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5¯sÑ„p”Ñ 14

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn

5.¯sÑ„p”Ñ

5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ
V å W ÑÙåzÙ�∞: V �W. ‚œzÙÑÙåÑöI¶Ô¬⇤ [16] p.344.

π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (5.1)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(5.2)

W̃ ⌘
n
(0,w)|w 2 W

o
(5.3)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:
�Ñ ⌅ (isomorphism)

V ! Ṽ (5.4)
W ! W̃ (5.5)

v

Ṽ \ W̃ = 0 (5.6)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (5.7)

(iv)m1m2⋯mn

M ≡ (i J; ⃗a
j1⋯jn)m1⋯mn

M
= (−1) j1−∑n

i=2 ji−J ∑
k2,…,kn−1

⟨a2k2 | j1m1 j2m2⟩⋯⟨JM |an−1kn−1 jnmn⟩

⟨ j3m3 | j1m1 j2m2⟩ = (−1) j1−j2−j3 dj3 ∑
m′￼3

( j1 j2 j3
m1 m2 m′￼3) Cm′￼3m3

( j3)

Wigner 3-j symbol “Metric”

Wigner 3j-symbol “Metric”

Kronecker delta symbol Summation over the same indices
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Matrix element of holonomy with irrep.
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In particular, a gauge-invariant intertwiner associated to a vertex v of a standard graph at which n edges with spin j1, . . . , jn

incident is represented by

(iv) m1m2···mn

0 =

n�1Y

i=2

p
dai

m1 m2

j1 j2

a2
� an�1 = jn

mn

jn

� J = 0
M = 0

mn�1

jn�1

�an�2

. (3.25)

Taking account of Eqs. (2.31) and (2.38), Eq. (3.25) is equal to (�1)2 jn times of the formula

n�2Y

i=2

p
2ai + 1

m1 m2

j1 j2

a2
�

mn

jn

mn�1

jn�1

�an�2

. (3.26)

Since the only di↵erence between (3.26) and (3.25) is a factor (�1)2 jn , Eq. (3.26) is also used to represent the gauge-invariant
intertwiner in the literature. Hence the 3 j-symbol (2.28) is indeed the normalized gauge-invariant intertwiner associated to
a trivalent vertex v from which three edges start. The “metric” tensor (2.30), as the special 3 j-symbol, is the gauge-invariant
intertwiner associated to a divalent vertex v from which two edges start. It can be normalized by multiplying a factor 1/

p
d j. The

Kronecker delta (2.32) inH j is the gauge-invariant intertwiner associated to a divalent (trivial) vertex v such that v = b(e) = f (e0)
is the intersection of two edges e and e

0, which can be normalized by multiplying a factor 1/
p

d j.
In Sec. II B, the original Brink’s representation has been extended to propose a graphical representation for the unitary

irreducible representation ⇡ j of S U(2). In this respresentation, the matrix element [⇡ j(g)]m

n
is denoted by a blue line with a

hollow arrow (triangle) in it in Eq. (2.49). For group elements such as the holonomies he of the connection A along an edge e,
their matrix elements can simply be represented by

[⇡ j(he)]m

n
= hem

j
n =: m

j
n

e
. (3.27)

By Eqs. (3.7), (2.50) and (3.27), the matrix elements of the inverse of a holonomy can be represented by

[⇡ j(h�1
e

)]n

m
= [⇡ j(he�1 )]n

m
= C

( j)
mm0

[⇡ j(he)]m
0

n0
C

n
0
n

( j) = j

e�1

mn = n m
j

e
. (3.28)

The above graphical representation involving the holonomies has the following advantages: (i) The edge and the irreducible
representation of the holonomy along the edge have been represented by the elements e and j labeling the line; (ii) the orientation
of e with respect to the vertices has been reflected by the orientation of the arrow on the line; (iii) the row index (the tensor index
of H⇤

j
) and the column index (the tensor index of H j) have been represented by the two indices m and n, respectively, labeling

the starting and the ending points of the line; (iv) the matrix element [⇡ j(he)]m

n
and the “metric” tensor C

( j)
m0m

in the graphical
formula are distinguished by di↵erent colors (blue v.s. black) and elements (two v.s. one) of the lines; (v) the coupling rules
of the representations of holonomies match Brink’s representations for the CGC (see Eq. (3.30)). Up to now, the irreducible
representation ⇡ je

(he) of holonomy and the intertwiners iv and iṽ are successfully represented in Eqs. (3.27), (3.23) and (3.24) in
the graphical formula. Hence the terms (3.17) in T�,~j,~i(A) directly associated to v can be represented by

T
v

�,~j,~i
(A) =

n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI an�1
� J

M

n1

jI

nI

eI jI

jn

nn

e1 j1 en jn

. (3.29)

Now let us consider the graphical calculation of the actions of the two elementary operators on the spin-network states. The
action of the holonomy operator on the spin network states has been derived in the algebraic form in Eq. (3.18). Note that the
action of the holonomy operator on the spin network states involves the coupling rules of representations of holonomies. In Eqs.
(2.51) and (2.52), the Clebsch–Gordan series coupling two irreducible representations of S U(2) have been carried out in the
graphical formula. Hence the coupling rules of representations of holonomies can be represented by

m1

m2

m0
1

m0
2

j1
e

j2
e =

X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

=
X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

, (3.30)

and

m1

m2

m0
1

m0
2

j1
e

j2
e�1 =

X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

=
X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

. (3.31)

11

standard graph
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Therefore, the action of [ĥeI
]B

C
on the spin-network state T

v

�,~j,~i
(A) can be calculated as

[ĥeI
]B

C
· T

v

�,~j,~i
(A) =

n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI
� J

M

n1

jI

nI

eI jI

jn

nn

e1 j1 en jneI
1
2

C

B

an�1

=

n�1Y

i=2

p
dai

p
dJ

X

j
0

I

d j
0

I

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
2
B

j0I
+

eI j0I

C
1
2

j0I

jI�

nI

. (3.32)

The spherical tensor [⇡ j(⌧µ)]m
0

m
in Eq. (2.9) can be expressed graphically as Eq. (2.36). Hence the action of J

µ
eI

on (iv) m1m2···mn

M

in (3.22) can be represented by

J
µ
eI
· (iv) m1m2···mn

M = �( j)
n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
µ

jI�

nI

eI jI

. (3.33)

Furthermore, Eq. (3.30) can be easily generalized to

[⇡ j1 (he)]m1
n1

[⇡ j2 (he)]m2
n2
· · · [⇡ jn

(he)]mn

nn

=

n1

e j1

n2

j2

nn�1

jn�1e e

nn

jne

m1 m2 mnmn�1

=
X

{a2,··· ,an�1,J}

n�1Y

i=2

dai
dJ Je

a2 Jan�2

j1 j2 jnjn�1

+ ++

m1 m2 mnmn�1

n1 n2

j1 j2

a2

nn

jn

J

nn�1

jn�1

an�2

an�1

an�1� � �
. (3.34)

Taking the identity
R

dg[⇡J(g)]M

N
= �J,0�M,0�N,0 for g 2 S U(2) into account, the above graphical calculus can be extended to

compute graphically the integral over the product of irreducible representations of holonomies

Z
dhe[⇡ j1 (he)]m1

n1
[⇡ j2 (he)]m2

n2
· · · [⇡ jn

(ge)]mn

nn

=

Z
dge

n1

e j1

n2

j2

nn�1

jn�1e e

nn

jne

m1 m2 mnmn�1

=
X

{a2,··· ,an�1,J}

n�1Y

i=2

dai
dJ

Z
dhe Je

a2 Jan�2

j1 j2 jnjn�1

+ ++

m1 m2 mnmn�1

n1 n2

j1 j2

a2

nn

jn

J

nn�1

jn�1

an�2

an�1

an�1� � �

=
X

{a2,··· ,an�1,J}

n�1Y

i=2

dai
dJ 0

0

n1 n2

j1 j2

a2�

nn�1 nn

jn�1 jn

�an�2�

j1 j2 jnjn�1

a2 an�2 jn
jn

m1 m2 mn�1 mn

0

0
+ + +

12
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[ĥeI
]B

C
· T

v

�,~j,~i
(A) =

n�1Y

i=2

p
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p
dJ
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� J

M

n1

jI

nI

eI jI

jn

nn

e1 j1 en jneI
1
2

C

B

an�1

=

n�1Y

i=2

p
dai

p
dJ

X

j
0

I

d j
0

I

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
2
B

j0I
+

eI j0I

C
1
2

j0I

jI�

nI

. (3.32)

**************—————-

[ĥeI
]B

C
· T

v

�,~j,~i
(A) =

n�1Y

i=2

p
dai

p
dJ

X

j
0

I

d j
0

I

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
2
B

j0I
+

eI j0I

C
1
2

j0I

jI�

nI

. (3.33)

**************—————- The spherical tensor [⇡ j(⌧µ)]m
0

m
in Eq. (2.9) can be expressed graphically as Eq. (2.36). Hence

the action of J
µ
eI

on (iv) m1m2···mn

M in (3.22) can be represented by

J
µ
eI
· T

v

�,~j,~i
(A) = �( jI)

n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
µ

jI�

nI

eI jI
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Furthermore, Eq. (3.30) can be easily generalized to

[⇡ j1 (he)]m1
n1

[⇡ j2 (he)]m2
n2
· · · [⇡ jn

(he)]mn

nn

=

n1

e j1

n2

j2

nn�1

jn�1e e

nn

jne

m1 m2 mnmn�1

=
X

{a2,··· ,an�1,J}

n�1Y

i=2

dai
dJ Je

a2 Jan�2

j1 j2 jnjn�1

+ ++

m1 m2 mnmn�1

n1 n2

j1 j2

a2

nn

jn

J

nn�1

jn�1

an�2

an�1

an�1� � �
. (3.35)

Taking the identity
R

dg[⇡J(g)]M

N
= �J,0�M,0�N,0 for g 2 S U(2) into account, the above graphical calculus can be extended to

compute graphically the integral over the product of irreducible representations of holonomies

Z
dhe[⇡ j1 (he)]m1

n1
[⇡ j2 (he)]m2

n2
· · · [⇡ jn

(ge)]mn

nn

=

Z
dge

n1

e j1

n2

j2

nn�1

jn�1e e

nn

jne

m1 m2 mnmn�1
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τi := − iσi /2, σi : Pauli matrices i = 1,2,3 τμ, μ = 0, ± 1 : τ0 := τ3, τ±1 := ∓
1

2
(τ1 ± iτ2)



Graphical calculation: some useful rules of transforming graphs

Reality��
(unitary)

Symmetry

Orthogonality

Wigner 3j-symbol “Metric”

The rules involving the Wigner 6j-symbol

Special 
formula 4 Graphical calculus 15

Now we extend the above graphical calculus to compute the integral over the
product of irreducible representations of ge. By Eq. (??), the integral can be evaluated
graphically by

Z
dge[⇡ j1 (ge)]m1

n1
[⇡ j2 (ge)]m2

n2
· · · [⇡ jn (ge)]mn

nn

=
X

{a2,··· ,an�2}

n�2Y

i=2

dai 0
0

n1 n2

j1 j2

a2�

nn�1 nn

jn�1 jn

�an�2�

j1 j2 jnjn�1

a2 an�2 jn
jn

m1 m2 mn�1 mn

0

0
+ + +
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where we used
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in the third step. Thus the integration over all group elements associated to e gives two
normalized gauge-invariant intertwiners iv1 and iv2 to the two vertices (endpoints) v1
and v2 of e. Similarly, one has the following useful formulas.
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In SFMs, one usually needs also to evaluate the integration over the product of irre-
ducible representations of ge and its inverse g�1

e = ge�1 . This can be accomplished by
combining Eq. (4.11) with Eq. (??). For example, the integration over the product of
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(A.45)

In graphical representation, two lines representing the same angular momentum can be joined. Summation over a magnetic
quantum number m is graphically represented by joining the free ends of the corresponding lines. Equation (A.34) implies that
the CGC can be represented graphically by

h j1m1 j2m2| j3m3i = (�1) j1� j2� j3
p

2 j3 + 1 = (�1) j1� j2� j3 (2 j3 + 1)1/2 . (A.46)

Therefore, the graphical representation of the intertwiner defined in Eq. (A.25) is

⇣
i

J;~a
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2J + 1 , (A.47)

For J = 0
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and the generalized intertwiner in Eq. (A.32) can be repressed by

⇣
i
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⌘
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mk+1···mn M

:=
n�1Y

i=2

p
2ai + 1

p
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As an ingredient of the flux operator, the spherical tensor [⇡ j(⌧µ)]m
0

m
in Eq. (3.7) can be represented graphically by

[⇡ j(⌧µ)]m
0

m
=

i

2
p

2 j(2 j + 1)(2 j + 2) =
i

2
p

2 j(2 j + 1)(2 j + 2) . (A.50)

Now we outline some useful rules of transforming graphs, which can simplify our calculation of the action of operators on
the quantum states in LQG. The frequently used rules for adding or removing arrows in a graph read

= = , (A.51)

= = (�1)2 j , (A.52)

= (�1)2 j , (A.53)

= = , (A.54)

which correspond to the algebraic formulae in Eqs. (A.9), (A.10), (A.11) and (A.45). The rule to remove a closed loop in a graph
reads

=
� j3, j03

2 j3 + 1
, (A.55)

which is related to the orthogonality relation for 3 j-symbol in Eq. (A.39).
Coupling four angular momenta to a zero resultant will involve the jm-coe�cients. The jm-coe�cients corresponding to

di↵erent coupling schemes are related by the 6 j-symbol. The 6 j-symbol is defined by ( [27] p. 94)
(
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1. The matrix element of the volume operator
The volume operator (Ashtekar & Lewandowski, 1997)

where �̃ is any graph bigger than � and �0, |E(�̃)| denotes the number of the edges in �̃, and dµH(g) is the Haar measure on S U(2).
If � di↵ers from �0, e.g., there is an edge e0 with spin j0e0 belonging to �0 but not �, then the orthogonality relation,

Z

S U(2)
dµH(g) [⇡ j0 (g)]m0

n0 [⇡ j(g)]m
n =

� j, j0

2 j + 1
�m,m

0

�n,n0 , (3.27)

implies that the corresponding integration in (3.26) becomes
Z

S U(2)
dµH(he0 ) [⇡ j0e0

(he0 )]m0

n0
= 0. (3.28)

Hence the non-trivial result corresponds to the case � = �0. Thus (3.26) reduces to
✓
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�,~j0,~i0

(A) T norm
�,~j,~i

(A), (3.29)

where in the second step we have used the fact that the Haar measure is normalized. By integrating over all representation
functions on the edges, one can obtain the contract of the complex conjugation of intertwiners with the corresponding intertwiners
at vertices. Thus we have
✓
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where in the second step we have used the fact that the CGs (and thus the GCGs) are real, in the fourth step we have used Eqs.
(A.45) and (A.41). Note that the result of Eq. (3.30) is based on the premise that the intertwiners at the same vertex v involve
the same coupling scheme. If di↵erent coupling schemes at the same vertex were chosen, certain additional multiplication of
6 j-symbols would appear in the result. If the spin-network functions are gauge invariant, corresponding to J = 0 and M = 0, the
two Kronecker delta functions �J,J0 and �M,M0 will not appear in Eq. (3.30).

4 The volume operator

One of the important achievements in LQG is that the theory itself predicts that some geometric operators, such as area operator
and volume operator, have discretized spectra. Some volume operator was also constructed for spin-foam models [43, 44].
There are two versions of volume operator in canonical LQG. We only consider the volume operator defined in [10, 11], which
passed the consistency check in the quantum kinematical framework and was used to define a Hamiltonian constraint operator
in LQG [16, 45, 46]. In this section, we will briefly review the construction of the volume operator. Then the graphical method,
introduced in Sect. 3 will be used to derive the matrix element of the volume operator.

4.1 A brief review of the construction of the volume operator

Classically, the volume function for a given open region R reads

V(R) :=
Z

R
d3x
p
| det(q)| =

Z

R
d3x
r�����

1
3!
✏ i jk✏
e

abcẼa
i Ẽb

j Ẽ
c
k

�����, (4.1)
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where det(q) denotes the determinant of the 3-metric qab. To quantize the volume function, a suitable regularization procedure is
needed which involves smearing Ẽa

i . We now introduce the regularization adopted by Ashtekar and Lewandows in [10].
For given R 2 ⌃, we fix a global coordinates {xa, a = 1, 2, 3} in a neighborhood of R in ⌃ and partition P✏ of R into a family

C of closed cubes C with coordinate volume ✏3. For each C, one arranges three 2-surface S 1, S 2, S 3, defined by xa = consta,
intersecting in the interior of C. One smears these three densitized triads on those three 2-surfaces for each cell C in a given
partition to give a regularized version of (4.1) as [10]

VP✏AL(R) :=
X

C2C

r�����
1
3!
✏ i jk✏
e

abcẼi(S a)Ẽ j(S b)Ẽk(S c)
�����. (4.2)

It is easy to see that (4.2) reduces to (4.1) as ✏ ! 0. The above regularization procedure is called internal because triads are
smeared over three surfaces passing the interior of the cell. It is straightforward to promote the regularized formula (4.2) to
its quantum operator by replacing the fluxes by their operators. It is convenient to introduce the permissible partitions P�✏ (for
su�ciently small ✏) adapted to a given standard graph � (see [10] for details). One then obtains the regulated operator

V̂P
�
✏

AL(R) · f� := `3p �
3
2

X

v2V(�)\R

vut�������
1

3! ⇥ 23

X

eI\eJ\eK=v

%(eI , eJ , eK)✏i jk Ji
eI J

j
eJ Jk

eK

�������
· f�, (4.3)

where %(eI , eJ , eK) := ✏abc%(eI , S a)%(eJ , S b)%(eK , S c). Notice that the action of the regulated operator only depends on the prop-
erties of these surfaces at v. Hence the result is unchanged as we refine the partition and shrink C to v and hence the limit
✏ ! 0 is trivial. However, the limiting volume operator carries the information of our choice of partitions through %(eI , eJ , eK),
which depend on the background structure—the coordinates choice defining S a. By suitable averaging over relevant background
structures in (4.2), the well-defined, background-independent volume operator reads5

V̂�(R) · f� = `3p �
3
2

X

v2V(�)\R

vut�������
1

3! ⇥ 23

X
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eI J

j
eJ Jk

eK

�������
· f�, (4.4)

where &(eI , eJ , eK) ⌘ sgn(det(ėI(0), ėJ(0), ėK(0))) takes the values of 0, +1 and �1, corresponding to whether the determinant of
the matrix formed by the tangents of the three edges at v in that sequence is zero, positive, or negative.

4.2 The matrix elements of the volume operator

The volume operator acts on a spin-network state as

V̂ · T�,~j,~i(A) = `3p �
3
2

X
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i

8 ⇥ 4
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⌘
.

(4.6)

Here �i j := �2tr(⌧i⌧ j) is the Cartan–Killing metric on S U(2). The action of the volume operator is local, in the sense that its
action is a sum on independent vertices. Therefore, we can focus on its action on a single vertex. The fact that the pseudo-vertices
are divalent and the self-adjoint operators Ji

eI
act only at the beginning points of eI implies that the summation in Eq. (4.5) is

only over the true vertices v of �.
Equation (3.4) reveals the fact that the operators q̂IJK and thus V̂ only change the intertwiners ~i in T�,~j,~i(A). The operators

q̂IJK acts on an intertwiner by contracting the corresponding matrix elements of ⌧i with the intertwiner. Note that

�i j Ji
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J j
eJ ·
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i J;~a
v
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5An overall undetermined multiplicative constant av was fixed as 1 by the consistency check of volume and triad operator quantizations [45, 46].
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eJ Jk

eK
= 4
h
�i j Ji

eI
J j

eJ , �lk Jl
eJ

Jk
eK

i
= �

1
4

⇣
16 �lk Jl

eJ
Jk

eK
�i j Ji

eI
J j

eJ � 16 �i j Ji
eI

J j
eJ�lk Jl

eJ
Jk

eK

⌘
=: �

1
4

⇣
q̂<JK;IJ>

IJK � q̂<IJ;JK>
IJK

⌘
.

(4.6)

Here �i j := �2tr(⌧i⌧ j) is the Cartan–Killing metric on S U(2). The action of the volume operator is local, in the sense that its
action is a sum on independent vertices. Therefore, we can focus on its action on a single vertex. The fact that the pseudo-vertices
are divalent and the self-adjoint operators Ji

eI
act only at the beginning points of eI implies that the summation in Eq. (4.5) is

only over the true vertices v of �.
Equation (3.4) reveals the fact that the operators q̂IJK and thus V̂ only change the intertwiners ~i in T�,~j,~i(A). The operators

q̂IJK acts on an intertwiner by contracting the corresponding matrix elements of ⌧i with the intertwiner. Note that

�i j Ji
eI

J j
eJ ·

⇣
i J;~a
v

⌘
m1···mI ···mJ ···mn

M
=
⇣
i J;~a
v

⌘
m1···m0I ···m

0

J ···mn

M ⇣
�[⇡ jI (⌧i)]m0I

mI
�i j [⇡ jJ (⌧ j)]m0J

mJ

⌘

=
⇣
i J;~a
v

⌘
m1···m0I ···m

0

J ···mn

M
[⇡ jI (⌧µ)]

m0I
mI

C⌫µ(1) [⇡ jJ (⌧⌫)]m0J
mJ
.

= �C(1)
µ⌫ JµeI J

⌫
eJ
·

⇣
i J;~a
v

⌘
m1···mI ···mJ ···mn

M
, (4.7)

5An overall undetermined multiplicative constant av was fixed as 1 by the consistency check of volume and triad operator quantizations [45, 46].
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where det(q) denotes the determinant of the 3-metric qab. There are some versions of volume operator in canonical LQG. We only
consider the volume operator defined in [15, 16], which passed the consistency check in the quantum kinematical framework and
was used to define a Hamiltonian constraint operator in canonical LQG [17, 47, 64, 65]. By a suitable regularization procedure,
the well-defined, background-independent volume operator reads [15, 16]

V̂�(R) · T�,~j,~i(A) = `3p �
3
2

X

v2V(�)\R

vut�������
1

3! ⇥ 23

X

eI\eJ\eK=v

&(eI , eJ , eK)✏i jk J
i
eI

J
j

eJ
J

k
eK

�������
· T�,~j,~i(A)

= `3p �
3
2

X

v2V(�)

vut�������
i

8 ⇥ 4

X

I<J<K, eI\eJ\eK=v

&(eI , eJ , eK) q̂IJK

�������
· T�,~j,~i(A)

where &(eI , eJ , eK) ⌘ sgn(det(ėI(0), ėJ(0), ėK(0))) takes the values of 0, +1 and �1, corresponding to whether the determinant of
the matrix formed by the tangents of the three edges at v in that sequence is zero, positive, or negative. The operator q̂IJK reads

q̂IJK := �4i✏i jk J
i

eI
J

j

eJ
J

k

eK
= 4
h
�i j J

i

eI
J

j

eJ
, �lk J

l

eJ
J

k

eK

i
= �

1
4

⇣
16 �lk J

l

eJ
J

k

eK
�i j J

i

eI
J

j

eJ
� 16 �i j J

i

eI
J

j

eJ
�lk J

l

eJ
J

k

eK

⌘

= �
1
4

⇣
16 C

(1)
⇢�J

⇢
eJ

J
�
eK

C
(1)
µ⌫ J

µ
eI

J
⌫
eJ
� 16 C

(1)
µ⌫ J

µ
eI

J
⌫
eJ

C
(1)
⇢�J

⇢
eJ

J
�
eK

⌘

=: �
1
4

⇣
q̂
<JK;IJ>
IJK

� q̂
<IJ;JK>
IJK

⌘
, (4.2)

where �i j := �2tr(⌧i⌧ j) is the Cartan–Killing metric on S U(2), and in the forth step we used the identity

�[⇡ jI
(⌧i)]m

0

I

mI

�i j [⇡ jJ
(⌧ j)]m

0

J

mJ

= [⇡ jI
(⌧µ)]m

0

I

mI

C
⌫µ
(1) [⇡ jJ

(⌧⌫)]m
0

J

mJ

. (4.3)

The action of the volume operator is local, in the sense that its action is a sum on independent vertices. Therefore, we can focus
on its action on a single vertex. The fact that the pseudo-vertices are divalent and the self-adjoint operators J

i

eI
act only at the

beginning points of eI implies that the summation in Eq. (4.2) is only over the true vertices v of �. Note that the action of the
action of the volume operator at v is determined by that of the operator q̂IJK at v. Now let us consider the action of the operator
q̂IJK on T

v

�,~j,~i
(A) in Eq. (3.17). Equation (3.19) reveals the fact that the operators q̂IJK and thus V̂ only change the intertwiners~i in

T
v

�,~j,~i
(A). With the above preparation, we now turn to the action of q̂IJK on the intertwiner (iv) m1m2···mn

M associated to a true vertex
v in the graphical method. We first consider the case I > 2 and K < n, where aI�1 and aK will appear in the final result. The first
term in the parentheses of Eq. (4.3) evaluated on the intertwiner (3.23) can be represented by the following graphical formula
(we present only the parts of the graph of the intertwiner which closely connect to the key steps in the following calculations):

q̂
<JK;IJ>
IJK

· (iv) m1···mI ···mJ ···mK ···mn

M

= X( jI , jJ)
1
2 X( jJ , jK)

1
2

n�1Y

i=2

p
2ai + 1

p
2J + 1 �

�

+ +

mI mJ�1 mJ mJ+1 mK�1 mK

aI aJ�1 aJ aK�1� � � � � � �

mI+1

1 1

jJ

jJ

jI jK

jI jI+1 jJ�1

jJ

jJ+1 jK�1 jK

aI+1 · · · aJ�2 aJ+1 · · · aK�2

, (4.4)

where X( j1, j2) ⌘ 2 j1(2 j1 + 1)(2 j1 + 2)2 j2(2 j2 + 1)(2 j2 + 2). Similarly, the second term in the parentheses of Eq. (4.3) acting
on the intertwiner can be expressed as

q̂
<IJ;JK>
IJK

· (iv) m1···mI ···mJ ···mK ···mn

M

= X( jI , jJ)
1
2 X( jJ , jK)

1
2

n�1Y

i=2

p
2ai + 1

p
2J + 1 � +

mI mJ�1 mJ mJ+1 mK�1 mK

aI aJ�1 aJ aK�1� � � � � � �

mI+1

1 1

jJ

jJ

jI jK

jI jI+1 jJ�1

jJ

jJ+1 jK�1 jK

�

+

aI+1 · · · aJ�2 aJ+1 · · · aK�2

. (4.5)

It is obvious that the two terms q̂
<JK;IJ>
IJK

and q̂
<IJ;JK>
IJK

in (4.3) are gauge invariant. Hence the operator q̂IJK and the volume
operator (4.2) are gauge invariant. In graphical language, they leave the vertical lines denoted by ji and the last horizontal line
denoted by J invariant, but change the intermediate couplings ai labeling the intermediate horizontal lines. Hence, in graphical
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3 Graphical calculus 25

Z
dµH(he(A))[⇡ j1 (he(A))]m1

n1
[⇡ j2 (he(A))]m2

n2
· · · [⇡ jn

(he(A))]mn

nn

=
X

{a2,··· ,an�2}

n�2Y

i=2

dai

=
X

{a2,··· ,an�2}

n�2Y

i=2

dai
=
X

~a

(i~a
v1

)m1···mn (i~a
v2

)n1···nn

where we used
R

dge[⇡J(ge)]M

N
= �J,0�M,0�N,0, and (�1)4 jn = 1 in the third step. Thus

the integration over all group elements associated to e gives two normalized gauge-
invariant intertwiners iv1 and iv2 to the two vertices (endpoints) v1 and v2 of e. Similarly,
one has the following useful formulas.

(a) n = 2

Z
dµH(he(A)) =

� j1, j2

d j1

=
� j1, j2

d j1

Z
dµH(he(A)) =

� j1, j2

d j1

(b) n = 3

Z
dµH(he(A)) =

(i) As a gauge-invariant operator, q̂IJK does not alter J and M, but instead alters the
intertwiner (i j;~a

v )m1···mn

M

by modifying the angular momenta ~a of the intermediate
coupling.

(ii) Hence, the volume operator alters only the intertwiner (i j;~a
v )m1···mn

M

associated
with v by modifying the angular momenta ~a of the intermediate coupling.



A
lgebraic form

ula
graphical form

ula

where in the second step we have used the following identity (see Appendix B.1 for a proof):

�[⇡ jI (⌧i)]m0I
mI
�i j [⇡ jJ (⌧ j)]m0J

mJ
= [⇡ jI (⌧µ)]

m0I
mI

C⌫µ(1) [⇡ jJ (⌧⌫)]m0J
mJ
. (4.8)

Hence the operator q̂<JK;IJ>
IJK and q̂<IJ;JK>

IJK in (4.6) can be represented in terms of Jµ by

q̂<JK;IJ>
IJK ·

⇣
i J;~a
v

⌘
m1···mI ···mJ ···mK ···mn

M
= 16 C(1)

⇢�J⇢eJ J�eK
C(1)
µ⌫ JµeI J

⌫
eJ
·

⇣
i J;~a
v

⌘
m1···mI ···mJ ···mK ···mn

M

= 16
⇣
i J;~a
v

⌘
m1···m0I ···m

0

J ···m
0

K ···mn

M
[⇡ jJ (⌧⌫)]m00J

mJ
C⌫

0⌫
(1) [⇡ jK (⌧⌫0 )]m0K

mK
⇥ [⇡ jI (⌧µ)]

m0I
mI

Cµ
0µ

(1) [⇡ jJ (⌧µ0 )]m0J
m00J
,

(4.9)

q̂<IJ;JK>
IJK ·

⇣
i J;~a
v

⌘
m1···mI ···mJ ···mK ···mn

M
= 16 C(1)

µ⌫ JµeI J
⌫
eJ

C(1)
⇢�J⇢eJ J�eK

·

⇣
i J;~a
v

⌘
m1···mI ···mJ ···mK ···mn

M

= 16
⇣
i J;~a
v

⌘
m1···m0I ···m

0

J ···m
0

K ···mn

M
[⇡ jI (⌧µ)]

m0I
mI

Cµ
0µ

(1) [⇡ jJ (⌧µ0 )]m00J
mJ
⇥ [⇡ jJ (⌧⌫)]m0J

m00J
C⌫

0⌫
(1) [⇡ jK (⌧⌫0 )]m0K

mK
.

(4.10)

With the above preparation, we now turn to the action of q̂IJK on the intertwiner
⇣
i J;~a
v

⌘
m1···mI ···mJ ···mK ···mn

M
associated to a true

vertex v in the graphical method. We first consider the case I > 2 and K < n, where aI�1 and aK will appear in the final result.
The other special cases will be dealt with later. According to Eq. (4.9), the first term in the parentheses of Eq. (4.6) evaluated
on the intertwiner (3.14) can be represented by the following graphical formula (we present only the parts of the graph of the
intertwiner which closely connect to the key steps in the following calculations):

q̂<JK;IJ>
IJK ·

⇣
i J;~a
v

⌘
m1···mI ···mJ ···mK ···mn

M

= q̂<JK;IJ>
IJK ·

n�1Y

i=2

p
2ai + 1

p
2J + 1

�aI aJ�1 aJ aK�1� � � � � �aJ+1 · · · aK�2aI+1 · · · aJ�2

mI mJ�1 mJ mJ+1 mK�1 mKmI+1

jI jI+1 jJ�1 jJ+1 jK�1 jKjJ

= X( jI , jJ)
1
2 X( jJ , jK)

1
2

n�1Y

i=2

p
2ai + 1

p
2J + 1 �

�

+ +

mI mJ�1 mJ mJ+1 mK�1 mK

aI aJ�1 aJ aK�1� � � � � � �

mI+1

1 1

jJ

jJ

jI jK

jI jI+1 jJ�1

jJ

jJ+1 jK�1 jK

aI+1 · · · aJ�2 aJ+1 · · · aK�2

, (4.11)

where X( j1, j2) ⌘ 2 j1(2 j1 + 1)(2 j1 + 2)2 j2(2 j2 + 1)(2 j2 + 2). Similarly, the second term in the parentheses of Eq. (4.6) acting on
the intertwiner can be expressed as

q̂<IJ;JK>
IJK ·

⇣
i J;~a
v

⌘
m1···mI ···mJ ···mK ···mn

M

= X( jI , jJ)
1
2 X( jJ , jK)

1
2

n�1Y

i=2

p
2ai + 1

p
2J + 1 � +

mI mJ�1 mJ mJ+1 mK�1 mK

aI aJ�1 aJ aK�1� � � � � � �

mI+1

1 1

jJ

jJ

jI jK

jI jI+1 jJ�1

jJ

jJ+1 jK�1 jK

�

+

aI+1 · · · aJ�2 aJ+1 · · · aK�2

. (4.12)

It is obvious that the two terms q̂<JK;IJ>
IJK and q̂<IJ;JK>

IJK in (4.6) are gauge invariant. Hence the operator q̂IJK and the volume
operator (4.5) are gauge invariant. Each of them leaves the intertwiner space Hv

j1,..., jn with the intertwiners as its orthonormal
basis, determined by the given j1, . . . , jn and the resulting angular momentum J, at the vertex v invariant. Therefore the action
of q̂IJK on an intertwiner can be expanded linearly in terms of intertwiners inHv

j1,..., jn at the vertex v. In graphical language, they
leave the vertical lines denoted by ji and the last horizontal line denoted by J invariant, but change the intermediate couplings ai
labeling the intermediate horizontal lines. Hence, in graphical calculation, our task is to drag the endpoints of the two curves with
spin 1 down to attach the horizontal lines, and then yank them away from the horizontal lines following the simple and rigorous
rules of transforming graphs presented in Appendix A.2. Of course, there are alternative ways, corresponding to di↵erent choices
of coupling, to remove the two curves with spin 1. The results obtained from di↵erent ways are related by unitary transformations.
In the following, we choose a way guided by the simplicity principle that the number of changed intermediate values ai is as
little as possible and the final result is as simple as possible. The calculations of the action of q̂IJK on a given intertwiner in the
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where the tuple ~̃a in the new intertwiner
✓
i J; ~̃a
v

◆

m1···mI ···mJ ···mK ···mn

M
is given by ~̃a := {a2, . . . , aI�1, a0I , . . . , a

0

K�1, aK , . . . , an�1}. The

above result is in the case of J > I + 1 and K > J + 1, which enssures that the limitations of the summations and multi-product
exist, namely, the upper limitations are always not smaller than the low limitations. Intuitively the results for the other cases can
be thought of as special cases of the above result by omitting the corresponding summations and multiplications which do not
exist. A detailed analysis in step by step confirms this intuition (see Sect. 4 in [?] for a discussions).

The second term in the parentheses of Eq. (4.6) can be calculated similarly to the former one. Here we omit the intermediate
steps and directly write down the result as (a complete calculation is also shown in Appendix C in [?])

q̂<IJ;JK>
IJK ·

⇣
i J;~a
v

⌘
m1···mI ···mJ ···mK ···mn

M
=
X

(a0I ,...,a
0

K�1)

(�1)aI�1+ jI+aK+ jK (�1)aI�a0I (�1)
PJ�1

l=I+1 jl (�1)�
PK�1

m=J+1 jm X( jI , jJ)
1
2 X( jJ , jK)

1
2

⇥

q
(2a0I + 1)(2aI + 1)

q
(2a0J + 1)(2aJ + 1)

(
aI�1 jI aI

1 a0I jI

)(
aK jK aK�1
1 a0K�1 jK

)

⇥

J�1Y

l=I+1

q
(2a0l + 1)(2al + 1)(�1)a0l�1+al�1+1

(
jl a0l�1 a0l
1 al al�1

)

⇥

K�1Y

m=J+1

p
(2a0m + 1)(2am + 1)(�1)a0m�1+am�1+1

(
jm a0m�1 a0m
1 am am�1

)

⇥ (�1)aJ�1+aJ

(
a0J jJ aJ�1
1 a0J�1 jJ

)(
aJ�1 jJ aJ

1 a0J jJ

)

⇥

⇣
i J;~a0
v

⌘
m1···mI ···mJ ···mK ···mn

M

The final results for the special cases of J � 1 < I + 1 and K � 1 < J + 1 can be obtained from (??) by omitting the corresponding
multi-products

QJ�1
l=I+1 and

QK�1
m=J+1 and summations

PJ�1
l=I+1 and

PK�1
m=J+1. Combining the results (??) with (??), for the case of

I > 2 and K < n, the action of q̂IJK in Eq. (4.6) on the intertwiner can be explicitly written down as

q̂IJK ·
⇣
i J;~a
v

⌘
m1···mI ···mJ ···mK ···mn

M
= �

1
4

X

(a0I ,...,a
0

K�1)

(�1)aK+ jK+aI�1+ jI (�1)aI�a0I (�1)
PJ�1

l=I+1 jl (�1)�
PK�1

m=J+1 jm X( jI , jJ)
1
2 X( jJ , jK)

1
2

⇥

q
(2a0I + 1)(2aI + 1)

q
(2a0J + 1)(2aJ + 1)

(
aI�1 jI aI

1 a0I jI

) (
aK jK aK�1
1 a0K�1 jK

)

⇥

J�1Y

l=I+1

q
(2a0l + 1)(2al + 1)(�1)a0l�1+al�1+1

(
jl a0l�1 a0l
1 al al�1

)

⇥

K�1Y

m=J+1

p
(2a0m + 1)(2am + 1)(�1)a0m�1+am�1+1

(
jm a0m�1 a0m
1 am am�1

)

⇥

"
(�1)a0J�1+a0J

(
aJ jJ aJ�1
1 a0J�1 jJ

)(
a0J�1 jJ aJ

1 a0J jJ

)
� (�1)aJ�1+aJ

(
a0J jJ aJ�1
1 a0J�1 jJ

)(
aJ�1 jJ aJ

1 a0J jJ

)#

⇥

✓
i J; ~̃a
v

◆

m1···mI ···mJ ···mK ···mn

M
. (4.22)

Again, we expect that the result (??) is general and also suitable for the remaining special cases of 0 < I 6 2 and K = n when
aI�1 and aK do not exist. While aI�1 and aK do not exist in the intertwiner, we can “create” them via the formula (see Appendix
?? for a proof)

m1

j1 = (1)2 j1
p

2a0 + 1
p

2a1 + 1

m1

j1

a1 ⌘ j1a0 ⌘ 0 �0

, (4.23)

where a0 ⌘ 0, a1 ⌘ j1, and J is relabeled by an. Then the intertwiner in (3.14) can be extended as

⇣
i J;~a
v

⌘
m1···mI ···mJ ···mK ···mn

M
= (1)2 j1

nY

i=0

p
2ai + 1

m1 m2

j1 j2

a2
� an�1

mn

jn

� an = J
M

a1 ⌘ j1a0 ⌘ 0 �0

. (4.24)

We are immediately awake to the fact that (??) is suitable for these special cases just by taking a0 = 0, a1 = a01 = j1, and an = J.
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aJ�1 and aJ , respectively. In the fourth (last) step, the two curves with spin 1 were removed from intertwiners by the identity (see
Appendix B.3 for a proof)

1

a0
J b0JaJ� �

k0J l0J = (�1)a0J�aJ+1 �a
0

J ,b
0

J

2a0J + 1 k0J
a0
J l0J , (4.18)

and we have summed over b0J�1 and a0J and relabeled the indices b0 by a0. Hence the action of the operator q̂<JK;IJ>
IJK on the

intertwiner
⇣
i J;~a
v

⌘
m1···mn

M
reads

q̂<JK;IJ>
IJK ·

⇣
i J;~a
v

⌘
m1···mI ···mJ ···mK ···mn

M

=
P

(a0I ,...,a
0

K�1)
(2a0I + 1)(�1)aI�1�a0I+ jI

(
aI�1 jI aI

1 a0I jI

)

⇥(2a0K�1 + 1)(�1)aK�a0K�1+ jK+1
(

aK jK aK�1
1 a0K�1 jK

)

9>>>>>>=
>>>>>>;

from the first step

⇥(�1)aI�aJ�1+
PJ�1

l=I+1 jl
J�1Q

l=I+1
(2a0l + 1)(�1)a0l�1+al�1+1

(
jl a0l�1 a0l
1 al al�1

)

⇥(�1)a0K�1�a0J�
PK�1

m=J+1 jm
K�1Q

m=J+1
(2a0m�1 + 1)(�1)a0m�1+am�1+1

(
jm a0m�1 a0m
1 am am�1

)

9>>>>>>=
>>>>>>;

from the second step

⇥

(
aJ jJ aJ�1
1 a0J�1 jJ

)
(�1)aJ�a0J�1+ jJ+1(�1)�a0J�1+aJ�1�1

⇥

(
a0J�1 jJ aJ

1 a0J jJ

)
(�1)a0J�1�a0J+ jJ (�1)a0J�aJ+1

9>>>>>>=
>>>>>>;

from the third and forth steps

⇥ X( jI , jJ)
1
2 X( jJ , jK)

1
2

n�1Y

i=2

p
2ai + 1

p
2J + 1

a0
I a0

J�1 a0
J a0
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which is a linear combination of new intertwiners. The expression (4.19) can be simplified in two aspects. One is to get more
symmetric factors in the two multi-products. The other is to simplify the exponents. Notice that the result (4.19) was obtained in
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The intertwiner associated to v in Dirac’s notation

The eigenstate is a linear combination of intertwiners associated to v



7 Summary and discussion

In the previous sections, the graphical method developed by Yutsis and Brink and their extensions, which suit the requirement of
representing the holonomies and the intertwiners, are applied to LQG. The algebraic formula is represented by its corresponding
graphical formula in an unique and unambiguous way. Then the matrix elements of the operator q̂IJK , which is the basic building
block of the volume operator, are calculated via the simple rules of transforming graphs. Note that the calculations that we did
by the graphical method can also be performed by conventional algebraic techniques. Also, corresponding to every graphical
reduction, there is an algebraic reduction because of the correspondence between the graphical and algebraic formulas. However,
it is obvious that the graphical method is more concise, intuitive and visual.

Note that in our graphical representation, a gauge-invariant intertwiner associated to a vertex v of a standard graph at which
n edges with spin j1, . . . , jn incident is represented by

n�1Y
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p
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m1 m2
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a2
� an�1 = jn

mn
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� J = 0
M = 0

mn�1
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. (7.1)

Taking account of Eqs. (A.47) and (A.42), Eq. (7.1) is equal to (�1)2 jn times of the formula
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. (7.2)

Since the only di↵erence between (7.2) and (7.1) is a factor (�1)2 jn , Eq. (7.2) is also used to represent the gauge-invariant
intertwiner in the literature.

Let us compare our calculation with those existing in the literature. The operator q̂IJK can be represented by the following
three forms [11]:

q̂IJK := �4i✏i jk Ji
eI

J j
eJ Jk

eK
= 4

h
Ji

eI
Ji

eJ
, J j

eJ J j
eK

i
=

h
(Ji

eI
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eJ
)2, (J j

eJ + J j
eK )2

i
. (7.3)

The first and the third forms (equalities) of the expression (7.3) were adopted as the starting points, respectively, in [18] and
in [11,19], and their matrix elements are calculated by graphical and algebraic methods, respectively. In this paper, we considered
the second expression (equality) of q̂IJK and derived its matrix elements by the graphical method introduced in Sect. 3. In [18],
to compute the closed formula, Pietri and Rovelli adopted the Kau↵man’s graphical method to deal with recoupling problems.
Note that the idea in [18] to employ the first equality of (7.3) to calculate the volume operator can also be carried out by the
unique and unambiguous rule of graphical calculation. From (3.5), we have
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where, in the last step, we have used the following identity (see Appendix B.6 for a proof)
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with

✏µ⌫⇢ =
p
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1 1 1
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!
. (7.6)

Note that here one has ✏�1 0+1 = 1 (see also Appendix B.6 for a proof). Notice that both [⇡ j(⌧µ)]m0
m and ✏µ⌫⇢ (given by a

special 3 j-symbol) in Eq. (7.4) have corresponding graphical representations. The action of q̂IJK , corresponding to (7.4), on an
intertwiner is given by
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where X( jI , jJ , jK) ⌘ 2 jI(2 jI + 1)(2 jI + 2)2 jJ(2 jJ + 1)(2 jJ + 2)2 jK(2 jK + 1)(2 jK + 2). The derivation of the action of q̂IJK on the
intertwiner in the graphical method is to remove the three curves with spin 1 in (7.7) by using the previous rules of transforming
graphs. The identities in Eqs. (4.14), (4.15), (4.16) and (4.17) enable us to reduce the graphical formula (7.7) as
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where the factor F(a, a0, a00, a000) involves the intermediate momenta a, a0, a00 and a000 in the intertwiner. By the graphical identity
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we can remove the three curves with spin 1 and obtain the final result, which coincides with (4.21). The closed formula of
the volume operator was also derived by Brunnemann and Thiemann in [11, 19] using the algebraic techniques. The derivation
process in [11, 19] is rigorous but rather abstract and awkward. Our graphical method is convenient and visual, and our result
(4.25) coincides with the formula derived by the algebraic calculation for the case of I > 1 and J > I + 1 in [19]. Moreover, our
analysis shows that Eq. (4.25) is also valid for other cases and hence can be regarded as a general expression.

In principle, in the light of the matrix elements of q̂IJK in Eq. (4.25) we can finally write down the action of the volume
operator on the spin-network states. We denote

q̂v ⌘
i`6p �3

8 ⇥ 4

X

I<J<K, eI\eJ\eK=v

&(eI , eJ , eK) q̂IJK . (7.10)

With the matrix elements of q̂IJK , we can get the eigenvalues and corresponding eigenstates of q̂v as

q̂v|�q̂vi = �q̂v |�q̂vi. (7.11)

Then we can write down the action of V̂v on the intertwiner |ivi associated to v as
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�
|�q̂vi. (7.12)

However, when the dimension of the intertwiner space associated to v is bigger than nine, one cannot diagonalize q̂v analytically.
This prevents us from explicitly writing down the whole formula for the action of V̂v.

Since the volume operator is defined only by the flux operator (essentially the self-adjoint right-invariant operator). Hence
the derivation of the closed formula for the matrix element of volume operator just involves the action of the self-adjoint right-
invariant operator on spin-network states. The action involves the recoupling problem and can be dealt smoothly by simple rules
of transforming graphs in the Brink original graphical method. Comparing to volume operator, the gravitational Hamiltonian
constraint operator and the inverse volume operator depend also on holonomies in addition to fluxes. In order to calculate
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Note that here one has ✏�1 0+1 = 1 (see also Appendix B.6 for a proof). Notice that both [⇡ j(⌧µ)]m0
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intertwiner in the graphical method is to remove the three curves with spin 1 in (7.7) by using the previous rules of transforming
graphs. The identities in Eqs. (4.14), (4.15), (4.16) and (4.17) enable us to reduce the graphical formula (7.7) as
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where the factor F(a, a0, a00, a000) involves the intermediate momenta a, a0, a00 and a000 in the intertwiner. By the graphical identity
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we can remove the three curves with spin 1 and obtain the final result, which coincides with (4.21). The closed formula of
the volume operator was also derived by Brunnemann and Thiemann in [11, 19] using the algebraic techniques. The derivation
process in [11, 19] is rigorous but rather abstract and awkward. Our graphical method is convenient and visual, and our result
(4.25) coincides with the formula derived by the algebraic calculation for the case of I > 1 and J > I + 1 in [19]. Moreover, our
analysis shows that Eq. (4.25) is also valid for other cases and hence can be regarded as a general expression.

In principle, in the light of the matrix elements of q̂IJK in Eq. (4.25) we can finally write down the action of the volume
operator on the spin-network states. We denote

q̂v ⌘
i`6p �3

8 ⇥ 4

X

I<J<K, eI\eJ\eK=v

&(eI , eJ , eK) q̂IJK . (7.9)

With the matrix elements of q̂IJK , we can get the eigenvalues and corresponding eigenstates of q̂v as

q̂v|�q̂vi = �q̂v |�q̂vi. (7.10)

Then we can write down the action of V̂v on the intertwiner |ivi associated to v as

V̂v |ivi =
p
|q̂v| |ivi =

X
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p
|q̂v| |�q̂vih�q̂v |ivi =
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|�q̂v | h�q̂v |ivi

�
|�q̂vi. (7.11)

However, when the dimension of the intertwiner space associated to v is bigger than nine, one cannot diagonalize q̂v analytically.
This prevents us from explicitly writing down the whole formula for the action of V̂v.

Since the volume operator is defined only by the flux operator (essentially the self-adjoint right-invariant operator). Hence
the derivation of the closed formula for the matrix element of volume operator just involves the action of the self-adjoint right-
invariant operator on spin-network states. The action involves the recoupling problem and can be dealt smoothly by simple rules
of transforming graphs in the Brink original graphical method. Comparing to volume operator, the gravitational Hamiltonian
constraint operator and the inverse volume operator depend also on holonomies in addition to fluxes. In order to calculate
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2. The action of Euclidean Hamiltonian constraint operator
 The Hamiltonian constraint operator (Thiemann, 1998)

⇥ [a02(a02 + 1) � a2(a2 + 1)] ⇥

8>>><
>>>:
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�a0t ,at , for n > 4

1, for n = 4
. (4.34)

(III) I = 1, J = 3,K = 4
In this case, the general matrix element formula (4.27) reduces to
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(4.35)

(IV) I = 2, J = 3,K = 4
In this case, we have aI�1 = a1 = j1. Then the general matrix element formula (4.27) reduces to
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5 The Hamiltonian constraint operator

In Hamiltonian formulation of GR, the dynamical information of GR is encoded in the Hamiltonian constraint. In canonical
LQG, while the kinematical structure has been successfully established, the implementation of the Hamiltonian constraint in
the quantum theory is still in exploration. Hence the quantum dynamics of LQG is still an open problem up to now. After
the pioneering work of Rovelli and Smolin [48], Thiemann first constructed a well-defined Hamiltonian constraint operator in
Hkin [4, 16]. This operator is anomaly-free in some sense [4, 16]. The technique to quantize the Hamiltonian constraint in
LQG has also been applied to the coupling of gravity with matter [17], high-dimensional GR [49], the scalar–tensor theories
of gravity [50, 51], and the symmetry-reduced models of LQG [25, 52–55]. Moreover, to understand the relation between the
canonical and covariant quantum dynamics, one also needs to calculate the matrix elements of the Hamiltonian constraint on
given quantum states. In this section, we first recall the construction of Thiemann’s Hamiltonian constraint operator, and then
derive the action of the Euclidean Hamiltonian constraint operator on a spin-network function over trivalent vertices.

5.1 Quantization of the Hamiltonian constraint

The classical Hamiltonian constraint of pure gravity in the connection formulation of GR is given by

Hgr(N) =
1
2

Z

⌃

d3x N
Ẽa

i Ẽb
jp

det(q)

h
✏i jkFk

ab � 2(1 + �2)Ki
[aK j

b]

i
=: HE(N) � 2(1 + �2)T (N), (5.1)

where Fk
ab is the curvature of S U(2) connection Ai

c, and Ki
(aeb)i is the extrinsic curvature of a spatial hypersurface ⌃ in a spacetime.

The function HE(N) is called the Euclidean Hamiltonian constraint. In the following, we focus on the regularization of HE(N).
Let us triangulate ⌃ into tetrahedra � so that the above integral becomes a sum of integrals over �, i.e.,

R
⌃
=
P
�

R
�

. We denote
the triangulation of ⌃ by T (✏). The small parameter ✏ indicates the “length” of the edges of �. For each �, we single out one of
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its vertices and call it the base-point v(�) of � and denote its three edges outgoing from v(�) by sI(�), I = 1, 2, 3. Taking the
limit ✏ ! 0 corresponds to shrinking � to v(�). Let ↵IJ(�) := sI(�) � aIJ � s�1

J (�) be the loop based at v(�), where aIJ is the
edge of � from the endpoint of sI(�) to the endpoint of sJ(�). Then the Euclidean Hamiltonian constraint can be written in the
form [4, 16]

HE(N) =
1
2

Z

⌃

d3x N✏i jk
Ẽa

i Ẽb
jp

det(q)
Fk

ab = �
2
2�

X

�2T (✏)

Z

�

d3x N̄ ✏̃abctr(Fab{Ac,V})

= lim
✏!0

2
32�

X

�2T (✏)

N̄(v(�))✏ IJK tr(h↵IJ (�)hsK (�){h�1
sK (�),V})

=: lim
✏!0

HE
T (✏)(N)

where N̄ := sgn(det(el
d))N, Ac := Ak

c⌧k, V denotes the volume function of ⌃, and in the second step we have used the identities

✏i jk
Ẽa

i Ẽb
jp

det(q)
= sgn(det(el

d))✏̃abcek
c = sgn(det(el

d))✏̃abc 2
�
{Am

c ,V}�km, tr(⌧k⌧m) = �
1
2
�km. (5.2)

To simplify the notations, we will drop the bar over N. Replacing V by V̂ , holonomies by holonomy operators (since the
holonomy operator acts as a multiplication operator, we also omit the hat for simplification of notation), and the Poisson bracket
by 1/(i~) times the commutator, the regulated Euclidean Hamiltonian constraint operator reads

ĤE
T (✏)(N) =

2
3i~2�

X

�2T (✏)

N(v(�))✏ IJK tr(h↵IJ (�)hsK (�)[h�1
sK (�), V̂])

= �
2

3i~2�

X

�2T (✏)

N(v(�))✏ IJK tr(h↵IJ (�)hsK (�)V̂h�1
sK (�))

=: �
2

3i~2�

X

�2T (✏)

N(v(�))ĤE
� . (5.3)

It is clear that the operator (5.4) depends on the triangulation T (✏). It turns out that the non-trivial action of ĤE
�

on a cylindrical
function f� corresponds to the case v(�) \ � , ;. Thus one can triangulate ⌃ adapted to � [16]. We denote the triangulation
adapted to � by T (�). Then the action of the regularized Euclidean Hamiltonian constraint operator (5.4) on f� reduces to [16]

ĤE
� (N) · f� := ĤE

T (�)(N) · f� = �
2

3i~2�

X

v2V(�)

N(v)
8

E(v)

X

v(�)=v

ĤE
� · f� =:

X

v2V(�)

N0vĤE
v · f�, (5.4)

where E(v) is the number of non-planar triples of edges of � or �0 at v, N0v := � 16
3i~2�

N(v)
E(v) , and

ĤE
v :=

X

v(�)=v

✏ IJK tr(h↵IJ (�)hsK (�)V̂h�1
sK (�)). (5.5)

The limit ✏ ! 0 can be taken in a natural operator topology [4, 16]. The label T for the triangulation T (�) can be dropped since
the final limit operator is independent of ✏.

5.2 The action of ĤE
� (N) on a trivalent non-planar vertex

The action of the Hamiltonian constraint (5.5) is local in the sense that it is a sum over independent vertices. Therefore, we can
concentrate on its action on a single vertex. For a spin-network state T�,~j,~i(A) on a graph �, we consider a trivalent non-planar
vertex v 2 V(�) at which three edges e1, e2, e3 incident. The terms in T�,~j,~i(A) directly associated to v can be represented by

T v
�,~j,~i

(A) := (iv) m1m2m3 [⇡ j1 (he1 )]m1
n1

[⇡ j2 (he2 )]m2
n2

[⇡ j3 (he3 )]m3
n3
, (5.6)

where (iv) m1m2m3 ⌘

⇣
i J=0;~a⌘{a2= j3}

j1, j2, j3

⌘
m1m2m3

M=0
denotes the intertwiner associated to v. For the trivalent non-planar vertex v under

consideration, the summation in the expression of ĤE
v in (5.6) is over only one tetrahedron � adapted to � at v. We will omit the

notation �. Then the action of ĤE
v on T v

�,~j,~i
(A) can be explicitly written as

ĤE
v · T

v
�,~j,~i

(A) = ✏ IJK tr(h↵IJ hsK V̂h�1
sK

) · T v
�,~j,~i

(A) = ✏ IJK[h↵IJ ]A
B[hsK ]B

CV̂[h�1
sK

]C
A · T

v
�,~j,~i

(A)
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T (�)(N) · f� = �
2

3i~2�

X

v2V(�)

N(v)
8

E(v)

X

v(�)=v

ĤE
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Consider a trivalent non-planar vertex     at which three edges                 incident.v e1, e2, e3



3 Graphical calculus 26

(i) The action of operator Ĥ
E

v
on SNF can be expressed as three operators acting on

SNF, with the three operators being mutually symmetric.

(ii) SNF is symmetric with respect to its three edges.

(iii) The action of one term, e.g., Ĥ
E

v
, s2s3s1 , on SNF su�ces to determine the actions

of the remaining two terms, due to symmetry.



Step I 

Step IStep IIStep III

The volume operator is automatically diagonal

on the 2-dimensional intertwiner space.



Step II 



Step III 





3. The action of the inverse volume operator
The matter Hamiltonian constraint operator (Thiemann, 1998)

Gauge-invariant :

The inverse volume operator :
(gauge-invariant)

  A gauge-invariant SNF at a trivalent vertex

 (non-trivial eigenstate with zero-eigenvalue)

The intertwiner space associated to v is 1-dim

1 1
1 2
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