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Non-central heavy ion collision: angular momentum,
vorticity and spin:

Non-central heavy ion collisions can create QCD medium with a large angular momenta

* Initial large orbital angular momenta
F. Becattini, et.al., 0711.1253

* Inhomogeneity of density profile in transverse plane.

F. Becattini, F. Piccinini,

J. Rizzo, PRC 77 (2008) 024906 X
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Observation of the spin New challenges in the modeling of the
polarization of hadronsand the == “pin dynamics” in an evolving QCD

“Spin-sign problem” medium.
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Macroscopic conservation equations: @, TH" = (), dpJH =0,
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Macroscopic conservation equations: 8”’1"““’ =0, @“J-”' =0, 0, j}"‘“’ =0,

Conservation of the total angular momentum c———> FEvolution of six component anti-symmetric
tensor: Spin chemical potential

Generalized thermodynamic relations: € + P = T's + un + wap gaB
de = Tds + pdn + wapdS®’,
dP = sdT + ndp + S*%dwap.
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Generalized thermodynamic relations: € + P = T's + un + WasSP, What about the consistency
de = Tds + pdn 4 wasdS ap of the thermodynamic

ions ??
dP = sdT + ndp + S*°dwas. relations 22
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Spin hydrodynamics and pseudo gauge

Macroscopic conserved quantity: 9, T"" =0, J,N" =0, (rj,_,.,J"“"":’f'{j =0

Total angular momenta:  jraf — yauB _ (Brua | guaf

Energy-momentum tensor calculated using Noether theorem is not unique

T.f;u; — THV + E)AIII”"A, qJU;LA — _11,,12.1;11 a“pr —0

Quantum Field Theory

Lectures of

Pseudo-gauge Fruv _ Fav %a}ﬁ ({I;k-ul' _ A _ (’f)"-}*#) SIDNEY COLEMAN

transformation: SRR

g.-‘}..;n' _ §)n,_,|’.n’ o @A,yv

42 different energy-momentum tensors that occur in the literature -

Canonical framework, Belinfante-Rosenfeld framework (BR), de Groot-van Leecuwen-van Weert
framework (GLW), Hilgevoord-Wouthuysen framework (HW)....




Spin hydrodynamics and pseudo gauge

Covariant entropy currentansatz: " =T"3, + P —aJ" - BwasS*?,

Under the p§eudo-gauge St = 8§H L EﬁA“‘“ Entropy Gauge transformation
transformation:

F. Becattini, A. Daher, Xin Li-

Under the entropy gauge transformation entropy production is unaffected Sheng, PLB 850 (2024)
138533

Thermodynamics quantities: p’ = p + Tu pa,u,ﬂ‘]‘“
d

pw =5 +u, T—@AAJ““M‘M

8_,0’ .
or

Thermodynamic relations: -
aT

Pseudo-gauge dependence of the spin polarization observable !!!

M. Buzzegoli, PHYSICAL REVIEW C 105, 044907 (2022)



Spin hydrodynamics and pseudo gauge

Covariant entropy currentansatz: 8" =T"6, + P3* —aJ" - BwasS*?,

Under the p§eudo-gauge St = 8§H L EﬁA“‘“ Entropy Gauge transformation
transformation:

: . . F. Becattini, A. Daher, Xin Li-
Under the entropy gauge transformation entropy production is unaffected =~ sheng, PLB350 (2024)

138533

Thermodynamics quantities: p’ = p + Tu pa,},f—l‘l“

: : ap' , d . .
Thermodynamic relations: d_]'" pw =S +uy, Tﬁ@lA H|
Spin kinetic theory results to write Ht = / dPdSp*[f (1“ [seq - 1)

down thermodynamic relations:

+f;.eq(1nf;.eq - 1)]
= PaTeq

S Bhadury, W. Florkowski, A. Jaiswal,, A. Kumar,
and R. Ryblewski, Phys. Rev. D 103, 014030 (2021)

|
~ 5 ®apS%: P — ENK, + PP 8



Different gradient counting schemes

Gradient ordering:
pLv
T{;;; or T,p,u"*— O(1) Iy — O(9)
Gradient ordering of spin density and spin chemical potential

K. Hattori, M. Hongo, X -G. Huang, M. Matsuo,

w#‘u — O(a) S'—'—"ﬁ — (9(1):h S““-ﬁ — O(a) H. Taya, PLB 795 (2019) 100-106; K. Fukushima,

can(1) S. Pu, Phys.Lett.B 817 (2021) 136346

Abbhishek Tiwari, et.al., Phys.Rev.D 112 (2025) 3,
036014

w#y % O ( 1 ) Sﬂ’ﬁ _} O( 1 ) , Sf:::(ﬁl ) _) 0(8) D. She, A.Huang, D Hou, J. Liao, 2105.04060



Spin Hydrodynamics: Entropy current

Entropy current: S* = TH 3, + PA* — aJ" — BuasSHe?

. ey (2 HY ey
T = T(D} + T“} T(u] = cut'u PA

g p poo_ o
I = o) T ys o) = 1
naf _ cpaf o3 pad _  peaf
S =S80 +50) > S w5

Evolution of the a, SE‘D] — 23 W{t:EfTE[T];S]
entropy current :

SMS‘U = T{”y}a{“éﬁu}

(] .
(1) T} d[u-ﬁv]

(1) (1)~ # (1)

O\ SH =

3,1:5_3@:5'

J* 9 o — §Has

K. Hattori, et.al. PLB795
(2019)100-106; K.
Fukushima, S. Pu, Phys.Lett.B
817(2021) 136346

A. D. Gallegos, et. al. JHEP 05 (2023) 139.

_THY 4 TvH — _oT(n]
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K. Hattori, et.al. PLB795

Entropy current S =T B, + PB" — aJ" — Buas S’ (2019)100-106; K.
analysis: Fukushima, S. Pu, Phys.Lett.B
g - i i
IR Rep cdi ipat T({lf}r. Yoohewf + WP ™ 4TI A8 817 (2021) 136346
ep of aissipative
currents: .5;*1‘;3 = 2ul“ APl p 4+ 2?1‘,[“'7'{:::] + 2?;[“7-{‘;‘;] + @M R Biswas,et.al. PhysRev.D 108 (2023) 1,014024

D. She, et.al.,, 2105.04060

Entropy production in dissipative

Using On-shell equations
systems: gap or spi1.1 hydrodynamic
3}58-“ = hH n Pvﬁ‘ﬂﬂ’ﬁ _ J.H ?,uﬂ + .{jﬂnyglup + ;BHH equations.
£

— 20UV (Bwap) — 271U NGV (Bway) — 27/ 5u APV, (Bway)
— ©,a3AY APPAFYY (Bws,)

t — JH n L
Jh = J(l) - E-I-Ph}

duS* >0 IT = (0, Bulk viscous term

Entropy
production

7" = 2ne™”,  Shear viscous term

11
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Entropy current 9,8" = —Bh"'X, — BT"Y,

analysis:
h"* = aX" + bY"
TH = cX¥ + dY*
9,S" = —aBX*X, — BdY"Y, — B(b + ¢)X"Y, aB>0. Bd>0. 4adB*> > (b+c)*B*
. . 3
Entropy production in W= ks S Vi — k12 VFa.
dissipative systems: et+p
oy [
JH =FkEnVta + E-uag = P‘?“ﬂnﬁ,
Entropy 5 St > 0
Pediion ! N Cross diffusion like k11 >0, By >0

terms H%z —kpk1 <0

12



K. Hattori, et.al. PLB795

Entropy current S =T"38, + PB* = aJ” = BwaaS"?. (2019) 100-106; K.
al’laIYSiS: _ ) ) ) Fukushima, S. Pu, Phys.Lett.B
IR Rep of dissipative TP = o + hPuc 4 0P L TIAP,  817(2021) 136346

v

- o A 18] [a F J | [a H.lf] o R.Biswas, et.al. Phys.Rev.D 108 (2023) 1, 014024
currents: Sy =2u"AMe + 2u + 2u + 6 D. She, et.al., 2105.04060

Entropy production in dissipative

Systems: IT= ¢, > Bulk viscous term
Liifre gy h* ?‘ Qap Vi,
production
T = 2"'?5’ ", > Shear viscous term
S&ﬁ
DuS* > 0 @ Vi @ ‘F Qas, Jin Hu Phys. Rev. C 107, 024915
» Cross diffusion like terms
’@ £crv'3( gwﬂ,j}

¥ (.‘3'5-’&.0 Ju®,

Spin transport

13




Non equilibrium statistical ~ 5(¢) = é exp [_ f Bz Z (z, t}]
X.-G.Huang, et. al., Annals Phys. 326 (2011) 3075-3094;

Ope rator:
D. N. Zubarev, Nonequilibrium statistical thermodynamics;
A. Hosoya, et.al., Annals Phys. 154 (1984) 229; J. Hu, Phys.

.. . . 3 = 2 _ " o)
Decomposition of the statistical / d’x Z(Z,t) = A(t) — B(t).
: Rev. D 103 no. 11,(2021) 116015.

opecr ator:

This term contains the gradients
or thermodynamic forces

Ailt) = % exp (- A)

Local equilibriurn statistical

14

operator:
s



P - 1 e
Linear response: o—A4+B o -4 +/ dr e TABe™ e A 1+
0
1 I PR
p(t) =~ [l +/ dr{e_f"de”" - (E_TABETA);}]Eﬁ
0

Macroscopic conserved (TH(Z,t)) = Tr (ﬁ(t)‘f“"(f, t))
quantities:

t 1 _— - -
S(TH(%,1)) :/d%’/ dt’ ef'i*’-”/ dT<T“"(f,f){e-“‘C(f,t’)ef-’*—{C(:E’.t’),}f}>
— g S0 I

:/dﬁmj /t dt_: ei[f-ﬂ (T”u(f.t)
e l

This term contains all thermodynamic forces

15




Evaluation of the function C(x,t) o !

C(T,t") = T (Z )08, (T ') — THE ") dua(T ,t) — S (T 1) Q0 (T, 1)

1. Use the full decomposition of all the currents.
2. Use spin hydrodynamic equation of motion

o4

5Vi(Bap) + BT 0 - SHYV u(Bwas).

A - R I
C(@.t') = =P80 = T" Vo + -

JE* = (ﬁ -1 -2y + ﬁ"lril + §n'j“,r'u.3)

Rt

16



Identification of dissipative currents and the : 4

Kubo relations

t
™(Z,1) = @& (Z,1)) = / d*z’ / dt’ ettt (?r“”(f,t),c*(:if’,t’))
l

/d3 '/ i (71"‘”(.17:', t),ﬁ”‘s(d:",t')) Bops
l

fd‘?' *’/ at’ e~ (71 (2), R @/ ))

¢=8 f &’ ]; dt’ <t —t) (ﬁ*(x],ﬁ*[z’))l

t
E11=—%fd3x’/ dt’ et~ *( (#.8). Fu(&. t"})
—_ I
11312—.“1.[2 = /da .r/ tr e(t’ t]( :1." f}?ﬁp(f,tr])
I
t
. :_%f{i%’/ dt’ e<(t'—t) (h”(f,t),hﬂ(i:“',t’)) |
—00 i

17



Kubo relations for spin transport coefficients

_ -2/d3 '/ dt’ e<t'= (@(f,t),@(f,t’)) V? (Bwqs)u?,

1_(;; - A(;;()n =—2/d3I/ dt’ e e(t’ —f)( #"(_1; t) T(s)( ))IV,,(ﬁwﬁ.é)u":’
s = (7Y = _ / B! / dt’ et~ ( (z,1), 72 (&, t)) Vi,

e;m/i (e;mﬁ) — fds I/ dt’ e e(t —l)(e;m?( ) ep‘yé(l. t)) Vp(,‘gw-’é)

Spin transport coefficients:

1

t
X1 = f d*z’ f dt' ec' =t (E»(f, t), &?[f‘,t’})
—oa [
_ ! d*x’' i dt’ etV (FAv(F. 1), 7 t
5 (s) () (T 1)
1 t oy -
-3 f &2’ f dt’ <t~ (f;*;(m,t),fr{my(f,t'))
—_00 i

t
Xa = —l/dai‘}/‘ dt’ EE[t,_t} (e-‘uﬂﬁ(f? t}' BAHC{E‘!-&))
9 e i 18



Kubo relations for spin transport coefficients:
Alternative appro ach

. 1 +1 . _|'3 5] ‘A
Generic decomposition: Sy = MO, (Bwys)

U”Eﬁﬁ.ﬁ?ﬁ'ﬁ -0

® Symmetry property  ywafnys _ yulaflnyd _ ypabn(yo]

® Orthogonality

® Onsager relation sHaBnys _ ymyéual

Anvys rpaBnyd rpaBnyé o Bnyo e 3nyo I Bnyd e Bnyo
Z;m ny =Zl'pll 1Y +22fp21 (8] +Z3'P3‘ 17 +Alglﬂ PNy +A2Q2‘ (8 +A393ﬁ Py

Example of projectors: ’P{"’C"S”'?'E — AHla A BlIY A8
Qﬁf,alﬁn’yﬁ _ A“[QH‘S]AH[THES]

19



Kubo relations for spin transport coefficients:
Alternative appro ach

. . . . H 5
Generic decomposition: 3;‘1‘;’3 = LHMOY, (Bw~s)

® Orthogonality u, DRI = 0
e Symmetry property Y rafnyd _ swulaflnys _ spafn[yd]
L Onsager relation Ep,ctﬁ?ﬁé — En’}ﬁnalﬁ' |

Eunﬂ,n& Z ,P/;mdrné +Z Plpadn*,& +Z ,Pl;mzdrn& -I-A Qluain‘y& +A Qluadu‘)& +A lecxjrné

8, S”|guas = — (Z1 + Z3)Vu(Bwap) PPV, (Buwqs) — (B2 + B3) Vi (Bwap) PP 1oV  (Buys)

(1)
— B3V, (Bwag) PP, (Bwys) — MV 4 (Bwap) QF*PTV, (Buwys)
- A2vu(SWQJ)Qmadmévn(.ﬁw?é) Aavu(JW(d)Q’uadmévn(ﬁwvé)-

20



Kubo relations for spin transport coefficients:
Alternative appro ach

Generic decomposition: 3;‘1‘;3 = THANOY (Buns)
® Orthogonality u, DM = 0
® Symmetry property yuafnys _ yulaBlnys _ yuafn(yo]

® Onsager relation
YHafnyd _ yydpas

Buyd I By Ia s rpaBnys 'nafyé IRBPIYO Py
yHaBmy =21p1l R +22'p2l 8} +Z3'P3‘ 1Y +AlQlﬂ 1Y +A2Q2‘1 by -I-A,}Qg‘ Py

N Y5 <0, 0+ Y, <0, Y5 >0,
AL <0,A2 <0, A3 <0,

21



Equivalence between different approaches !

iy Guap
General decomposition: S}

gpﬂfﬁ n 1}‘# [ex u,ﬁ]

u, ZHP = 0,ua =10 = 0, u, V** = 0, Ve, = 0.

Case I Case II
presy = pay pho <f’““> = M AFP) 4 AN 4 AT
<V#a> - _ (gmq: + TS + T{a;)
(Emﬁ) — Q1P 2ro) = — (B + 85) A0 + (3, + B) P + g pre?

5! 3 1
A =—4x1,A2=-2x2, A3 =-2x3, x4 = 523 - 531 - 522

22
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Open questions ?

* Pseudo-gauge choice and the spin hydrodynamic framework.
Gradient ordering of spin hydrodynamic variables/ spin chemical potential.

Spin transport coefficients and its phenomenological irnplications. Can we

estimate using Yukawa interaction, NJL type of model, etc? [Follow works of Sourav
Dey on Green Kubo framework of multiple conserved charges! JHEP 12 (2024) 192]

Analytical solution of the spin hydrodynamic framework and its
phenomenological applications? Work going on in collaboration with the NISER group !

Numerical solution of the spin hydrodynamic equations ! [Follow the works of Sushant
K. Singh Phys. Rev. C 111, 024907]

23



Thank you for

your attention



Spin chemical potential and thermal vorticity

Local equilibrium density operator:
-~ 1 5 ]' )\.-:f ey
A > 2

Global equilibrium conditions:

1

l:dn{i:.} can

Killing equations, thermal vorticity and spin chemical potential:

OBy + 0P =05 ww = —(0uby —0ubv)/2 = @y 9u€ = 0.

Otubvy + Ta.n( ) (“’Jw + al#ﬁb’]) - a(@#w;‘y)S“)‘” jp@#& = 0.

25
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