
Quantum mechanism angular momentum & 
graphical calculus 

                                                    I 

Jinsong Yang (Guizhou university)

Loops’26 summer school

Yangzhou University,   May 11-12, 2026



Contents:     

I. Recall:      

         1. Group theory

         2. Representation theory of a group



References:

1 Part I: recall 2

1. References

[1] C. Liang, B. Zhou, Di↵erential Geometry and General Relativity, translated and re-
vised by W. Jia, B. Zhou (China Science Publishing & Media Ltd.(CSPN), Beijing,
2009)

[2] M. Fecko, Di↵erential Geometry and Lie Groups for Physicists (Cambridge Uni-
versity Press, Cambridge, England, 2006)

[3] E.P. Wigner, Group Theory and Its Application to the Quantum Mechanics of

Atomic Spectra (Academic Press Inc., New York, 1959)

[4] T. Thiemann, Modern Canonical Quantum General Relativity (Cambridge
University Press, Cambridge, England, 2007). https://doi.org/10.1017/
CBO9780511755682. arXiv:gr-qc/0110034

[5] J. Yang, Y. Ma, Graphical calculus of volume, inverse volume and Hamiltonian
operators in loop quantum gravity. Eur. Phys. J. C 77, 235 (2017). https://doi.org/
10.1140/epjc/s10052-017-4713-0. arXiv:1505.00223

[6] P. Martin-Dussaud, A primer of group theory for loop quantum gravity and spin-
foams. Gen. Rel. Grav. 51(9), 110 (2019). https://doi.org/10.1007/s10714-019-
2583-5. arXiv:1902.08439
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1. Group theory

Def. (Group): a set     equipped with a mapping (group multiplication)                                                              

satisfying the following conditions is called a group:

(i) 

(ii)     identity element     such that 

(iii)                  its inverse        such that

G G × G → G

(g1g2)g3 = g1(g2g3), ∀g1, g2, g3 ∈ G

∀g ∈ G
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Def. (Lie group): if      both an    -dimensional manifold and a group, and  the group   
multiplication mapping                     and the inverse mapping               are both      , 

then     is called an    -dimensional Lie group.

G
G × G → G G → G C∞

n

nG
G

e

Ā

A

G

C

f

vector fields scalar fields→ left-invariant vector field

angular moment operator

→ Hilbert space

quantum state
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Def. (Left translation): Let      be a Lie group,             , a map


is called the left translation generated by     .

G ∀g ∈ G
Lg : h ↦ gh ∀h ∈ G

g

G

h

gh

Lg



1. Group theory

Def. (Left-invariant vector field): A vector field     on a Lie group     is called left-invariant if


where       is the pushforward mapping induced by the left translation                  . 

GĀ
Lg*Ā = Ā, ∀g ∈ G,

Lg : G → GLg*

G

e

Ve

A

A

G

e

Ve

A

Ā

g Lg⇤

A

Āg

Thm. Any vector             on a Lie group     determines a vector field by:


which is left-invariant, and thus is called the left-invariant vector field generated by            . 
Āg := Lg*A, ∀g ∈ G,

A ∈ Ve

A ∈ Ve

G



1. Group theory
Def. (One-parameter subgroup): A       curve                     is called a one-parameter 
subgroup of a Lie group     if


where              denotes the group product of the group elements         and        .

C∞

G
γ(s + t) = γ(s)γ(t), ∀s, t ∈ ℝ

γ : ℝ → G

γ(s)γ(t) γ(s) γ(t)

Thm. Any vector             on a Lie group     determines a one-parameter subgroup by 
exponential map as:


which is an integral curve of the left-invariant vector field     generated by            . 

Let


then                  is also an integral curve of     passing through    .                       

γ(t) := exp(tA), ∀t ∈ ℝ, A ∈ Ve,

A ∈ Ve G

A ∈ VeĀ

β(t) ≡ gγ(t), ∀g ∈ G,
β : ℝ → G Ā g

G

e

Ve

A

A

�(t) := exp(tA)

Ā

G

g

�(t) := g exp(tA)

Ā

 

C

Lg

Āg := Lg⇤A
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Āg (g) =
d
dt

�����
t=0
 � �

<latexit sha1_base64="6i3Xi85Vsk2lkdswqZApI2yN2l4="></latexit>

=
d
dt

�����
t=0
 (�(t))

<latexit sha1_base64="WqciH2D0oMXc2m7T9btwqxjkgM0="></latexit>

=
d
dt

�����
t=0
 (g exp(tA))

Ā A ∈ Ve

Hence

                                                                    

is often used to give the definition of the left-invariant 

vector field       generated by              .

<latexit sha1_base64="vfflAOopQfDGM84q513fARYq4hs="></latexit>

Āg (g) :=
d
dt

�����
t=0
 (g exp(tA))



1. Group theory

G = SU(2) : a Lie group

dim(SU(2)) = dim(su(2)) = 22 − 1 = 3

∀g ∈ SU(2) can be uniquely written as

with               , a, b ∈ ℂ aā + bb̄ = 1
<latexit sha1_base64="+NtC20DM2Ynix/vOt/LVL+1/u4k="></latexit>

g =
 

a �b̄
b ā

!

G

C

f

FG

f

Thm. There exists a unique Harr  measure       over            which  satisfies

(i) Invariant:         

(ii) Normalized:   

μH SU(2)
μH(h) = μH(hg) = μH(gh) = μH(h−1)
μH(SU(2)) = 1

( f1, f2) := ∫SU(2)
f1(g) f2(g)dμH(g)

ℋSU(2) := (ℱSU(2), ( ⋅ , ⋅ )) = L2(SU(2), dμH)

The Hilbert space              composed of complex-valued functions    over ℋSU(2) SU(2)

Completion of           w.r.t. the inner productℱSU(2)

Quantum mechanics on            SU(2)

f
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2 group representation 5

HSU(2) ⌘ L2(SU(2), dµH): the Hilbert space of square integrable functions on G
with respect to the Haar measure.

Let G = SU(2), the left-invariant vector field L(⌧i) and the right-invariant vec-

tor field R(⌧i) on G, determined by the generator ⌧i = �
i
2�i with �i being the Pauli

matrices, are defined by

L(⌧i) (g) =
d
dt

�����
t=0
 

⇣
get⌧i

⌘
= (g⌧i)A

B
@ (g)
@gA

B
= tr

 
g⌧i

@

@g

!
 (g)

R(⌧i) (g) =
d
dt

�����
t=0
 

⇣
e�t⌧i g

⌘
= �(⌧ig)A

B
@ (g)
@gA

B
= �tr

 
⌧ig

@

@g

!
 (g)

Then one can define the so-called momentum operators onHSU(2) by

Ĵ(L)
i = iL(⌧i) and Ĵ(R)

i = iR(⌧i),

satisfying

[Ĵ(L)
i , Ĵ

(L)
j ] = i✏k

i j Ĵ
(L)
k , [Ĵ(R)

i , Ĵ
(R)
j ] = i✏k

i j Ĵ
(R)
k , [Ĵ(L)

i , Ĵ
(R)
j ] = 0.

The Casimir operator onHe can be expressed as

Ĵ2 := �i j Ĵ(L)
i Ĵ(L)

j = �
i j Ĵ(R)

i Ĵ(R)
j . (1.15)

2. group representation

↵b§∫Â∆eÍ [?] p.78-

Def. 10 (representation of a group). Let G be a group, and V be a (real or complex)
linear vector space. A (linear) representation ⇡ of G on V is defined as a non-singular
linear transformation ⇡(g) on V (⇡ : G ! GL(V)) such than

(i) ⇡(g)⇡(g0) = ⇡(gg0),8g, g0 2 G;

(ii) ⇡(e) = idV;

(iii) ⇡(g)�1 = ⇡(g�1),8g 2 G.

The dimension of the representation is the dimension of V; and it is real or complex
according to the nature of V.

Def. 11. The representation is faithful if and only if ⇡ : G ! GL(V) is injective,
namely,

⇡(g) = IV ) g = e (2.1)

in other words, distinct group elements g1 , g2 2 G correspond to distinct linear
transformations ⇡(g1) , ⇡(g2).

If we pick a basis {em},m = 1, 2, . . . , n for V , then the matrix associated with ⇡(g)
is obtained as follows:

⇡(g)en = [⇡(g)]m
nem, 8g 2 G. (2.2)
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(R)
k , [Ĵ(L)
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Ĵ2 := �i j Ĵ(L)
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i := iR(⌧i),

satisfying
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(L)
j ] = i✏k

i j Ĵ
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linear vector space. A (linear) representation ⇡ of G on V is defined as a non-singular
linear transformation ⇡(g) on V (⇡ : G ! GL(V)) such than

(i) ⇡(g)⇡(g0) = ⇡(gg0),8g, g0 2 G;

(ii) ⇡(e) = idV;

(iii) ⇡(g)�1 = ⇡(g�1),8g 2 G.

The dimension of the representation is the dimension of V; and it is real or complex
according to the nature of V.

Def. 11. The representation is faithful if and only if ⇡ : G ! GL(V) is injective,
namely,

⇡(g) = IV ) g = e (2.1)

in other words, distinct group elements g1 , g2 2 G correspond to distinct linear
transformations ⇡(g1) , ⇡(g2).

1 Part I: recall 2

G = S U(2): a Lie group
dim(SU(2)) = dim(su(2)) = 22

� 1 = 3
HSU(2) = L

2(SU(2), dµH): the Hilbert space of square integrable functions on S U(2) group with respective to the Haar measure.
Let G = SU(2), the left-invariant vector field L

(⌧i) and the right-invariant vector field R
(⌧i) determined by the generator, ⌧i = �

i
2�i

with �i being the Pauli matrices, of S U(2)

L
(⌧i) (g) :=

d
dt

�����
t=0
 

⇣
ge

t⌧i

⌘
= (g⌧i)A

B

@ (g)
@gA

B

= tr
 
g⌧i

@

@g

!
 (g)

R
(⌧i) (g) :=

d
dt

�����
t=0
 

⇣
e
�t⌧i g

⌘
= �(⌧ig)A

B

@ (g)
@gA

B

= �tr
 
⌧ig

@

@g

!
 (g)

Hence

L
(⌧i)gA

B
= (g⌧i)A

B
, L

(⌧i)g = g⌧i

R
(⌧i)gA

B
= �(⌧ig)A

B
, R

(⌧i)g = �⌧ig

Then one can define the so-called momentum operators onHSU(2) by

Ĵ
(L)
i
= iL(⌧i) and Ĵ

(R)
i
= iR(⌧i),

satisfying

[Ĵ
(L)
i
, Ĵ(L)

j
] = i✏k

i j
Ĵ

(L)
k
, [Ĵ

(R)
i
, Ĵ(R)

j
] = i✏k

i j
Ĵ

(R)
k
, [Ĵ

(L)
i
, Ĵ(R)

j
] = 0.

The Casimir operator onHSU(2) can be expressed as

Ĵ
2 := �i j

Ĵ
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i

Ĵ
(L)
j
= �i j

Ĵ
(R)
i

Ĵ
(R)
j

1.2 group representation

Def. (A representation of a group). A representation of a group G is a map

⇡ : G ! B(V)
g 7! ⇡(g)

where B(V) denotes the bounded linear operators on some Hilbert space V, called the representation space, satisfying

⇡(g1g2) = ⇡(g1)⇡(g2), 8g1, g2 2 G

Def. (Faithful and trivial representation). A representation ⇡ is called faithful if it is injective, equivalently,

⇡(e) = IV ) g = e

and it called trival if

⇡(g) = IV , 8g 2 G

Def. (Dual representation). Let V
⇤

be the space dual to V, that is, the space of continuous linear functionals on V (since V is a

Hilbert space, V
⇤ = V by the Riesz lemma). Then the representation ⇡⇤ dual (or contragredient) to ⇡ is defined by

[⇡⇤(g) f ](v) := f (⇡(g�1)v)

In a Hilbert space V we have f (·) = h f , ·i so that ⇡⇤(g) = [⇡(g�1)]† where † denotes the adjoint with respective to h·, ·i.

Def. (Unitary representation). A representation ⇡ : G ! B(V) is called unitary if ⇡(g) is a unitary operator on V for all g 2 G, that

is, [⇡(g)]† = [⇡(g)]�1
.
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R
(⌧i)gA

B
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(⌧i)g = �⌧ig

Then one can define the so-called momentum operators onHSU(2) by

Ĵ
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= iL(⌧i) and Ĵ
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= iR(⌧i),
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(R)
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Ĵ
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j
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Ĵ
(L)
j
= �i j

Ĵ
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Def. (A representation of a group). A representation of a group G is a map

⇡ : G ! B(V)
g 7! ⇡(g)

where B(V) denotes the bounded linear operators on some Hilbert space V, called the representation space, satisfying

⇡(g1g2) = ⇡(g1)⇡(g2), 8g1, g2 2 G

Def. (Faithful and trivial representation). A representation ⇡ is called faithful if it is injective, equivalently,

⇡(e) = IV ) g = e

and it called trival if

⇡(g) = IV , 8g 2 G

Def. (Dual representation). Let V
⇤

be the space dual to V, that is, the space of continuous linear functionals on V (since V is a

Hilbert space, V
⇤ = V by the Riesz lemma). Then the representation ⇡⇤ dual (or contragredient) to ⇡ is defined by

[⇡⇤(g) f ](v) := f (⇡(g�1)v)

In a Hilbert space V we have f (·) = h f , ·i so that ⇡⇤(g) = [⇡(g�1)]† where † denotes the adjoint with respective to h·, ·i.

Def. (Unitary representation). A representation ⇡ : G ! B(V) is called unitary if ⇡(g) is a unitary operator on V for all g 2 G, that

is, [⇡(g)]† = [⇡(g)]�1
.
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G = S U(2): a Lie group
dim(SU(2)) = dim(su(2)) = 22
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2(SU(2), dµH): the Hilbert space of square integrable functions on S U(2) group with respective to the Haar measure.
The left-invariant vector field L

(⌧i) and the right-invariant vector field R
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with �i being the Pauli matrices, are defined by
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⌘

Hence
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B
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(⌧i)g = g⌧i

R
(⌧i)gA

B
= �(⌧ig)A
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(⌧i)g = �⌧ig

Then one can define the so-called momentum operators onHSU(2) by

Ĵ
(L)
i
= iL(⌧i) and Ĵ

(R)
i
= iR(⌧i),

satisfying

[Ĵ
(L)
i
, Ĵ(L)

j
] = i✏k
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(L)
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, [Ĵ

(R)
i
, Ĵ(R)

j
] = i✏k

i j
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(R)
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(L)
i
, Ĵ(R)

j
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The Casimir operator onHSU(2) can be expressed as

Ĵ
2 := �i j
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(R)
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(R)
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1.2 group representation

Def. (A representation of a group). A representation of a group G is a map

⇡ : G ! B(V)
g 7! ⇡(g)

where B(V) denotes the bounded linear operators on some Hilbert space V, called the representation space, satisfying

⇡(g1g2) = ⇡(g1)⇡(g2), 8g1, g2 2 G

Def. (Faithful and trivial representation). A representation ⇡ is called faithful if it is injective, equivalently,

⇡(e) = IV ) g = e

and it called trival if

⇡(g) = IV , 8g 2 G

Def. (Dual representation). Let V
⇤

be the space dual to V, that is, the space of continuous linear functionals on V (since V is a

Hilbert space, V
⇤ = V by the Riesz lemma). Then the representation ⇡⇤ dual (or contragredient) to ⇡ is defined by

[⇡⇤(g) f ](v) := f (⇡(g�1)v)

In a Hilbert space V we have f (·) = h f , ·i so that ⇡⇤(g) = [⇡(g�1)]† where † denotes the adjoint with respective to h·, ·i.

Def. (Unitary representation). A representation ⇡ : G ! B(V) is called unitary if ⇡(g) is a unitary operator on V for all g 2 G, that

is, [⇡(g)]† = [⇡(g)]�1
.
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G = S U(2): a Lie group
dim(SU(2)) = dim(su(2)) = 22

� 1 = 3
HSU(2) = L

2(SU(2), dµH): the Hilbert space of square integrable functions on S U(2) group with respective to the Haar measure.
The left-invariant vector field L

(⌧i) and the right-invariant vector field R
(⌧i) on SU(2), determined by the generator, ⌧i = �

i
2�i 2 Ve

with �i being the Pauli matrices, are defined by

L
(⌧i) (g) :=

d
dt

�����
t=0
 
⇣
ge

t⌧i

⌘

R
(⌧i) (g) :=

d
dt

�����
t=0
 
⇣
e
�t⌧i g

⌘

Hence

L
(⌧i)gA

B
= (g⌧i)A

B
, L

(⌧i)g = g⌧i

R
(⌧i)gA

B
= �(⌧ig)A

B
, R

(⌧i)g = �⌧ig

Then one can define the so-called angular momentum operators onHSU(2) by

Ĵ
(L)
i
= iL(⌧i) and Ĵ

(R)
i
= iR(⌧i),

satisfying

[Ĵ
(L)
i
, Ĵ(L)

j
] = i✏k

i j
Ĵ

(L)
k
, [Ĵ

(R)
i
, Ĵ(R)

j
] = i✏k

i j
Ĵ

(R)
k
, [Ĵ

(L)
i
, Ĵ(R)

j
] = 0.

The Casimir operator onHSU(2) can be expressed as

Ĵ
2 := �i j

Ĵ
(L)
i

Ĵ
(L)
j
= �i j

Ĵ
(R)
i

Ĵ
(R)
j

1.2 group representation

Def. (A representation of a group). A representation of a group G is a map

⇡ : G ! B(V)
g 7! ⇡(g)

where B(V) denotes the bounded linear operators on some Hilbert space V, called the representation space, satisfying

⇡(g1g2) = ⇡(g1)⇡(g2), 8g1, g2 2 G

Def. (Faithful and trivial representation). A representation ⇡ is called faithful if it is injective, equivalently,

⇡(g) = IV ) g = e

and it called trival if

⇡(g) = IV , 8g 2 G

Def. (Dual representation). Let V
⇤

be the space dual to V, that is, the space of continuous linear functionals on V (since V is a

Hilbert space, V
⇤ = V by the Riesz lemma). Then the representation ⇡⇤ dual (or contragredient) to ⇡ is defined by

[⇡⇤(g) f ](v) := f (⇡(g�1)v)

In a Hilbert space V we have f (·) = h f , ·i so that ⇡⇤(g) = [⇡(g�1)]† where † denotes the adjoint with respective to h·, ·i.

Def. (Unitary representation). A representation ⇡ : G ! B(V) is called unitary if ⇡(g) is a unitary operator on V for all g 2 G, that

is, [⇡(g)]† = [⇡(g)]�1
.

Def. (Tensor product representation). Let ⇡i : G ! B(V), i = 1, 2 be representations. The tensor product ⇡1 ⌦ ⇡2 : G ! B(V1 ⌦ V2)
is defined by

[⇡1 ⌦ ⇡2](g) · v1 ⌦ v2 := (⇡1(g)v1) ⌦ (⇡2(g)v2)
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1.2 group representation

Def. (A representation of a group). A representation of a group G is a map

⇡ : G ! B(V)
g 7! ⇡(g)

where B(V) denotes the bounded linear operators on some Hilbert space V, called the representation space, satisfying

⇡(g1g2) = ⇡(g1)⇡(g2), 8g1, g2 2 G

Def. (Faithful and trivial representation). A representation ⇡ is called faithful if it is injective, equivalently,

⇡(g) = IV ) g = e

and it called trival if

⇡(g) = IV , 8g 2 G

Def. (Dual representation). Let V
⇤

be the space dual to V, that is, the space of continuous linear functionals on V (since V is a

Hilbert space, V
⇤ = V by the Riesz lemma). Then the representation ⇡⇤ dual (or contragredient) to ⇡ is defined by

[⇡⇤(g) f ](v) := f (⇡(g�1)v)

In a Hilbert space V we have f (·) = h f , ·i so that ⇡⇤(g) = [⇡(g�1)]† where † denotes the adjoint with respective to h·, ·i.

Def. (Unitary representation). A representation ⇡ : G ! B(V) is called unitary if ⇡(g) is a unitary operator on V for all g 2 G, that

is, [⇡(g)]† = [⇡(g)]�1
.

Def. (Tensor product representation). Let ⇡i : G ! B(Vi), i = 1, 2, be representations. The tensor product ⇡1 ⌦ ⇡2 : G ! B(V1 ⌦ V2)
is defined by

[⇡1 ⌦ ⇡2](g) · v1 ⌦ v2 := (⇡1(g)v1) ⌦ (⇡2(g)v2)
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Def. (Invariant subspace & irreducible/reducible representation). A closed subspace V1 ⇢ V is called invariant for a representation

⇡ : G ! B(V) i↵

⇡(g)V1 ⇢ V1, 8g 2 G.

A representation is called irreducible if it has no invariant subspace except for the trivial invariant subspaces V and {0}, otherwise

reducible.

Def. (Completely reducible representation). A representation ⇡ : G ! B(V) is said to be completely reducible if it decomposes into

a direct sum of irreducible representations ⇡i on the spaces Vi, that is,

⇡ = �i⇡i

where V = �iVi and the set of indices i is countable.

Thm. Every finite-dimensional unitary representation is completely reducible.



V1

v1

⇡1(g)

⇡1(g)v1

I

V2

v2

⇡2(g)

⇡2(g)v1
I

2. Representation theory of a group
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Def. (Equivalent representations & intertwiner). Two representations ⇡i : G ! B(Vi), i = 1, 2, are called equivalent i↵ there exists

an invertible (unitary) linear map

I : V1 ! V2

satisfying [it “commutes” with the corresponding operators of the representations]

I ⇡1(g) = ⇡2(g) I , ⇡1(g) = I
�1 ⇡2(g) I , ⇡2(g)�1

I ⇡1(g) = I, 8g 2 G

Such a map I is called an intertwiner (intertwining operator, invariant tersor) for these two representations.

Let ⇡ ji
: G ! B(Vji

), i = 1, 2, be two irreducible unitary representations of SU(2). Consider the direct product representation:

⇡1 ⌦ ⇡2 : G ! B(V1 ⌦ V2)

Let ⇡ ji
: G ! B(Vji

), i = 1, 2, . . . , n, be n irreducible unitary representations of SU(2)

↵b§∫Â∆eÍ [1] p.78-

1.2.1 Basic concepts

Let G be a group, and V be a (real or complex) linear vector space. A (linear) representation ⇡ of G on V is defined as a
non-singular linear transformation ⇡(g) on V such that

(i) ⇡(g)⇡(g0) = ⇡(gg
0),8g, g0 2 G;

(ii) ⇡(e) = idV ;

(iii) ⇡(g)�1 = ⇡(g�1),8g 2 G.

The dimension of the representation is the dimension of V; and it is real or complex according to the nature of V . The representation
is faithful if and only if distinct group elements correspond to distinct linear transformations.

If we pick a basis {em},m = 1, 2, . . . , n for V , then the matrix associated with ⇡(g) is obtained as follows:

⇡(g)en = [⇡(g)]m

n
em, 8g 2 G. (1.1)

Def. (Invariant subspace, reducible/irreducible representation) Let g! ⇡(g) be a linear representation of the group G on the (real
or complex) linear vector space V . If there is a non-trivial subspace V1 ⇢ V , neither equal to the full space V nor ;, such that

⇡(g)v 2 V1, 8v 2 V1, g 2 G. (1.2)

we say the subspace V1 is invariant under the given representation, and that the representation itself is reducible. If there is no such
nontrivial invariant subspace, then the representation is irreducible.

Def. (Decomposable/Indecomposable representation) Suppose a given representation is reducible, on account of the existence of
the non-trivial invariant subspace V1 ⇢ V . If we can find another non-trivial subspace V2 ⇢ V , such that

(i) V = V1 � V2,
(ii) V2 is also an invariant subspace, then the given representation is decomposable. If such a V2 cannot be found, then the

representation is indecomposable.
For G = SU(2), its elements can be expressed as

g =

 
a �b̄

b ā

!
, wich a, b 2 C aā + bb̄ = 1. (1.3)

The irreducible representations of SU(2) are labelled by half-integral spin quantum numbers j = 1
2 , 1,

3
2 , . . . . We introduce magnetic

quantum numbers m, n 2 {� j,� j+ 1, . . . , j} and label the matrix elements of the d j = 2 j+ 1-dimensional representation by [⇡ j(g)]m

n
.

These matrix elements can be expressed explicitly in terms of g 2 SU(2) by

[⇡ j(g)]m

n
⌘ h jm|⇡ j(g)| jni =

X

`

p
( j + m)!( j � m)!( j + n)!( j � n)!

( j � m � `)!( j + n � `)!(m � n + `)!`!
a

j+n�`(ā) j�m�`
b
`(�b̄)m�n+` (1.4)



G = SU(2)

dim(SU(2)) = dim(su(2)) = 22 − 1 = 3

∀g ∈ SU(2)

with               , a, b ∈ ℂ aā + bb̄ = 1
<latexit sha1_base64="+NtC20DM2Ynix/vOt/LVL+1/u4k="></latexit>

g =
 

a �b̄
b ā

!

[πj(g)]m
n

≡ ⟨ jm |πj(g) | jn⟩

= ∑
ℓ

( j + m)!( j − m)!( j + n)!( j − n)!
( j − m − ℓ)!( j + n − ℓ)!(m − n + ℓ)!ℓ!

aj+n−ℓ(ā) j−m−ℓbℓ(−b̄)m−n+ℓ

ψ(g) = ∑
j,m,n

ψ jn
m dj[πj(g)]m

n
, ∀ψ ∈ ℋSU(2)

2. Representation theory of a group

(characterized by spin quantum number                             ) j = 0,
1
2

,1,
3
2

,2,⋯
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These matrix elements can be expressed explicitly in terms of g 2 SU(2) by

[⇡ j(g)]m

n
=
X

`

p
( j + m)!( j � m)!( j + n)!( j � n)!

( j � m � `)!( j + n � `)!(m � n + `)!`!
a

j+n�`
b

m�n+`
c
`
d

j�m�`

Thm (Peter and Weyl). Let G be a compact Lie group (such as SU(2)). The system of (spin network) functions on G, consisting of

matrix elements
p

d j [⇡ j(·)]m

n
in finite dimensional irreducible representations ⇡ j labeled by half-integers j with dimension d j, is a

complete orthonormal basis forHG ⌘ L
2(G, dµH),
Z

G

d j[⇡ j0 (g)]m0

n0
[⇡ j(g)]m

n
dµH(g) = � j0 j�

m
0
m�n0n

For G = SU(2)
Z

SU(2)
[⇡ j0 (g)]m0

n0
[⇡ j(g)]m

n
dµH(g) =

1
d j

� j0 j�
m
0
m�n0n

There exists an isomorphism C
( j) : Vj ! V

⇤

j

C
( j)
mn := (�1) j�n�n,�m = (�1) j+m�m,�n

C
mn

( j) ⌘ (C( j)�1)mn := (�1) j�m�m,�n = (�1) j+n�n,�m

satisfying

C
( j)
mnC

nm
0

( j) = C
m
0
n

( j) C
( j)
nm = �

m
0

m

C
( j)
nmC

nm
0

( j) = C
m
0
n

( j) C
( j)
mn = (�1)2 j�m

0

m

Then

[⇡ j(g�1)]n

m
= [⇡ j(g)�1]n

m
= [⇡ j(g)†]n

m
= [⇡ j(g)]m

n
= [⇡ j(g)⇤]m

n = C
( j)
mm0

[⇡ j(g)]m
0

n0
C

n
0
n

( j)

 

?
p

d j [⇡ j(·)]m
n

ℋSU(2) = L2(SU(2), dμH)

: a Lie group can be uniquely written as

⇡ j

V j

v

⇡ jv

⇡ j

SU(2)

g

? e( j)
m ⌘ | jmi

dimV j = 2 j + 1 ⌘ d j
C

 

The irreducible unitary representation of SU(2) group
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dim(SU(2)) = dim(su(2)) = 22 − 1 = 3

∀g ∈ SU(2) can be uniquely written as

with               , a, b ∈ ℂ aā + bb̄ = 1
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Ĵ
(R)
3 [⇡ j(g)]m

n
= m[⇡ j(g)]m

n

Ĵ
(L)
3 [⇡ j(g)]m

n
= n[⇡ j(g)]m

n
(1.32)

e
t⌧i = cos(t)I2 + 2 sin(t)⌧i (1.33)

Def. (Rep. of Lie algebra). Any rep. ⇡ of a Lie group G defines a rep. ⇡ of its Lie algebra A 2 Ve by

⇡(A) :=
d
dt

�����
t=0
⇡(etA)

[⇡ j(⌧k)]m

n
:=

d
dt

�����
t=0

h
⇡ j(et⌧k )

im
n
, e

t⌧i = cos(t)I2 + 2 sin(t)⌧i (1.34)

[⇡ j(⌧1)]]m

n
= �

i
2
p

j( j + 1) � m(m � 1) �m�n,1 �
i
2
p

j( j + 1) � m(m + 1) �m�n,�1 (1.35)

[⇡ j(⌧2)]]m

n
= �

1
2
p

j( j + 1) � m(m � 1) �m�n,1 +
1
2
p

j( j + 1) � m(m + 1) �m�n,�1 (1.36)

[⇡ j(⌧3)]m

n
= �im �m�n,0 (1.37)

⇥
⇡V (g) � ⇡W (g)

⇤
(v � w) = ⇡V (g)v � ⇡W (g)w (1.38)

(⇡V (g) � ⇡W (g)) =

0
BBBBBB@

⇣
[⇡V (g)] j

i

⌘
0

0
⇣
[⇡W (g)]�↵

⌘
1
CCCCCCA (1.39)

(⇡V (g) � ⇡W (g)) =

0
BBBBBB@

⇣
[⇡V (g)] j

i

⌘
0

0
⇣
[⇡W (g)]�↵

⌘
1
CCCCCCA (1.40)

(⇡V (g) � ⇡W (g)) =

0
BBBBBB@

⇣
[⇡V (g)] j

i

⌘
0

0
⇣
[⇡W (g)]�↵

⌘
1
CCCCCCA (1.41)

0
BBBBBBBBBBBBBBBBBBB@

⇣
[⇡| j1� j2 |(g)]

⌘
⇣
[⇡
| j1� j2 |+

1
2
(g)]
⌘

. . . ⇣
[⇡ j1+ j2 (g)]

⌘

1
CCCCCCCCCCCCCCCCCCCA

(1.42)

1.2.4 Decomposition of direct sum

For the carry space

Vj1 ⌦ Vj2 = �JVJ , | j1m1 j2m2i =
X

J,M

|JMihJM| j1m1 j2m2i

=
X

J,M

hJM| j1m1 j2m2i |JMi
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Ĵ
(R)
3 [⇡ j(g)]m

n
= m[⇡ j(g)]m

n
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(L)
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n
= n[⇡ j(g)]m

n
(1.32)
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1.2.4 Decomposition of direct sum

For the carry space

Vj1 ⌦ Vj2 = �JVJ , | j1m1 j2m2i =
X

J,M

|JMihJM| j1m1 j2m2i

=
X

J,M

hJM| j1m1 j2m2i |JMi

2 group representation 5

HSU(2) ⌘ L2(SU(2), dµH): the Hilbert space of square integrable functions on G
with respect to the Haar measure.

Let G = SU(2), the left-invariant vector field L(⌧i) and the right-invariant vec-

tor field R(⌧i) on G, determined by the generator ⌧i = �
i
2�i with �i being the Pauli

matrices, are defined by

L(⌧i) (g) =
d
dt

�����
t=0
 

⇣
get⌧i

⌘
= (g⌧i)A

B
@ (g)
@gA

B
= tr

 
g⌧i

@

@g

!
 (g)

R(⌧i) (g) =
d
dt

�����
t=0
 

⇣
e�t⌧i g

⌘
= �(⌧ig)A

B
@ (g)
@gA

B
= �tr

 
⌧ig

@

@g

!
 (g)

Then one can define the so-called momentum operators onHSU(2) by

Ĵ(L)
i := iL(⌧i) and Ĵ(R)

i := iR(⌧i),

satisfying

[Ĵ(L)
i , Ĵ

(L)
j ] = i✏k

i j Ĵ
(L)
k , [Ĵ(R)

i , Ĵ
(R)
j ] = i✏k

i j Ĵ
(R)
k , [Ĵ(L)

i , Ĵ
(R)
j ] = 0.

The Casimir operator onHSU(2) can be expressed as

Ĵ2 := �i j Ĵ(L)
i Ĵ(L)

j = �
i j Ĵ(R)

i Ĵ(R)
j . (1.15)

2. group representation

↵b§∫Â∆eÍ [?] p.78-

Def. 10 (representation of a group). Let G be a group, and V be a (real or complex)
linear vector space. A (linear) representation ⇡ of G on V is defined as a non-singular
linear transformation ⇡(g) on V (⇡ : G ! GL(V)) such than

(i) ⇡(g)⇡(g0) = ⇡(gg0),8g, g0 2 G;

(ii) ⇡(e) = idV;

(iii) ⇡(g)�1 = ⇡(g�1),8g 2 G.

The dimension of the representation is the dimension of V; and it is real or complex
according to the nature of V.

Def. 11. The representation is faithful if and only if ⇡ : G ! GL(V) is injective,
namely,

⇡(g) = IV ) g = e (2.1)

in other words, distinct group elements g1 , g2 2 G correspond to distinct linear
transformations ⇡(g1) , ⇡(g2).
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i , Ĵ
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Ĵ2 := �i j Ĵ(L)
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i Ĵ(R)
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2. group representation

↵b§∫Â∆eÍ [?] p.78-

Def. 10 (representation of a group). Let G be a group, and V be a (real or complex)
linear vector space. A (linear) representation ⇡ of G on V is defined as a non-singular
linear transformation ⇡(g) on V (⇡ : G ! GL(V)) such than

(i) ⇡(g)⇡(g0) = ⇡(gg0),8g, g0 2 G;

(ii) ⇡(e) = idV;

(iii) ⇡(g)�1 = ⇡(g�1),8g 2 G.

The dimension of the representation is the dimension of V; and it is real or complex
according to the nature of V.

Def. 11. The representation is faithful if and only if ⇡ : G ! GL(V) is injective,
namely,

⇡(g) = IV ) g = e (2.1)

in other words, distinct group elements g1 , g2 2 G correspond to distinct linear
transformations ⇡(g1) , ⇡(g2).

<latexit sha1_base64="+NtC20DM2Ynix/vOt/LVL+1/u4k="></latexit>

g =
 

a �b̄
b ā

!
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[⇡ j(⌧k)]m

n
:=

d
dt

�����
t=0

h
⇡ j(et⌧k )

im
n
, e

t⌧i = cos(t)I2 + 2 sin(t)⌧i (1.32)

[⇡ j(⌧1)]]m

n
= �

i
2
p

j( j + 1) � m(m � 1) �m�n,1 �
i
2
p

j( j + 1) � m(m + 1) �m�n,�1 (1.33)

[⇡ j(⌧2)]]m

n
= �

1
2
p

j( j + 1) � m(m � 1) �m�n,1 +
1
2
p

j( j + 1) � m(m + 1) �m�n,�1 (1.34)

[⇡ j(⌧3)]m

n
= �im �m�n,0 (1.35)

Ĵ
2[⇡ j(g)]m

n
= j( j + 1)[⇡ j(g)]m

n

Ĵ
(R)
3 [⇡ j(g)]m

n
= �m[⇡ j(g)]m

n

Ĵ
(L)
3 [⇡ j(g)]m

n
= n[⇡ j(g)]m

n
(1.36)

[⇡ j(g)]m

n
= h jm|⇡ j(g)| jni (1.37)

Ĵ
(R)
3 h jm| = �mh jm|

Ĵ
(L)
3 | jni = n| jni (1.38)

⇥
⇡V (g) � ⇡W (g)

⇤
(v � w) = ⇡V (g)v � ⇡W (g)w (1.39)

(⇡V (g) � ⇡W (g)) =

0
BBBBBB@

⇣
[⇡V (g)] j

i

⌘
0

0
⇣
[⇡W (g)]�↵

⌘
1
CCCCCCA (1.40)

(⇡V (g) � ⇡W (g)) =

0
BBBBBB@

⇣
[⇡V (g)] j

i

⌘
0

0
⇣
[⇡W (g)]�↵

⌘
1
CCCCCCA (1.41)

(⇡V (g) � ⇡W (g)) =

0
BBBBBB@

⇣
[⇡V (g)] j

i

⌘
0

0
⇣
[⇡W (g)]�↵

⌘
1
CCCCCCA (1.42)

0
BBBBBBBBBBBBBBBBBBB@

⇣
[⇡| j1� j2 |(g)]

⌘
⇣
[⇡
| j1� j2 |+

1
2
(g)]
⌘

. . . ⇣
[⇡ j1+ j2 (g)]

⌘

1
CCCCCCCCCCCCCCCCCCCA

(1.43)
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[πj(g)]m
n

= ⟨ jm |πj(g) | jn⟩

2. Representation theory of a group

 

?
p

d j [⇡ j(·)]m
n

ℋSU(2) = L2(SU(2), dμH)

Angular momentum operators  on            ℋSU(2)

⇡ j

V j

v

⇡ jv

⇡ j

SU(2)

g

? e( j)
m ⌘ | jmi

dimV j = 2 j + 1 ⌘ d j
C

 

The irreducible unitary representation of SU(2) group



V1

v1

⇡1(g)

⇡1(g)v1

I

V2

v2

⇡2(g)

⇡2(g)v1
I

2. Representation theory of a group

SU(2)
Vj Vj

I

? e
(j)
m ⌘ |jmi

Vj V ⇤
j

I

? e
(j)
m ⌘ |jmi ? em(j) ⌘ hjm|

Im
n = δm

n Im′￼m ≡ C( j)
m′￼m := (−1) j−mδm,−m′￼

Imm′￼≡ Cmm′￼
( j) := (−1) j−mδm,−m′￼

Two frequently used intertwiners in irrep. of 

Notation in Wigner’s book

1 Part I: recall 5

Def. (Equivalent representations & intertwiner). Two representations ⇡i : G ! B(Vi), i = 1, 2, are called equivalent i↵ there exists

an invertible (unitary) linear map

I : V1 ! V2

satisfying [it “commutes” with the corresponding operators of the representations]

I ⇡1(g) = ⇡2(g) I , ⇡1(g) = I
�1 ⇡2(g) I , ⇡2(g)�1

I ⇡1(g) = I, 8g 2 G

Such a map I is called an intertwiner (intertwining operator, invariant tersor) for these two representations.

Let ⇡ ji
: G ! B(Vji

), i = 1, 2, be two irreducible unitary representations of SU(2). Consider the direct product representation:

⇡1 ⌦ ⇡2 : G ! B(V1 ⌦ V2)

Let ⇡ ji
: G ! B(Vji

), i = 1, 2, . . . , n, be n irreducible unitary representations of SU(2)

↵b§∫Â∆eÍ [1] p.78-

1.2.1 Basic concepts

Let G be a group, and V be a (real or complex) linear vector space. A (linear) representation ⇡ of G on V is defined as a
non-singular linear transformation ⇡(g) on V such that

(i) ⇡(g)⇡(g0) = ⇡(gg
0),8g, g0 2 G;

(ii) ⇡(e) = idV ;

(iii) ⇡(g)�1 = ⇡(g�1),8g 2 G.

The dimension of the representation is the dimension of V; and it is real or complex according to the nature of V . The representation
is faithful if and only if distinct group elements correspond to distinct linear transformations.

If we pick a basis {em},m = 1, 2, . . . , n for V , then the matrix associated with ⇡(g) is obtained as follows:

⇡(g)en = [⇡(g)]m

n
em, 8g 2 G. (1.1)

Def. (Invariant subspace, reducible/irreducible representation) Let g! ⇡(g) be a linear representation of the group G on the (real
or complex) linear vector space V . If there is a non-trivial subspace V1 ⇢ V , neither equal to the full space V nor ;, such that

⇡(g)v 2 V1, 8v 2 V1, g 2 G. (1.2)

we say the subspace V1 is invariant under the given representation, and that the representation itself is reducible. If there is no such
nontrivial invariant subspace, then the representation is irreducible.

Def. (Decomposable/Indecomposable representation) Suppose a given representation is reducible, on account of the existence of
the non-trivial invariant subspace V1 ⇢ V . If we can find another non-trivial subspace V2 ⇢ V , such that

(i) V = V1 � V2,
(ii) V2 is also an invariant subspace, then the given representation is decomposable. If such a V2 cannot be found, then the

representation is indecomposable.
For G = SU(2), its elements can be expressed as

g =

 
a �b̄

b ā

!
, wich a, b 2 C aā + bb̄ = 1. (1.3)

The irreducible representations of SU(2) are labelled by half-integral spin quantum numbers j = 1
2 , 1,

3
2 , . . . . We introduce magnetic

quantum numbers m, n 2 {� j,� j+ 1, . . . , j} and label the matrix elements of the d j = 2 j+ 1-dimensional representation by [⇡ j(g)]m

n
.

These matrix elements can be expressed explicitly in terms of g 2 SU(2) by

[⇡ j(g)]m

n
⌘ h jm|⇡ j(g)| jni =

X

`

p
( j + m)!( j � m)!( j + n)!( j � n)!

( j � m � `)!( j + n � `)!(m � n + `)!`!
a

j+n�`(ā) j�m�`
b
`(�b̄)m�n+` (1.4)
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Vj1 ⊗ Vj2 ≅ ⊕J VJ
equivlance of reps.

1 Part I: recall 3

Def. (Reducible representation). If V1 ⇢ V is an invariant subspace of a representation ⇡ : G ! B(V), and its orghtogonal

complement V2 := V
?

1 is also a invariant subspace, then ⇡ is said to be completely reducible, and it can be written as the direct sum

of the restricted representations

⇡ = ⇡1 � ⇡2 with V = V1 � V2

⇡(g)V1 ⇢ V1, 8g 2 G.

A representation is called irreducible if it has no invariant subspace except for the trivial invariant subspaces V and {0}, otherwise

reducible.

Def. (Completely reducible representation). A representation ⇡ : G ! B(V) is said to be completely reducible if it decomposes into

a direct sum of irreducible representations ⇡I on the spaces VI, that is,

⇡ = �I⇡I

where V = �IVi and the set of indices I is countable.

Def. (Tensor product representation). Let ⇡I : G ! B(V), I = 1, 2 be representations. The tensor product ⇡1 ⌦ ⇡2 : G ! B(V1 ⌦ V2)
is defined by

[⇡1 ⌦ ⇡2](g) · v1 ⌦ v2 := (⇡1(g)v1) ⌦ (⇡2(g)v2)

Thm.. Every finite-dimensional unitary representation is completely reducible.

↵b§∫Â∆eÍ [?] p.78-

1.2.1 Basic concepts

Let G be a group, and V be a (real or complex) linear vector space. A (linear) representation ⇡ of G on V is defined as a
non-singular linear transformation ⇡(g) on V such that

(i) ⇡(g)⇡(g0) = ⇡(gg
0),8g, g0 2 G;

(ii) ⇡(e) = idV ;

(iii) ⇡(g)�1 = ⇡(g�1),8g 2 G.

The dimension of the representation is the dimension of V; and it is real or complex according to the nature of V . The representation
is faithful if and only if distinct group elements correspond to distinct linear transformations.

If we pick a basis {em},m = 1, 2, . . . , n for V , then the matrix associated with ⇡(g) is obtained as follows:

⇡(g)en = [⇡(g)]m

n
em, 8g 2 G. (1.1)

Def. (Invariant subspace, reducible/irreducible representation) Let g! ⇡(g) be a linear representation of the group G on the (real
or complex) linear vector space V . If there is a non-trivial subspace V1 ⇢ V , neither equal to the full space V nor ;, such that

⇡(g)v 2 V1, 8v 2 V1, g 2 G. (1.2)

we say the subspace V1 is invariant under the given representation, and that the representation itself is reducible. If there is no such
nontrivial invariant subspace, then the representation is irreducible.

Def. (Decomposable/Indecomposable representation) Suppose a given representation is reducible, on account of the existence of
the non-trivial invariant subspace V1 ⇢ V . If we can find another non-trivial subspace V2 ⇢ V , such that

(i) V = V1 � V2,
(ii) V2 is also an invariant subspace, then the given representation is decomposable. If such a V2 cannot be found, then the

representation is indecomposable.

Means: The direct product rep. can be written as a direct sum of irreps.
i.e. there exists a bijective intertwiner that maps the tensor product to a direct sum

       of irrps.

2. Representation theory of a group

1 Part I: recall 5

Def. (Equivalent representations & intertwiner). Two representations ⇡i : G ! B(V),
i = 1, 2, are called equivalent i↵ there exists an invertible (unitary) linear map

I : V1 ! V2

satisfying [it “commutes” with the corresponding operators of the representations]

I ⇡1(g) = ⇡2(g) I , ⇡1(g) = I
�1 ⇡2(g) I , ⇡2(g)�1

I ⇡1(g) = I, 8g 2 G

Such a map I is called an intertwiner (intertwining operator, invariant tersor) for these

two representations.

Let ⇡ ji
: G ! B(Vji

), i = 1, 2, be two irreducible unitary representations of SU(2).
Consider the direct product representation:

⇡1 ⌦ ⇡2 : G ! B(V1 ⌦ V2)

Let ⇡ ji
: G ! B(Vji

), i = 1, 2, . . . , n, be n irreducible unitary representations of
SU(2)

↵b§∫Â∆eÍ [1] p.78-

1.2.1 Basic concepts

Let G be a group, and V be a (real or complex) linear vector space. A (linear)
representation ⇡ of G on V is defined as a non-singular linear transformation ⇡(g) on V

such that

(i) ⇡(g)⇡(g0) = ⇡(gg
0),8g, g0 2 G;

(ii) ⇡(e) = idV ;

(iii) ⇡(g)�1 = ⇡(g�1),8g 2 G.

The dimension of the representation is the dimension of V; and it is real or complex
according to the nature of V . The representation is faithful if and only if distinct group
elements correspond to distinct linear transformations.

If we pick a basis {em},m = 1, 2, . . . , n for V , then the matrix associated with ⇡(g)
is obtained as follows:

⇡(g)en = [⇡(g)]m

n
em, 8g 2 G. (1.1)

Def. (Invariant subspace, reducible/irreducible representation) Let g ! ⇡(g) be a
linear representation of the group G on the (real or complex) linear vector space V . If
there is a non-trivial subspace V1 ⇢ V , neither equal to the full space V nor ;, such that

⇡(g)v 2 V1, 8v 2 V1, g 2 G. (1.2)

Vj1

dim(Vj1 ⌦ Vj2 ) = dimVj1 ⇥ dimVj2

⇡ j1 ⌦ ⇡ j2

Vj1 ⌦ Vj2

v ⌦ w

(⇡ j1 v) ⌦ (⇡ j2 w)

w

v

⇡ j1 v
⇡ j1

⇡ j2 w

⇡ j2

Vj2

⇡ j1 ⌦ ⇡ j2

⇡ j1

⇡ j2

SU(2)

g

?

?e( j1)
m1 ⌘ | j1m1i

[⇡ j1 (g)]m1
n1

[⇡ j2 (g)]m2
n2

[⇡ j1 (g)]m1
n1

[⇡ j2 (g)]m2
n2

e( j2)
m2 ⌘ | j2m2i

? e( j1)
m1 ⌦ e( j2)

m2 ⌘ | j1m1 j2m2i

L j1+ j2
J=| j1� j2 | VJ

V| j1� j2 |

V| j1� j2 |+ 1
2

Vj1+ j2

VJ ? e(J)
M ⌘ |JMi

dim(Vj1 ⌦ Vj2 ) =
P

J dimVJ

IJ
j1 j2



Physics: angular momentum coupling             Mathematics: recoupling theory

equivlance of reps.

The intertwiner: IJ
j1J2

: V1 ⊗ V2 → ⊗J VJ

e( j1)
m1

⊗ e j2
m2

↦ IJ
j1 j2(e

( j1)
m1

⊗ e j2
m2

) = ∑
M

⟨JM | IJ
j1 j2 | j1m1 j2m2⟩e(J)

M

The Clebsch-Gordan coefficients (CGCs) are chosen as real numbers in the Condon-Shortley gauge 
⟨ j1m1 j2m2 |JM⟩ = ⟨JM | j1m1 j2m2⟩

= ∑
M

⟨JM | j1m1 j2m2⟩e(J)
M

2. Representation theory of a group

Vj1 ⊗ Vj2 ≅ ⊕J VJ

1 Part I: recall 3

Def. (Invariant subspace & irreducible representation). A closed subspace V1 ⇢ V is called invariant for a representation ⇡ : G !

B(V) i↵

⇡(g)V1 ⇢ V1, 8g 2 G.

A representation is called irreducible if it has no invariant subspace except for the trivial invariant subspaces V and {0}, otherwise

reducible.

Def. (Reducible representation). If V1 ⇢ V is an invariant subspace of a representation ⇡ : G ! B(V), and its orghtogonal

complement V2 := V
?

1 is also a invariant subspace, then ⇡ is said to be completely reducible, and it can be written as the direct sum

of the restricted representations

⇡ = ⇡1 � ⇡2 with V = V1 � V2

⇡(g)V1 ⇢ V1, 8g 2 G.

A representation is called irreducible if it has no invariant subspace except for the trivial invariant subspaces V and {0}, otherwise

reducible.

Def. (Completely reducible representation). A representation ⇡ : G ! B(V) is said to be completely reducible if it decomposes into

a direct sum of irreducible representations ⇡i on the spaces Vi, that is,

⇡ = �i⇡itex

where V = �iVi and the set of indices I is countable.

Def. (Tensor product representation). Let ⇡i : G ! B(V), i = 1, 2 be representations. The tensor product ⇡1 ⌦ ⇡2 : G ! B(V1 ⌦ V2)
is defined by

[⇡1 ⌦ ⇡2](g) · v1 ⌦ v2 := (⇡1(g)v1) ⌦ (⇡2(g)v2)

Thm.. Every finite-dimensional unitary representation is completely reducible.

Let ⇡ ji
: G ! B(Vji

), i = 1, 2, be two irreducible unitary representations of SU(2)

Let ⇡ ji
: G ! B(Vji

), i = 1, 2, . . . , n, be n irreducible unitary representations of SU(2)

↵b§∫Â∆eÍ [1] p.78-

1.2.1 Basic concepts

Let G be a group, and V be a (real or complex) linear vector space. A (linear) representation ⇡ of G on V is defined as a
non-singular linear transformation ⇡(g) on V such that

(i) ⇡(g)⇡(g0) = ⇡(gg
0),8g, g0 2 G;

(ii) ⇡(e) = idV ;

(iii) ⇡(g)�1 = ⇡(g�1),8g 2 G.

The dimension of the representation is the dimension of V; and it is real or complex according to the nature of V . The representation
is faithful if and only if distinct group elements correspond to distinct linear transformations.

If we pick a basis {em},m = 1, 2, . . . , n for V , then the matrix associated with ⇡(g) is obtained as follows:

⇡(g)en = [⇡(g)]m

n
em, 8g 2 G. (1.1)

Def. (Invariant subspace, reducible/irreducible representation) Let g! ⇡(g) be a linear representation of the group G on the (real
or complex) linear vector space V . If there is a non-trivial subspace V1 ⇢ V , neither equal to the full space V nor ;, such that

⇡(g)v 2 V1, 8v 2 V1, g 2 G. (1.2)

Vj1

dim(Vj1 ⌦ Vj2 ) = dimVj1 ⇥ dimVj2

⇡ j1 ⌦ ⇡ j2

Vj1 ⌦ Vj2

v ⌦ w

(⇡ j1 v) ⌦ (⇡ j2 w)

w

v

⇡ j1 v
⇡ j1

⇡ j2 w

⇡ j2

Vj2

⇡ j1 ⌦ ⇡ j2

⇡ j1

⇡ j2

SU(2)

g

?

?e( j1)
m1 ⌘ | j1m1i

[⇡ j1 (g)]m1
n1

[⇡ j2 (g)]m2
n2

[⇡ j1 (g)]m1
n1

[⇡ j2 (g)]m2
n2

e( j2)
m2 ⌘ | j2m2i

? e( j1)
m1 ⌦ e( j2)

m2 ⌘ | j1m1 j2m2i
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2
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M ⌘ |JMi
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2. Representation theory of a group

Vj1 ⊗ Vj2 ⊗ Vj3 ⊗ ⋯ ⊗ Vjn−1
⊗ Vjn ≅ ⊕J VJ

Va2

Va3

Van−1

VJ

(I J; ⃗a
j1⋯jn)m1⋯mn

M
= ∑

k2,⋯,kn−1

(Ia2
j1 j2)m1m2

k2
⋯(Iai+1

ai ji+1)kimi+1

ki+1
⋯(IJ

an−1 jn)mn

M

⋯

⟨JM; ⃗a | j1m1 j2m2⋯jnmn⟩ = ∑
k2,⋯,kn−1

⟨a2k2 | j1m1 j2m2⟩⟨a3k3 |a2k2 j3m3⟩⋯⟨JM |an−1kn−1 jnmn⟩

The intertwiner:

where                                denotes the set of the angular momenta appeared in the intermediate coupling.⃗a ≡ {a2, ⋯, an−1}

The Clebsch-Gordan series: πj1(g) ⊗ πj2(g) ⊗ ⋯ ⊗ πjn(g) = (IJ
j1 j2)

−1 πJ(g) IJ
j1 j2

[πj1(g)]m1
n1

⋯[πjn(g)]mn
nn

= ∑
J,M,N

((I J; ⃗a
j1⋯jn

)−1)M

m1⋯mn
[πJ(g)]M

N(I J; ⃗a
j1⋯jn)n1⋯nn

N

((I J; ⃗a
j1⋯jn

)−1)M

m1⋯mn
= ((I J; ⃗a

j1⋯jn
)†)M

m1⋯mn
= (I J; ⃗a

j1⋯jn)m1⋯mn

M

Vj1 ⌦ Vj2 ⌦ · · · ⌦ Vjn

? e( j1)
m1 ⌦ · · · ⌦ e( jn)

mn ⌘ | j1m1 · · · jnmni

L
J VJ

VJ ? e(J)
M ⌘ |JMi

IJ;~a
j1··· jn

1 Part I: recall 3

Def. (Invariant subspace & irreducible representation). A closed subspace V1 ⇢ V is called invariant for a representation ⇡ : G !

B(V) i↵

⇡(g)V1 ⇢ V1, 8g 2 G.

A representation is called irreducible if it has no invariant subspace except for the trivial invariant subspaces V and {0}, otherwise

reducible.

Def. (Reducible representation). If V1 ⇢ V is an invariant subspace of a representation ⇡ : G ! B(V), and its orghtogonal

complement V2 := V
?

1 is also a invariant subspace, then ⇡ is said to be completely reducible, and it can be written as the direct sum

of the restricted representations

⇡ = ⇡1 � ⇡2 with V = V1 � V2

⇡(g)V1 ⇢ V1, 8g 2 G.

A representation is called irreducible if it has no invariant subspace except for the trivial invariant subspaces V and {0}, otherwise

reducible.

Def. (Completely reducible representation). A representation ⇡ : G ! B(V) is said to be completely reducible if it decomposes into

a direct sum of irreducible representations ⇡i on the spaces Vi, that is,

⇡ = �i⇡itex

where V = �iVi and the set of indices I is countable.

Def. (Tensor product representation). Let ⇡i : G ! B(V), i = 1, 2 be representations. The tensor product ⇡1 ⌦ ⇡2 : G ! B(V1 ⌦ V2)
is defined by

[⇡1 ⌦ ⇡2](g) · v1 ⌦ v2 := (⇡1(g)v1) ⌦ (⇡2(g)v2)

Thm.. Every finite-dimensional unitary representation is completely reducible.

Let ⇡ ji
: G ! B(Vji

), i = 1, 2, be two irreducible unitary representations of SU(2)

Let ⇡ ji
: G ! B(Vji

), i = 1, 2, . . . , n, be n irreducible unitary representations of SU(2)

↵b§∫Â∆eÍ [1] p.78-

1.2.1 Basic concepts

Let G be a group, and V be a (real or complex) linear vector space. A (linear) representation ⇡ of G on V is defined as a
non-singular linear transformation ⇡(g) on V such that

(i) ⇡(g)⇡(g0) = ⇡(gg
0),8g, g0 2 G;

(ii) ⇡(e) = idV ;

(iii) ⇡(g)�1 = ⇡(g�1),8g 2 G.

The dimension of the representation is the dimension of V; and it is real or complex according to the nature of V . The representation
is faithful if and only if distinct group elements correspond to distinct linear transformations.

If we pick a basis {em},m = 1, 2, . . . , n for V , then the matrix associated with ⇡(g) is obtained as follows:

⇡(g)en = [⇡(g)]m

n
em, 8g 2 G. (1.1)

Def. (Invariant subspace, reducible/irreducible representation) Let g! ⇡(g) be a linear representation of the group G on the (real
or complex) linear vector space V . If there is a non-trivial subspace V1 ⇢ V , neither equal to the full space V nor ;, such that

⇡(g)v 2 V1, 8v 2 V1, g 2 G. (1.2)



2. Representation theory of a group
To be convenient to be suitable for graphical formula, we induce     to represent intertwiner, instead 
of    .

(i J; ⃗a
j1⋯jn)m1⋯mn

M
:= (−1) j1−∑n

i=2 ji−J(I J; ⃗a
j1⋯jn)m1⋯mn

M

[πj1(g)]m1
n1

⋯[πjn(g)]mn
nn

= ∑
J,M,N

((i J; ⃗a
j1⋯jn

)−1)M

m1⋯mn
[πJ(g)]M

N(i J; ⃗a
j1⋯jn)n1⋯nn

N

SU(2)

Im
n = δm

n Im′￼m ≡ C( j)
m′￼m := (−1) j−mδm,−m′￼

Imm′￼≡ Cmm′￼
( j) := (−1) j−mδm,−m′￼

Two frequently used intertwiners in irrep. of 

im
n := im′￼m :=

imm′￼:=

i
I

Vj1 ⌦ Vj2 ⌦ · · · ⌦ Vjn

? e( j1)
m1 ⌦ · · · ⌦ e( jn)

mn ⌘ | j1m1 · · · jnmni

L
J VJ

VJ ? e(J)
M ⌘ |JMi

iJ;~a
j1··· jn

= (−1) j1−∑n
i=2 ji−J⟨JM; ⃗a | j1m1 j2m2⋯jnmn⟩

The intertwiner:

The Clebsch-Gordan series:

Vj Vj

i ⌘ I

? e
(j)
m ⌘ |jmi

Vj V ⇤
j

? e
(j)
m ⌘ |jmi ? em(j) ⌘ hjm|

i ⌘ I



Thanks for your attention!


