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1. Elementary operators and their actions
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4. Graphical calculus

A (4.1)
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2. Spin-network states（based on standard graphs）

A spin-network state （based on a standard graph）

1. Adding a (pseudo-)vertex     to each edge         of the original graph.

2. Splitting each edge of the original graph into two edges (two segments) 

starting from the original graph's vertices.

（original graph） （standard graph）

The original graph      standard graph

A spin-network

The normalized spin-network state

3 Graphical calculus 20

3.2 Spin network states (based on a standard graph)

The kinematical spaceHkin is spanned by the spin-network states. A spin-network
state (based on a standard graph) is defined by
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ṽ
, (3.2)

where ⇡ je
(he(A)) denotes the representation of he(A), iv and iṽ are the intertwiners asso-

ciated to true vertices v and pseudo-vertices ṽ respectively, and · stands for contracting
the upper (or former) indices of representation matrices ⇡ je

(he(A)) with indices of in-
tertwiners iv at true vertices v, the lower (or later) indices of ⇡ je

(he(A)) with indices of
intertwiners iṽ at pseudo-vertices ṽ. Given n edges outgoing from a true v with n spins
j1, . . . , jn coupled to a total angular momentum J in the standard coupling scheme, the
matrix elements of the intertwiner iv associated to v are given by
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Similarly, given two edges incident at a pseudo-vertex ṽ with two spins j1, j2 coupled
to a total angular momentum J in the standard coupling scheme, the matrix elements
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The gauge-invariant (or gauge-variant) spin-network states correspond to the states
whose intertwiners associated to both the true vertices and the pseudo-vertices are
gauge-invariant (or gauge-variant) corresponding to the resulting angular momenta
J = 0 (or J , 0). The normalized spin-network state takes the form
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The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space.
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For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T

v
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ṽ
, (3.2)

where ⇡ je
(he(A)) denotes the representation of he(A), iv and iṽ are the intertwiners asso-

ciated to true vertices v and pseudo-vertices ṽ respectively, and · stands for contracting
the upper (or former) indices of representation matrices ⇡ je

(he(A)) with indices of in-
tertwiners iv at true vertices v, the lower (or later) indices of ⇡ je

(he(A)) with indices of
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to a total angular momentum J in the standard coupling scheme, the matrix elements
of the intertwiner i

⇤

ṽ
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intertwiners iṽ at pseudo-vertices ṽ. Given n edges outgoing from a true v with n spins
j1, . . . , jn coupled to a total angular momentum J in the standard coupling scheme, the
matrix elements of the intertwiner iv associated to v are given by

(iv)m1m2···mn

M
⌘

⇣
i

J;~a
j1··· jn

⌘
m1m2···mn

M

:= (�1) j1�
P

n

i=2 ji�J
hJM;~a | j1m1 j2m2 · · · jnmni. (3.3)

Similarly, given two edges incident at a pseudo-vertex ṽ with two spins j1, j2 coupled
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N . (3.4)

The gauge-invariant (or gauge-variant) spin-network states correspond to the states
whose intertwiners associated to both the true vertices and the pseudo-vertices are
gauge-invariant (or gauge-variant) corresponding to the resulting angular momenta
J = 0 (or J , 0). The normalized spin-network state takes the form

T
norm
�,~j,~i

(A) :=
O

v2V(�)

iv ·

O

e2E(�)

q
d je
⇡ je

(he(A)) ·
O

ṽ2V(�)

i
⇤

ṽ
. (3.5)

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space.

Note that

h j3m3| j1m1 j2m2i = (�1) j1� j2� j3
p

2 j3 + 1
X

m
0

3

 
j1 j2 j3

m1 m2 m
0

3

!
C

m
0

3m3

( j3)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T

v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T
v

�,~j,~i
(A) := (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

· · · [⇡ jn
(hen

)]mn

nn

[ĥeI
]B

C
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

h
⇡ 1

2
(heI

)
iB

C
· · · [⇡ jn

(hen
)]mn

nn

A ↦ Ag = − (dg)g−1 + gAg−1

he(Ag) = g(b(e))he(A)g( f (e))−1

V1

v1

⇡1(g)

⇡1(g)v1

i

V2

v2

⇡2(g)

⇡2(g)v1
i

i π1(g) = π2(g) i
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T
norm
�,~j,~i

(Ag) =
O

v2V(�)

iv ·

O

e2E(�)

q
d je
⇡ je

(he(Ag)) ·
O

ṽ2V(�)

i
⇤

ṽ

=
O

v2V(�)

iv ·

O

e2E(�)

q
d je
⇡ je

(g(b(e))) · ⇡ je
(he(A)) · ⇡ je

(g( f (e))�1) ·
O

ṽ2V(�)

i
⇤

ṽ

=
O

v2V(�)

iv ·

O

b(e)=v

⇡ je
(g(v)) ·

O

e2E(�)

q
d je
· ⇡ je

(he(A)) ·
O

f (e)=ṽ

⇡ je
(g(ṽ)�1) ·

O

ṽ2V(�)

i
⇤

ṽ

=
O

v2V(�)

2
6666664iv ·

O

b(e)=v

⇡ je
(g(v))

3
7777775 ·

O

e2E(�)

q
d je
· ⇡ je

(he(A)) ·
O

ṽ2V(�)

2
6666664i
⇤

ṽ
·

O

f (e)=ṽ

⇡J(g(ṽ)�1)

3
7777775

=
O

v2V(�)

⇥
⇡J(g(v)) · iv

⇤
·

O

e2E(�)

q
d je
· ⇡ je

(he(A)) ·
O

ṽ2V(�)

⇥
⇡⇤

J
(g(ṽ)) · i⇤

ṽ

⇤

J=0
=

O

v2V(�)

iv ·

O

e2E(�)

q
d je
⇡ je

(he(A)) ·
O

ṽ2V(�)

i
⇤

ṽ

Note that

h j3m3| j1m1 j2m2i = (�1) j1� j2� j3
p

2 j3 + 1
X

m
0

3

 
j1 j2 j3

m1 m2 m
0

3

!
C

m
0

3m3

( j3)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�) at which n edges e1, . . . en incident and denote
T

v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly associated to v

T
v

�,~j,~i
(A) := (iv)m1···mI ···mn

M [⇡ j1 (he1 (A))]m1
n1
· · · [⇡ jI

(heI
(A))] mI

nI

· · · [⇡ jn
(hen

(A))]mn

nn

(iv)m1m2⋯mn

M ≡ (i J; ⃗a
j1⋯jn)m1⋯mn

M
= (−1) j1−∑n

i=2 ji−J ∑
k2,…,kn−1

⟨a2k2 | j1m1 j2m2⟩⋯⟨JM |an−1kn−1 jnmn⟩
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The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn

[ĥeI ]
B

C · T
v
�,~j,~i

(A) = (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI

h
⇡ 1

2
(heI )

iB

C
· · · [⇡ jn (hen )]mn

nn

= (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · ·

X

j0I ,m
0

I ,n
0

I

✓
i j0I

jI
1
2

◆

m0I

mI B
[⇡ j0I (heI )]

m0I
n0I

✓
i j0I

jI
1
2

◆

nIC

n0I
· · · [⇡ jn (hen )]mn

nn
.

(4.7)

T v
�,~j,~i

(A) reads

Ji
eI
· T v
�,~j,~i

(A) = (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · ·

 
�i

d
dt

�����
t=0

[⇡ jI (e
t⌧i heI )]

mI
nI

!
· · · [⇡ jn (hen )]mn

nn

=
h
(iv)m1···m0I ···mn

M
⇣
�i [⇡ jI (⌧i)]m0I

mI

⌘i
[⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn
,

(4.8)

which indicates that Ji
eI

leaves � and ~j invariant, but does change the intertwiner as-
sociated to v by contracting matrix elements of the ith ⌧ with the intertwiner in the
following way:

Ji
eI
· (iv)m1···mI ···mn

M = (iv)m1···m0I ···mn
M

⇣
�i [⇡ jI (⌧i)]m0I

mI

⌘
. (4.9)

5.¯sÑ„p”Ñ

5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�) at which n edges e1, . . . en incident and
denote T

v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly associated to v. Then the action of the holonomy operator [ĥeI

]B

C
on

T
v

�,~j,~i
(A) := (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

· · · [⇡ jn
(hen

)]mn

nn

(3.17)

reads

[ĥeI
]B

C
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

h
⇡ 1

2
(heI

)
iB

C
· · · [⇡ jn

(hen
)]mn

nn

= (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

X

j
0

I
,m0

I
,n0

I

✓
i

j
0

I

jI
1
2

◆

m
0

I

mI B

[⇡ j
0

I
(heI

)] m
0

I

n
0

I

✓
i

j
0

I

jI
1
2

◆

nIC

n
0

I

· · · [⇡ jn
(hen

)]mn

nn

. (3.18)

where Eq. (2.14) was used in the second step. On the other hand, the action of J
i

eI
defined in Eq. (3.16) on T

v

�,~j,~i
(A) reads

J
i

eI
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

 
�i

d
dt

�����
t=0

[⇡ jI
(et⌧i heI

)] mI

nI

!
· · · [⇡ jn

(hen
)]mn

nn

=
h
(iv)m1···m

0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘i
[⇡ j1 (he1 )]m1

n1
· · · [⇡ jI

(heI
)]mI

nI

· · · [⇡ jn
(hen

)]mn

nn

, (3.19)

which indicates that J
i

eI
leaves � and ~j invariant, but does change the intertwiner associated to v by contracting matrix elements

of the ith ⌧ with the intertwiner in the following way:

J
i

eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘
. (3.20)

However, in practical calculation, it is not convenient to directly compute the contraction of matrix elements of ⌧i with an
intertwiner. One usually introduces the irreducible tensor operators [59], or the spherical tensors of ⌧i, to replace the original
⌧i for a reason that will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to ⌧i (i = 1, 2, 3), are
defined in Eq. (2.8), and their matrix elements [⇡ j(⌧µ)]m

0

m
are related to the 3 j-symbols in Eq. (2.9). The spherical tensor ⌧µ

generates the self-adjoint right-invariant operator J
µ
eI

defined by

J
µ
eI
· f�(he1 , . . . , heI

, . . . , hen
) := �i

d
dt

�����
t=0

f�(he1 , . . . , e
t⌧µheI

, . . . , hen
). (3.21)

The action of J
µ
eI

on (iv)m1···mI ···mn

M reads

J
µ
eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧µ)]m
0

I

mI

⌘
. (3.22)

Any gauge-invariant operator, e.g., the volume operator considered in this paper, defined by J
is can be expressed in terms of the

corresponding J
µs. Hence its action on the spin-network states is essentially equivalent to contracting 3 j-symbols (or CGCs)

with corresponding intertwiners.

B. Graphical representation and graphical calculation in LQG

To implement graphical calculus for LQG, the strategy is as follows. Firstly, one expresses the spin-network states in a
graphical formula. Secondly, one derives graphically the actions of the two elementary operators of LQG on the spin-network
states. Thirdly, the actions of any well-defined operators in the kinematical space on a spin-network state can be derived by the
simple rules of transforming graphs presented in Sec. II B.

The spin-network states T�,~j,~i(A) in (3.10) involve two ingredients, the representation ⇡ je
(he) and the intertwiners iv. The

intertwiner (iv)m1m2···mn

M in Eq. (3.11) associated to a true vertex v, from which n edges are outgoing, is represented in a
graphical formula by Eq. (2.35) as

(iv) m1m2···mn

M
⌘

⇣
i

J;~a
j1··· jn

⌘
m1m2···mn

M

=

n�1Y

i=2

p
dai

p
dJ

m1 m2

j1 j2

a2
� an�1

mn

jn

� J
M
. (3.23)

The intertwiner (iṽ)N

n1n2 in Eq. (3.12) associated to a pseudo-vertex ṽ, at which two incoming edges meet, is represented in a
graphical formula by Eq. (2.34) as

(iṽ)N

n1n2 ⌘

⇣
i

J

j1 j2

⌘
N

n1n2
=

p
dJ

n1 n2

j1 j2

J� N
. (3.24)

10

acting at an edge — coupling with holonomy of an edge

acting at a vertex — contracting with intertwiner of a vertex 

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�) at which n edges e1, . . . en incident and
denote T

v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly associated to v. Then the action of the holonomy operator [ĥeI

]B

C
on

T
v

�,~j,~i
(A) := (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

· · · [⇡ jn
(hen

)]mn

nn

(3.17)

reads

[ĥeI
]B

C
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

h
⇡ 1

2
(heI

)
iB

C
· · · [⇡ jn

(hen
)]mn

nn

= (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

X

j
0

I
,m0

I
,n0

I

✓
i

j
0

I

jI
1
2

◆

m
0

I

mI B

[⇡ j
0

I
(heI

)] m
0

I

n
0

I

✓
i

j
0

I

jI
1
2

◆

nIC

n
0

I

· · · [⇡ jn
(hen

)]mn

nn

. (3.18)

where Eq. (2.14) was used in the second step. On the other hand, the action of J
i

eI
defined in Eq. (3.16) on T

v

�,~j,~i
(A) reads

J
i

eI
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

 
�i

d
dt

�����
t=0

[⇡ jI
(et⌧i heI

)] mI

nI

!
· · · [⇡ jn

(hen
)]mn

nn

=
h
(iv)m1···m

0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘i
[⇡ j1 (he1 )]m1

n1
· · · [⇡ jI

(heI
)]mI

nI

· · · [⇡ jn
(hen

)]mn

nn

, (3.19)

which indicates that J
i

eI
leaves � and ~j invariant, but does change the intertwiner associated to v by contracting matrix elements

of the ith ⌧ with the intertwiner in the following way:

J
i

eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘
. (3.20)

However, in practical calculation, it is not convenient to directly compute the contraction of matrix elements of ⌧i with an
intertwiner. One usually introduces the irreducible tensor operators [59], or the spherical tensors of ⌧i, to replace the original
⌧i for a reason that will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to ⌧i (i = 1, 2, 3), are
defined in Eq. (2.8), and their matrix elements [⇡ j(⌧µ)]m

0

m
are related to the 3 j-symbols in Eq. (2.9). The spherical tensor ⌧µ

generates the self-adjoint right-invariant operator J
µ
eI

defined by

J
µ
eI
· f�(he1 , . . . , heI

, . . . , hen
) := �i

d
dt

�����
t=0

f�(he1 , . . . , e
t⌧µheI

, . . . , hen
). (3.21)

The action of J
µ
eI

on (iv)m1···mI ···mn

M reads

J
µ
eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧µ)]m
0

I

mI

⌘
. (3.22)

Any gauge-invariant operator, e.g., the volume operator considered in this paper, defined by J
is can be expressed in terms of the

corresponding J
µs. Hence its action on the spin-network states is essentially equivalent to contracting 3 j-symbols (or CGCs)

with corresponding intertwiners.

B. Graphical representation and graphical calculation in LQG

To implement graphical calculus for LQG, the strategy is as follows. Firstly, one expresses the spin-network states in a
graphical formula. Secondly, one derives graphically the actions of the two elementary operators of LQG on the spin-network
states. Thirdly, the actions of any well-defined operators in the kinematical space on a spin-network state can be derived by the
simple rules of transforming graphs presented in Sec. II B.

The spin-network states T�,~j,~i(A) in (3.10) involve two ingredients, the representation ⇡ je
(he) and the intertwiners iv. The

intertwiner (iv)m1m2···mn

M in Eq. (3.11) associated to a true vertex v, from which n edges are outgoing, is represented in a
graphical formula by Eq. (2.35) as

(iv) m1m2···mn

M
⌘

⇣
i

J;~a
j1··· jn

⌘
m1m2···mn

M

=

n�1Y

i=2

p
dai

p
dJ

m1 m2

j1 j2

a2
� an�1

mn

jn

� J
M
. (3.23)

The intertwiner (iṽ)N

n1n2 in Eq. (3.12) associated to a pseudo-vertex ṽ, at which two incoming edges meet, is represented in a
graphical formula by Eq. (2.34) as

(iṽ)N

n1n2 ⌘

⇣
i

J

j1 j2

⌘
N

n1n2
=

p
dJ

n1 n2

j1 j2

J� N
. (3.24)

10

τi := − iσi /2, σi : Pauli matrices i = 1,2,3

τ0 := τ3, τ±1 := ∓
1

2
(τ1 ± iτ2)

3. The actions on spin-network states（based on standard graphs）
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The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn

5.¯sÑ„p”Ñ

5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ
V å W ÑÙåzÙ�∞: V �W. ‚œzÙÑÙåÑöI¶Ô¬⇤ [16] p.344.

π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (5.1)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(5.2)

W̃ ⌘
n
(0,w)|w 2 W

o
(5.3)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:
�Ñ ⌅ (isomorphism)

V ! Ṽ (5.4)
W ! W̃ (5.5)

v

Ṽ \ W̃ = 0 (5.6)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (5.7)

[πj1(he1
(A)]m1

n1
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T
v

�,~j,~i
(Ag) = (iv)m1···mI ···mn

M [⇡ j1 (he1 (Ag))]m1
n1
· · · [⇡ jI

(heI
(Ag))] mI

nI

· · · [⇡ jn
(hen

(Ag))]mn

nn

= (iv)m1···mI ···mn

M [⇡ j1 (g(v))]m1
m
0

1
· · · [⇡ jI

(g(v))] m
0

I

m
0

I

· · · [⇡ jn
(g(v))]m

0
n

m
0
n

[⇡ j1 (he1 (A))]m
0

1
n
0

1
· · · [⇡ jI

(heI
(A))] m

0

I

n
0

I

· · · [⇡ jn
(hen

(A))]m
0
n

n
0
n

[⇡ j1 (g(v1)�1)]n
0

1
n1
· · · [⇡ jI

(g(vI)�1)] n
0

I

nI

· · · [⇡ jn
(g(vn)�1)]n

0
n

nn

T
v

�,~j,~i
(A) := (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

· · · [⇡ jn
(hen

)]mn

nn

and its transformation

T
v

�,~j,~i
(Ag) := (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

· · · [⇡ jn
(hen

)]mn

nn

[ĥeI
]B

C
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

h
⇡ 1

2
(heI

)
iB

C
· · · [⇡ jn

(hen
)]mn

nn

= (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

X

j
0

I
,m0

I
,n0

I

✓
i

j
0

I

jI
1
2

◆

m
0

I

mI B

[⇡ j
0

I
(heI

)] m
0

I

n
0

I

✓
i

j
0

I

jI
1
2

◆

nIC

n
0

I

· · · [⇡ jn
(hen

)]mn

nn

.

(3.6)

T
v

�,~j,~i
(A) reads

J
i

eI
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

 
i

d
dt

�����
t=0

[⇡ jI
(e�t⌧i heI

)] mI

nI

!
· · · [⇡ jn

(hen
)]mn

nn

=
h
(iv)m1···m

0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘i
[⇡ j1 (he1 )]m1

n1
· · · [⇡ jI

(heI
)]mI

nI

· · · [⇡ jn
(hen

)]mn

nn

which indicates that J
i

eI
leaves � and ~j invariant, but does change the intertwiner as-

sociated to v by contracting matrix elements of the ith ⌧ with the intertwiner in the
following way:

J
i

eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘
. (3.7)

However, in practical calculation, it is not convenient to directly compute the contrac-
tion of matrix elements of ⌧i with an intertwiner. One usually introduces the irreducible
tensor operators, or the spherical tensors of ⌧i, to replace the original ⌧i for a reason that
will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to
⌧i (i = 1, 2, 3), are defined by

⌧0 := ⌧3, ⌧±1 := ⌥
1
p

2
(⌧1 ± i⌧2) . (3.8)

J
µ
eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧µ)]m
0

I

mI

⌘
. (3.9)



3. The actions on spin-network states（based on standard graphs）

⟨ j3m3 | j1m1 j2m2⟩ = (−1) j1−j2−j3 dj3 ∑
m′￼3

( j1 j2 j3
m1 m2 m′￼3) Cm′￼3m3

( j3)

Wigner 3-j symbol “Metric”

Properties of 3j-symbol
1. Symmetry：

odd-numbered

(cyclic symmetry)

2. Reality�(unitary)：

3. Orthogonality：

( j j′￼ 0
m m′￼ 0) =

δj, j′￼

dj

C( j)
m′￼m

“Metric”       o  on 

C( j)
m′￼m = (−1)2jC( j)

mm′￼

satisfying

Cmm′￼
( j) = (−1)2jCm′￼m

( j)

C( j)
mnCnm′￼

( j) = Cm′￼n
( j) C( j)

nm = δm′￼
m

C( j)
nmCnm′￼

( j) = Cm′￼n
( j) C( j)

mn = (−1)2jδm′￼
m

5¯sÑ„p”Ñ 14

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn

5.¯sÑ„p”Ñ

5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ
V å W ÑÙåzÙ�∞: V �W. ‚œzÙÑÙåÑöI¶Ô¬⇤ [16] p.344.

π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (5.1)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(5.2)

W̃ ⌘
n
(0,w)|w 2 W

o
(5.3)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:
�Ñ ⌅ (isomorphism)

V ! Ṽ (5.4)
W ! W̃ (5.5)

v

Ṽ \ W̃ = 0 (5.6)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (5.7)

even-numbered

Vj

(iv)m1m2⋯mn

M ≡ (i J; ⃗a
j1⋯jn)m1⋯mn

M
= (−1) j1−∑n

i=2 ji−J ∑
k2,…,kn−1

⟨a2k2 | j1m1 j2m2⟩⋯⟨JM |an−1kn−1 jnmn⟩



4. Graphical representation: intertwiner

5¯sÑ„p”Ñ 14

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn

5.¯sÑ„p”Ñ

5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ
V å W ÑÙåzÙ�∞: V �W. ‚œzÙÑÙåÑöI¶Ô¬⇤ [16] p.344.

π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (5.1)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(5.2)

W̃ ⌘
n
(0,w)|w 2 W

o
(5.3)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:
�Ñ ⌅ (isomorphism)

V ! Ṽ (5.4)
W ! W̃ (5.5)

v

Ṽ \ W̃ = 0 (5.6)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (5.7)

(iv)m1m2⋯mn

M ≡ (i J; ⃗a
j1⋯jn)m1⋯mn

M
= (−1) j1−∑n

i=2 ji−J ∑
k2,…,kn−1

⟨a2k2 | j1m1 j2m2⟩⋯⟨JM |an−1kn−1 jnmn⟩

⟨ j3m3 | j1m1 j2m2⟩ = (−1) j1−j2−j3 dj3 ∑
m′￼3

( j1 j2 j3
m1 m2 m′￼3) Cm′￼3m3

( j3)

Wigner 3-j symbol “Metric”

Wigner 3j-symbol “Metric”

Kronecker delta symbol Summation over the same indices



4. Graphical representation: holonomy

5¯sÑ„p”Ñ 14

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn

5.¯sÑ„p”Ñ

5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ
V å W ÑÙåzÙ�∞: V �W. ‚œzÙÑÙåÑöI¶Ô¬⇤ [16] p.344.

π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (5.1)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(5.2)

W̃ ⌘
n
(0,w)|w 2 W

o
(5.3)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:
�Ñ ⌅ (isomorphism)

V ! Ṽ (5.4)
W ! W̃ (5.5)

v

Ṽ \ W̃ = 0 (5.6)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (5.7)

Matrix element of holonomy with irrep.



4. Graphical representation: spin network states

5¯sÑ„p”Ñ 14

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn

5.¯sÑ„p”Ñ

5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ
V å W ÑÙåzÙ�∞: V �W. ‚œzÙÑÙåÑöI¶Ô¬⇤ [16] p.344.

π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (5.1)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(5.2)

W̃ ⌘
n
(0,w)|w 2 W

o
(5.3)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:
�Ñ ⌅ (isomorphism)

V ! Ṽ (5.4)
W ! W̃ (5.5)

v

Ṽ \ W̃ = 0 (5.6)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (5.7)

In particular, a gauge-invariant intertwiner associated to a vertex v of a standard graph at which n edges with spin j1, . . . , jn

incident is represented by

(iv) m1m2···mn

0 =

n�1Y

i=2

p
dai

m1 m2

j1 j2

a2
� an�1 = jn

mn

jn

� J = 0
M = 0

mn�1

jn�1

�an�2

. (3.25)

Taking account of Eqs. (2.31) and (2.38), Eq. (3.25) is equal to (�1)2 jn times of the formula

n�2Y

i=2

p
2ai + 1

m1 m2

j1 j2

a2
�

mn

jn

mn�1

jn�1

�an�2

. (3.26)

Since the only di↵erence between (3.26) and (3.25) is a factor (�1)2 jn , Eq. (3.26) is also used to represent the gauge-invariant
intertwiner in the literature. Hence the 3 j-symbol (2.28) is indeed the normalized gauge-invariant intertwiner associated to
a trivalent vertex v from which three edges start. The “metric” tensor (2.30), as the special 3 j-symbol, is the gauge-invariant
intertwiner associated to a divalent vertex v from which two edges start. It can be normalized by multiplying a factor 1/

p
d j. The

Kronecker delta (2.32) inH j is the gauge-invariant intertwiner associated to a divalent (trivial) vertex v such that v = b(e) = f (e0)
is the intersection of two edges e and e

0, which can be normalized by multiplying a factor 1/
p

d j.
In Sec. II B, the original Brink’s representation has been extended to propose a graphical representation for the unitary

irreducible representation ⇡ j of S U(2). In this respresentation, the matrix element [⇡ j(g)]m

n
is denoted by a blue line with a

hollow arrow (triangle) in it in Eq. (2.49). For group elements such as the holonomies he of the connection A along an edge e,
their matrix elements can simply be represented by

[⇡ j(he)]m

n
= hem

j
n =: m

j
n

e
. (3.27)

By Eqs. (3.7), (2.50) and (3.27), the matrix elements of the inverse of a holonomy can be represented by

[⇡ j(h�1
e

)]n

m
= [⇡ j(he�1 )]n

m
= C

( j)
mm0

[⇡ j(he)]m
0

n0
C

n
0
n

( j) = j

e�1

mn = n m
j

e
. (3.28)

The above graphical representation involving the holonomies has the following advantages: (i) The edge and the irreducible
representation of the holonomy along the edge have been represented by the elements e and j labeling the line; (ii) the orientation
of e with respect to the vertices has been reflected by the orientation of the arrow on the line; (iii) the row index (the tensor index
of H⇤

j
) and the column index (the tensor index of H j) have been represented by the two indices m and n, respectively, labeling

the starting and the ending points of the line; (iv) the matrix element [⇡ j(he)]m

n
and the “metric” tensor C

( j)
m0m

in the graphical
formula are distinguished by di↵erent colors (blue v.s. black) and elements (two v.s. one) of the lines; (v) the coupling rules
of the representations of holonomies match Brink’s representations for the CGC (see Eq. (3.30)). Up to now, the irreducible
representation ⇡ je

(he) of holonomy and the intertwiners iv and iṽ are successfully represented in Eqs. (3.27), (3.23) and (3.24) in
the graphical formula. Hence the terms (3.17) in T�,~j,~i(A) directly associated to v can be represented by

T
v

�,~j,~i
(A) =

n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI an�1
� J

M

n1

jI

nI

eI jI

jn

nn

e1 j1 en jn

. (3.29)

Now let us consider the graphical calculation of the actions of the two elementary operators on the spin-network states. The
action of the holonomy operator on the spin network states has been derived in the algebraic form in Eq. (3.18). Note that the
action of the holonomy operator on the spin network states involves the coupling rules of representations of holonomies. In Eqs.
(2.51) and (2.52), the Clebsch–Gordan series coupling two irreducible representations of S U(2) have been carried out in the
graphical formula. Hence the coupling rules of representations of holonomies can be represented by

m1

m2

m0
1

m0
2

j1
e

j2
e =

X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

=
X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

, (3.30)

and

m1

m2

m0
1

m0
2

j1
e

j2
e�1 =

X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

=
X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

. (3.31)
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5. Graphical calculus: the actions of elementary operators

5¯sÑ„p”Ñ 14

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn

5.¯sÑ„p”Ñ

5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ
V å W ÑÙåzÙ�∞: V �W. ‚œzÙÑÙåÑöI¶Ô¬⇤ [16] p.344.

π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (5.1)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(5.2)

W̃ ⌘
n
(0,w)|w 2 W

o
(5.3)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:
�Ñ ⌅ (isomorphism)

V ! Ṽ (5.4)
W ! W̃ (5.5)

v

Ṽ \ W̃ = 0 (5.6)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (5.7)

5¯sÑ„p”Ñ 14

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn

[ĥeI ]
B

C · T
v
�,~j,~i

(A) = (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI

h
⇡ 1

2
(heI )

iB

C
· · · [⇡ jn (hen )]mn

nn

= (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · ·

X

j0I ,m
0

I ,n
0

I

✓
i j0I

jI
1
2

◆

m0I

mI B
[⇡ j0I (heI )]

m0I
n0I

✓
i j0I

jI
1
2

◆

nIC

n0I
· · · [⇡ jn (hen )]mn

nn
.

(4.7)

T v
�,~j,~i

(A) reads

Ji
eI
· T v
�,~j,~i

(A) = (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · ·

 
�i

d
dt

�����
t=0

[⇡ jI (e
t⌧i heI )]

mI
nI

!
· · · [⇡ jn (hen )]mn

nn

=
h
(iv)m1···m0I ···mn

M
⇣
�i [⇡ jI (⌧i)]m0I

mI

⌘i
[⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn
,

(4.8)

which indicates that Ji
eI

leaves � and ~j invariant, but does change the intertwiner as-
sociated to v by contracting matrix elements of the ith ⌧ with the intertwiner in the
following way:

Ji
eI
· (iv)m1···mI ···mn

M = (iv)m1···m0I ···mn
M

⇣
�i [⇡ jI (⌧i)]m0I

mI

⌘
. (4.9)

5.¯sÑ„p”Ñ

5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�) at which n edges e1, . . . en incident and
denote T

v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly associated to v. Then the action of the holonomy operator [ĥeI

]B

C
on

T
v

�,~j,~i
(A) := (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

· · · [⇡ jn
(hen

)]mn

nn

(3.17)

reads

[ĥeI
]B

C
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

h
⇡ 1

2
(heI

)
iB

C
· · · [⇡ jn

(hen
)]mn

nn

= (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

X

j
0

I
,m0

I
,n0

I

✓
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j
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I

jI
1
2

◆
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I

mI B

[⇡ j
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I
(heI
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n
0
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✓
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◆

nIC
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· · · [⇡ jn
(hen

)]mn

nn

. (3.18)

where Eq. (2.14) was used in the second step. On the other hand, the action of J
i

eI
defined in Eq. (3.16) on T

v

�,~j,~i
(A) reads

J
i

eI
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

 
�i

d
dt

�����
t=0

[⇡ jI
(et⌧i heI

)] mI

nI

!
· · · [⇡ jn

(hen
)]mn

nn

=
h
(iv)m1···m

0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘i
[⇡ j1 (he1 )]m1

n1
· · · [⇡ jI

(heI
)]mI

nI

· · · [⇡ jn
(hen

)]mn

nn

, (3.19)

which indicates that J
i

eI
leaves � and ~j invariant, but does change the intertwiner associated to v by contracting matrix elements

of the ith ⌧ with the intertwiner in the following way:

J
i

eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘
. (3.20)

However, in practical calculation, it is not convenient to directly compute the contraction of matrix elements of ⌧i with an
intertwiner. One usually introduces the irreducible tensor operators [59], or the spherical tensors of ⌧i, to replace the original
⌧i for a reason that will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to ⌧i (i = 1, 2, 3), are
defined in Eq. (2.8), and their matrix elements [⇡ j(⌧µ)]m

0

m
are related to the 3 j-symbols in Eq. (2.9). The spherical tensor ⌧µ

generates the self-adjoint right-invariant operator J
µ
eI

defined by

J
µ
eI
· f�(he1 , . . . , heI

, . . . , hen
) := �i

d
dt

�����
t=0

f�(he1 , . . . , e
t⌧µheI

, . . . , hen
). (3.21)

The action of J
µ
eI

on (iv)m1···mI ···mn

M reads

J
µ
eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧µ)]m
0

I

mI

⌘
. (3.22)

Any gauge-invariant operator, e.g., the volume operator considered in this paper, defined by J
is can be expressed in terms of the

corresponding J
µs. Hence its action on the spin-network states is essentially equivalent to contracting 3 j-symbols (or CGCs)

with corresponding intertwiners.

B. Graphical representation and graphical calculation in LQG

To implement graphical calculus for LQG, the strategy is as follows. Firstly, one expresses the spin-network states in a
graphical formula. Secondly, one derives graphically the actions of the two elementary operators of LQG on the spin-network
states. Thirdly, the actions of any well-defined operators in the kinematical space on a spin-network state can be derived by the
simple rules of transforming graphs presented in Sec. II B.

The spin-network states T�,~j,~i(A) in (3.10) involve two ingredients, the representation ⇡ je
(he) and the intertwiners iv. The

intertwiner (iv)m1m2···mn

M in Eq. (3.11) associated to a true vertex v, from which n edges are outgoing, is represented in a
graphical formula by Eq. (2.35) as

(iv) m1m2···mn

M
⌘

⇣
i

J;~a
j1··· jn

⌘
m1m2···mn

M

=

n�1Y

i=2

p
dai

p
dJ

m1 m2

j1 j2

a2
� an�1

mn

jn

� J
M
. (3.23)

The intertwiner (iṽ)N

n1n2 in Eq. (3.12) associated to a pseudo-vertex ṽ, at which two incoming edges meet, is represented in a
graphical formula by Eq. (2.34) as

(iṽ)N

n1n2 ⌘

⇣
i

J

j1 j2

⌘
N

n1n2
=

p
dJ

n1 n2

j1 j2

J� N
. (3.24)

10

acting at an edge — coupling with holonomy of an edge

acting at a vertex — contracting with intertwiner of a vertex 

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�) at which n edges e1, . . . en incident and
denote T

v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly associated to v. Then the action of the holonomy operator [ĥeI

]B

C
on

T
v

�,~j,~i
(A) := (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

· · · [⇡ jn
(hen

)]mn

nn

(3.17)

reads

[ĥeI
]B

C
· T

v
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(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
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· · · [⇡ jI

(heI
)] mI

nI

h
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2
(heI

)
iB

C
· · · [⇡ jn

(hen
)]mn

nn

= (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

X

j
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,n0

I

✓
i

j
0

I

jI
1
2

◆
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j
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◆

nIC

n
0

I

· · · [⇡ jn
(hen

)]mn

nn

. (3.18)

where Eq. (2.14) was used in the second step. On the other hand, the action of J
i

eI
defined in Eq. (3.16) on T

v

�,~j,~i
(A) reads

J
i

eI
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

 
�i

d
dt

�����
t=0

[⇡ jI
(et⌧i heI

)] mI

nI

!
· · · [⇡ jn

(hen
)]mn

nn

=
h
(iv)m1···m

0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘i
[⇡ j1 (he1 )]m1

n1
· · · [⇡ jI

(heI
)]mI

nI

· · · [⇡ jn
(hen

)]mn

nn

, (3.19)

which indicates that J
i

eI
leaves � and ~j invariant, but does change the intertwiner associated to v by contracting matrix elements

of the ith ⌧ with the intertwiner in the following way:

J
i

eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘
. (3.20)

However, in practical calculation, it is not convenient to directly compute the contraction of matrix elements of ⌧i with an
intertwiner. One usually introduces the irreducible tensor operators [59], or the spherical tensors of ⌧i, to replace the original
⌧i for a reason that will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to ⌧i (i = 1, 2, 3), are
defined in Eq. (2.8), and their matrix elements [⇡ j(⌧µ)]m

0

m
are related to the 3 j-symbols in Eq. (2.9). The spherical tensor ⌧µ

generates the self-adjoint right-invariant operator J
µ
eI

defined by

J
µ
eI
· f�(he1 , . . . , heI

, . . . , hen
) := �i

d
dt

�����
t=0

f�(he1 , . . . , e
t⌧µheI

, . . . , hen
). (3.21)

The action of J
µ
eI

on (iv)m1···mI ···mn

M reads

J
µ
eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧µ)]m
0

I

mI

⌘
. (3.22)

Any gauge-invariant operator, e.g., the volume operator considered in this paper, defined by J
is can be expressed in terms of the

corresponding J
µs. Hence its action on the spin-network states is essentially equivalent to contracting 3 j-symbols (or CGCs)

with corresponding intertwiners.

B. Graphical representation and graphical calculation in LQG

To implement graphical calculus for LQG, the strategy is as follows. Firstly, one expresses the spin-network states in a
graphical formula. Secondly, one derives graphically the actions of the two elementary operators of LQG on the spin-network
states. Thirdly, the actions of any well-defined operators in the kinematical space on a spin-network state can be derived by the
simple rules of transforming graphs presented in Sec. II B.

The spin-network states T�,~j,~i(A) in (3.10) involve two ingredients, the representation ⇡ je
(he) and the intertwiners iv. The

intertwiner (iv)m1m2···mn

M in Eq. (3.11) associated to a true vertex v, from which n edges are outgoing, is represented in a
graphical formula by Eq. (2.35) as

(iv) m1m2···mn

M
⌘

⇣
i

J;~a
j1··· jn

⌘
m1m2···mn

M

=

n�1Y

i=2

p
dai

p
dJ

m1 m2

j1 j2

a2
� an�1

mn

jn

� J
M
. (3.23)

The intertwiner (iṽ)N

n1n2 in Eq. (3.12) associated to a pseudo-vertex ṽ, at which two incoming edges meet, is represented in a
graphical formula by Eq. (2.34) as

(iṽ)N

n1n2 ⌘

⇣
i

J

j1 j2

⌘
N

n1n2
=

p
dJ

n1 n2

j1 j2

J� N
. (3.24)
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τi := − iσi /2, σi : Pauli matrices i = 1,2,3

τ0 := τ3, τ±1 := ∓
1

2
(τ1 ± iτ2)

3 Graphical calculus 22

T
v

�,~j,~i
(Ag) = (iv)m1···mI ···mn

M [⇡ j1 (he1 (Ag))]m1
n1
· · · [⇡ jI

(heI
(Ag))] mI

nI

· · · [⇡ jn
(hen

(Ag))]mn

nn

= (iv)m1···mI ···mn

M [⇡ j1 (g(v))]m1
m
0

1
· · · [⇡ jI

(g(v))] m
0

I

m
0

I

· · · [⇡ jn
(g(v))]m

0
n

m
0
n

[⇡ j1 (he1 (A))]m
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1
n
0

1
· · · [⇡ jI

(heI
(A))] m

0

I

n
0

I

· · · [⇡ jn
(hen

(A))]m
0
n

n
0
n

[⇡ j1 (g(v1)�1)]n
0

1
n1
· · · [⇡ jI

(g(vI)�1)] n
0

I

nI

· · · [⇡ jn
(g(vn)�1)]n

0
n

nn

T
v

�,~j,~i
(A) := (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

· · · [⇡ jn
(hen

)]mn
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and its transformation

T
v
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(Ag) := (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
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· · · [⇡ jI

(heI
)] mI
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(hen
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C
· T

v
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)] mI

nI

h
⇡ 1

2
(heI

)
iB

C
· · · [⇡ jn

(hen
)]mn

nn
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(3.6)

T
v

�,~j,~i
(A) reads

J
i

eI
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

 
i

d
dt

�����
t=0

[⇡ jI
(e�t⌧i heI

)] mI

nI

!
· · · [⇡ jn

(hen
)]mn

nn

=
h
(iv)m1···m

0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘i
[⇡ j1 (he1 )]m1

n1
· · · [⇡ jI

(heI
)]mI

nI

· · · [⇡ jn
(hen

)]mn

nn

which indicates that J
i

eI
leaves � and ~j invariant, but does change the intertwiner as-

sociated to v by contracting matrix elements of the ith ⌧ with the intertwiner in the
following way:

J
i

eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘
. (3.7)

However, in practical calculation, it is not convenient to directly compute the contrac-
tion of matrix elements of ⌧i with an intertwiner. One usually introduces the irreducible
tensor operators, or the spherical tensors of ⌧i, to replace the original ⌧i for a reason that
will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to
⌧i (i = 1, 2, 3), are defined by

⌧0 := ⌧3, ⌧±1 := ⌥
1
p

2
(⌧1 ± i⌧2) . (3.8)

J
µ
eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧µ)]m
0

I

mI

⌘
. (3.9)



5. Graphical calculus: the actions of elementary operators

5¯sÑ„p”Ñ 14

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn

5.¯sÑ„p”Ñ

5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ
V å W ÑÙåzÙ�∞: V �W. ‚œzÙÑÙåÑöI¶Ô¬⇤ [16] p.344.

π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (5.1)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(5.2)

W̃ ⌘
n
(0,w)|w 2 W

o
(5.3)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:
�Ñ ⌅ (isomorphism)

V ! Ṽ (5.4)
W ! W̃ (5.5)

v

Ṽ \ W̃ = 0 (5.6)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (5.7)

5¯sÑ„p”Ñ 14

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v
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(4.7)
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which indicates that Ji
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leaves � and ~j invariant, but does change the intertwiner as-
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(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

Clebsch-Gordan series



5. Graphical calculation: the actions of elementary operators
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which indicates that Ji
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where Eq. (2.14) was used in the second step. On the other hand, the action of J
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which indicates that J
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leaves � and ~j invariant, but does change the intertwiner associated to v by contracting matrix elements

of the ith ⌧ with the intertwiner in the following way:
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However, in practical calculation, it is not convenient to directly compute the contraction of matrix elements of ⌧i with an
intertwiner. One usually introduces the irreducible tensor operators [59], or the spherical tensors of ⌧i, to replace the original
⌧i for a reason that will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to ⌧i (i = 1, 2, 3), are
defined in Eq. (2.8), and their matrix elements [⇡ j(⌧µ)]m
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are related to the 3 j-symbols in Eq. (2.9). The spherical tensor ⌧µ
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Any gauge-invariant operator, e.g., the volume operator considered in this paper, defined by J
is can be expressed in terms of the

corresponding J
µs. Hence its action on the spin-network states is essentially equivalent to contracting 3 j-symbols (or CGCs)

with corresponding intertwiners.

B. Graphical representation and graphical calculation in LQG

To implement graphical calculus for LQG, the strategy is as follows. Firstly, one expresses the spin-network states in a
graphical formula. Secondly, one derives graphically the actions of the two elementary operators of LQG on the spin-network
states. Thirdly, the actions of any well-defined operators in the kinematical space on a spin-network state can be derived by the
simple rules of transforming graphs presented in Sec. II B.

The spin-network states T�,~j,~i(A) in (3.10) involve two ingredients, the representation ⇡ je
(he) and the intertwiners iv. The

intertwiner (iv)m1m2···mn

M in Eq. (3.11) associated to a true vertex v, from which n edges are outgoing, is represented in a
graphical formula by Eq. (2.35) as

(iv) m1m2···mn

M
⌘

⇣
i

J;~a
j1··· jn

⌘
m1m2···mn

M

=

n�1Y

i=2

p
dai

p
dJ

m1 m2

j1 j2

a2
� an�1

mn

jn

� J
M
. (3.23)

The intertwiner (iṽ)N
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However, in practical calculation, it is not convenient to directly compute the contraction of matrix elements of ⌧i with an
intertwiner. One usually introduces the irreducible tensor operators [59], or the spherical tensors of ⌧i, to replace the original
⌧i for a reason that will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to ⌧i (i = 1, 2, 3), are
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µs. Hence its action on the spin-network states is essentially equivalent to contracting 3 j-symbols (or CGCs)
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graphical formula. Secondly, one derives graphically the actions of the two elementary operators of LQG on the spin-network
states. Thirdly, the actions of any well-defined operators in the kinematical space on a spin-network state can be derived by the
simple rules of transforming graphs presented in Sec. II B.

The spin-network states T�,~j,~i(A) in (3.10) involve two ingredients, the representation ⇡ je
(he) and the intertwiners iv. The

intertwiner (iv)m1m2···mn

M in Eq. (3.11) associated to a true vertex v, from which n edges are outgoing, is represented in a
graphical formula by Eq. (2.35) as

(iv) m1m2···mn

M
⌘

⇣
i

J;~a
j1··· jn

⌘
m1m2···mn

M

=

n�1Y

i=2

p
dai

p
dJ

m1 m2

j1 j2

a2
� an�1

mn

jn

� J
M
. (3.23)

The intertwiner (iṽ)N

n1n2 in Eq. (3.12) associated to a pseudo-vertex ṽ, at which two incoming edges meet, is represented in a
graphical formula by Eq. (2.34) as

(iṽ)N

n1n2 ⌘

⇣
i

J

j1 j2

⌘
N

n1n2
=

p
dJ

n1 n2

j1 j2

J� N
. (3.24)
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τi := − iσi /2, σi : Pauli matrices i = 1,2,3

τ0 := τ3, τ±1 := ∓
1

2
(τ1 ± iτ2)

B. The basic components of the graphical representation and simple rules of transforming graphs

In this subsection, we briefly recall the basic components of the graphical representation and simple rules of transforming
graphs [51], and the extending graphical representation for the matrix elements of irreducible representations of S U(2). A
graphical representation is a correspondence between graphical and algebraic formulas. Each term in an algebraic formula is
represented by a component of an appropriate graph in a unique and unambiguous way.

The graphical representation of the 3 j-symbol was collected by Yutsis in [50] and slightly modified by Brink in [51] for
convenience. The 3 j-symbol is represented by an oriented node with three lines, which stand for three coupling angular momenta
j1, j2, j3 incident at the node [51]. The orientation of the node is meant for the cyclic order of the lines. A clockwise orientation
is denoted by a � sign and an anti-clockwise orientation by a + sign. Rotation of the diagram does not change the cyclic order
of lines, and the angles between two lines as well as their lengths at a node have no significance. Consequently, any geometrical
deformation of the diagram which preserves the orientation of the node does not change the 3 j-symbol represented by the
diagram. The 3 j-symbol can be written in the graphical form

 
j1 j2 j3

m1 m2 m3

!
= +m1

m2

m3

j3

j2

j1 = �m1

m3

m2

j2

j3

j1 . (2.28)

The property (2.22) of the 3 j-symbol implies

+m1

m2

m3

j3

j2

j1 = (�1) j1+ j2+ j3 +m1

m2

m3

j2

j3

j1 = (�1) j1+ j2+ j3 �m1

m2

m3

j3

j2

j1 . (2.29)

The “metric” tensor and its inverse defined in Eq. (2.3), which occurs in the contraction of two 3 j-symbols with the same j

values, are denoted by a line with an arrow on it as

C
( j)
m0m
= C

mm
0

( j) = (�1) j�m�m,�m0 = (�1) j+m
0

�m,�m0 = m0m
j . (2.30)

The special 3 j-symbol with one zero-valued angular momentum which is related to the “metric” tensor by Eq. (2.20) can be
represented graphically by

+

0

j0

jm

m0

0

=
� j, j0p

d j

m0m
j . (2.31)

A line with no arrow represents the expression

�m,m0 = m0m
j . (2.32)

In a graphical representation, two lines representing the same angular momentum can be joined. Summation over a magnetic
quantum number m is graphically represented by joining the free ends of the corresponding lines. Equation (2.19) implies that
the CGC can be represented graphically by

h j3m3| j1m1 j2m2i = (�1) j1� j2� j3

q
d j3

j1

j2

j3+

m2

m1

m3 = (�1) j1� j2� j3

q
d j3

m1 m2

j1 j2

j3� m3

. (2.33)

Therefore, the graphical representation of the intertwiners defined in Eqs. (2.12) and (2.17) are

⇣
i

J

j1 j2

⌘
N

n1n2
=

p
dJ

n1 n2

j1 j2

J� N
, (2.34)

⇣
i

J;~a
j1··· jn

⌘
m1···mn

M

=

n�1Y

i=2

p
dai

p
dJ

m1 m2

j1 j2

a2
� an�1

mn

jn

� J
M
. (2.35)

The spherical tensor [⇡ j(⌧µ)]m
0

m
in Eq. (2.9) can be represented graphically by

[⇡ j(⌧µ)]m
0

m
= i �( j)

+

1

µ

m0 m
jj

= i �( j)
�

1

µ

m m0
jj

. (2.36)
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[πj(τμ)]m′￼
m

= i χ( j) ( j 1 j
m μ m′￼′￼) Cm′￼′￼m′￼

( j) = i χ( j) (1 j j
μ m′￼′￼ m) Cm′￼′￼m′￼

( j) χ( j) ≡ j( j + 1)(2j + 1)
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�,~j,~i
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M [⇡ j1 (he1 (Ag))]m1
n1
· · · [⇡ jI
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and its transformation
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(3.6)

T
v

�,~j,~i
(A) reads

J
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eI
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
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· · ·
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which indicates that J
i

eI
leaves � and ~j invariant, but does change the intertwiner as-

sociated to v by contracting matrix elements of the ith ⌧ with the intertwiner in the
following way:

J
i

eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘
. (3.7)

However, in practical calculation, it is not convenient to directly compute the contrac-
tion of matrix elements of ⌧i with an intertwiner. One usually introduces the irreducible
tensor operators, or the spherical tensors of ⌧i, to replace the original ⌧i for a reason that
will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to
⌧i (i = 1, 2, 3), are defined by

⌧0 := ⌧3, ⌧±1 := ⌥
1
p

2
(⌧1 ± i⌧2) . (3.8)

J
µ
eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧µ)]m
0

I

mI

⌘
. (3.9)



5. Graphical calculation: the actions of elementary operators

5¯sÑ„p”Ñ 14

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]
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· · · [⇡ jn (hen )]mn
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5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ
V å W ÑÙåzÙ�∞: V �W. ‚œzÙÑÙåÑöI¶Ô¬⇤ [16] p.344.

π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (5.1)
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Ṽ ⌘
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(v, 0)|v 2 V

o
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n
(0,w)|w 2 W

o
(5.3)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:
�Ñ ⌅ (isomorphism)

V ! Ṽ (5.4)
W ! W̃ (5.5)

v

Ṽ \ W̃ = 0 (5.6)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (5.7)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�) at which n edges e1, . . . en incident and
denote T

v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly associated to v. Then the action of the holonomy operator [ĥeI

]B
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where Eq. (2.14) was used in the second step. On the other hand, the action of J
i

eI
defined in Eq. (3.16) on T

v

�,~j,~i
(A) reads

J
i

eI
· T

v
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(A) = (iv)m1···mI ···mn
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, (3.19)

which indicates that J
i

eI
leaves � and ~j invariant, but does change the intertwiner associated to v by contracting matrix elements

of the ith ⌧ with the intertwiner in the following way:

J
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eI
· (iv)m1···mI ···mn

M = (iv)m1···m
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I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘
. (3.20)

However, in practical calculation, it is not convenient to directly compute the contraction of matrix elements of ⌧i with an
intertwiner. One usually introduces the irreducible tensor operators [59], or the spherical tensors of ⌧i, to replace the original
⌧i for a reason that will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to ⌧i (i = 1, 2, 3), are
defined in Eq. (2.8), and their matrix elements [⇡ j(⌧µ)]m

0

m
are related to the 3 j-symbols in Eq. (2.9). The spherical tensor ⌧µ

generates the self-adjoint right-invariant operator J
µ
eI

defined by

J
µ
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· f�(he1 , . . . , heI

, . . . , hen
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f�(he1 , . . . , e
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, . . . , hen
). (3.21)

The action of J
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. (3.22)

Any gauge-invariant operator, e.g., the volume operator considered in this paper, defined by J
is can be expressed in terms of the

corresponding J
µs. Hence its action on the spin-network states is essentially equivalent to contracting 3 j-symbols (or CGCs)

with corresponding intertwiners.

B. Graphical representation and graphical calculation in LQG

To implement graphical calculus for LQG, the strategy is as follows. Firstly, one expresses the spin-network states in a
graphical formula. Secondly, one derives graphically the actions of the two elementary operators of LQG on the spin-network
states. Thirdly, the actions of any well-defined operators in the kinematical space on a spin-network state can be derived by the
simple rules of transforming graphs presented in Sec. II B.

The spin-network states T�,~j,~i(A) in (3.10) involve two ingredients, the representation ⇡ je
(he) and the intertwiners iv. The

intertwiner (iv)m1m2···mn

M in Eq. (3.11) associated to a true vertex v, from which n edges are outgoing, is represented in a
graphical formula by Eq. (2.35) as
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. (3.23)

The intertwiner (iṽ)N

n1n2 in Eq. (3.12) associated to a pseudo-vertex ṽ, at which two incoming edges meet, is represented in a
graphical formula by Eq. (2.34) as
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. (3.24)
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where Eq. (2.14) was used in the second step. On the other hand, the action of J
i

eI
defined in Eq. (3.16) on T
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which indicates that J
i

eI
leaves � and ~j invariant, but does change the intertwiner associated to v by contracting matrix elements

of the ith ⌧ with the intertwiner in the following way:
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However, in practical calculation, it is not convenient to directly compute the contraction of matrix elements of ⌧i with an
intertwiner. One usually introduces the irreducible tensor operators [59], or the spherical tensors of ⌧i, to replace the original
⌧i for a reason that will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to ⌧i (i = 1, 2, 3), are
defined in Eq. (2.8), and their matrix elements [⇡ j(⌧µ)]m

0

m
are related to the 3 j-symbols in Eq. (2.9). The spherical tensor ⌧µ

generates the self-adjoint right-invariant operator J
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defined by
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Any gauge-invariant operator, e.g., the volume operator considered in this paper, defined by J
is can be expressed in terms of the

corresponding J
µs. Hence its action on the spin-network states is essentially equivalent to contracting 3 j-symbols (or CGCs)

with corresponding intertwiners.

B. Graphical representation and graphical calculation in LQG

To implement graphical calculus for LQG, the strategy is as follows. Firstly, one expresses the spin-network states in a
graphical formula. Secondly, one derives graphically the actions of the two elementary operators of LQG on the spin-network
states. Thirdly, the actions of any well-defined operators in the kinematical space on a spin-network state can be derived by the
simple rules of transforming graphs presented in Sec. II B.

The spin-network states T�,~j,~i(A) in (3.10) involve two ingredients, the representation ⇡ je
(he) and the intertwiners iv. The

intertwiner (iv)m1m2···mn

M in Eq. (3.11) associated to a true vertex v, from which n edges are outgoing, is represented in a
graphical formula by Eq. (2.35) as
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The intertwiner (iṽ)N

n1n2 in Eq. (3.12) associated to a pseudo-vertex ṽ, at which two incoming edges meet, is represented in a
graphical formula by Eq. (2.34) as

(iṽ)N

n1n2 ⌘

⇣
i

J

j1 j2

⌘
N

n1n2
=

p
dJ

n1 n2

j1 j2

J� N
. (3.24)

10

τi := − iσi /2, σi : Pauli matrices i = 1,2,3

τ0 := τ3, τ±1 := ∓
1

2
(τ1 ± iτ2)

Therefore, the action of [ĥeI
]B

C
on the spin-network state T

v

�,~j,~i
(A) can be calculated as

[ĥeI
]B

C
· T

v

�,~j,~i
(A) =

n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI
� J

M

n1

jI

nI

eI jI

jn

nn

e1 j1 en jneI
1
2

C

B

an�1

=

n�1Y

i=2

p
dai

p
dJ

X

j
0

I

d j
0

I

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
2
B

j0I
+

eI j0I

C
1
2

j0I

jI�

nI

. (3.32)

**************—————-

[ĥeI
]B

C
· T

v

�,~j,~i
(A) =

n�1Y

i=2

p
dai

p
dJ

X

j
0

I

d j
0

I

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
2
B

j0I
+

eI j0I

C
1
2

j0I

jI�

nI

. (3.33)

**************—————- The spherical tensor [⇡ j(⌧µ)]m
0

m
in Eq. (2.9) can be expressed graphically as Eq. (2.36). Hence

the action of J
µ
eI

on (iv) m1m2···mn

M in (3.22) can be represented by

J
µ
eI
· T

v

�,~j,~i
(A) = �( jI)

n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
µ

jI�

nI

eI jI

. (3.34)

Furthermore, Eq. (3.30) can be easily generalized to

[⇡ j1 (he)]m1
n1

[⇡ j2 (he)]m2
n2
· · · [⇡ jn

(he)]mn

nn

=

n1

e j1

n2

j2

nn�1

jn�1e e

nn

jne

m1 m2 mnmn�1

=
X

{a2,··· ,an�1,J}

n�1Y

i=2

dai
dJ Je

a2 Jan�2

j1 j2 jnjn�1

+ ++

m1 m2 mnmn�1

n1 n2

j1 j2

a2

nn

jn

J

nn�1

jn�1

an�2

an�1

an�1� � �
. (3.35)

Taking the identity
R

dg[⇡J(g)]M

N
= �J,0�M,0�N,0 for g 2 S U(2) into account, the above graphical calculus can be extended to

compute graphically the integral over the product of irreducible representations of holonomies

Z
dhe[⇡ j1 (he)]m1

n1
[⇡ j2 (he)]m2

n2
· · · [⇡ jn

(ge)]mn

nn

=

Z
dge

n1

e j1

n2

j2

nn�1

jn�1e e

nn

jne

m1 m2 mnmn�1

12

3 Graphical calculus 22

T
v

�,~j,~i
(Ag) = (iv)m1···mI ···mn

M [⇡ j1 (he1 (Ag))]m1
n1
· · · [⇡ jI

(heI
(Ag))] mI

nI

· · · [⇡ jn
(hen

(Ag))]mn

nn

= (iv)m1···mI ···mn

M [⇡ j1 (g(v))]m1
m
0

1
· · · [⇡ jI

(g(v))] m
0

I

m
0

I

· · · [⇡ jn
(g(v))]m

0
n

m
0
n

[⇡ j1 (he1 (A))]m
0

1
n
0

1
· · · [⇡ jI

(heI
(A))] m

0

I

n
0

I

· · · [⇡ jn
(hen

(A))]m
0
n

n
0
n

[⇡ j1 (g(v1)�1)]n
0

1
n1
· · · [⇡ jI

(g(vI)�1)] n
0

I

nI

· · · [⇡ jn
(g(vn)�1)]n

0
n

nn

T
v

�,~j,~i
(A) := (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

· · · [⇡ jn
(hen

)]mn

nn

and its transformation

T
v

�,~j,~i
(Ag) := (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

· · · [⇡ jn
(hen

)]mn

nn

[ĥeI
]B

C
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · · [⇡ jI

(heI
)] mI

nI

h
⇡ 1

2
(heI

)
iB

C
· · · [⇡ jn

(hen
)]mn

nn

= (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

X

j
0

I
,m0

I
,n0

I

✓
i

j
0

I

jI
1
2

◆

m
0

I

mI B

[⇡ j
0

I
(heI

)] m
0

I

n
0

I

✓
i

j
0

I

jI
1
2

◆

nIC

n
0

I

· · · [⇡ jn
(hen

)]mn

nn

.

(3.6)

T
v

�,~j,~i
(A) reads

J
i

eI
· T

v

�,~j,~i
(A) = (iv)m1···mI ···mn

M [⇡ j1 (he1 )]m1
n1
· · ·

 
i

d
dt

�����
t=0

[⇡ jI
(e�t⌧i heI

)] mI

nI

!
· · · [⇡ jn

(hen
)]mn

nn

=
h
(iv)m1···m

0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘i
[⇡ j1 (he1 )]m1

n1
· · · [⇡ jI

(heI
)]mI

nI

· · · [⇡ jn
(hen

)]mn

nn

which indicates that J
i

eI
leaves � and ~j invariant, but does change the intertwiner as-

sociated to v by contracting matrix elements of the ith ⌧ with the intertwiner in the
following way:

J
i

eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧i)]m
0

I

mI

⌘
. (3.7)

However, in practical calculation, it is not convenient to directly compute the contrac-
tion of matrix elements of ⌧i with an intertwiner. One usually introduces the irreducible
tensor operators, or the spherical tensors of ⌧i, to replace the original ⌧i for a reason that
will become clear in a moment. The spherical tensors ⌧µ (µ = 0,±1), corresponding to
⌧i (i = 1, 2, 3), are defined by

⌧0 := ⌧3, ⌧±1 := ⌥
1
p

2
(⌧1 ± i⌧2) . (3.8)

J
µ
eI
· (iv)m1···mI ···mn

M = (iv)m1···m
0

I
···mn

M
⇣
�i [⇡ jI

(⌧µ)]m
0

I

mI

⌘
. (3.9)



5. Graphical calculation: the actions of elementary operators

5¯sÑ„p”Ñ 14

The normalized gauge-invariant (or gauge-variant) states consist of the orthonormal
basis of the gauge-invariant (or gauge-variant) Hilbert space [?].

a (4.6)

For a spin-network state T�,~j,~i(A) on a graph �, we consider a true vertex v 2 V(�)
at which n edges e1, . . . en incident and denote T v

�,~j,~i
(A) the terms, in T�,~j,~i(A), directly

associated to v

T v
�,~j,~i

(A) := (iv)m1···mI ···mn
M [⇡ j1 (he1 )]m1

n1
· · · [⇡ jI (heI )]

mI
nI
· · · [⇡ jn (hen )]mn

nn

5.¯sÑ„p”Ñ

5.1‚œzÙÑÙå

($*‚œzÙ V åW Ña✏Ô V ⇥W�v\:�*∆��∞(⌘Ï(Ÿ
*∆�⌦ÂÇ↵π✏öI†’�pXåˆC�¡ [15] p. 673 ⇢

(1) †’: (v1,w1) + (v2,w2) := (v1 + v2,w1 + w2), 8v1, v2 2 V,w1,w2 2 W

(2) pX: � · (v,w) := (�v, �w), 8� 2 C, v 2 V,w 2 W

(2) ˆC: 0 := (0, 0)

π◆¡��⌥öÜ⌦ Õ–óÑ∆� V ⇥W :�*‚œzÙ�:‚œzÙ
V å W ÑÙåzÙ�∞: V �W. ‚œzÙÑÙåÑöI¶Ô¬⇤ [16] p.344.

π◆↵˙�V �W -Ñ˚✏C (v,w)˝ÔÂ/�⌃„⇣

(v,w) = (v, 0) + (0,w) (5.1)

⇤Q V �W -Ñ$*PzÙ

Ṽ ⌘
n
(v, 0)|v 2 V

o
(5.2)

W̃ ⌘
n
(0,w)|w 2 W

o
(5.3)

π◆¡��⌦$*PzÙ_/‚œzÙ. Ù€�e0�◆¡Ç↵$* ⌅:
�Ñ ⌅ (isomorphism)

V ! Ṽ (5.4)
W ! W̃ (5.5)

v

Ṽ \ W̃ = 0 (5.6)

(‚œzÙ V,W -⌃+ ö˙ï

ei 2 V, i = 1, · · · , dimV (5.7)

Therefore, the action of [ĥeI
]B

C
on the spin-network state T

v

�,~j,~i
(A) can be calculated as

[ĥeI
]B

C
· T

v

�,~j,~i
(A) =

n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI
� J

M

n1

jI

nI

eI jI

jn

nn

e1 j1 en jneI
1
2

C

B

an�1

=

n�1Y

i=2

p
dai

p
dJ

X

j
0

I

d j
0

I

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
2
B

j0I
+

eI j0I

C
1
2

j0I

jI�

nI

. (3.32)

**************—————-

[ĥeI
]B

C
· T

v

�,~j,~i
(A) =

n�1Y

i=2

p
dai

p
dJ

X

j
0

I

d j
0

I

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
2
B

j0I
+

eI j0I

C
1
2

j0I

jI�

nI

. (3.33)

**************—————- The spherical tensor [⇡ j(⌧µ)]m
0

m
in Eq. (2.9) can be expressed graphically as Eq. (2.36). Hence

the action of J
µ
eI

on (iv) m1m2···mn

M in (3.22) can be represented by

J
µ
eI
· T

v

�,~j,~i
(A) = �( j)

n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
µ

jI�

nI

eI jI

. (3.34)

Furthermore, Eq. (3.30) can be easily generalized to

[⇡ j1 (he)]m1
n1

[⇡ j2 (he)]m2
n2
· · · [⇡ jn

(he)]mn

nn

=

n1

e j1

n2

j2

nn�1

jn�1e e

nn

jne

m1 m2 mnmn�1

=
X

{a2,··· ,an�1,J}

n�1Y

i=2

dai
dJ Je

a2 Jan�2

j1 j2 jnjn�1

+ ++

m1 m2 mnmn�1

n1 n2

j1 j2

a2

nn

jn

J

nn�1

jn�1

an�2

an�1

an�1� � �
. (3.35)

Taking the identity
R

dg[⇡J(g)]M

N
= �J,0�M,0�N,0 for g 2 S U(2) into account, the above graphical calculus can be extended to

compute graphically the integral over the product of irreducible representations of holonomies

Z
dhe[⇡ j1 (he)]m1

n1
[⇡ j2 (he)]m2

n2
· · · [⇡ jn

(ge)]mn

nn

=

Z
dge

n1

e j1

n2

j2

nn�1

jn�1e e

nn

jne

m1 m2 mnmn�1
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In particular, a gauge-invariant intertwiner associated to a vertex v of a standard graph at which n edges with spin j1, . . . , jn

incident is represented by

(iv) m1m2···mn

0 =

n�1Y

i=2

p
dai

m1 m2

j1 j2

a2
� an�1 = jn

mn

jn

� J = 0
M = 0

mn�1

jn�1

�an�2

. (3.25)

Taking account of Eqs. (2.31) and (2.38), Eq. (3.25) is equal to (�1)2 jn times of the formula

n�2Y

i=2

p
2ai + 1

m1 m2

j1 j2

a2
�

mn

jn

mn�1

jn�1

�an�2

. (3.26)

Since the only di↵erence between (3.26) and (3.25) is a factor (�1)2 jn , Eq. (3.26) is also used to represent the gauge-invariant
intertwiner in the literature. Hence the 3 j-symbol (2.28) is indeed the normalized gauge-invariant intertwiner associated to
a trivalent vertex v from which three edges start. The “metric” tensor (2.30), as the special 3 j-symbol, is the gauge-invariant
intertwiner associated to a divalent vertex v from which two edges start. It can be normalized by multiplying a factor 1/

p
d j. The

Kronecker delta (2.32) inH j is the gauge-invariant intertwiner associated to a divalent (trivial) vertex v such that v = b(e) = f (e0)
is the intersection of two edges e and e

0, which can be normalized by multiplying a factor 1/
p

d j.
In Sec. II B, the original Brink’s representation has been extended to propose a graphical representation for the unitary

irreducible representation ⇡ j of S U(2). In this respresentation, the matrix element [⇡ j(g)]m

n
is denoted by a blue line with a

hollow arrow (triangle) in it in Eq. (2.49). For group elements such as the holonomies he of the connection A along an edge e,
their matrix elements can simply be represented by

[⇡ j(he)]m

n
= hem

j
n =: m

j
n

e
. (3.27)

By Eqs. (3.7), (2.50) and (3.27), the matrix elements of the inverse of a holonomy can be represented by

[⇡ j(h�1
e

)]n

m
= [⇡ j(he�1 )]n

m
= C

( j)
mm0

[⇡ j(he)]m
0

n0
C

n
0
n

( j) = j

e�1

mn = n m
j

e
. (3.28)

The above graphical representation involving the holonomies has the following advantages: (i) The edge and the irreducible
representation of the holonomy along the edge have been represented by the elements e and j labeling the line; (ii) the orientation
of e with respect to the vertices has been reflected by the orientation of the arrow on the line; (iii) the row index (the tensor index
of H⇤

j
) and the column index (the tensor index of H j) have been represented by the two indices m and n, respectively, labeling

the starting and the ending points of the line; (iv) the matrix element [⇡ j(he)]m

n
and the “metric” tensor C

( j)
m0m

in the graphical
formula are distinguished by di↵erent colors (blue v.s. black) and elements (two v.s. one) of the lines; (v) the coupling rules
of the representations of holonomies match Brink’s representations for the CGC (see Eq. (3.30)). Up to now, the irreducible
representation ⇡ je

(he) of holonomy and the intertwiners iv and iṽ are successfully represented in Eqs. (3.27), (3.23) and (3.24) in
the graphical formula. Hence the terms (3.17) in T�,~j,~i(A) directly associated to v can be represented by

T
v

�,~j,~i
(A) =

n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI an�1
� J

M

n1

jI

nI

eI jI

jn

nn

e1 j1 en jn

. (3.29)

Now let us consider the graphical calculation of the actions of the two elementary operators on the spin-network states. The
action of the holonomy operator on the spin network states has been derived in the algebraic form in Eq. (3.18). Note that the
action of the holonomy operator on the spin network states involves the coupling rules of representations of holonomies. In Eqs.
(2.51) and (2.52), the Clebsch–Gordan series coupling two irreducible representations of S U(2) have been carried out in the
graphical formula. Hence the coupling rules of representations of holonomies can be represented by

m1

m2

m0
1

m0
2

j1
e

j2
e =

X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

=
X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

, (3.30)

and

m1

m2

m0
1

m0
2

j1
e

j2
e�1 =

X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

=
X

j3

d j3
m2

j2

j3+j1m1

m0
2

j1j3

j2

� m0
1j3

e

. (3.31)
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Therefore, the action of [ĥeI
]B

C
on the spin-network state T

v

�,~j,~i
(A) can be calculated as

[ĥeI
]B

C
· T

v

�,~j,~i
(A) =

n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI
� J

M

n1

jI

nI

eI jI

jn

nn

e1 j1 en jneI
1
2

C

B

an�1

=

n�1Y

i=2

p
dai

p
dJ

X

j
0

I

d j
0

I

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
2
B

j0I
+

eI j0I

C
1
2

j0I

jI�

nI

. (3.32)

**************—————-

[ĥeI
]B

C
· T

v

�,~j,~i
(A) =

n�1Y

i=2

p
dai

p
dJ

X

j
0

I

d j
0

I

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
2
B

j0I
+

eI j0I

C
1
2

j0I

jI�

nI

. (3.33)

**************—————- The spherical tensor [⇡ j(⌧µ)]m
0

m
in Eq. (2.9) can be expressed graphically as Eq. (2.36). Hence

the action of J
µ
eI

on (iv) m1m2···mn

M in (3.22) can be represented by

J
µ
eI
· T

v

�,~j,~i
(A) = �( jI)

n�1Y

i=2

p
dai

p
dJ

j1

�aI�1 aI
� J

M

n1

jn

nn

e1 j1 en jn

an�1

jI

1
µ

jI�

nI

eI jI

. (3.34)

Furthermore, Eq. (3.30) can be easily generalized to

[⇡ j1 (he)]m1
n1

[⇡ j2 (he)]m2
n2
· · · [⇡ jn

(he)]mn

nn

=

n1

e j1

n2

j2

nn�1

jn�1e e

nn

jne

m1 m2 mnmn�1

=
X

{a2,··· ,an�1,J}

n�1Y

i=2

dai
dJ Je

a2 Jan�2

j1 j2 jnjn�1

+ ++

m1 m2 mnmn�1

n1 n2

j1 j2

a2

nn

jn

J

nn�1

jn�1

an�2

an�1

an�1� � �
. (3.35)

Taking the identity
R

dg[⇡J(g)]M

N
= �J,0�M,0�N,0 for g 2 S U(2) into account, the above graphical calculus can be extended to

compute graphically the integral over the product of irreducible representations of holonomies

Z
dhe[⇡ j1 (he)]m1

n1
[⇡ j2 (he)]m2

n2
· · · [⇡ jn

(ge)]mn

nn

=

Z
dge

n1

e j1

n2

j2

nn�1

jn�1e e

nn

jne

m1 m2 mnmn�1
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6. Graphical calculation: some useful rules of transforming graphs

Reality��
(unitary)

Symmetry

Orthogonality

Wigner 3j-symbol “Metric”

The rules involving the Wigner 6j-symbol

Special 
formula 4 Graphical calculus 15

Now we extend the above graphical calculus to compute the integral over the
product of irreducible representations of ge. By Eq. (??), the integral can be evaluated
graphically by

Z
dge[⇡ j1 (ge)]m1

n1
[⇡ j2 (ge)]m2

n2
· · · [⇡ jn (ge)]mn

nn

=
X

{a2,··· ,an�2}

n�2Y

i=2

dai 0
0

n1 n2

j1 j2

a2�

nn�1 nn

jn�1 jn

�an�2�

j1 j2 jnjn�1

a2 an�2 jn
jn

m1 m2 mn�1 mn

0

0
+ + +

=
X

{a2,··· ,an�2}

n�2Y

i=2

dai a2 an�2
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In SFMs, one usually needs also to evaluate the integration over the product of irre-
ducible representations of ge and its inverse g�1

e = ge�1 . This can be accomplished by
combining Eq. (4.11) with Eq. (??). For example, the integration over the product of
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