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Why NNLO integration is hard
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many separate subtraction integrals
expensive matrix-element evaluations
complicated phase-space structure +
cancellations
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Importance sampling and signed integrands
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ordinary importance sampling

𝐼 = ∫ d𝑥𝑓(𝑥) = 𝔼𝑥∼𝑞[
𝑓(𝑥)
𝑞(𝑥) ]

𝑞(𝑥) ≈ |𝑓(𝑥)| ⇒
narrower weights
lower variance

signed integrands

𝑓 = 𝑓+ + 𝑓−

conventional: 𝑞 ∼ |𝑓|
this work: 𝑞+ ∼ 𝑓+, 𝑞− ∼ |𝑓−|
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Sign splitting
even perfect sampler for |𝑓| leaves variance floor for signed integrands

Learn |𝑓| only
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Split into 𝑓+ and 𝑓−
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Ideal limit: |𝑓|/𝑞 = 𝑤 = const.

̂𝐼 = 𝑤
𝑁+ − 𝑁−

𝑁 = 𝑤(2𝛼 − 1)

Var( ̂𝐼) = 4𝑤2𝛼(1 − 𝛼)

Irreducible variance from sign cancellations

Train two samplers: 𝑞+ ∝ 𝑓+, 𝑞− ∝ |𝑓−|

𝐼 = ∫𝑓+(𝑥) 𝑑𝑥 − ∫ |𝑓−(𝑥)| 𝑑𝑥

Perfect 𝑞±∶ 𝛿 ̂𝐼strat → 0

No intrinsic variance floor
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Normalizing flows
base distribution
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GPU CPU GPU

Sampler Points STRIPPER Weights Train flow

update

VEGAS

𝑞(𝑥) ≈∏
𝑖
𝑞𝑖(𝑥𝑖)

FLOW

𝑞𝜃(𝑥1,… , 𝑥𝑑 | 𝑙)

𝑙 = sector/helicity

Tested: spline Coupling-Layer flow and continuous flowmodel.
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The need for an expressive sampler

Factorisability

relevant structures are genuinely non-factorisable
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Signedness

positive/negative boundary is
nontrivial
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The flow learns a better proposal
𝑔𝑔 → 𝑡 ̄𝑡@NNLO
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for RF: 𝛿𝜎flow: 0.9 pb→ 0.3 pb

9× fewer samples for the
same variance

Phase-space efficiencies:
VEGAS: 𝜖+Φ = 0.73, 𝜖−Φ = 0.38
FLOW: 𝜖+Φ = 0.99, 𝜖−Φ = 0.99
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Stat. uncertainty reduction across the NNLO calculation

factor relative to VEGAS trained on |𝑓|
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Cross-section contribution   (relative per-point evaluation cost shown below each label)

VEGAS + split

ODE on |f|

CL on |f|

ODE + split

CL + split

Born + NLO double-real NNLO real-/double-virtual NNLO

1.0× 1.0× 2.0× 2.0× 0.7× 0.9× 1.0× 2.2× 0.7× 2.5× 1.2×

4.0× 1.1× 2.0× 1.0× 2.0× 1.4× 1.0× 2.5× 1.0× 1.0× 1.0×

6.7× 1.1× 2.0× 1.0× 2.0× 1.8× 2.0× 2.5× 1.0× 1.0× 1.0×

5.0× 3.3× 5.0× 10× 2.0× 1.0× 2.0× 6.7× 3.3× 5.6× 3.3×

6.7× 3.3× 5.0× 15× 2.0× 1.8× 2.2× 4.0× 2.0× 6.2× 5.0×
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Total computational cost
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sign split
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(Integrand-evaluation cost only; GPU training/inference not included.)
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Physics is preserved, differential gains remain
Same prediction, smaller statistical fluctuations.
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Also improves partially-unweighted event generation, although rare weight outliers remain
important.
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Conclusions

1. The physics problem
NNLO subtraction produces expensive, correlated and signed integrands.

2. The ML contribution
Conditional normalizing flows learn correlations and sign-region geometry that
factorized VEGAS cannot.

3. The practical result
Up to∼8× lower integrand-evaluation cost at fixed statistical precision.

Next target: harder processes, rare-weight tails, and sampler objectives tailored directly to
differential observables/unweighting.
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