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II. Introduction to:      

         1. Elementary variables

         2. Quantum configuration space

         3. A natural measure on the quantum configuration space

         3. The Hilbert space

         4. Spin network states 

         5. Elementary operators

3 Connection 9

Def. 9. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or cylindrically consistent, denoted by f� ⇠ f�0 , if and
only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 > �, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of equivalent
classes, i.e.,
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h
[�C(Ā�)

i
/ ⇠ .

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā

f (A) dµAL(A) :=

Z

Ā�

f�(A) dµ�(A)

f = [ f�], g = [g�0 ]

hg, f iCyl(Ā) :=

Z

Ā

g(A) f (A) dµAL(A) :=

Z

Ā�00

(P⇤�00�0g�0 )(A) (P⇤�00� f�)(A) dµ�00 (A)

⇣
Cyl(Ā), h, i

⌘
(3.16)

Thm. 2. The Ashtekar-Lewandowski measure is invariant under internal gauge transformations g(x) and spatial di↵eomorphisms
', i.e., 8 f 2 Cyl(A),

Z

A

g � f (A) dµAL(A) =

Z

A

f (A) dµAL(A),

Z

A

' � f (A) dµAL(A) =

Z

A

f (A) dµAL(A).

Hkin := Cyl(Ā) = L2
(Ā, dµAL) (3.17)

Hkin = L2
(Ā, dµAL) (3.18)

T�,~j,~m,~n
T�,~j,~I (3.19)

T�,~j,~m,~n(A) :=
Y
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q
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ne

(3.20)

hT�0,~j0,~m0,~n0 ,T�,~j,~m,~niHkin
= ��,�0�~j0,~j�~m0,~m�~n0,~n (3.21)
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me
ne

?

Spinfoam model

1. Group theory

Def. 1. A group G is a set equipped with a map (group-product, composition) G ⇥G ! G such that

(i) (g1g2)g3 = g1(g2g3), 8g1, g2, g3 2 G.

(ii) 9 identity element e such that ge = eg = g, 8g 2 G.

(iii) 8g 2 G, 9 its inverse g�1 such that gg�1 = g�1g = e.

Def. 2. Let G be a group. A map ' : G ! G0 is called a homomorphism, if '(g1g2) = '(g1)'(g2), 8g1, g2 2 G.

Def. 3. A homomorphism ' : G ! G0 is called an isomorphism if the map ' is 1-1 as well as onto. An isomorphism ' : G ! G is
called a automorphism on G.

Def. 4. A Lie group of dimension n is a group G such that G is also a smooth manifold of (real) dimension n.

Def. 5. Let G be a Lie group. 8g 2 G, a map �L,g : h 7! gh (�R,g : h 7! hg), 8h 2 G is called a left (right) transition generated by g.

Def. 6. A vector field A on a Lie group G is called the left (right) invariant vector, if �L(R),g⇤A = A,8g 2 G, where �L(R),g⇤ is the
push forward map of �L(R),g.

Thm. 1. Given a compact Lie group G and an automorphism ' : G ! G on it, there exists a unique measure dµH on G, named as
Haar measure, such that:

Z

G
dµH(g) = 1

Z

G
 (g)dµH(g) =

Z

G
 (hg)dµH(g) =

Z

G
 (gh)dµH(g)

=

Z

G
 (g�1

)dµH(g) =

Z

G
 � '(g)dµH(g), 8 2 C(G),8h 2 G

Let G be a Lie group. Given any vector ⇠ on G, it generates left-invariant vector field L(⇠)
and right invariant vector field R(⇠)

on

G by

L(⇠) (g) :=
d

dt

�����
t=0

 
⇣
get⇠

⌘

R(⇠) (g) :=
d

dt

�����
t=0

 
⇣
e�t⇠g

⌘

for any function  2 C1
(G).

HSU(2) = L2
(SU(2), dµH)

HSU(2) ⌘ L2
(SU(2), dµH): the Hilbert space of square integrable functions on G with respect to the Haar measure.

Let G = SU(2), the left-invariant vector field L(⌧i) and the right-invariant vector field R(⌧i) determined by the generator,

⌧i = �
i

2
�i with �i being the Pauli matrices, of S U(2)

L(⌧i) (g) =
d

dt
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⌘
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B
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The phase space: 

A ↦ Ag = − (dg)g−1 + gAg−1

canonical variables (Ai
a, Ẽa

i ) on Σ

{Ai
a(x), Ẽb

j (y)} = κβδb
aδi

jδ
3(x, y), where κ = 8πG

The only non-trivial Poisson bracket:

The holonomy            of connection       along an edgehe(A) Ai
a e : [0,1] → Σ

dhe([0,t])(A)
dt

= he([0,t])(A) A(e(t)), he([0,0])(A) = 𝕀2

as the unique solution                              of

A(e(t)) := ·ea(t)Ai
a(e(t))τi

Properties of holonomy
he1∘e2

(A) = he1
(A)he2

(A)

he(Ag) = g(b(e))he(A)g( f(e))−1
The behavior of holonomy under gauge transformation

he−1(A) = he(A)−1

1. Elementary variables: holonomy and flux

The flux           of densitized triad         through a 2-surface            is defined byẼi(S)

Ẽi(S) := ∫S
( * Ẽi)ab

S ⊂ ΣẼa
i

The elementary variables are defined in a background-independent way ! 

eb(e)
f (e) e1

e2

⌃

3 Connection 8

The fundamental variables in LQG are the holonomy of the connection along a curve

and the flux of densitized triad through a 2-surface. Given an edge e : [0, 1] ! ⌃, the

holonomy he(A) of connection Ai
a along the edge e is

he(A) := Pexp

 Z

e
A
!
= I2 +

1X

n=1

Z
1

0

dt1
Z

1

t1
dt2 · · ·

Z
1

tn�1

dtn A(e(t1)) · · · A(e(tn)) ,

(3.3)

where A(e(t)) := ėa
(t)Ai

a(e(t))⌧i, with ėa
(t) being the tangent vector of e, and ⌧i :=

�i�i/2 (with �i being the Pauli matrices), P denotes the path ordering which orders

the smallest path parameter to the left. The holonomy he(A) is the unique solution

he(A) ⌘ he([0,t=1])(A) of the parallel transport equation

dhe([0,t])(A)

dt
= he([0,t])(A) A(e(t)) (3.4)

with the initial value he([0,0])(A) = I2. Define a combination � of two edges e1, e2

satisfying e1(1) = e2(0) as

[e1 � e2](t) :=

(
e1(2t), t 2 [0, 1

2
]

e2(2t � 1), t 2 [
1

2
, 1]

(3.5)

and the inversion of an edge as

e�1
(t) := e(1 � 2t) (3.6)

The holonomy (3.3) has two key properties

he1�e2
(A) = he1

(A)he2
(A), he�1 (A) = he(A)

�1
(3.7)

The transformation behavior (3.2) of connection A under gauge transformation leads

to the corresponding transformation behavior of holonomy as

he(Ag
) = g(b(e))he(A)g( f (e))

�1
(3.8)

where b(e), f (e) denote the beginning and final points of e, respectively. The flux Ẽi(S )

of densitized triad Ẽa
i through a 2-surface S is defined by

Ẽi(S ) :=

Z

S
(⇤Ẽi)ab (3.9)

{he(A), Ẽi(S )} =
�

2
✏(e, S )

⇣
�e\S ,b(e)⌧ihe(A) + �e\S , f (e)he(A)⌧i

⌘

=
�

2
(e, S )

⇣
�e\S ,b(e)⌧ihe(A) � �e\S , f (e)he(A)⌧i

⌘

= �
�

2
(e, S )

⇣
�e\S ,b(e)R(⌧i)

e + �e\S , f (e)L(⌧i)
e

⌘
he(A)
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The fundamental variables in LQG are the holonomy of the connection along a curve

and the flux of densitized triad through a 2-surface. Given an edge e : [0, 1] ! ⌃, the

holonomy he(A) of connection Ai
a along the edge e is
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e
A
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1
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dt1
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1
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to the corresponding transformation behavior of holonomy as

he(Ag
) = g(b(e))he(A)g( f (e))

�1
(3.8)

where b(e), f (e) denote the beginning and final points of e, respectively. The flux Ẽi(S )
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{he(A), Ẽi(S)} =
κβ
2

ϵ(e, S)(δe∩S,b(e)τihe(A) + δe∩S, f(e)he(A)τi)

1. Elementary variables: holonomy and flux

=
κβ
2

κ(e, S)(δe∩S,b(e)τihe(A) − δe∩S, f(e)he(A)τi)

{he(A), Ẽi(S)} = κβ he1
(A) τi he2

(A)

= −
κβ
2

κ(e, S)(δe∩S,b(e)R
(τi)
e + δe∩S, f(e)L

(τi)
e )he(A)
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where A(e(t)) := ėa(t)Ai
a(e(t))⌧i, with ėa(t) being the tangent vector of e, and ⌧i :=

�i�i/2 (with �i being the Pauli matrices), P denotes the path ordering which orders
the smallest path parameter to the left. The holonomy he(A) is the unique solution
he([0,t=1])(A) of the parallel transport equation

dhe([0,t])(A)
dt

= he([0,t])(A) A(e(t)) (3.4)

with the initial value he([0,0])(A) = I2. Define a combination � of two edges e1, e2
satisfying e1(1) = e2(0) as

[e1 � e2](t) :=
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e1(2t), t 2 [0, 1
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e2(2t � 1), t 2 [ 1
2 , 1] (3.5)

and the inversion of an edge as
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he1�e2 (A) = he1 (A)he2 (A), he�1 (A) = he(A)�1 (3.7)

The transformation behavior (3.2) of connection A under gauge transformation leads
to the corresponding transformation behavior of holonomy as

he(Ag) = g(b(e))he(A)g( f (e))�1 (3.8)

where b(e), f (e) denote the beginning and final points of e, respectively. The flux Ẽi(S )
of densitized triad Ẽa

i through a 2-surface S is defined by

Ẽi(S ) :=
Z

S
(⇤Ẽi)ab (3.9)

{he(A), Ẽi(S )} =
�

2
✏(e, S )

⇣
�e\S ,b(e)⌧ihe(A) + �e\S , f (e)he(A)⌧i

⌘

=
�

2
(e, S )

⇣
�e\S ,b(e)⌧ihe(A) � �e\S , f (e)he(A)⌧i
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(e, S )

⇣
�e\S ,b(e)R(⌧i) + �e\S , f (e)L(⌧i)
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Direction factor: ✏(e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.s. S

Steric factor: (e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.t. S

eup

edown

e0up

e0down

eout

einS

~nS

edown

e0down

eup

e0up

eout

einS

~nS

e ∩ S = b(e)/f(e)

e = e1 ∘ e2, e1 ∩ e2 = e ∩ S

e1

S

~nS

e2

{Ai
a(x), Ẽb

j (y)} = κβδb
aδi

jδ
3(x, y)
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1. Group theory

Def. 1. A group G is a set equipped with a map (group-product, composition) G ⇥G ! G such that

(i) (g1g2)g3 = g1(g2g3), 8g1, g2, g3 2 G.

(ii) 9 identity element e such that ge = eg = g, 8g 2 G.

(iii) 8g 2 G, 9 its inverse g�1 such that gg�1 = g�1g = e.

Def. 2. Let G be a group. A map ' : G ! G0 is called a homomorphism, if '(g1g2) = '(g1)'(g2), 8g1, g2 2 G.

Def. 3. A homomorphism ' : G ! G0 is called an isomorphism if the map ' is 1-1 as well as onto. An isomorphism ' : G ! G is
called a automorphism on G.

Def. 4. A Lie group of dimension n is a group G such that G is also a smooth manifold of (real) dimension n.

Def. 5. Let G be a Lie group. 8g 2 G, a map �L,g : h 7! gh (�R,g : h 7! hg), 8h 2 G is called a left (right) transition generated by g.

Def. 6. A vector field A on a Lie group G is called the left (right) invariant vector, if �L(R),g⇤A = A,8g 2 G, where �L(R),g⇤ is the
push forward map of �L(R),g.

Thm. 1. Given a compact Lie group G and an automorphism ' : G ! G on it, there exists a unique measure dµH on G, named as
Haar measure, such that:

Z

G
dµH(g) = 1

Z

G
 (g)dµH(g) =

Z

G
 (hg)dµH(g) =

Z

G
 (gh)dµH(g)

=

Z

G
 (g�1

)dµH(g) =

Z

G
 � '(g)dµH(g), 8 2 C(G),8h 2 G

Let G be a Lie group. Given any vector ⇠ on G, it generates left-invariant vector field L(⇠)
and right invariant vector field R(⇠)

on

G by

L(⇠) (g) :=
d

dt

�����
t=0

 
⇣
get⇠

⌘

R(⇠) (g) :=
d

dt

�����
t=0

 
⇣
e�t⇠g

⌘

for any function  2 C1
(G).

HSU(2) = L2
(SU(2), dµH)

HSU(2) ⌘ L2
(SU(2), dµH): the Hilbert space of square integrable functions on G with respect to the Haar measure.

Let G = SU(2), the left-invariant vector field L(⌧i) and the right-invariant vector field R(⌧i) determined by the generator,

⌧i = �
i

2
�i with �i being the Pauli matrices, of S U(2)

L(⌧i) (g) =
d

dt

�����
t=0

 
⇣
get⌧i

⌘
= (g⌧i)

A
B
@ (g)

@gA
B
= tr

 
g⌧i

@

@g

!
 (g)

1

(na
·ea

e∩S
> 0)
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G = S U(2): a Lie group
dim(SU(2)) = dim(su(2)) = 22

� 1 = 3
HSU(2) = L

2(SU(2), dµH): the Hilbert space of square integrable functions on S U(2) group with respective to the Haar measure.
Let G = SU(2), the left-invariant vector field L

(⌧i) and the right-invariant vector field R
(⌧i) determined by the generator, ⌧i = �

i
2�i

with �i being the Pauli matrices, of S U(2)

L
(⌧i) (g) :=

d
dt

�����
t=0
 

⇣
ge

t⌧i

⌘
= (g⌧i)A

B

@ (g)
@gA

B

= tr
 
g⌧i

@

@g

!
 (g)

R
(⌧i) (g) :=

d
dt

�����
t=0
 

⇣
e
�t⌧i g

⌘
= �(⌧ig)A

B

@ (g)
@gA

B

= �tr
 
⌧ig

@

@g

!
 (g)

Hence

L
(⌧i)gA

B
= (g⌧i)A

B
, L

(⌧i)g = g⌧i

R
(⌧i)gA

B
= �(⌧ig)A

B
, R

(⌧i)g = �⌧ig

Then one can define the so-called momentum operators onHSU(2) by

Ĵ
(L)
i
= iL(⌧i) and Ĵ

(R)
i
= iR(⌧i),

satisfying

[Ĵ
(L)
i
, Ĵ(L)

j
] = i✏k

i j
Ĵ

(L)
k
, [Ĵ

(R)
i
, Ĵ(R)

j
] = i✏k

i j
Ĵ

(R)
k
, [Ĵ

(L)
i
, Ĵ(R)

j
] = 0.

The Casimir operator onHSU(2) can be expressed as

Ĵ
2 := �i j

Ĵ
(L)
i

Ĵ
(L)
j
= �i j

Ĵ
(R)
i

Ĵ
(R)
j

1.2 group representation

Def. (A representation of a group). A representation of a group G is a map

⇡ : G ! B(V)
g 7! ⇡(g)

where B(V) denotes the bounded linear operators on some Hilbert space V, called the representation space, satisfying

⇡(g1g2) = ⇡(g1)⇡(g2), 8g1, g2 2 G

Def. (Faithful and trivial representation). A representation ⇡ is called faithful if it is injective, equivalently,

⇡(e) = IV ) g = e

and it called trival if

⇡(g) = IV , 8g 2 G

Def. (Dual representation). Let V
⇤

be the space dual to V, that is, the space of continuous linear functionals on V (since V is a

Hilbert space, V
⇤ = V by the Riesz lemma). Then the representation ⇡⇤ dual (or contragredient) to ⇡ is defined by

[⇡⇤(g) f ](v) := f (⇡(g�1)v)

In a Hilbert space V we have f (·) = h f , ·i so that ⇡⇤(g) = [⇡(g�1)]† where † denotes the adjoint with respective to h·, ·i.

Def. (Unitary representation). A representation ⇡ : G ! B(V) is called unitary if ⇡(g) is a unitary operator on V for all g 2 G, that

is, [⇡(g)]† = [⇡(g)]�1
.



The classical configuration space        is the set of smooth connections    on 

The holonomy            of connection       along the edgehe(A) Ai
a e : [0,1] → Σ

A(e1 ∘ e2) = A(e1)A(e2), A(e−1) = A(e)−1

2. Quantum configuration space
ΣA

Properties:

The quantum configuration space        as a specific extension of        

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

Relation:  in a natural topology (due to Gel’fand),          is densely embedded in      ,          

                 and      is compact in a natural (Gel’fand) topology.

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

3 Connection 9

Direction factor: ✏(e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.s. S

Steric factor: (e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.t. S

A(e) ⌘ he(A) = Pexp

 Z

e
A
!
2 SU(2) (3.10)

Def. 7. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.11)

A := Hom(P,SU(2)), be a continue homomorphism map (3.12)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map

(3.13)

Def. 8. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e0

1
� e0

2
· · · � e0k for

some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.

(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain

� [ �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)
n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

eb(e)
f (e) e1

e2

⌃

3 Connection 9

Def. 9. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or cylindrically consistent, denoted by f� ⇠ f�0 , if and
only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 > �, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of equivalent
classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā

f (A) dµAL(A) :=

Z

Ā�

f�(A) dµ�(A)

f = [ f�], g = [g�0 ]

hg, f iCyl(Ā) :=

Z

Ā

g(A) f (A) dµAL(A) :=

Z

Ā�00

(P⇤�00�0g�0 )(A) (P⇤�00� f�)(A) dµ�00 (A)

⇣
Cyl(Ā), h, i

⌘
(3.16)

Thm. 2. The Ashtekar-Lewandowski measure is invariant under internal gauge transformations g(x) and spatial di↵eomorphisms
', i.e., 8 f 2 Cyl(A),

Z

A

g � f (A) dµAL(A) =

Z

A

f (A) dµAL(A),

Z

A

' � f (A) dµAL(A) =

Z

A

f (A) dµAL(A).

Hkin := Cyl(Ā) = L2
(Ā, dµAL) (3.17)

Hkin = L2
(Ā, dµAL) (3.18)

T�,~j,~m,~n
T�,~j,~I (3.19)

T�,~j,~m,~n(A) :=
Y

e2E(�)

q
d je [⇡ je (A(e))]

me
ne

(3.20)

hT�0,~j0,~m0,~n0 ,T�,~j,~m,~niHkin
= ��,�0�~j0,~j�~m0,~m�~n0,~n (3.21)

T�,~j,~m,~n(Ag
) =
Y

e2E(�)

q
d je [⇡ je (A

g
(e))]

me
ne

?

Spinfoam model

1. Group theory

Def. 1. A group G is a set equipped with a map (group-product, composition) G ⇥G ! G such that

(i) (g1g2)g3 = g1(g2g3), 8g1, g2, g3 2 G.

(ii) 9 identity element e such that ge = eg = g, 8g 2 G.

(iii) 8g 2 G, 9 its inverse g�1 such that gg�1 = g�1g = e.

Def. 2. Let G be a group. A map ' : G ! G0 is called a homomorphism, if '(g1g2) = '(g1)'(g2), 8g1, g2 2 G.

Def. 3. A homomorphism ' : G ! G0 is called an isomorphism if the map ' is 1-1 as well as onto. An isomorphism ' : G ! G is
called a automorphism on G.

Def. 4. A Lie group of dimension n is a group G such that G is also a smooth manifold of (real) dimension n.

Def. 5. Let G be a Lie group. 8g 2 G, a map �L,g : h 7! gh (�R,g : h 7! hg), 8h 2 G is called a left (right) transition generated by g.

Def. 6. A vector field A on a Lie group G is called the left (right) invariant vector, if �L(R),g⇤A = A,8g 2 G, where �L(R),g⇤ is the
push forward map of �L(R),g.

Thm. 1. Given a compact Lie group G and an automorphism ' : G ! G on it, there exists a unique measure dµH on G, named as
Haar measure, such that:

Z

G
dµH(g) = 1

Z

G
 (g)dµH(g) =

Z

G
 (hg)dµH(g) =

Z

G
 (gh)dµH(g)

=

Z

G
 (g�1

)dµH(g) =

Z

G
 � '(g)dµH(g), 8 2 C(G),8h 2 G

Let G be a Lie group. Given any vector ⇠ on G, it generates left-invariant vector field L(⇠)
and right invariant vector field R(⇠)

on

G by

L(⇠) (g) :=
d

dt

�����
t=0

 
⇣
get⇠

⌘

R(⇠) (g) :=
d

dt

�����
t=0

 
⇣
e�t⇠g

⌘

for any function  2 C1
(G).

HSU(2) = L2
(SU(2), dµH)

HSU(2) ⌘ L2
(SU(2), dµH): the Hilbert space of square integrable functions on G with respect to the Haar measure.

Let G = SU(2), the left-invariant vector field L(⌧i) and the right-invariant vector field R(⌧i) determined by the generator,

⌧i = �
i

2
�i with �i being the Pauli matrices, of S U(2)

L(⌧i) (g) =
d

dt

�����
t=0

 
⇣
get⌧i

⌘
= (g⌧i)

A
B
@ (g)

@gA
B
= tr

 
g⌧i

@

@g

!
 (g)

1

✓

3 Connection 7

with the initial value he([0,0])(A) = I2. Define a combination � of two edges e1, e2 satisfying e1(1) = e2(0) as

[e1 � e2](t) :=

(
e1(2t), t 2 [0, 1

2
]

e2(2t � 1), t 2 [
1

2
, 1]

(3.5)

and the inversion of an edge as

e�1
(t) := e(1 � 2t) (3.6)

The holonomy (3.3) has two key properties

he1�e2
(A) = he1

(A)he2
(A), he�1 (A) = he(A)

�1
(3.7)

The transformation behavior (3.2) of connection A under gauge transformation leads to the corresponding transformation behavior of

holonomy as

he(Ag
) = g(b(e))he(A)g( f (e))

�1
(3.8)

where b(e), f (e) denote the beginning and final points of e, respectively. The flux Ẽi(S ) of densitized triad Ẽa
i through a 2-surface S

is defined by

Ẽi(S ) :=

Z

S
(⇤Ẽi)ab (3.9)

{he(A), Ẽi(S )} =
�

2
✏(e, S )

⇣
�e\S ,b(e)⌧ihe(A) + �e\S , f (e)he(A)⌧i

⌘

=
�

2
(e, S )

⇣
�e\S ,b(e)⌧ihe(A) � �e\S , f (e)he(A)⌧i

⌘

= �
�

2
(e, S )

⇣
�e\S ,b(e)R(⌧i)

e + �e\S , f (e)L(⌧i)
e

⌘
he(A)

Direction factor: ✏(e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.s. S

Steric factor: (e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.t. S

A(e) ⌘ he(A) = Pexp

 Z

e
A
!
2 SU(2) (3.10)

Def. 7. A piecewise analytic path is a composition of edges. The set of path is denoted by P.

A = {A} (3.11)

A = Hom(P,SU(2)), be a continue homomorphism map (3.12)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map (3.13)

3 Connection 7

with the initial value he([0,0])(A) = I2. Define a combination � of two edges e1, e2 satisfying e1(1) = e2(0) as

[e1 � e2](t) :=

(
e1(2t), t 2 [0, 1

2
]

e2(2t � 1), t 2 [
1

2
, 1]

(3.5)

and the inversion of an edge as

e�1
(t) := e(1 � 2t) (3.6)

The holonomy (3.3) has two key properties

he1�e2
(A) = he1

(A)he2
(A), he�1 (A) = he(A)

�1
(3.7)

The transformation behavior (3.2) of connection A under gauge transformation leads to the corresponding transformation behavior of

holonomy as

he(Ag
) = g(b(e))he(A)g( f (e))

�1
(3.8)

where b(e), f (e) denote the beginning and final points of e, respectively. The flux Ẽi(S ) of densitized triad Ẽa
i through a 2-surface S

is defined by

Ẽi(S ) :=

Z

S
(⇤Ẽi)ab (3.9)

{he(A), Ẽi(S )} =
�

2
✏(e, S )

⇣
�e\S ,b(e)⌧ihe(A) + �e\S , f (e)he(A)⌧i

⌘

=
�

2
(e, S )

⇣
�e\S ,b(e)⌧ihe(A) � �e\S , f (e)he(A)⌧i

⌘

= �
�

2
(e, S )

⇣
�e\S ,b(e)R(⌧i)

e + �e\S , f (e)L(⌧i)
e

⌘
he(A)

Direction factor: ✏(e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.s. S

Steric factor: (e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.t. S

A(e) ⌘ he(A) = Pexp

 Z

e
A
!
2 SU(2) (3.10)

Def. 7. A piecewise analytic path is a composition of edges. The set of path is denoted by P.

A = {A} (3.11)

A = Hom(P,SU(2)), be a continue homomorphism map (3.12)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map (3.13)

2 Part II: Introduction to 13

2.2 Quantum configuration space Ā

The classical configuration space Ā is the set of all smooth connection A on ⌃
The holonomy he(A) of connection A

i

a
along an edge e : [0, 1]! ⌃

A(e) ⌘ he(A) = Pexp
 Z

e

A

!
2 SU(2)

Properties:

A(e1 � A2) = A(e1)A(e2), A(e)�1 = A(e)�1

Def. (Set of paths). A piecewise analytic path is a composition of edges. The set of

paths is denoted by P.

Then the classical configuration spaceA can be understood as a map

A = Hom(P,SU(2)), be a continue homomorphism map

The quantum configuration space Ā as a specific extension ofA

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map

satisfying the similar properties as those of the classical holonomies.
Relation: in a natural topology (due to Gel’fand),A is densely embedded in Ā, and Ā
is compact in a natural (Gel’fand) topology.

2.3 A natural measure dµAL on Ā

Def. (Graph). A graph � is a collection of edges and vertices, in which the edges can

only intersect each other at their endpoints. A graph �0 is said to be large than another

graph � (or contain �), �0 > �, if every e of � can be written as e = e
0

1 � e
0

2 · · · � e
0

k
for

some edges e
0, . . . , e0

k
of �0.



3. A natural measure         on

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

dμAL

e5

e1
e2

e3 e4

v

�

⌃

e05

e01
e02

e03 e04

v

�0 > �

e06
⌃

e05

e01
e02

e03 e4

v
e06

⌃

�0 > �

⌃
e1

e2

e3 e4

e5

� �0

e01 e02

e03

�00

Remarks:          

3 Connection 8

Def. 8. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain �), �0 > �, if every e of � can be written as e = e0

1
� e0

2
· · · � e0k for some edges

e0, . . . , e0k of �0.

It is worth noting that

(i) Not all two graphs, � and �0, need to have a containment relation.

(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain � [ �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)
n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)
n
.

(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

Given a function  2 C(SU(2)
n
), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Note:

(i) For any given � and for each Ā 2 Ā, there exist a smooth A 2 A such that

Ā(e) = he(A), 8e 2 �

(ii) f�(A) =  (A(e1), . . . , A(en))= (he1
(A), . . . , hen (A))⌘ f�(he1

(A), . . . , hen (A))

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�, restricting the domain from �0 to �

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.14)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�0

P⇤�0� f�(A) dµ�0 (A)

=

Z

SU(2)
n0
 (A(e1), . . . , A(en))

Y

i2{1,...,n,...,n0}

dµH(A(ei))

=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei))

=

Z

Ā�

f�(A) dµ�(A)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�

f�(A) dµ�(A)
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2.2 Quantum configuration space Ā

The classical configuration space Ā is the set of all smooth connection A on ⌃
The holonomy he(A) of connection A

i

a
along an edge e : [0, 1]! ⌃

A(e) ⌘ he(A) = Pexp
 Z

e

A

!
2 SU(2)

Properties:

A(e1 � A2) = A(e1)A(e2), A(e)�1 = A(e)�1

Def.. A piecewise analytic path is a composition of edges. The set of path is denoted

by P.

Then the classical configuration spaceA can be understood as a map

A = Hom(P,SU(2)), be a continue homomorphism map

The quantum configuration space Ā as a specific extension ofA

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map

satisfying the similar properties as those of the classical holonomies.
Relation: in a natural topology (due to Gel’fand),A is densely embedded in Ā, and Ā
is compact in a natural (Gel’fand) topology.

2.3 A natural measure dµAL on Ā

Def. (Graph). A graph � is a collection of edges and vertices, in which the edges can

only intersect each other at their endpoints. A graph �0 is said to be large than another

graph � (or contain �), �0 > �, if every e of � can be written as e = e
0

1 � e
0

2 · · · � e
0

k
for

some edges e
0, . . . , e0

k
of �0.

e5 = e′￼5 ∘ e′￼6

e′￼6 ∉ γ



3. A natural measure         on

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

Remarks:

3 Connection 9

Direction factor: ✏(e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.s. S

Steric factor: (e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.t. S

Def. 11. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.10)

A := Hom(P,SU(2)), be a continue homomorphism map (3.11)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(3.12)

Def. 12. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain
� [ �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.

dμAL

3 Connection 9

Def. 9. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or cylindrically consistent, denoted by f� ⇠ f�0 , if and
only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 > �, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of equivalent
classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā

f (A) dµAL(A) :=

Z

Ā�

f�(A) dµ�(A)

f = [ f�], g = [g�0 ]

hg, f iCyl(Ā) :=

Z

Ā

g(A) f (A) dµAL(A) :=

Z

Ā�00

(P⇤�00�0g�0 )(A) (P⇤�00� f�)(A) dµ�00 (A)

⇣
Cyl(Ā), h, i

⌘
(3.16)

Thm. 2. The Ashtekar-Lewandowski measure is invariant under internal gauge transformations g(x) and spatial di↵eomorphisms
', i.e., 8 f 2 Cyl(A),

Z

A

g � f (A) dµAL(A) =

Z

A

f (A) dµAL(A),

Z

A

' � f (A) dµAL(A) =

Z

A

f (A) dµAL(A).

Hkin := Cyl(Ā) = L2
(Ā, dµAL) (3.17)

Hkin = L2
(Ā, dµAL) (3.18)

T�,~j,~m,~n
T�,~j,~I (3.19)

T�,~j,~m,~n(A) :=
Y

e2E(�)

q
d je [⇡ je (A(e))]

me
ne

(3.20)

hT�0,~j0,~m0,~n0 ,T�,~j,~m,~niHkin
= ��,�0�~j0,~j�~m0,~m�~n0,~n (3.21)

T�,~j,~m,~n(Ag
) =
Y

e2E(�)

q
d je [⇡ je (A

g
(e))]

me
ne

?

Spinfoam model

1. Group theory

Def. 1. A group G is a set equipped with a map (group-product, composition) G ⇥G ! G such that

(i) (g1g2)g3 = g1(g2g3), 8g1, g2, g3 2 G.

(ii) 9 identity element e such that ge = eg = g, 8g 2 G.

(iii) 8g 2 G, 9 its inverse g�1 such that gg�1 = g�1g = e.

Def. 2. Let G be a group. A map ' : G ! G0 is called a homomorphism, if '(g1g2) = '(g1)'(g2), 8g1, g2 2 G.

Def. 3. A homomorphism ' : G ! G0 is called an isomorphism if the map ' is 1-1 as well as onto. An isomorphism ' : G ! G is
called a automorphism on G.

Def. 4. A Lie group of dimension n is a group G such that G is also a smooth manifold of (real) dimension n.

Def. 5. Let G be a Lie group. 8g 2 G, a map �L,g : h 7! gh (�R,g : h 7! hg), 8h 2 G is called a left (right) transition generated by g.

Def. 6. A vector field A on a Lie group G is called the left (right) invariant vector, if �L(R),g⇤A = A,8g 2 G, where �L(R),g⇤ is the
push forward map of �L(R),g.

Thm. 1. Given a compact Lie group G and an automorphism ' : G ! G on it, there exists a unique measure dµH on G, named as
Haar measure, such that:

Z

G
dµH(g) = 1

Z

G
 (g)dµH(g) =

Z

G
 (hg)dµH(g) =

Z

G
 (gh)dµH(g)

=

Z

G
 (g�1

)dµH(g) =

Z

G
 � '(g)dµH(g), 8 2 C(G),8h 2 G

Let G be a Lie group. Given any vector ⇠ on G, it generates left-invariant vector field L(⇠)
and right invariant vector field R(⇠)

on

G by

L(⇠) (g) :=
d

dt

�����
t=0

 
⇣
get⇠

⌘

R(⇠) (g) :=
d

dt

�����
t=0

 
⇣
e�t⇠g

⌘

for any function  2 C1
(G).

HSU(2) = L2
(SU(2), dµH)

HSU(2) ⌘ L2
(SU(2), dµH): the Hilbert space of square integrable functions on G with respect to the Haar measure.

Let G = SU(2), the left-invariant vector field L(⌧i) and the right-invariant vector field R(⌧i) determined by the generator,

⌧i = �
i

2
�i with �i being the Pauli matrices, of S U(2)

L(⌧i) (g) =
d

dt

�����
t=0

 
⇣
get⌧i

⌘
= (g⌧i)

A
B
@ (g)

@gA
B
= tr

 
g⌧i

@

@g

!
 (g)

1

✓

3 Connection 8

Def. 8. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain �), �0 > �, if every e of � can be written as e = e0

1
� e0

2
· · · � e0k for some edges

e0, . . . , e0k of �0.

It is worth noting that

(i) Not all two graphs, � and �0, need to have a containment relation.

(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain � [ �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

⇣
Ā�, dµ�

⌘
(3.14)

There exists a bijection

IE : Ā� ! SU(2)
n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)
n
.

(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

Given a function  2 C(SU(2)
n
), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Note:

(i) For any given � and for each Ā 2 Ā, there exist a smooth A 2 A such that

Ā(e) = he(A), 8e 2 �

(ii) f�(A) =  (A(e1), . . . , A(en))= (he1
(A), . . . , hen (A))⌘ f�(he1

(A), . . . , hen (A))

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�, restricting the domain from �0 to �

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�0

P⇤�0� f�(A) dµ�0 (A)

=

Z

SU(2)
n0
 (A(e1), . . . , A(en))

Y

i2{1,...,n,...,n0}

dµH(A(ei))

=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei))

=

Z

Ā�

f�(A) dµ�(A)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�

f�(A) dµ�(A)

glue

2 Part II: Introduction to 13

2.2 Quantum configuration space Ā

The classical configuration space Ā is the set of all smooth connection A on ⌃
The holonomy he(A) of connection A

i

a
along an edge e : [0, 1]! ⌃

A(e) ⌘ he(A) = Pexp
 Z

e

A

!
2 SU(2)

Properties:

A(e1 � A2) = A(e1)A(e2), A(e)�1 = A(e)�1

Def.. A piecewise analytic path is a composition of edges. The set of path is denoted

by P.

Then the classical configuration spaceA can be understood as a map

A = Hom(P,SU(2)), be a continue homomorphism map

The quantum configuration space Ā as a specific extension ofA

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map

satisfying the similar properties as those of the classical holonomies.
Relation: in a natural topology (due to Gel’fand),A is densely embedded in Ā, and Ā
is compact in a natural (Gel’fand) topology.

2.3 A natural measure dµAL on Ā

Def. (Graph). A graph � is a collection of edges and vertices, in which the edges can

only intersect each other at their endpoints. A graph �0 is said to be large than another

graph � (or contain �), �0 > �, if every e of � can be written as e = e
0

1 � e
0

2 · · · � e
0

k
for

some edges e
0, . . . , e0

k
of �0.

2 Part II: Introduction to 14

Remarks:

(i) Not all two graphs, � and �0, need to have a containment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain

� [ �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

⇣
Ā�, dµ�

⌘
(2.11)

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�, restricting the domain from �0 to �

Given a continue function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤
E
 , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

e5

e1
e2

e3 e4

v

�

⌃
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[⇡ j(⌧2)]]m
n = �

1
2
p

j( j + 1) � m(m � 1) �m�n,1 +
1
2
p

j( j + 1) � m(m + 1) �m�n,�1

(1.15)

[⇡ j(⌧3)]m
n = �im �m�n,0 (1.16)

Def. 10. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (1.17)

A := Hom(P,SU(2)), be a continue homomorphism map (1.18)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(1.19)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Def. 12. two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or
cylindrically consistent, denoted by f� ⇠ f�0 , if and only if P⇤↵00↵ f↵ = P⇤↵00↵0 f↵0 , 8↵

00
�

↵,↵0, where P⇤↵00↵ denotes the pullback map induced from P↵00↵. Then the space Cyl(A)
of cylindrical functions on the projective limitA is defined to be the space of equivalent
classes [ f ], i.e.,

Cyl(A) :=
⇥
[↵ C(A↵)

⇤
/ ⇠ .

3. A natural measure         on

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

3 Connection 9

Direction factor: ✏(e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.s. S

Steric factor: (e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.t. S

Def. 11. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.10)

A := Hom(P,SU(2)), be a continue homomorphism map (3.11)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(3.12)

Def. 12. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain
� [ �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.

dμAL

e5

e1
e2

e3 e4

v

�

⌃

3 Connection 9

Def. 9. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or cylindrically consistent, denoted by f� ⇠ f�0 , if and
only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 > �, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of equivalent
classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā

f (A) dµAL(A) :=

Z

Ā�

f�(A) dµ�(A)

f = [ f�], g = [g�0 ]

hg, f iCyl(Ā) :=

Z

Ā

g(A) f (A) dµAL(A) :=

Z

Ā�00

(P⇤�00�0g�0 )(A) (P⇤�00� f�)(A) dµ�00 (A)

⇣
Cyl(Ā), h, i

⌘
(3.16)

Thm. 2. The Ashtekar-Lewandowski measure is invariant under internal gauge transformations g(x) and spatial di↵eomorphisms
', i.e., 8 f 2 Cyl(A),

Z

A

g � f (A) dµAL(A) =

Z

A

f (A) dµAL(A),

Z

A

' � f (A) dµAL(A) =

Z

A

f (A) dµAL(A).

Hkin := Cyl(Ā) = L2
(Ā, dµAL) (3.17)

Hkin = L2
(Ā, dµAL) (3.18)

T�,~j,~m,~n
T�,~j,~I (3.19)

T�,~j,~m,~n(A) :=
Y

e2E(�)

q
d je [⇡ je (A(e))]

me
ne

(3.20)

hT�0,~j0,~m0,~n0 ,T�,~j,~m,~niHkin
= ��,�0�~j0,~j�~m0,~m�~n0,~n (3.21)

T�,~j,~m,~n(Ag
) =
Y

e2E(�)

q
d je [⇡ je (A

g
(e))]

me
ne

?

Spinfoam model

1. Group theory

Def. 1. A group G is a set equipped with a map (group-product, composition) G ⇥G ! G such that

(i) (g1g2)g3 = g1(g2g3), 8g1, g2, g3 2 G.

(ii) 9 identity element e such that ge = eg = g, 8g 2 G.

(iii) 8g 2 G, 9 its inverse g�1 such that gg�1 = g�1g = e.

Def. 2. Let G be a group. A map ' : G ! G0 is called a homomorphism, if '(g1g2) = '(g1)'(g2), 8g1, g2 2 G.

Def. 3. A homomorphism ' : G ! G0 is called an isomorphism if the map ' is 1-1 as well as onto. An isomorphism ' : G ! G is
called a automorphism on G.

Def. 4. A Lie group of dimension n is a group G such that G is also a smooth manifold of (real) dimension n.

Def. 5. Let G be a Lie group. 8g 2 G, a map �L,g : h 7! gh (�R,g : h 7! hg), 8h 2 G is called a left (right) transition generated by g.

Def. 6. A vector field A on a Lie group G is called the left (right) invariant vector, if �L(R),g⇤A = A,8g 2 G, where �L(R),g⇤ is the
push forward map of �L(R),g.

Thm. 1. Given a compact Lie group G and an automorphism ' : G ! G on it, there exists a unique measure dµH on G, named as
Haar measure, such that:

Z

G
dµH(g) = 1

Z

G
 (g)dµH(g) =

Z

G
 (hg)dµH(g) =

Z

G
 (gh)dµH(g)

=

Z

G
 (g�1

)dµH(g) =

Z

G
 � '(g)dµH(g), 8 2 C(G),8h 2 G

Let G be a Lie group. Given any vector ⇠ on G, it generates left-invariant vector field L(⇠)
and right invariant vector field R(⇠)

on

G by

L(⇠) (g) :=
d

dt

�����
t=0

 
⇣
get⇠

⌘

R(⇠) (g) :=
d

dt

�����
t=0

 
⇣
e�t⇠g

⌘

for any function  2 C1
(G).

HSU(2) = L2
(SU(2), dµH)

HSU(2) ⌘ L2
(SU(2), dµH): the Hilbert space of square integrable functions on G with respect to the Haar measure.

Let G = SU(2), the left-invariant vector field L(⌧i) and the right-invariant vector field R(⌧i) determined by the generator,

⌧i = �
i

2
�i with �i being the Pauli matrices, of S U(2)

L(⌧i) (g) =
d

dt

�����
t=0

 
⇣
get⌧i

⌘
= (g⌧i)

A
B
@ (g)

@gA
B
= tr

 
g⌧i

@

@g

!
 (g)

1

✓

3 Connection 8

Def. 8. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain �), �0 > �, if every e of � can be written as e = e0

1
� e0

2
· · · � e0k for some edges

e0, . . . , e0k of �0.

It is worth noting that

(i) Not all two graphs, � and �0, need to have a containment relation.

(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain � [ �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

⇣
Ā�, dµ�

⌘
(3.14)

There exists a bijection

IE : Ā� ! SU(2)
n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)
n
.

(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

Given a function  2 C(SU(2)
n
), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Note:

(i) For any given � and for each Ā 2 Ā, there exist a smooth A 2 A such that

Ā(e) = he(A), 8e 2 �

(ii) f�(A) =  (A(e1), . . . , A(en))= (he1
(A), . . . , hen (A))⌘ f�(he1

(A), . . . , hen (A))

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�, restricting the domain from �0 to �

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�0

P⇤�0� f�(A) dµ�0 (A)

=

Z

SU(2)
n0
 (A(e1), . . . , A(en))

Y

i2{1,...,n,...,n0}

dµH(A(ei))

=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei))

=

Z

Ā�

f�(A) dµ�(A)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�

f�(A) dµ�(A)

glue

|E(γ) | : the number of edeges of γ
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[⇡ j(⌧2)]]m
n = �

1
2
p

j( j + 1) � m(m � 1) �m�n,1 +
1
2
p

j( j + 1) � m(m + 1) �m�n,�1

(1.15)

[⇡ j(⌧3)]m
n = �im �m�n,0 (1.16)

Def. 10. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (1.17)

A := Hom(P,SU(2)), be a continue homomorphism map (1.18)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(1.19)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Def. 12. two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or
cylindrically consistent, denoted by f� ⇠ f�0 , if and only if P⇤↵00↵ f↵ = P⇤↵00↵0 f↵0 , 8↵

00
�

↵,↵0, where P⇤↵00↵ denotes the pullback map induced from P↵00↵. Then the space Cyl(A)
of cylindrical functions on the projective limitA is defined to be the space of equivalent
classes [ f ], i.e.,

Cyl(A) :=
⇥
[↵ C(A↵)

⇤
/ ⇠ .

dμγ

3 connection 9

Def. 11. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.10)

A := Hom(P,SU(2)), be a continue homomorphism map (3.11)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(3.12)

Def. 12. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain

� [ �0.

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

For �0 > �, there exists a surjective map (projective map).

P�0� : Ā�0 ! Ā�

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.13)

3 connection 9

Def. 11. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.10)

A := Hom(P,SU(2)), be a continue homomorphism map (3.11)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(3.12)

Def. 12. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain

� [ �0.

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

For �0 > �, there exists a surjective map (projective map).

P�0� : Ā�0 ! Ā�

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.13)

3. A natural measure         on

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

Step I:  a natural measure         on          

Remarks:          

dμAL

3 Connection 11

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Note:

(i) For any given � and for each Ā 2 Ā, there exists a smooth A 2 A such that

Ā(e) = he(A), 8e 2 �

(ii) f�(A) =  (A(e1), . . . , A(en))= (he1 (A), . . . , hen (A))⌘ f�(he1 (A), . . . , hen (A))

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�, restricting the domain from �0 to �

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā�0

f�0 (A) dµ�0 (A) =
Z

Ā�0

P⇤�0� f�(A) dµ�0 (A)

=

Z

SU(2)n0
 (A(e1), . . . , A(en))

Y

i2{1,...,n,...,n0}

dµH(A(ei))

=

Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei))

=

Z

Ā�

f�(A) dµ�(A)

Z

Ā�0

f�0 (A) dµ�0 (A) =
Z

Ā�

f�(A) dµ�(A)

Def. 9. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or
cylindrically consistent, denoted by f� ⇠ f�0 , if and only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 >
�, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of
equivalent classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Ā�

A

SU(2)n

(A(e1), . . . , A(en))
IE

 f� := I⇤E 

C



dμγ

3 connection 9

Def. 11. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.10)

A := Hom(P,SU(2)), be a continue homomorphism map (3.11)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(3.12)

Def. 12. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain

� [ �0.

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

For �0 > �, there exists a surjective map (projective map).

P�0� : Ā�0 ! Ā�

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.13)

3 connection 9

Def. 11. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.10)

A := Hom(P,SU(2)), be a continue homomorphism map (3.11)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(3.12)

Def. 12. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain

� [ �0.

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

For �0 > �, there exists a surjective map (projective map).

P�0� : Ā�0 ! Ā�

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.13)

3. A natural measure         on

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

Step I:  a natural measure         on          

1¯sÑ„p”Ñ 9

[⇡ j(⌧2)]]m
n = �

1
2
p

j( j + 1) � m(m � 1) �m�n,1 +
1
2
p

j( j + 1) � m(m + 1) �m�n,�1

(1.15)

[⇡ j(⌧3)]m
n = �im �m�n,0 (1.16)

Def. 10. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (1.17)

A := Hom(P,SU(2)), be a continue homomorphism map (1.18)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(1.19)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Def. 12. two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or
cylindrically consistent, denoted by f� ⇠ f�0 , if and only if P⇤↵00↵ f↵ = P⇤↵00↵0 f↵0 , 8↵

00
�

↵,↵0, where P⇤↵00↵ denotes the pullback map induced from P↵00↵. Then the space Cyl(A)
of cylindrical functions on the projective limitA is defined to be the space of equivalent
classes [ f ], i.e.,

Cyl(A) :=
⇥
[↵ C(A↵)

⇤
/ ⇠ .

dμAL
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Def. 9. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or cylindrically consistent, denoted by f� ⇠ f�0 , if and
only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 > �, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of equivalent
classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā

f (A) dµAL(A) :=

Z

Ā�

f�(A) dµ�(A)

f = [ f�], g = [g�0 ]

hg, f iCyl(Ā) :=

Z

Ā

g(A) f (A) dµAL(A) :=

Z

Ā�00

(P⇤�00�0g�0 )(A) (P⇤�00� f�)(A) dµ�00 (A)

⇣
Cyl(Ā), h, i

⌘
(3.16)

Thm. 2. The Ashtekar-Lewandowski measure is invariant under internal gauge transformations g(x) and spatial di↵eomorphisms
', i.e., 8 f 2 Cyl(A),

Z

A

g � f (A) dµAL(A) =

Z

A

f (A) dµAL(A),

Z

A

' � f (A) dµAL(A) =

Z

A

f (A) dµAL(A).

Hkin := Cyl(Ā) = L2
(Ā, dµAL) (3.17)

Hkin = L2
(Ā, dµAL) (3.18)

T�,~j,~m,~n
T�,~j,~I (3.19)

T�,~j,~m,~n(A) :=
Y

e2E(�)

q
d je [⇡ je (A(e))]

me
ne

(3.20)

hT�0,~j0,~m0,~n0 ,T�,~j,~m,~niHkin
= ��,�0�~j0,~j�~m0,~m�~n0,~n (3.21)

T�,~j,~m,~n(Ag
) =
Y

e2E(�)

q
d je [⇡ je (A

g
(e))]

me
ne

?

Spinfoam model

1. Group theory

Def. 1. A group G is a set equipped with a map (group-product, composition) G ⇥G ! G such that

(i) (g1g2)g3 = g1(g2g3), 8g1, g2, g3 2 G.

(ii) 9 identity element e such that ge = eg = g, 8g 2 G.

(iii) 8g 2 G, 9 its inverse g�1 such that gg�1 = g�1g = e.

Def. 2. Let G be a group. A map ' : G ! G0 is called a homomorphism, if '(g1g2) = '(g1)'(g2), 8g1, g2 2 G.

Def. 3. A homomorphism ' : G ! G0 is called an isomorphism if the map ' is 1-1 as well as onto. An isomorphism ' : G ! G is
called a automorphism on G.

Def. 4. A Lie group of dimension n is a group G such that G is also a smooth manifold of (real) dimension n.

Def. 5. Let G be a Lie group. 8g 2 G, a map �L,g : h 7! gh (�R,g : h 7! hg), 8h 2 G is called a left (right) transition generated by g.

Def. 6. A vector field A on a Lie group G is called the left (right) invariant vector, if �L(R),g⇤A = A,8g 2 G, where �L(R),g⇤ is the
push forward map of �L(R),g.

Thm. 1. Given a compact Lie group G and an automorphism ' : G ! G on it, there exists a unique measure dµH on G, named as
Haar measure, such that:

Z

G
dµH(g) = 1

Z

G
 (g)dµH(g) =

Z

G
 (hg)dµH(g) =

Z

G
 (gh)dµH(g)

=

Z

G
 (g�1

)dµH(g) =

Z

G
 � '(g)dµH(g), 8 2 C(G),8h 2 G

Let G be a Lie group. Given any vector ⇠ on G, it generates left-invariant vector field L(⇠)
and right invariant vector field R(⇠)

on

G by

L(⇠) (g) :=
d

dt

�����
t=0

 
⇣
get⇠

⌘

R(⇠) (g) :=
d

dt

�����
t=0

 
⇣
e�t⇠g

⌘

for any function  2 C1
(G).

HSU(2) = L2
(SU(2), dµH)

HSU(2) ⌘ L2
(SU(2), dµH): the Hilbert space of square integrable functions on G with respect to the Haar measure.

Let G = SU(2), the left-invariant vector field L(⌧i) and the right-invariant vector field R(⌧i) determined by the generator,

⌧i = �
i

2
�i with �i being the Pauli matrices, of S U(2)

L(⌧i) (g) =
d

dt

�����
t=0

 
⇣
get⌧i

⌘
= (g⌧i)

A
B
@ (g)

@gA
B
= tr

 
g⌧i

@

@g

!
 (g)

1

✓

3 Connection 8

Def. 8. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain �), �0 > �, if every e of � can be written as e = e0

1
� e0

2
· · · � e0k for some edges

e0, . . . , e0k of �0.

It is worth noting that

(i) Not all two graphs, � and �0, need to have a containment relation.

(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain � [ �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

⇣
Ā�, dµ�

⌘
(3.14)

There exists a bijection

IE : Ā� ! SU(2)
n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)
n
.

(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

Given a function  2 C(SU(2)
n
), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Note:

(i) For any given � and for each Ā 2 Ā, there exist a smooth A 2 A such that

Ā(e) = he(A), 8e 2 �

(ii) f�(A) =  (A(e1), . . . , A(en))= (he1
(A), . . . , hen (A))⌘ f�(he1

(A), . . . , hen (A))

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�, restricting the domain from �0 to �

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�0

P⇤�0� f�(A) dµ�0 (A)

=

Z

SU(2)
n0
 (A(e1), . . . , A(en))

Y

i2{1,...,n,...,n0}

dµH(A(ei))

=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei))

=

Z

Ā�

f�(A) dµ�(A)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�

f�(A) dµ�(A)

glue

✓

Ā�

A

SU(2)n

(A(e1), . . . , A(en))
IE

 f� := I⇤E 

C



[�C(Ā�)

f�0

f�00

f�

3. A natural measure         on

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

dμAL
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3 connection 9

Def. 11. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.10)

A := Hom(P,SU(2)), be a continue homomorphism map (3.11)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(3.12)

Def. 12. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain

� [ �0.

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

For �0 > �, there exists a surjective map (projective map).

P�0� : Ā�0 ! Ā�

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.13)

dμAL
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A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

3 Connection 9

Def. 9. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or cylindrically consistent, denoted by f� ⇠ f�0 , if and
only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 > �, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of equivalent
classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā

f (A) dµAL(A) :=

Z

Ā�

f�(A) dµ�(A)

f = [ f�], g = [g�0 ]

hg, f iCyl(Ā) :=

Z

Ā

g(A) f (A) dµAL(A) :=

Z

Ā�00

(P⇤�00�0g�0 )(A) (P⇤�00� f�)(A) dµ�00 (A)

⇣
Cyl(Ā), h, i

⌘
(3.16)

Thm. 2. The Ashtekar-Lewandowski measure is invariant under internal gauge transformations g(x) and spatial di↵eomorphisms
', i.e., 8 f 2 Cyl(A),

Z

A

g � f (A) dµAL(A) =

Z

A

f (A) dµAL(A),

Z

A

' � f (A) dµAL(A) =

Z

A

f (A) dµAL(A).

Hkin := Cyl(Ā) = L2
(Ā, dµAL) (3.17)

Hkin = L2
(Ā, dµAL) (3.18)

T�,~j,~m,~n
T�,~j,~I (3.19)

T�,~j,~m,~n(A) :=
Y

e2E(�)

q
d je [⇡ je (A(e))]

me
ne

(3.20)

hT�0,~j0,~m0,~n0 ,T�,~j,~m,~niHkin
= ��,�0�~j0,~j�~m0,~m�~n0,~n (3.21)

T�,~j,~m,~n(Ag
) =
Y

e2E(�)

q
d je [⇡ je (A

g
(e))]

me
ne

?

Spinfoam model

1. Group theory

Def. 1. A group G is a set equipped with a map (group-product, composition) G ⇥G ! G such that

(i) (g1g2)g3 = g1(g2g3), 8g1, g2, g3 2 G.

(ii) 9 identity element e such that ge = eg = g, 8g 2 G.

(iii) 8g 2 G, 9 its inverse g�1 such that gg�1 = g�1g = e.

Def. 2. Let G be a group. A map ' : G ! G0 is called a homomorphism, if '(g1g2) = '(g1)'(g2), 8g1, g2 2 G.

Def. 3. A homomorphism ' : G ! G0 is called an isomorphism if the map ' is 1-1 as well as onto. An isomorphism ' : G ! G is
called a automorphism on G.

Def. 4. A Lie group of dimension n is a group G such that G is also a smooth manifold of (real) dimension n.

Def. 5. Let G be a Lie group. 8g 2 G, a map �L,g : h 7! gh (�R,g : h 7! hg), 8h 2 G is called a left (right) transition generated by g.

Def. 6. A vector field A on a Lie group G is called the left (right) invariant vector, if �L(R),g⇤A = A,8g 2 G, where �L(R),g⇤ is the
push forward map of �L(R),g.

Thm. 1. Given a compact Lie group G and an automorphism ' : G ! G on it, there exists a unique measure dµH on G, named as
Haar measure, such that:

Z

G
dµH(g) = 1

Z

G
 (g)dµH(g) =

Z

G
 (hg)dµH(g) =

Z

G
 (gh)dµH(g)

=

Z

G
 (g�1

)dµH(g) =

Z

G
 � '(g)dµH(g), 8 2 C(G),8h 2 G

Let G be a Lie group. Given any vector ⇠ on G, it generates left-invariant vector field L(⇠)
and right invariant vector field R(⇠)

on

G by

L(⇠) (g) :=
d

dt

�����
t=0

 
⇣
get⇠

⌘

R(⇠) (g) :=
d

dt

�����
t=0

 
⇣
e�t⇠g

⌘

for any function  2 C1
(G).

HSU(2) = L2
(SU(2), dµH)

HSU(2) ⌘ L2
(SU(2), dµH): the Hilbert space of square integrable functions on G with respect to the Haar measure.

Let G = SU(2), the left-invariant vector field L(⌧i) and the right-invariant vector field R(⌧i) determined by the generator,

⌧i = �
i

2
�i with �i being the Pauli matrices, of S U(2)

L(⌧i) (g) =
d

dt

�����
t=0

 
⇣
get⌧i

⌘
= (g⌧i)

A
B
@ (g)

@gA
B
= tr

 
g⌧i

@

@g

!
 (g)

1

✓
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Def. 8. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain �), �0 > �, if every e of � can be written as e = e0

1
� e0

2
· · · � e0k for some edges

e0, . . . , e0k of �0.

It is worth noting that

(i) Not all two graphs, � and �0, need to have a containment relation.

(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain � [ �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

⇣
Ā�, dµ�

⌘
(3.14)

There exists a bijection

IE : Ā� ! SU(2)
n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)
n
.

(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

Given a function  2 C(SU(2)
n
), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Note:

(i) For any given � and for each Ā 2 Ā, there exist a smooth A 2 A such that

Ā(e) = he(A), 8e 2 �

(ii) f�(A) =  (A(e1), . . . , A(en))= (he1
(A), . . . , hen (A))⌘ f�(he1

(A), . . . , hen (A))

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�, restricting the domain from �0 to �

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�0

P⇤�0� f�(A) dµ�0 (A)

=

Z

SU(2)
n0
 (A(e1), . . . , A(en))

Y

i2{1,...,n,...,n0}

dµH(A(ei))

=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei))

=

Z

Ā�

f�(A) dµ�(A)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�

f�(A) dµ�(A)

glue

✓

(Ā�, dµ�)

C

f�

C(Ā�)

f�

(Ā�0 , dµ�0 )

C

f�0

C(Ā�0 )

f�0

C(Ā�): the set of all continuous complex functions on  

3 connection 9

Def. 11. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.10)

A := Hom(P,SU(2)), be a continue homomorphism map (3.11)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(3.12)

Def. 12. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain

� [ �0.

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

For �0 > �, there exists a surjective map (projective map).

P�0� : Ā�0 ! Ā�

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.13)



[�C(Ā�)

f�0

f�00

f�

∀γ′￼′￼⩾ γ, γ′￼,

Step II:  a natural measure         on       defined by        on      dμγ
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Def. 11. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.10)

A := Hom(P,SU(2)), be a continue homomorphism map (3.11)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(3.12)

Def. 12. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain

� [ �0.

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

For �0 > �, there exists a surjective map (projective map).

P�0� : Ā�0 ! Ā�

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.13)

dμAL

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

3. A natural measure         on

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)
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Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.13)

Z

Ā�0

f�0 (A) dµ�0 (A) =
Z

Ā�0

P⇤�0� f�(A) dµ�0 (A)

=

Z

SU(2)n0
 (A(e1), . . . , A(en))

Y

i2{1,...,n,...,n0}

dµH(A(ei))

=

Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei))

=

Z

Ā�

f�(A) dµ�(A)

Z

Ā�0

f�0 (A) dµ�0 (A) =
Z

Ā�

f�(A) dµ�(A)

Def. 13. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or
cylindrically consistent, denoted by f� ⇠ f�0 , if and only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 >
�, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of
equivalent classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.14)

Z

Ā

f (A) dµAL(A) :=
Z

Ā�

f�(A) dµ�(A)

f = [ f�], g = [g�0 ]

hg, f iCyl(Ā) :=
Z

Ā

g(A) f (A) dµAL(A) :=
Z

Ā�00

(P⇤�00�0g�0 )(A) (P⇤�00� f�)(A) dµ�00 (A)

⇣
Cyl(Ā), h, i

⌘
(3.15)

Hkin := Cyl(Ā) = L2(Ā, dµAL) (3.16)
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(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Note:

(i) For any given � and for each Ā 2 Ā, there exist a smooth A 2 A such that

Ā(e) = he(A), 8e 2 �

(ii) f�(A) =  (A(e1), . . . , A(en))= (he1 (A), . . . , hen (A))⌘ f�(he1 (A), . . . , hen (A))

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�, restricting the domain from �0 to �

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.13)

Z

Ā�0

f�0 (A) dµ�0 (A) =
Z

Ā�0

P⇤�0� f�(A) dµ�0 (A)

=

Z

SU(2)n0
 (A(e1), . . . , A(en))

Y

i2{1,...,n,...,n0}

dµH(A(ei))

=

Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei))

=

Z

Ā�

f�(A) dµ�(A)

Z

Ā�0

f�0 (A) dµ�0 (A) =
Z

Ā�

f�(A) dµ�(A)

Def. 13. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or
cylindrically consistent, denoted by f� ⇠ f�0 , if and only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 >
�, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of
equivalent classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.14)

dμAL

P*γ′￼′￼γ′￼fγ′￼= P*γ′￼γ fγ

Hence, these two functions are said to be equivalent

fγ ∼ fγ′￼

(Ā�00 , , dµ�00 )

(A(e1), . . . , A(en))

C

(Ā�0 , , dµ�0 )

P�00�0

f�0

(Ā�, dµ�)

P�00�

f�
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Def. 13. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or
cylindrically consistent, denoted by f� ⇠ f�0 , if and only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 >
�, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of
equivalent classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā

f (A) dµAL(A) :=
Z

Ā�

f�(A) dµ�(A) (3.14)

f = [ f�], g = [g�0 ]

hg, f i :=
Z

Ā

g(A) f (A) dµAL(A) =
Z

Ā�00

(P⇤�00�0g�0 )(A)(P⇤�0� f�)(A) dµ�00 (A) (3.15)

⇣
Cyl(Ā), h, i

⌘
(3.16)

Hkin := Cyl(Ā) = L2(Ā, dµAL) (3.17)

In theories of connections, the classical configuration space is given by A/G,
where A is the space of connections on a principal fibre bundle P(⌃,G) over a (“spa-
tial”) manifold ⌃, and G is the group of vertical automorphisms of P. In this paper, we
will assume that ⌃ is an analytic n-manifold, G is a compact, connected Lie group, and
elements ofA and G are all smooth.

In field theory the quantum configuration space is, generically, a suitable comple-
tion of the classical one. A candidate,A/G, for such a completion ofA/Gwas recently
introduced [8].

It first arose as the Gel’fand spectrum of a C? algebra constructed from the so-
called Wilson loop functions, the traces of holonomies of smooth connections around
(piecewise analytic) closed loops. It is therefore a compact, Hausdor↵ space. However,
it was subsequently shown [9, 10] that, using a suitable projective family,A/G can also
be obtained as the projective limit of topological spaces Gn/Ad, the quotient of Gn by
the adjoint action of G. Here, we will work with this characterization ofA/G.

we will: i) construct, using projective techniques, the spaces A of generalized
connections, G of generalized automorphisms of P and their quotient A/G and com-
plexifications AC and GC; ii) see that the space A is equipped with a natural measure
µ0 which is faithful and invariant under the induced action of the di↵eomorphism group
of the underlying manifold ⌃; and, iii) show that it also admits a family of di↵eomor-
phism invariant measures µ(m), introduced by Baez. All these measures project down
unambiguously toA/G.

Projective techniques were first used in [9, 10] for measure-theoretic purposes and
then extended in [11] to introduce “di↵erential geometry” onA/G.

Step II:  a natural measure         on       defined by        on      dμγ
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Def. 11. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.10)

A := Hom(P,SU(2)), be a continue homomorphism map (3.11)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(3.12)

Def. 12. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain

� [ �0.

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)n.
(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

For �0 > �, there exists a surjective map (projective map).

P�0� : Ā�0 ! Ā�

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.13)

dμAL

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)
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Def. 13. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or
cylindrically consistent, denoted by f� ⇠ f�0 , if and only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 >
�, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of
equivalent classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā

f (A) dµAL(A) :=
Z

Ā�

f�(A) dµ�(A)

f = [ f�], g = [g�0 ]

hg, f iCyl(Ā) :=
Z

Ā

g(A) f (A) dµAL(A) :=
Z

Ā�00

(P⇤�00�0g�0 )(A) (P⇤�00� f�)(A) dµ�00 (A)

⇣
Cyl(Ā), h, i

⌘
(3.14)

Hkin := Cyl(Ā) = L2(Ā, dµAL) (3.15)

In theories of connections, the classical configuration space is given by A/G,
where A is the space of connections on a principal fibre bundle P(⌃,G) over a (“spa-
tial”) manifold ⌃, and G is the group of vertical automorphisms of P. In this paper, we
will assume that ⌃ is an analytic n-manifold, G is a compact, connected Lie group, and
elements ofA and G are all smooth.

In field theory the quantum configuration space is, generically, a suitable comple-
tion of the classical one. A candidate,A/G, for such a completion ofA/Gwas recently
introduced [8].

It first arose as the Gel’fand spectrum of a C? algebra constructed from the so-
called Wilson loop functions, the traces of holonomies of smooth connections around
(piecewise analytic) closed loops. It is therefore a compact, Hausdor↵ space. However,
it was subsequently shown [9, 10] that, using a suitable projective family,A/G can also
be obtained as the projective limit of topological spaces Gn/Ad, the quotient of Gn by
the adjoint action of G. Here, we will work with this characterization ofA/G.

we will: i) construct, using projective techniques, the spaces A of generalized
connections, G of generalized automorphisms of P and their quotient A/G and com-
plexifications AC and GC; ii) see that the space A is equipped with a natural measure
µ0 which is faithful and invariant under the induced action of the di↵eomorphism group
of the underlying manifold ⌃; and, iii) show that it also admits a family of di↵eomor-
phism invariant measures µ(m), introduced by Baez. All these measures project down
unambiguously toA/G.

Projective techniques were first used in [9, 10] for measure-theoretic purposes and
then extended in [11] to introduce “di↵erential geometry” onA/G.

[�C(Ā�)

f�0

f�00

f�

[�C(Ā�)/ ⇠Cyl(Ā) :=

f = [ f�]

g = [g�0 ]

3. A natural measure         on

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)
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(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Note:

(i) For any given � and for each Ā 2 Ā, there exist a smooth A 2 A such that

Ā(e) = he(A), 8e 2 �

(ii) f�(A) =  (A(e1), . . . , A(en))= (he1 (A), . . . , hen (A))⌘ f�(he1 (A), . . . , hen (A))

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�, restricting the domain from �0 to �

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.13)

Z

Ā�0

f�0 (A) dµ�0 (A) =
Z

Ā�0

P⇤�0� f�(A) dµ�0 (A)

=

Z

SU(2)n0
 (A(e1), . . . , A(en))

Y

i2{1,...,n,...,n0}

dµH(A(ei))

=

Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei))

=

Z

Ā�

f�(A) dµ�(A)

Z

Ā�0

f�0 (A) dµ�0 (A) =
Z

Ā�

f�(A) dµ�(A)

Def. 13. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or
cylindrically consistent, denoted by f� ⇠ f�0 , if and only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 >
�, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of
equivalent classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā�

f�(A) dµ�(A) :=
Z

SU(2)n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.14)

dμAL
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Def. 9. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or cylindrically consistent, denoted by f� ⇠ f�0 , if and
only if P⇤�00� f� = P⇤�00�0 f�0 , 8�

00 > �, �0. Then the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of equivalent
classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā

f (A) dµAL(A) :=

Z

Ā�

f�(A) dµ�(A)

f = [ f�], g = [g�0 ]

hg, f iCyl(Ā) :=

Z

Ā

g(A) f (A) dµAL(A) :=

Z

Ā�00

(P⇤�00�0g�0 )(A) (P⇤�00� f�)(A) dµ�00 (A)

⇣
Cyl(Ā), h, i

⌘
(3.16)

Thm. 2. The Ashtekar-Lewandowski measure is invariant under internal gauge transformations g(x) and spatial di↵eomorphisms
', i.e., 8 f 2 Cyl(A),

Z

A

g � f (A) dµAL(A) =

Z

A

f (A) dµAL(A),

Z

A

' � f (A) dµAL(A) =

Z

A

f (A) dµAL(A).

Hkin := Cyl(Ā) = L2
(Ā, dµAL) (3.17)

Hkin = L2
(Ā, dµAL) (3.18)

T�,~j,~m,~n
T�,~j,~I (3.19)

T�,~j,~m,~n(A) :=
Y

e2E(�)

q
d je [⇡ je (A(e))]

me
ne

(3.20)

hT�0,~j0,~m0,~n0 ,T�,~j,~m,~niHkin
= ��,�0�~j0,~j�~m0,~m�~n0,~n (3.21)

T�,~j,~m,~n(Ag
) =
Y

e2E(�)

q
d je [⇡ je (A

g
(e))]

me
ne

?

Spinfoam model

1. Group theory

Def. 1. A group G is a set equipped with a map (group-product, composition) G ⇥G ! G such that

(i) (g1g2)g3 = g1(g2g3), 8g1, g2, g3 2 G.

(ii) 9 identity element e such that ge = eg = g, 8g 2 G.

(iii) 8g 2 G, 9 its inverse g�1 such that gg�1 = g�1g = e.

Def. 2. Let G be a group. A map ' : G ! G0 is called a homomorphism, if '(g1g2) = '(g1)'(g2), 8g1, g2 2 G.

Def. 3. A homomorphism ' : G ! G0 is called an isomorphism if the map ' is 1-1 as well as onto. An isomorphism ' : G ! G is
called a automorphism on G.

Def. 4. A Lie group of dimension n is a group G such that G is also a smooth manifold of (real) dimension n.

Def. 5. Let G be a Lie group. 8g 2 G, a map �L,g : h 7! gh (�R,g : h 7! hg), 8h 2 G is called a left (right) transition generated by g.

Def. 6. A vector field A on a Lie group G is called the left (right) invariant vector, if �L(R),g⇤A = A,8g 2 G, where �L(R),g⇤ is the
push forward map of �L(R),g.

Thm. 1. Given a compact Lie group G and an automorphism ' : G ! G on it, there exists a unique measure dµH on G, named as
Haar measure, such that:

Z

G
dµH(g) = 1

Z

G
 (g)dµH(g) =

Z

G
 (hg)dµH(g) =

Z

G
 (gh)dµH(g)

=

Z

G
 (g�1

)dµH(g) =

Z

G
 � '(g)dµH(g), 8 2 C(G),8h 2 G

Let G be a Lie group. Given any vector ⇠ on G, it generates left-invariant vector field L(⇠)
and right invariant vector field R(⇠)

on

G by

L(⇠) (g) :=
d

dt

�����
t=0

 
⇣
get⇠

⌘

R(⇠) (g) :=
d

dt

�����
t=0

 
⇣
e�t⇠g

⌘

for any function  2 C1
(G).

HSU(2) = L2
(SU(2), dµH)

HSU(2) ⌘ L2
(SU(2), dµH): the Hilbert space of square integrable functions on G with respect to the Haar measure.

Let G = SU(2), the left-invariant vector field L(⌧i) and the right-invariant vector field R(⌧i) determined by the generator,

⌧i = �
i

2
�i with �i being the Pauli matrices, of S U(2)

L(⌧i) (g) =
d

dt

�����
t=0

 
⇣
get⌧i

⌘
= (g⌧i)

A
B
@ (g)

@gA
B
= tr

 
g⌧i

@

@g

!
 (g)

1

✓
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Def. 8. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain �), �0 > �, if every e of � can be written as e = e0

1
� e0

2
· · · � e0k for some edges

e0, . . . , e0k of �0.

It is worth noting that

(i) Not all two graphs, � and �0, need to have a containment relation.

(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain � [ �0.

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

⇣
Ā�, dµ�

⌘
(3.14)

There exists a bijection

IE : Ā� ! SU(2)
n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to

(i) equip Ā� with a topology induced from that of SU(2)
n
.

(ii) define a nature measure dµ� on Ā� induced from the Haar measure dµH on SU(2).

Given a function  2 C(SU(2)
n
), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Note:

(i) For any given � and for each Ā 2 Ā, there exist a smooth A 2 A such that

Ā(e) = he(A), 8e 2 �

(ii) f�(A) =  (A(e1), . . . , A(en))= (he1
(A), . . . , hen (A))⌘ f�(he1

(A), . . . , hen (A))

For �0 > �, there exists a surjective map (projective map)

P�0� : Ā�0 ! Ā�, restricting the domain from �0 to �

Z

Ā�

f�(A) dµ�(A) :=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei)) (3.15)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�0

P⇤�0� f�(A) dµ�0 (A)

=

Z

SU(2)
n0
 (A(e1), . . . , A(en))

Y

i2{1,...,n,...,n0}

dµH(A(ei))

=

Z

SU(2)
n
 (A(e1), . . . , A(en))

nY

i=1

dµH(A(ei))

=

Z

Ā�

f�(A) dµ�(A)

Z

Ā�0

f�0 (A) dµ�0 (A) =

Z

Ā�

f�(A) dµ�(A)

glue

✓✓

fγ ∼ fγ′￼

✓



:  The Ashtekar-Lewandowski measure.   dμAL

3. A natural measure         on

1¯sÑ„p”Ñ 7

A := Hom(P,SU(2)), be a continue map (1.17)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue map (1.18)

Def. 11. A graph � is a collection of edges and vertices, in which the edges can only intersect each other at their endpoints. A graph
�0 is said to be large than another graph � (or contain ↵), ↵0 > ↵, if every e of � can be written as e = e01 � e02 · · · � e0k for some edges
e0, . . . , e0k of �0.

1.2‚œzÙÑÙå

($*‚œzÙ V å W Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ*∆�⌦ÂÇ↵π✏öI†’�pXåˆ
C�¡ [9] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ V å W ÑÙåzÙ�∞: V �W. ‚œz
ÙÑÙåÑöI¶Ô¬⇤ [10] p.344.
π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (1.19)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(1.20)

W̃ ⌘
n
(0,w)|w 2 W

o
(1.21)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:�Ñ ⌅ (isomorphism)

V ! Ṽ (1.22)

W ! W̃ (1.23)

v

Ṽ \ W̃ = 0 (1.24)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (1.25)

e↵ 2 W, ↵ = 1, · · · , dimW (1.26)

dμAL
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(2) 8�00 > �, �0

Z

Ā�0

f�0 (A) dµ�0 (A) =
Z

Ā�

f�(A) dµ�(A)

Then f�⇠ f�0

Def. Two functions f� 2 C(Ā�) and f�0 2 C(Ā�0 ) are said to be equivalent or cylindri-

cally consistent, denoted by f� ⇠ f�0 , if and only if P
⇤

�00� f� = P
⇤

�00�0 f�0 , 8�
00 > �, �0. Then

the space Cyl(Ā) of cylindrical functions on Ā is defined to be the space of equivalent

classes, i.e.,

Cyl(Ā) :=
h
[�C(Ā�)

i
/ ⇠ .

Z

Ā

f (A) dµAL(A) :=
Z

Ā�

f�(A) dµ�(A)

f = [ f�], g = [g�0 ]

hg, f iCyl(Ā) :=
Z

Ā

g(A) f (A) dµAL(A) :=
Z

Ā�00

(P⇤�00�0g�0 )(A) (P⇤�00� f�)(A) dµ�00 (A)

⇣
Cyl(Ā), h, i

⌘
(2.13)

dµAL: The Ashtekar-Lewandowski measure

Thm. The Ashtekar-Lewandowski measure is invariant under internal gauge transfor-

mations g(x) and spatial di↵eomorphisms ', i.e., 8 f 2 Cyl(A),
Z

Ā

g � f (A) dµAL(A) =
Z

Ā

f (A) dµAL(A),
Z

Ā

' � f (A) dµAL(A) =
Z

Ā

f (A) dµAL(A).
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i
/ ⇠ .

Z

Ā

f (A) dµAL(A) :=
Z

Ā�

f�(A) dµ�(A) (3.14)

f = [ f�], g = [g�0 ]

hg, f iCyl(Ā) :=
Z

Ā

g(A) f (A) dµAL(A) =
Z

Ā�00

(P⇤�00�0g�0 )(A)(P⇤�0� f�)(A) dµ�00 (A) (3.15)

⇣
Cyl(Ā), h, i

⌘
(3.16)

Hkin := Cyl(Ā) = L2(Ā, dµAL) (3.17)

In theories of connections, the classical configuration space is given by A/G,
where A is the space of connections on a principal fibre bundle P(⌃,G) over a (“spa-
tial”) manifold ⌃, and G is the group of vertical automorphisms of P. In this paper, we
will assume that ⌃ is an analytic n-manifold, G is a compact, connected Lie group, and
elements ofA and G are all smooth.

In field theory the quantum configuration space is, generically, a suitable comple-
tion of the classical one. A candidate,A/G, for such a completion ofA/Gwas recently
introduced [8].

It first arose as the Gel’fand spectrum of a C? algebra constructed from the so-
called Wilson loop functions, the traces of holonomies of smooth connections around
(piecewise analytic) closed loops. It is therefore a compact, Hausdor↵ space. However,
it was subsequently shown [9, 10] that, using a suitable projective family,A/G can also
be obtained as the projective limit of topological spaces Gn/Ad, the quotient of Gn by
the adjoint action of G. Here, we will work with this characterization ofA/G.

we will: i) construct, using projective techniques, the spaces A of generalized
connections, G of generalized automorphisms of P and their quotient A/G and com-
plexifications AC and GC; ii) see that the space A is equipped with a natural measure
µ0 which is faithful and invariant under the induced action of the di↵eomorphism group
of the underlying manifold ⌃; and, iii) show that it also admits a family of di↵eomor-
phism invariant measures µ(m), introduced by Baez. All these measures project down
unambiguously toA/G.

Projective techniques were first used in [9, 10] for measure-theoretic purposes and
then extended in [11] to introduce “di↵erential geometry” onA/G.
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⇣
Cyl(Ā), h, i

⌘
(3.15)

Hkin := Cyl(Ā) = L2(Ā, dµAL) (3.16)

T�,~j,~m,~n
T�,~j,~I (3.17)

T�,~j,~m,~n(A) :=
Y

e2E(�)

q
d je [⇡ je (A(e))]me

ne
(3.18)

hT�0,~j0,~m0,~n0 ,T�,~j,~m,~niHkin = ��,�0�~j0,~j�~m0,~m�~n0,~n (3.19)

T�,~j,~m,~n(Ag) =
Y

e2E(�)

q
d je [⇡ je (A

g(e))]me
ne

=
Y

e2E(�)

q
d je [⇡ je (g(b(e))A(e))g( f (e))�1]me

ne

, T�,~j,~m,~n(Ag) (3.20)

T�,~j,~m,~n(A) =

0
BBBBBB@

4Y

i=1

q
d ji

1
CCCCCCA [⇡ j1 (A(e1))]m1

n1
[⇡ j1 (A(e2))]m2

n2
[⇡ j3 (A(e3))]m3

n3
[⇡ j4 (A(e4))]m4

n4

T�,~j,~m,~n(Ag) =

0
BBBBBB@

4Y

i=1

q
d ji

1
CCCCCCA [⇡ j1 (A(e1))]m1

n1
[⇡ j2 (A(e2))]m2

n2
[⇡ j3 (A(e3))]m3

n3
[⇡ j4 (A(e4))]m4

n4

= [⇡ j1 (g(v))]m1
m01

[⇡ j2 (g(v))]m2
m02

[⇡ j3 (g(v))]m3
m03

[⇡ j4 (g(v))]m4
m04

⇥

0
BBBBBB@

4Y

i=1

q
d ji

1
CCCCCCA [⇡ j1 (A(e1))]m01

n01
[⇡ j2 (A(e2))]m2

n2
[⇡ j3 (A(e3))]m3

n3
[⇡ j1 (A(e4))]m4

n4

⇥ [⇡ j1 (g( f (e1))�1)]n01
n1

[⇡ j2 (g( f (e2))�1)]n02
n2

[⇡ j3 (g( f (e3))�1)]n03
n3

[⇡ j4 (g( f (e4))�1)]n04
n4

(3.21)

T�,~j,~I(A) = tr
✓
⌦v2V(�)Iv · ⌦e2E(�)

q
d je ⇡ je (A(e))

◆
(3.22)
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Spin network states: the basis of
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Gauge variant:

Gauge invariant:
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HSU(2) = L
2(SU(2), dµH)
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n

3 Graphical calculus 19

iv ⇠

⇣
i

J;~a
v; j1··· jn

⌘
m1···mn

M

⌘ (�1) j1�
P

n

i=2 ji�J

X

k2,...,kn�1

ha2k2| j1m1 j2m2i · · · hJM|an�1kn�1 jnmni

(2.21)

hT�0,~j0,~i0 ,T�,~j,~iiHkin = ��,�0�~j0,~j�~i0,~i (2.22)

Gauge variant intertwiners:

iv ⇠

⇣
i

J,0;~a
v; j1··· jn

⌘
m1···mn

M,0
(2.23)

Gauge invariant intertwiners:

iv ⇠

⇣
i

J=0;~a
v; j1··· jn

⌘
m1···mn

M=0
⌘

⇣
i

J=0;~a
v; j1··· jn

⌘
m1···mn

(2.24)

2.5 The elementary operators onHkin

dA(e) · f�(A) := A(e) f�(A) (2.25)

[̃
Ei(S ) · f�(A) := �i~

n
f�(A), Ẽi(S )

o

=
~ �

2

X

v2V(�)

0
BBBBBB@
X

b(e)=v

(e, S )J
i

e,R +
X

f (e)=v

(e, S )J
i

e,L

1
CCCCCCA f�(A) (2.26)

J
i

e,R := iR(⌧i)
e
, J

i

e,L := iL(⌧i)
e

(2.27)

3. Graphical calculus

3.1 Elementary operators and their actions

The holonomy operator acts as multiplication:

[ĥeI
(A)]B

C
· f�(A) :=

h
⇡ 1

2
(heI

(A))
iB

C
f�(A)

The flux operator acts on a cylindrical function f� with respect to the graph � adapted
to S as a derivative operator,

ˆ̃
Ei(S ) · f�(A) := �i~

n
f�(A), Ẽi(S )

o

=
~ �

2

X

eI2E(�)

(e, S ) J
i

eI
· f�(A)

=
~ �

2

X

v2V(�)

0
BBBBBB@
X

b(e)=v

(e, S )J
i

e,R +
X

f (e)=v

(e, S )J
i

e,L

1
CCCCCCA f�(A)

f�(A) 2 Hkin ⌘ L
2(Ā, dµAL) (3.1)
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n
f�(A), Ẽi(S )

o

=
~ �

2

X

v2V(�)

0
BBBBBB@
X

b(e)=v

(e, S )J
i

e,R +
X

f (e)=v

(e, S )J
i

e,L

1
CCCCCCA f�(A) (2.26)

J
i

e,R := iR(⌧i)
e
, J

i

e,L := iL(⌧i)
e

(2.27)

3. Graphical calculus

3.1 Elementary operators and their actions

The holonomy operator acts as multiplication:

[ĥeI
(A)]B

C
· f�(A) :=

h
⇡ 1

2
(heI

(A))
iB

C
f�(A)

The flux operator acts on a cylindrical function f� with respect to the graph � adapted
to S as a derivative operator,

ˆ̃
Ei(S ) · f�(A) := �i~

n
f�(A), Ẽi(S )

o

=
~ �

2

X

eI2E(�)

(e, S ) J
i

eI
· f�(A)

=
~ �

2

X

v2V(�)

0
BBBBBB@
X

b(e)=v

(e, S )J
i

e,R +
X

f (e)=v

(e, S )J
i

e,L

1
CCCCCCA f�(A)

f�(A) 2 Hkin ⌘ L
2(Ā, dµAL) (3.1)
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T�,~j,~m,~n(Ag) =
Y

e2E(�)

q
d je

[⇡ je
(Ag(e))]me

ne

=
Y

e2E(�)

q
d je

[⇡ je
(g(b(e))A(e))g( f (e))�1]me

ne

, T�,~j,~m,~n(Ag) (2.19)

T�,~j,~i(A) =
O

v2V(�)

iv ·

O

e2E(�)

q
d je
⇡ je

(A(e)) (2.20)

iv ⇠

⇣
i

J;~a
v; j1··· jn

⌘
m1···mn

M

⌘ (�1) j1�
P

n

i=2 ji�J

X

k2,...,kn�1

ha2k2| j1m1 j2m2i · · · hJM|an�1kn�1 jnmni (2.21)

hT�0,~j0,~i0 ,T�,~j,~iiHkin = ��,�0�~j0,~j�~i0,~i (2.22)

Gauge variant intertwiners:

iv ⇠

⇣
i

J,0;~a
v; j1··· jn

⌘
m1···mn

M,0
(2.23)

Gauge invariant intertwiners:

iv ⇠

⇣
i

J=0;~a
v; j1··· jn

⌘
m1···mn

M=0
⌘

⇣
i

J=0;~a
v; j1··· jn

⌘
m1···mn

(2.24)

2.5 The elementary operators onHkin

dA(e) · f�(A) := A(e) f�(A) (2.25)

[̃
Ei(S ) · f�(A) := �i~

n
f�(A), Ẽi(S )

o

=
~ �

2

X

v2V(�)

0
BBBBBB@
X

b(e)=v

(e, S )J
i

e,R +
X

f (e)=v

(e, S )J
i

e,L

1
CCCCCCA f�(A) (2.26)

J
i

e,R := iR(⌧i)
e
, J

i

e,L := iL(⌧i)
e

(2.27)

3. Graphical calculus

3.1 Elementary operators and their actions

The holonomy operator acts as multiplication:

[ĥeI
(A)]B

C
· f�(A) :=

h
⇡ 1

2
(heI

(A))
iB

C
f�(A)

The flux operator acts on a cylindrical function f� with respect to the graph � adapted to S as a derivative operator,

ˆ̃
Ei(S ) · f�(A) := �i~

n
f�(A), Ẽi(S )

o

=
~ �

2

X

eI2E(�)

(e, S ) J
i

eI
· f�(A)

=
~ �

2

X

v2V(�)

0
BBBBBB@
X

b(e)=v

(e, S )J
i

e,R +
X

f (e)=v

(e, S )J
i

e,L

1
CCCCCCA f�(A)

f�(A) 2 Hkin ⌘ L
2(Ā, dµAL) (3.1)

Hkin := Cyl(Ā) = L2(Ā, dµAL)

f = [ f�]

? T�,~j,~m,~n
T�,~j,~i

Spin network states
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⇣
Cyl(Ā), h, i

⌘
(3.15)

Hkin := Cyl(Ā) = L2(Ā, dµAL) (3.16)

T�,~j,~m,~n
T�,~j,~I (3.17)

T�,~j,~m,~n(A) :=
Y

e2E(�)

q
d je [⇡ je (A(e))]me

ne
(3.18)

hT�0,~j0,~m0,~n0 ,T�,~j,~m,~niHkin = ��,�0�~j0,~j�~m0,~m�~n0,~n (3.19)

T�,~j,~m,~n(Ag) =
Y

e2E(�)

q
d je [⇡ je (A

g(e))]me
ne

=
Y

e2E(�)

q
d je [⇡ je (g(b(e))A(e))g( f (e))�1]me

ne

, T�,~j,~m,~n(Ag) (3.20)

T�,~j,~m,~n(A) =

0
BBBBBB@

4Y

i=1

q
d ji

1
CCCCCCA [⇡ j1 (A(e1))]m1

n1
[⇡ j1 (A(e2))]m2

n2
[⇡ j3 (A(e3))]m3

n3
[⇡ j4 (A(e4))]m4

n4

T�,~j,~m,~n(Ag) =

0
BBBBBB@

4Y

i=1

q
d ji

1
CCCCCCA [⇡ j1 (A(e1))]m1

n1
[⇡ j2 (A(e2))]m2

n2
[⇡ j3 (A(e3))]m3

n3
[⇡ j4 (A(e4))]m4

n4

= [⇡ j1 (g(v))]m1
m01

[⇡ j2 (g(v))]m2
m02

[⇡ j3 (g(v))]m3
m03

[⇡ j4 (g(v))]m4
m04

⇥

0
BBBBBB@

4Y

i=1

q
d ji

1
CCCCCCA [⇡ j1 (A(e1))]m01

n01
[⇡ j2 (A(e2))]m2

n2
[⇡ j3 (A(e3))]m3

n3
[⇡ j1 (A(e4))]m4

n4

⇥ [⇡ j1 (g( f (e1))�1)]n01
n1

[⇡ j2 (g( f (e2))�1)]n02
n2

[⇡ j3 (g( f (e3))�1)]n03
n3

[⇡ j4 (g( f (e4))�1)]n04
n4

(3.21)

T�,~j,~I(A) = tr
✓
⌦v2V(�)Iv · ⌦e2E(�)

q
d je ⇡ je (A(e))

◆
(3.22)
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hT�0,~j0,~I0 ,T�,~j,~IiHkin = ��,�0�~j0,~j�~I0,~I (3.23)

Iv ⇠
⇣
I J;~a
v; j1··· jn

⌘
m1···mn

M
⌘

X

k2,...,kn�1

ha2k2| j1m1 j2m2i · · · hJM|an�1kn�1 jnmni (3.24)

Iv ⇠
⇣
I J,0;~a
v; j1··· jn

⌘
m1···mn

M,0
(3.25)

Iv ⇠
⇣
I J=0;~a
v; j1··· jn

⌘
m1···mn

M=0
⌘

⇣
I J=0;~a
v; j1··· jn

⌘
m1···mn

(3.26)

T�,~j,~I = tr
✓
⌦e2E(�)

q
d je ⇡ je · ⌦v2V(�)Iv

◆

= Iv (3.27)

dA(e) · f�(A) := A(e) f�(A) (3.28)

[̃Ei(S ) · f�(A) := �i~
n
f�(A), Ẽi(S )

o

=
~ �

2

X

v2V(�)

0
BBBBBB@
X

b(e)=v

(e, S )Ji
v,e,R +

X

f (e)=v

(e, S )Ji
v,e,L

1
CCCCCCA f�(A) (3.29)

In theories of connections, the classical configuration space is given by A/G,
where A is the space of connections on a principal fibre bundle P(⌃,G) over a (“spa-
tial”) manifold ⌃, and G is the group of vertical automorphisms of P. In this paper, we
will assume that ⌃ is an analytic n-manifold, G is a compact, connected Lie group, and
elements ofA and G are all smooth.

In field theory the quantum configuration space is, generically, a suitable comple-
tion of the classical one. A candidate,A/G, for such a completion ofA/Gwas recently
introduced [8].

It first arose as the Gel’fand spectrum of a C? algebra constructed from the so-
called Wilson loop functions, the traces of holonomies of smooth connections around
(piecewise analytic) closed loops. It is therefore a compact, Hausdor↵ space. However,
it was subsequently shown [9, 10] that, using a suitable projective family,A/G can also
be obtained as the projective limit of topological spaces Gn/Ad, the quotient of Gn by
the adjoint action of G. Here, we will work with this characterization ofA/G.

we will: i) construct, using projective techniques, the spaces A of generalized
connections, G of generalized automorphisms of P and their quotient A/G and com-
plexifications AC and GC; ii) see that the space A is equipped with a natural measure

{he(A), Ẽi(S)} = −
κβ
2

κ(e, S)(δe∩S,b(e)R
(τi)
e + δe∩S, f(e)L

(τi)
e )he(A) eup

edown

e0up

e0down

eout

einS

~nS
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Direction factor: ✏(e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.s. S

Steric factor: (e, S ) :=

8>>>>><
>>>>>:

+1 e is the ‘up’ type w.r.t. S
�1 e is the ‘down’ type w.r.t. S
0 e is the ‘inside/outside’ type w.r.t. S

Def. 11. A piecewise analytic path is a composition of edges. The set of path is denoted
by P.

A = {A} (3.10)

A := Hom(P,SU(2)), be a continue homomorphism map (3.11)

Ā := Hom(P,SU(2)), can be an arbitrary discontinue homomorphism map
(3.12)

Def. 12. A graph � is a collection of edges and vertices, in which the edges can only
intersect each other at their endpoints. A graph �0 is said to be large than another
graph � (or contain �), �0 > �, if every e of � can be written as e = e01 � e02 · · · � e0k for
some edges e0, . . . , e0k of �0.

It is worth noting that

(i) not all two graphs, � and �0, need to have a ontainment relation.
(ii) For any two graph �, �0, there exists �00 such that �00 > �, �0, where �00 contain

� [ �0.

Given a function  2 C(SU(2)n), we can define a function f� 2 C(Ā�) via

f� := I⇤E  , f�(A) :=  (A(e1), . . . , A(en)), 8A 2 Ā�

Ā� := Ā
���
�
, the restriction of the domain of Ā on � with n edges e1, . . . , en

There exists a bijection

IE : Ā� ! SU(2)n
⌘ SU(2) ⇥ · · · ⇥ SU(2)

A 7! (A(e1), . . . , A(en))

which helps us to
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hT�0,~j0,~I0 ,T�,~j,~IiHkin = ��,�0�~j0,~j�~I0,~I (3.23)

Iv ⇠
⇣
I J;~a
v; j1··· jn

⌘
m1···mn

M
⌘

X

k2,...,kn�1

ha2k2| j1m1 j2m2i · · · hJM|an�1kn�1 jnmni (3.24)

Iv ⇠
⇣
I J,0;~a
v; j1··· jn

⌘
m1···mn

M,0
(3.25)

Iv ⇠
⇣
I J=0;~a
v; j1··· jn

⌘
m1···mn

M=0
⌘

⇣
I J=0;~a
v; j1··· jn

⌘
m1···mn

(3.26)

T�,~j,~I = tr
✓
⌦e2E(�)

q
d je ⇡ je · ⌦v2V(�)Iv

◆

= Iv (3.27)

dA(e) · f�(A) := A(e) f�(A) (3.28)

[̃Ei(S ) · f�(A) := �i~
n
f�(A), Ẽi(S )

o

=
~ �

2

X

v2V(�)

0
BBBBBB@
X

b(e)=v

(e, S )Ji
e,R +

X

f (e)=v

(e, S )Ji
e,L

1
CCCCCCA f�(A) (3.29)

Ji
e,R := iRi

e, Ji
e,L := iLi

e (3.30)

In theories of connections, the classical configuration space is given by A/G,
where A is the space of connections on a principal fibre bundle P(⌃,G) over a (“spa-
tial”) manifold ⌃, and G is the group of vertical automorphisms of P. In this paper, we
will assume that ⌃ is an analytic n-manifold, G is a compact, connected Lie group, and
elements ofA and G are all smooth.

In field theory the quantum configuration space is, generically, a suitable comple-
tion of the classical one. A candidate,A/G, for such a completion ofA/Gwas recently
introduced [8].

It first arose as the Gel’fand spectrum of a C? algebra constructed from the so-
called Wilson loop functions, the traces of holonomies of smooth connections around
(piecewise analytic) closed loops. It is therefore a compact, Hausdor↵ space. However,
it was subsequently shown [9, 10] that, using a suitable projective family,A/G can also
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Iv ⇠

⇣
I

J;~a
v; j1··· jn

⌘
m1···mn

M

⌘

X

k2,...,kn�1

ha2k2| j1m1 j2m2i · · · hJM|an�1kn�1 jnmni (2.21)

hT�0,~j0,~I0 ,T�,~j,~IiHkin = ��,�0�~j0,~j�~I0,~I (2.22)

Gauge variant:

Iv ⇠

⇣
I

J,0;~a
v; j1··· jn

⌘
m1···mn

M,0
(2.23)

Gauge invariant:

Iv ⇠

⇣
I

J=0;~a
v; j1··· jn

⌘
m1···mn

M=0
⌘

⇣
I

J=0;~a
v; j1··· jn

⌘
m1···mn

(2.24)

2.5 The elementary operators onHkin

dA(e) · f�(A) := A(e) f�(A) (2.25)

[̃
Ei(S ) · f�(A) := �i~

n
f�(A), Ẽi(S )

o

=
~ �

2

X

v2V(�)

0
BBBBBB@
X

b(e)=v

(e, S )J
i

e,R +
X

f (e)=v

(e, S )J
i

e,L

1
CCCCCCA f�(A) (2.26)

J
i

e,R := iR(⌧i)
e
, J

i

e,L := iL(⌧i)
e

(2.27)

3. Graphical calculus

3.1 Elementary operators and their actions

The holonomy operator acts as multiplication:

[ĥeI
(A)]B

C
· f�(A) :=

h
⇡ 1

2
(heI

(A))
iB

C
f�(A)

The flux operator acts on a cylindrical function f� with respect to the graph � adapted
to S as a derivative operator,

ˆ̃
Ei(S ) · f�(A) := �i~

n
f�(A), Ẽi(S )

o

=
~ �

2

X

eI2E(�)

(e, S ) J
i

eI
· f�(A)

=
~ �

2

X

v2V(�)

0
BBBBBB@
X

b(e)=v

(e, S )J
i

e,R +
X

f (e)=v

(e, S )J
i

e,L

1
CCCCCCA f�(A)

f�(A) 2 Hkin ⌘ L
2(Ā, dµAL) (3.1)



Thanks for your attention!


