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1. Physics significance

The gluon-jet fraction

Physics motivation

provides an indirect link between
the hard QCD process and the observed gluon-jet population:

Hard QCD — Parton shower — Hadronization— q/g-jets —|g-jet fraction

N—

7

2. Practical motivation

Precision measurements of g- and g-jet properties require
a reliable determination of the g/g-jet fractions

Hard QCD — Parton shower —

Hadronization— q/g-jets

l

q/g-jet properties

— g-jet fraction




Objectives
Standard template fit [1]

Data =~ a®-g—template + (1 — a®) - g—template
where the templates are obtained from a Monte Carlo model.
Bin representation

Data: p; VS Model: n-(ag a,b) p; . normalized content of bin i in data
. l ' ’ l re g . q.
p;, p; - templates from a MC model
where at g-jet fraction
m; = at - pg(a) +(1- ag) . pg(b) a,b :template modification parameters
l l

The problem: the templates are model predictions that may deviate from the true
ones.

Therefore, even if the statistical uncertainty of the fit is small, the
extracted gluon fraction can still be biased if the templates do not
describe the true g/g distributions

Goal of this talk
Quantify the model uncertainty of the extracted g-jet fraction

[1] S.S. e.a. Methodology for measuring gluon jet fraction and characteristics of quark and gluon jets
for hadron-hadron collisions. Phys.Part.Nucl.Lett.18(2021),n0.2



https://rdcu.be/cizPA

Jet observables [*]: Model Uncertainties
mult; jet constituent multiplicity

a,. minor angular spread of the p , weighted constituent distribution

ptD = —— : momentum-sharing/fragmentation variable

Type-11 m.u.
We use these observables as independent ways of extracting | spread of g-fraction

the same underlying g-jet fraction between observables.

Internal estimate:
Simulation of pp collisions, v/s = 13 TeV ‘ within a Single MC model

vosr MG+Herwig7: quark/gluon
r MG+Pythia8 : quark/gluon
0.05; <2
C P'e [362,395] GeV
0.04:—
- Type-111 m.u.
0.03— .
- — spread of g-fraction between models.
ooz Jet algorith
L et algorithim: .
n anti-kgT, R = 0.4 External estimate:
0.01— - -
- based on measurements with different models
07 ‘20 ‘4‘0 60I I IB‘O‘ I I](‘)O‘ I I]éO‘ s

mult

[2] CMS PAS JME-13-002

Fig.: lllustrative g/g templates PAS JME-16-003




Template fit in a narrow P)* interval Type-1 Model

0.08F — gluon Uncertainty []
n — quark
0.07 — data
0.06F- Plc [196,220] GeV The g-jet fr_actlon IS
. - Iyl <2 determined
Dy —005= v independently in each bin
= of the jet-observable
0.04 ~ 48 -pB 4 (1— o8) - p0 R
- pi = ak-p7+(1—ak)-p; distribution.
Pi —o03 q
- g Pi — D;
0.02— / - a= pg — pd Type-1 m.u.
pl,q - Lo — spread of g-fraction
o.m;—M between bins i.
00: — 2|0 T 40 | SIO — 8|0 - I‘I(IJOI | I‘IéOI | I'IAIC In_ter_nal e_Stimate:
. mult within a single MC
[ =24 model, within a single jet
observable

Goal of this talk
Quantify the Type-I m.u.

[] S.S. Model Uncertainty in Measuring the Gluon Jet Fraction at the Hadron Collider.
Phys. Atom. Nuclei 87, 509-512 (2024)



https://link.springer.com/article/10.1134/S1063778824700443?utm_source=rct_congratemailt&utm_medium=email&utm_campaign=nonoa_20240902&utm_content=10.1134/S1063778824700443

Model Uncertainties

» Thus, the measured fraction of g-jets can exhibit three levels of g-

fraction spread:
« Bin-to-bin spread — does the model correctly describe the shape“‘)e,‘ m

of the templates?

 Observable-to-observable spread — does the model correctly B\S o
describe the mechanism of jet formation and its spatial structure? ¥

« Model-to-model spread — how strongly does the result depend on e_‘“m-“'
the choice of the underlying generator model? TYP

» Only the "Type-1 m.u." requires a dedicated statistical construction. Its
determination requires a statistical construction that relates the global

g-fraction, a(V), to the local g-fractions & a(V) , obtained in individual
bin i of a jet observable V.

» The statistical framework shown below is therefore primarily driven by
the requirements of the "Type-I m.u.".

» The Type-1l and Type-IIl uncertainties can subsequently be determined
from comparisons of the corresponding global measurements.




STAGE 1 — MODEL DIAGNOSTICS Where Are \We Now?
Current focus: | Local g—fraction measurement — Model uncertainty
* Quantify the model-induced spread

» Parameterize template modifications
* Reduce the model-induced spread

WE ARE HERE: Stage 1

» Provide feedback for g/g-jet model tuning
Three relevant scales: From the local measurements aEgV)i’ We can assess:

Oinside V Obetween V Ostat Model effects dominate
Inltlal SltuatIOn O-insideV > Ustat and O-betweenV >> Ustat - keep Observables
: separate
After model improvement:  Gjnside v» ObetweenV S Ostat
Only then 2 STAGE 2 — GLOBAL COMBINATION
mult @ ax2 @ ptD — Global fit

» (Gain statistical precision

Stage 1: Model uncertainty ——+  Stage 2: Statistical precision

NOW LATER

So the question becomes: what statistical framework naturally provides the
chain of “Stage 1 — local measurements, statistical and model uncertainty
decomposition, model diagnostics, and eventually the global combination




Statistical Properties of Weighted Jet Counts

Unweighted jets s -
: i : - hine- |1 + histogram bin
For mdependent. Jetcounts in the i-bins: | & Cized bin count
n; ~ Poiss(u;) u; : model prediction

E(n;) = Var(n) =
Weighted jets
The bin counts is jet : jet

ng = Zjeteivjet Vier: jet weight
with E(n;) = and Var(n;) = Zjeteivjzet
= |Var(n;) # E(ny)
Key consequence:

v" So the key point is very simple: weighted jet counts are not Poisson

v" This means that we cannot directly apply the usual Poisson likelihood to the
weighted histogram. We therefore need an appropriate statistical construction
for the weighted sample

v" This construction leads us to an effective Poisson description, then
- to a multinomial model, and finally to the asymptotic Gaussian model




From Weighted Events to the
Asymptotic Gaussian Model

Statistical construction

Weighted Effective : : _ _
—> . — | Multinomial —»
Jet counts Poisson Asymptotic Gaussian

Weights —> effective ——> normalized bin —— large-N ¢ limit
stat. power contents
Nege

We can transform the weighted sample to an effective Poisson
representation, formulate the normalized bin contents as a
multinomial problem, and then use the large-N.¢ limit, where the
multinomial becomes multivariate Gaussian

(Details see in Backup, p.20-22)




For large N, the multivariate CLT gives: Asymptotic Gaussian Model

”={%} =Y Ve N= 3

- - - - - - t 1
has multivariate Gaussian distribution jeter je

1 = {T[i}
p W N( ’Neff [diag () — nnT]>, m; = a8 -pra) + (1 —a8) - pl(b)

. . . . . N]ets 2
The resulting asymptotic Negative Log-Likelihood: (Zjer=1 Viet)

ZN]ets 2

N]ets

Negr =

K

. —1;: (a8, a,b)]?
—21In(L) = Ng¢ - z b ﬂl; ) + const
i

jet=1 Vjet

i=1

v This is the statistical model that we will use

v Now we can ask what this likelihood implies for the measurements of the
mean g-jet fraction?

v Answer: the mean = result of fit with asymptotic Gaussian Likelihood can be
related analytically to the local g-fraction measurements




Analytical profiling over a¥9 g-Fraction:
Minimizing NLL.: Mean vs. Local

— 2
—2In[L(a®)] = Neg - zl[pl Zl_(ag)] + const

with respect to a® gives

ni=ag-pf’+(1—ag) - p;
p=3

Separation of g

where local g-fraction is defined by / and g templates

ap Pi — pi , A= p> —p)! w; ~ squared
: A; : : separation of g
weight is defined by 1| and g templates
W = = w, = &
l Z{il Wli i D;

This analytical relation between the global estimator and the local
measurements, derived from the MLE, will be essential for what
follows. It allows us to use the dispersion of the local estimates as a
diagnostic of model uncertainty (Type-I m.u.).




Variance of the Mean g-fraction Statistical uncertainty

as = Zufi-ag
i

~ _ E 2 g
— Var(ag)stat = wy e Var(ai )stat
i

Variance of the Local g-fraction

Var(a;g )stat =

See Backup

=| Var(@8)sear =

Negr - 2 Wi
See Backup p.30 —
- . . 1 how to add template
~g. A8 . o
— Stat|St|Ca| uncertalnty Of ae. Aastat = \/Neff°zi W par;(:l(ljg;zils’nb”

v" So this uncertainty has a very transparent interpretation: it is determined by
the effective statistical size of the sample, N.¢, and by the total g/g separation
across all bins, »;; W;

v' At this stage, importantly, the templates are fixed. We are quantifying only the
statistical fluctuations of the data

v Now we keep the data fixed and ask the complementary question: what
happens if the g/g templates are not exactly the true templates?




The local g-fraction provides a particularly Total Observed
useful diagnostic of the g/g templates. Variance S2,
¢ Di =D

ab =
l
A;

If the g/g templates are correct, |p; = (1 — ag) - p;' + ag -y,

g_ .
=  a; =, V1

What does observed bin-to-bin spread mean?

Heuristic quantification of the observed spread using MLE-derived
weights (1):

K

~g _ g 2 e 8 _ ~g)?

as = wi-a;, S& & Zwi°(ai—ag)
i=1

1=

=1

The observed variance S2, contains both statistical fluctuations
and authentic model effects. The next step is therefore to separate
these two contributions




Observed local spread contains two contributions Total Varlanzce

E(Sw)
Natural assumption: statistical and model-induced fluctuations are
Independent:

E(S%) = E(S)stat + E(S& ) moder(n

E(Si)stat = (K —1) - Var(@®)gar see Backup
~ 24-26
E(S\%v)model(l) = (Kegr — 1) - Var(ag)model(l) P
with

| {(=1Wi]2 _ 1

K 2 — VK 2
D=1 Wi Dijmq Wi

Kegr =

Key point: E(Sfu) - Var(&g)model(l

\——y

Therefore, once the total observed spread and the statistical contribution
are known, we can extract the model variance of the mean g-fraction




Observed local spread: S2 = YK, w; - (af — a8)? Type-1 Model

= E(S2) = (K — 1) - Var(@®)sea + Ketr — 1) - Var(@® mogery =00 2N

Model variance e;?,;“aetj'r”ih'e
= Var(a®) _ Sir — (K —1) - Var(@®)sat observed S2, is
model(l) (Koge — 1) used as an estimate
_ _ of its expectation
Final model uncertainty value E(S2).

Aafmodel(l) — Jvar(&g)model(l)

v An important point is that the statistical variance used here is the full
statistical variance, including the statistical uncertainty associated with the
fitted template modification parameters a and b

v" So the central idea is quite simple: we measure the total local spread,
subtract what can be explained by statistical fluctuations, and interpret the
remaining excess as a diagnostic estimate of template-model uncertainty

v' | emphasize once again that this is a heuristic model-uncertainty estimate. It
relies on some working assumptions (see Backup p.26-27)




Current situation Type-11 Model

Aamo del(D) =~ A“stat Uncertainty

Statistical optimization is therefore not yet justified.

Global g-fraction — current-model estimate

~8 — ~8 V = {mult, ax2, ptD}
a 3 a
- V - -
The dominant uncertainty is the spread between observables:
1 ;
AG® — [ max &% — min &% The dominant
model(I) ~ 7 [ v (W) v W) ] uncertainty is the

spread between the
three observables

~8 ~8
Aamodel(ll) > Aastat

The important conclusion is: the measurement is currently
limited by model uncertainty, not by statistics.

This tells us what the next step should be: improve the g/g-jet models
rather than further optimize the statistical combination




Conclusions

The standard template-fit approach gives us a measurement of the
g-jet fraction and its statistical uncertainty. This uncertainty
decreases with the size of the data sample and, in the asymptotic
limit, vanishes.

But this does not mean that the measurement becomes exact. A g/g
template bias remains even with an infinitely large data sample.

To address this problem, we introduced local g-fraction
measurements in individual bins. Bin-to-bin variation of local
measurements provides a direct diagnostic of model quality.

The main methodological conclusion is therefore that a complete
measurement of the g-jet fraction should not report only its
statistical uncertainty. It should also include an intrinsic estimate of
the model uncertainty associated with the g/g templates, which does
not vanish in the large-statistics limit.



Backup




Local g-fractions

g
Xwyi

V = {mult, ax2,ptD}

average over bins

bin-by-bin

From Local Measurements to
a Global g-Fraction

One g-fraction per

observable:

g g g
a(mult)’ a(axz)’ a(ptD)

combine observables

For each jet observable we can determine a local g-fraction in every bin.

Iternative: A multi-parameter, multi-stage fit is also possible

All observables — Global a®

Global
o8

But there is a potential problem with doing this from the beginning - the
model uncertainty is completely lost. Model uncertainty is always
present and does not disappear, even in the large-statistics limit.

Thus, the measurement strategy should start with local measurements,
followed by averaging over bins for each observable, and only then
proceed to the global g-fraction, averaged across all observables




Weighted Poisson — Effective Poisson

Weighted i-bin n; = Zjet ¢ i Viet [“] G.Bohm, G.Zech, NIMA 691 (2012) 171-177.
- _ _ 2
Define S1i = Ljete i Vjet and S,; = Dijete i Vjet
So that f; = Sl,i ) Var(ni) = SZ,i
. . S1i ~ ~
Béhm—Zech transformation [#]: ¢; = i iy =c¢; +ng, [ =c; * Y
Define the effective count - - .
Local” effective number
Slz’l- of jets in i-bin = “Equivalent number
Neffi = S of unweighted jets” in i-bin []
2,i

Then, at the level of data-based estimates,

= | Var(@l;) = E(1;) = Neg;

Key result: Transformed weighted bin has Poisson mean—variance relation.
Effective Poisson likelihood: Effective Poisson NLL:

K
L(0) = = reH —InL(6) = Z[ﬁi — 7i; - In ;] + const
i=1 i=1



Effective Poisson — Multinomiall-

Key assumption
¢C;i = C
approximately independent of the bin i.

Therefore

n=C -n i =C -

Wlth N = ZNjets ”
- jet
nl-=N-pl- and ,ul-=N-7rl- jet=1 ]

and
;= (1—a8)-p/ +ag-pl.g
We obtain Multinomial NLL:

—InL(a9,a,b) = —N_¢ Z{{:l[pi ‘Inm;(a8, a,b)] + const,
where
Njets
(Zje]t=tl vjet)z
Neff - C y N - -
ZN]ets 2
jet=1 Vjet

Key result: Weighted Effective Poisson NLL - Multinomial NLL With Vet as the
statistical scale




v

Multinomial — Gaussian

For large N.¢, the multivariate CLT gives

ﬁi _ &
P = {Neff} B {N

has multivariate Gaussian distribution

N ! di T
p NeT»l) T, Neff[ iag(m) — '] |,
Asymptotic Gaussian NLL: m; = - pP(a) + (1 - a8) - pl(b)
K
[p; —m;(a8,a,b)]?
—2In(L) = Nag zl (B, b) + const
=

Asymptotic plug-in: for large N
m; (a8, a,b) = p;
Therefore,

K
. —m;(a8,a,b)]?
—2In(L) = Nog - Z P i ) + const
i=1 Pi

Key result: Multinomial — Gaussian y“-like form with N as the
statistical scale




Mean g-fraction A Statistical

28 — z . o8 Local g-fraction  uncertainty
o p; —p;
Var(@®)giar = Z wf 'Var(alg) ay = — Iy L A=pr-py
i l
1 For statistical fluctuations of the data:
- Var(&g)stat —_— Var(]VjetS ' pl) = U
Nege + X Wi ———
= Var(p;) = YT
. g . ~ eff eff
Statistical uncertainty of &2:
\ If «; are independent (Poisson model):
_,/\‘
AC’fg — 1 = Var(aig) = N 1. W,
stat N Neff . Zi Wi eff .
with W; ==+

pPi

Aat . takes into account stat.
fluctuations of data p; with

fixed model p?/®




For an exact model, all local estimators have the same Statistical variance

expectation: E (szv)stat
E (aig) =«
The weighted global estimator is v
A W; W; = -
at = Ziwi.aig’ Wi= 5w, wpi
Wit s,

Define the observed weighted spread of local estimates:
52, =Z w;i+ (af — a8)?
l

= E(S3)=) w;- E(af - @9
l

E(s3) =) wi-E[(af —o)| +Ela — a9 + ) 2w B[} ~@)(a — a9)

\
\

g ~
Var(a;) Var(a8) = Z-wiz Var(a®) —Cov(ay, @8) = wr; - Var(e;)
: with Cov (ag a]g) ~0(#]j

i;

—/

E(szv)stat = z_wi (1—wy) - Var(aig)stat = (K — 1) - Var(@8)stat
i

= Q&

\Y/ 8 =
Nege + W;

Var(a;'g) stat —



Statistical variance
E(szv)stat
Cov (alg; ajg) =0 #j) Remark for p.24

In the asymptotic limit, the multinomial distribution approaches a

multivariate Gaussian. For sufficiently small bin probabilities p;

(sufficiently large number of bins), the off-diagonal multinomial

correlations are suppressed, allowing the covariance matrix to be
approximated as diagonal.

It is the presence of the condition p; <« 1 that makes
the approximation of independent aig justified.



Model Contribution

Working assumptions

Fixed observed data p; ; imperfect q/g templates:

g ~ 52 :
Var(ai)model ~ Omodel VU

to E(52)

¢ g The bin-to-bin covariance
Cov (ai , aj) =0 (i #)) of the model-induced
variations is unknown.

Model variance of the mean

A ~ 2 2
Var(ag)model = z Wi * Omodel

2
Omodel

Kott

Var(&g)model =

Contribution to the observed spread

or

2 1 2
E(Sw)model ={1- K Omodel
eff

E(S/Zr)model = (Keff -1)- Var(ag)model

Derivation in
Backup, p.27-29



We consider only the model variation, without statistical Model variance
fluctuations. Let §; be the model deviation of the local estimate in E(S2
the i-th bin. The notation is a conceptual model, not a directly (Sw)model

computable decomposition: af =a+ 6
We only observe
ab,af, ..

And that is why we propose to use the observed spread
K

S2 Zwi- (af — a8)?
i=1

as an estimate of the characteristic scale ¢,4e1-
Our assumptions:

E(5)=0
Var(§;) = E(67) = dinodel
E(6l,6])=0, l:/:]
The latter is our working assumption that there are no correlations between
eviations,

&g=2wi-aig=Ewi-(a+6i)=a+6a, 5G=Zwi-5i
[ [ [

g ~8

K
S5 = ) wi+ (6 - 65)?
i=1




as = Z'wi-alg= zwl(a+ 51) =a+5G; 50 =z.wi-6i MOdE‘eIS\IZarIance
l 2 i
= “zg — a8 =6; — 6 ( w)model
K
= wie (6= 85)?
i=1
(5z‘ — 5(3)2 = 51'2 — 251*5(_‘; + é%. S?u - Zwiéf — 2 Zwi5i5c; + Zwicif;.

Z w;d;0¢ = dg Z w;d;. Z w;d; = dg-
Z widg: = 0¢. = 6o = Z w; 0% — 25?; + 5?;,

= E(S,) = (Z w,éz) E(6%).

2 2 2
E(é?) = Jr_?nodels = | B (Z 'w;ﬁf) = ngde]. E(‘SG) — Umodel Z w; -

E(szv)model - <1 - z_wi2> : O'r%mdel
i




Model variance

1 2
E(va)model = <1 — z_wi2> ) O-r%lodel = O-r%lodel | <1 K ff) E(Sw)model
i e

2
N . O-
as = z :.wi ' a;g Var(a®) = E ,wiz Var(aig) _ Ir(nodel
l ' eff

Var(a;) = Var(§;) = 0/odel

= E(Sszu)model — (Keff - 1) ) Var(&g)model ®




Fixed templates parameters (a, b): Statistical Uncertainty of
1 the Mean g-Jet Fraction

Var(a&(a, b = .
ar(@&(a, b))stat Norr - 2. W, with Free Template
Free template parameters Modification Parameters

The template parameters (a, b) are fitted from data:
Cov(a, b)star = Vab

Since
a&(a, b)
their statistical fluctuations contribute to the uncertainty of &8.
Using first-order error propagation, (0G8
. . 0a8 9a8) (Yaa Vba)| ) da
Var(a®8)gar = Var(@&(a, b))siat + {aa ab} {Va,b Vb,b} <a;&g
\ db
Therefore
AGS... = /Var(@®)stat

With free templates, the statistical uncertainty of @& includes the
statistical uncertainty of the fitted template parameters (a, b).




