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1. Group theory

Def (Group) a set G eqmpped W|th a mapplng (group muItlpllcatlon) G X G — G

satlsfymg the following conditions is called a group:

(i) (81898 = 81(8:83), V81,828 €G

'(ii) 1 identity element e suchthat ge=eg=¢, Vgel
(iii)Vg € G 3 itsinverse g ' suchthat gg7'=g'g=e

| Def. (Lie group): if G both an n-dimensional manifold and a group, and the group |
i multiplication mapping G x G — G and the inverse mapping G — G are both C®,
then G s called an n-dimensional Liegroup. e
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1. Group theory

,' Def. (Group): a set G equipped with a mapping (group multiplication) G X G - G
i satisfying the following conditions is called a group: 3
(i) (2182083 = 81(8283): V81,818 E€G.

'(ii) 1 identity element ¢ suchthat ge=eg=g, VgeGi.

(iii)Vg € G Jitsinverse &' suchthat gg7' =g lg=e.

=

| Def. (Lie group): if G both an n-dimensional manifold and a group , and the group |
' multiplication mapping G x G — G and the inverse mapping G — G are both C®,
jthen G is called an n-dimensional Liegroup.
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| Def. (Left translation): Let G be a Lie group, Vg € G, a map |
L,:hwgh VheG

ﬁqis’pally th’e Ift trﬁans’ltio gﬂen’erate by &. ~ 




1. Group theory

Def (Left mvanant vector f|eld) Avector f|eId A on a L|e group G is caIIed Ieft mvanant |f
5,{ where L « IS the pushforward mapplng mduced by the Ieft translatlon L G — G

Ag — Lg*A, Vg - G, ,
| which is left-invariant, and thus is called the left-invariant vector field generated by A € V, . |




1. Group theory

'{ Def (One parameter subgroup) A C°° curve y IR — G IS caIIed a one- parameter '
" subgroup of a Lie group G if
(s + 1) =y(s)y(), Vs,teR i
" where y(s)y(t) denotes the group product of the group eIements }/(s) and }/(t)

!

gThm. Any vector A € Ve ona Lie group G determines a one-parameter subgroup by' "
: exponential map as: :
y(?) ;== exp(tA), VieR,AeV, s_"
'which is an integral curve of the left-invariant vector field A generatedby A € V, .
' Let

p(1) = gr(n), Vg €G.
then 8: R ~ G is also an integral curve of A passingthrough . |
= — ©) - —
eVi8 de =0 dr =0
d
= — A
B bl (g exp(tA))
'Hence 4
Agh(g) := | Y(gexp(iA))
I 11=0

|s often used to give the definition of the left- |nvar|ant
vector f|eId generated by A E V




1. Group theory

[Quantum mechanics on SUQ)

Vg € SU(2) can be uniquely written as

G = SU(2) : aLiegroup ;
dim(SU(2)) = dim(su(2)) =2>-1=3 g = ( Z _Zz ) with a,b € C, aa+ bb =1

| Thm. There exists a unique Harr measure u; over SU(2) which satisfies |
: (i) Invariant: iy (h) = py(hg) = ug(gh) = py(h™")
(i) Normalized: ~ p,(SU2) =1

§ osna TR ECPR| = RO e DRt 2=

The Hilbert space # g;(,, composed of complex-valued functions fover SU(2)

G
Fa

(fi o) = J f1(©) f(8)duy(g)

SUQ2)

%SU(z) = (gsu(z),( ) = Lz(SU(Z), duy)

Completion of gy, wW.r.t. the inner product




1. Group theory

G = SU(2) : a Lie group Vg € SU(2) can be uniquely written as
a -b _
dim(SU(2)) = dim(su(2)) =2>-1=3 g = ( b ) with a,b € C, aa+bb =1

_ d
Ag(g) := il Y (g exp(tA))

}; often used to give the definition of the left-invariant

C
left-invariant vector field L™ and the right-invariant vector field R™ on SU(2), determined by the generator, 7; = —0; € V,
with o; being the Pauli matrices, are defined by
d
L(Ti)w(g) — E . w(geﬂ'i) L(T")gAB _ (gTi)AB PN L(Ti)g = gT;
Ry (g) := % N (e7™g) Ry =-(1g)"s & R7g=-1g

Then one can define the so-called angular momentum operators on Hsyz) by
JE =1L and J® .= iR™
P P :

satisfying [0, 0] =i, 00, [0, 0] =i 70, 170,70 =0

The Casimir operator on Hsy) can be expressed as  f2 .— gij i jD _ sij jR jR)
I ] l J



2. Representation theory of a group

Def. (A representation of a group). A representation of a group G is a map

7:G — B(V)
g — n(g)

where B(V) denotes the bounded linear operators on some Hilbert space V, called the representation space, satisfying

n(g182) = n(g1)m(g2), VYgi,82€GC

ng)=Iy = g=e
and it called trival if
ﬂ-(g) - KV? vg € G

Def. (Dual representation). Let V* be the space dual to V, that is, the space of continuous linear functionals on V (since V is a
Hilbert space, V* = V by the Riesz lemma). Then the representation n* dual (or contragredient) to r is defined by

[7* (@) f1v) := f(m(g™")v)
In a Hilbert space V we have f(-) = {f,-) so that 7*(g) = [n(g~")]T where T denotes the adjoint with respective to (-, -).

Def. (Unitary representation). A representation n : G — B(V) is called unitary if n(g) is a unitary operator on 'V for all g € G, that
is, [n(&)]" = [x(g)]™".

Def. (Tensor product representation). Let n; : G — B(V;), i = 1,2, be representations. The tensor product my @ m, : G — B(V, ® V)
is defined by

(11 @ m2](g) - vi ® vy := (m1(g)v1) ® (m2(g)v2)



2. Representation theory of a group

Def. (Invariant subspace & irreducible/reducible representation). A closed subspace Vi C V is called invariant for a representation

n:G— BWV)iff
n(g)V,cV,, VgegaG.

A representation is called irreducible if it has no invariant subspace except for the trivial invariant subspaces V and {0}, otherwise
reducible.

Def. (Completely reducible representation). A representation m : G — B(V) is said to be completely reducible if it decomposes into
a direct sum of irreducible representations n; on the spaces V;, that is,

T = @;m;
where V = ®;V; and the set of indices i is countable.

Thm. Every finite-dimensional unitary representation is completely reducible.



2. Representation theory of a group

Def. (Equivalent representations & intertwiner). Two representations nr; - G — B(V;), i = 1,2, are called equivalent iff there exists
an invertible (unitary) linear map

I: V1 — V2
satisfying [it “commutes” with the corresponding operators of the representations |

In(g)=m(g)l & m@E=I"m@I & m(@ 'In@=1 VgeG

Such a map I is called an intertwiner (intertwining operator, invariant tersor) for these two representations.




2. Representation theory of a group

G = SU(2) : a Lie group Vg e SUQ2) can be uniquely written as
a —b
dim(SU(2)) = dim(su(2)) =2* —1 =3 8=} 4 | withabeC, ad+ bb = 1
The 1rreduc1ble umtary representation of SU(2) grou (charactelzd b spin quntm nmer j= 0, »,‘1;,’2, . ) B -

SU(2)

(1" = (jm|(g)]jn)

j+n—f(d)j—m—fbf(_5)m—n+f

Z JGTEMIG=mIG + G = )]
A (mm=O)\Hn=O)m—n+0)C!

C

dlmVJ—2]+1—d

Thm (Peter and Weyl) Let G be a compact Lie gmup ( such as SU(2) ). The system of ( Spm netwark) functzons on G conszstmg Of
matrlx elements \/_ [7;(:)]" in finite dimensional irreducible representations rt; labeled by half-integers j with dimension dj, is a
tcomplete orthonormal basis for Hg = L*(G, dug),

e =" = £ & > el = AR = TS i S b2 Bt D O

L~ - 0 - . 0 o 0 - s 5 ~ . = o e S ] A ~ = = oo = o =

fG 4T @ @) du(g) = 67,6" "6

4 sUQ) = LZ(SU(Z), dpgy)

w(g)= ) wir \/Ej[ﬂj(g)]mna Yy € sy

J,m,n



2. Representation theory of a group

G = SU(2) : a Lie group Vg € SU(2) can be uniquely written as
a -b -
dim(SU(2)) = dim(su(2)) =2>-1=3 g = ( 5 ) with a,be C , aa+bb=1

Angular momentum operators on gy, Wk

{ d
FL v = —

fRu = —

()" = —% ViG+ 1) —mm—1)6pp1 — % VIG+ 1D —m(m+ 1) ey i "

L] €= o+ 25T = 1), = <2 TG D == 1) G + 5 VTG D) =+ D) 6 §

[ﬂj(T3)]mn = —im Om-n,0

4 SUR) — LZ(SU(Z), dug)

SU(2)

Pl = j(j+ DIr (™,
PRI = —mlr (91",
FPr 1", = nlmi(@1™,

dimV; =2j+1=4d,

FP1jny = nljn)




2. Representation theory of a group

Def. (Equivalent representations & intertwiner). Two representations n; : G — B(V;), i = 1,2, are called equivalent iff there exists

an invertible (unitary) linear map

Wi

I:Vi—->V,

satisfying [it “commutes” with the corresponding operators of the representations|

Im(@=m@] o m@E=I"m@I o mE'Ing=I1 VYVgeG

Such a map 1 is called an intertwiner (intertwining operator, invariant tersor) for these two representations.

Two frequently used intertwiners in irrep. of SU(2) ]
V; .'f i
'- Y Vi 3
1 7 ":
* 68') = (jm| '
;
,{; .. Notation in Wigner’s book

’ [ mn — 5mn i

— A . — 3
| bym= €O = (=175,



2. Representation theory of a group

Letn;, : G — B(V;), i = 1,2, be two urreducible unitary representations of SU(2).
Consider the direct product representation:

mem:G— BV, V)

';Thm.. Every ﬁmte dzmensmnal umtary representatzon lS completely reduczble ]

Mean he |rect pruct rep. can be W|tten as a |rect sum of i |rreps

i.e. there exists a bijective intertwiner that maps the tensor product to a direct sum
of irrps.

Physics: angular momentum coupling Mathematics: recoupling theory
V@V, =28,V

equivlance of reps.

Jit+j2

Vi, ®Vj J=lji—jol V7
Viji —MR

/ Vljl—j2|+% \

(mj,v) ® (mj,w)

= |j1my)

TTj, ®Tj,

J1J2
Vy *e%) = |]l\}’l>
Ve w :

*epn’ ® ey = |jipht jomo) \ /

dim(V;, ® V;,) = dimV; X dimV}, dim(V;, ® V;,) = >, dimV;

= |]2m2> le +j2




2. Representation theory of a group

Physics: angular momentum coupling Mathematics: recoupling theory
Letrm; : G — B(V;), i = 1,2, be two irreducible unitary representations of SU(2)

V,®V, =28,V

equivlance of reps.

le ® ij J=ji—j2l Vi
Vl]rjzl&

(j,v) ® (mj,w)

Tj ®7j, 12
J1J2 VJ *eg‘-/? = |Jl\}4>

VW .

*6%11) ®€%) = | jisty jomo) .
le+j2

Yia . . . . .
dlm(le b2 ij) = dlIIle1 X dlIIle2 dlm(le X ij) = >, ;dimV}
. . . J .
The intertwiner: IleZ ViV, - Q,;V,

. . ; . L o ;
e’g”ljll) ® 6%2 i Ij1j2(e’§1]11) ® 622) o Z (M| IjljZ |]1m1]2m2>81$4)

M
= Z (JMIj1m1j2m2>€jfj)
M

The Clebsch-Gordan coefficients (CGCs) are chosen as real numbers in the Condon-Shortley gauge
(Jimyomy | IM) = (M| jimy jomy)



2. Representation theory of a group

Physics: angular momentum coupling Mathematics: recoupling theory
Letn;, : G — B(V;),i=1,2,...,n, be nirreducible unitary representations of SU(2)

V.OV.®V,® -8V, ®V, 2,V
N —
v / \
25) .
Va3 IJ’d) : \
J1 o Jn V] *eg‘? = |Jl¢4>
Van—l
N — | —

1L it \ ' /

" . — M k2 kH_l M
The intertwiner: (]J; 6{) — Z <1flz_> (1%1 ) (11 )
J1In my-em, Ji2 mm, a;Ji+1 ko, An—1Jn m

2""’kn—1

(IM; @ | jymyjymy--+j,m,) = Z (arky | jymyjomo)asks | azky jams) - (IM | @, 1k, _1j,m,)
ky, ek

n—1

where @ = la,, -+, a,_;} denotes the set of the angular momenta appeared in the intermediate coupling.

The Clebsch-Gordan series: 7 (8) Q7 (8) Q@7 (g) = (1]11]2) 1 J(g) i

mlooo

o ner = 3 (@) " Mmer,(ing)
J.M,N —

mloonmn ._> mloaomn ._> M
((ﬂ @y- ) = ((I.J’a.)f) = (1.“.)
Ji M Ji*n M Jvin ) e,



2. Representation theory of a group

To be convenient to be suitable for graphical formula, we induce i to represent intertwiner, instead
of I.

R TWo frequently used intertwiners i irrep. of SUQ) “
‘4 Vi 1%
v=1 1=1 ‘|,
.
: : . =CU) .= (=1)/™m 1
im, = = &M by = Ly = C ._( LY, |
-mm’ P mm’ — — _] m

(M= : ,
= I A B s i e e o PP Sy T o a P ‘ - (]) 1) -' \ _ .
V,®V,® -8V, B, v, The intertwiner ,’1
\ ]

| y \ (#7) M=y
. i) e Iin) e, !
1 = (=) 2 M @ | jymy jymyeojum,) &

Jid
J1Jn VJ *65\‘? = |Jl¢4> { v
The Clebsch-Gordan series: ‘

mlco-m

i , : : Syl
F\ s ol Ll jm m @, @, = ¥ (GD),

n {
JM,N 1



Thawnks for your attention!



