2 vdet P

= This can be expressed as a manageable Poisson bracket

. 2 |
el (x) = Al (2), V]
= Using this fact, the Euclidean scalar constraint part CEucl(N) is written as
Bucl / A7 2 3 AT be -
C*"Y(N) = —— / d’x N(x)n™ Tr ( wl){A(x),V })
k232 Jum
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= Moreover, we also note that K* a can be expressed as a
Poisson bracket bracket |
K'=—{A K
&ﬂ A.‘-fj Jl (i & }

= where \bar{K} is the integral of the trace of the extrinsic
curvature o _ / & K P
M

= Now \bar{K} itself can be expressed as a Poisson bracket

K = g 2{C®"(1),V}.

= Hence T (N), can be expressed as:

T(N)=— ,af / d’z N(z) “E“‘Tf({Aa(;z:),fi’}m ). I A W)
M
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