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I1. Introduction to:
1. Elementary variables
2. Quantum configuration space

3. A natural measure on the quantum configuration space
3. The Hilbert space

4. Spin network states
5. Elementary operators
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1. Elementary variables: holonomy and flux

The phase space: canonical variables (A, %) on X

The only non-trivial Poisson bracket:
{AL(x), EZ(Y)} = kp6,6/67(x,y), where k = 87zG

Theholonomyh.(A)of0nneet10 Alv alo<an' ee.e_ [0 ‘1]21 | Ale(D)) : _ e“(t)A (e(D)r,

h(A) = ?exp( f )—12+Z f dt, f d, - - f dt, Ae(t))) - - A(e(t,)) € SU(2)

as the unique solution 4.(A) = fo,=1)(A) of

dh (A)
e([0,¢])
dr = hyqo.m(A) Ale(®),  heoonA) =1,

Properties of holonomy y
N e, (A) = N, (AN, (A)
172 1 2
—P ] 1 €2
he—l(A) — he(A)_l e ¢ /'/V/
The behavior of holonomy under gauge transformation

h(Ag)— (b(e))h (A)g(f(e))_ | A'—> Ag (dg)g +8Ag

The ﬂux E. (S ) of densmzed trlad E“ through a 2 surface S C Z 1S deﬁned by
E(S) : [ (*E;)

S

The elementary variables are defined in a background-independent way !



1. Elementary variables: holonomy and flux

enNS = ble)f(e)

(AL, EX(0)) = kp5L5!57(x, y)

L7g"s = (g7)’p
Ry = ~(1ig)"s

o LTg =gt

& RWg=—_19

(h(A), E(S)) = %e(e, ) 0T A) + B, oA )

T

= —%O'i with o; being the Pauli matrices

Kp
7K (e,S) (5enS,b(e)Tihe(A) — 5€ﬂSaf (€)h€(A)Ti>

Kp . .
5k (e,9) <5en5,b(e)Re( )+ Oens, f(e)Le( ) ) h,(A)

y

+1 eisthe ‘up’ type w.r.t. S ne°
Direction factor: €(e,S) :=<—1 e isthe ‘down’ type w.r.t. S
0
\
(+1  eis the ‘up’ type w.r.t. S
Steric factor: «(e,S) :=<¢—1 eisthe ‘down’ type w.r.t. §
\O e 1s the ‘inside/outside’ type w.r.t. S
ns
/
e=¢e°e, eNe=ens /62
S
(h(A), E(S)} = kP h, (A) 71, (A) )

> O)
ensS

e 1s the ‘inside/outside’ type w.r.s. § o

€down

/
edown




2. Quantum configuration space A

The classical configuration space A 1s the set of smooth connections A on X

The holonomy #£,(A) of connection Ac’; along the edge e : [0,1] » X

Ale) = hy(A) = Pexp ( f A) c SU)

Properties: A(e; o ) = A(e)A(e,), Ae™!) = Ae)™!

Def. (Set of paths). A piecewise analytic path is a composition of edges. The set of
paths is denoted by P.

A = Hom(P, SU2)), be a continue homomorphism map

The quantum configuration space ‘A as a specific extension of A

A := Hom(P, SU(2)), can be an arbitrary discontinue homomorphism map

Relation: in a natural topology (due to Gel’fand), A is densely embedded in ‘A,
and A is compact in a natural (Gel’fand) topology.

?

WSU(z) L* (SU(2) d,UH) ——— Hiin = L (H d/lAL)



3. A natural measure du,; on A

Def. (Graph). A graph vy is a collection of edges and vertices, in which the edges can
only intersect each other at their endpoints. A graph ' is said to be large than another
graph vy (or containy), y' 2 v, if every e of v can be written as e = ¢ o e} --- o e, for
some edges e',... e, of y.

Y
>
e
e r
\%
€3 ey
' Remarks: . 2/
: () ’ }‘
es 3
£ wr /]
g y y {
5‘

i Y /
€5 F e5 0 €

(1) Not all two graphs, v and y’, need to have a containment relation.
'{ (11) For any two graph vy, y’, there exists v” such that v > y,vy’, where y"’ contain y U y’.



3. A natural measure du,; on A

Def. (Graph). A graph vy is a collection of edges and vertices, in which the edges can
only intersect each other at their endpoints. A graph ' is said to be large than another
graph vy (or containy), y' 2 v, if every e of v can be written as e = ¢ o e} --- o e, for
some edges e',... e, of y.

{Remarks:
{ (1) Not all two graphs, v and v, need to have a containment relation.

iii) For any two graph 7y, v/, there exists 7" such that v’ > 7y, y’, where y” contai
RARE |




3. A natural measure du,; on A

| WSU(Z) L’ (SU(Z) d:“H) » Hiin = L( ad,UAL)

Tglue

(4

&Z( = &Z( . the restriction of the domain of A on y with n edges €1,...,€y,

i There ex1sts a bljectlon IE(y)I the number of edeges of 7 Y

/

Ip: A, - SUQR)Y =SUQR) % - x SU(2) ,

| A (Aler), ..., Alen)) .

€2
€s

{ which helps us to & e

(i) equip A, with a topology induced from that of SU(2)".
’ (11) deﬁne a nature measure d,uy on &Z( 1nduced from the Haar measure d,u g on SU(2)



3. A natural measure du,; on A

Step I: a natural measure d//t on A,
%There eXIS tS a bl]ectln A By e e S Bt

Ir: A, — SUQR)Y =SUR) x---x SUQ2)
A SU(2)"

f(A) dyay (A) := f Aer)...... Ale) | | duntAcen)
i=1

SUR2)"

| Remarks:
: (i) For any given vy and for each A € A, there exists a smooth A € A such that

A(e) = h,(A), Ye € y

) £(4) = YA€), A@)) =Yl () )=y e, (A)s . e ()



3. A natural measure dy,; on A

Step |: a natural measure dy, on A,
;There X 1968 abl]eCtln e S A R R e B R A s P PR ety

Ip: A, - SUQR)" =SUQR)x---xSUQ2)

A SU(2)"

f_ f(A) ity (A) 1= f WAer)..... Aen) | | dun(Acen)
A, SU@)" i=1 I

' f B 2 ‘ B 4
t Hsuo) = , i , %




3. A natural measure du,; on A

Step Il: a natural measure du,; on A defined by du, ON A,

U, C(A,)

C (f_(),): the set of all continuous complex functions on A,

C(A,)

Jy

(ﬁ ,duy)

(ﬁy’ s dlu)/' )

C(Ay)




3. A natural measure du,; on A
Step II a natural measure d//tAL on ﬂ defined by dﬂ on fﬂ

For Y =, there ex1sts a surjectlve map (prOJectlve map)

Pryi Ay o Ay, restricting the domain fromy'toy

(ﬁy s dlu)/)

“(Aer), . .|, Alen))

fy

17 > / % — %
2y Py”y’ﬁ’ Py’yf7 — \fﬂy

Hence, these two functions are said to be equivalent

Sy~ Jy

£(A) dia, (A) = fﬂ £,(A) duy (A)



3. A natural measure du,; on A
Step II a natural measure d//tAL on ﬂ defined by dﬂ on fﬂ

For Y =, there ex1sts a surjectlve map (prOJectlve map)

Pyy ’, — ﬂy, ( restrlctmg the domaln from)/ toy o

U, C(A,) Cyl(A) :=  U,C(A,)/ ~

f_ J(A)duar(A) := f fy(A)du,(A)
A A,

i (P:‘;,,y,gy/)(A) (P;k/"yfy)(A) d,uy” (A)

(& ey = j;]—( g(A) f(A)duar(A) := Ly

i f _ 2 H . _ ; l
',i ?{SU(Z) = R y ’ A ‘




3. A natural measure du,; on A

dita; : The Ashtekar-Lewandowski measure.

Thm. The Ashtekar-Lewandowski measure is invariant under internal gauge transfor-
mations g(x) and spatial diffeomorphisms ¢, i.e., ¥ f € Cyl(A),

f g o f(A) duar(A) = f J(A)duar(A),
A A

f @o f(A)duar(A) = f Jf(A) duar(A).
A A



4. The kinematical Hilbert space Hiin

Hyin := CYI(A) = L*(A, duayr)

Hyin := CYI(A) = L*(A, dUAL) e

t

Hsu) = LA2(SUQ), dug)

t Spin network states

T, as@i= [ ] i tm.aer,

ecE(y)

! R M . f
. . J; _ =" ji—=J . . . !
8, ~ (lv.j?...j) = (=1)/1"2=2J § (azkaljimy joma) - - - (IM|an—1ky—1 jumn
’ N n/ny--my k |

ka,....kn 1

. - M#0
Gauge variant: (‘#0’“ )
mi--—-m

~ |\l .. .
b Vijieen

Gauge invariant:  j, ~ (iJ:.O;“.)
VL g )iy e,




5. The elementary operators on Hii,

A(e) - f,(A) = A(e) f,(A)
EAS) - f,(A) = =i | f,(A), E(S))

3-5) [Z e SWig+ Y K<e,S>J;L,L)fy<A>

veV(y)

b(e)=v f(e)=v

T = iR, J, =il

€out
ng
: kp (x) (x)
(1A, E(S)} = = (e, ) unsine R + Buns o L7 ) 14) |
€up
(+1 eis the ‘up’ type w.r.t. S
e11’1
Steric factor: «(e,S) :=<¢—1 eisthe ‘down’ type w.r.t. S 5
0 e is the ‘inside/outside’ type w.r.t. S
€down

/
6down



Thawnks for your attention!



