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The Hydrodynamisation Propl

- Empirical validity of Hydrodynamics at large gradients
. Viscous Hydrodynamics is derived near equilibrium
- Divergence of the gradient expansion

- Higher order gradient corrections are asymptotically
divergent

« Hydrodynamisation

- When is the system well defined by hydrodynamic equations?
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yArodynamics

A system at local thermal equilibrium
can be described by macroscopic
flelds, energy momentum tensor and
number density

The dynamics of the system can be
obtained from conservation laws and
equation of state.

Systems near equilibrium can be
described by adding gradient
corrections to the fields.

For causal evolution of the system
additional degrees of freedom and
their evolution equations are required.
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Kinetic Theory

Evolution of phase space distribution function tor low density systems.

« The one particle phase space distribution . pro,f=C(},[f) (4)
function can describe a system at low
densities. 3
N K
e e o A = —p'p°f
« The Evolution of the distribution function is pY 5
given by the Boltzmann Equation. 73 &)
. e nt = J—pp’“‘f
« \We can obtain macroscopic fields from the pY
moments of the distribution function.
« [he dynamics is obtained from the Boltzmann o d’p v
Fquation. A= Fp pof ©




T'he Gradient Expansion

Expanding the distripution function near equilibrium

: p”dﬂfz — u.p(f—feq). ( RTA kernel) (7)
TR

« We can obtain an expansion (Chapman-Enskog) of the
distribution function in terms of equilibrium fields

Coefficient of gradient expansion vs order. f
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- This expansion Is dive rgent "Divergence of the Chapman-Enskog expansion in relativistic kinetic theory

Gabriel S. Denicol Jorge Noronha arXiv:160807869
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Why IS It divergent?

The Toy Model
df 1 Repulsive Attractive
. — =——U - (9)
. ~(/=8)
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- Fixed point schematic
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Exact Solution to the Distripbution

o 4 — .
: (p o )f o~ Jeq (14)
« Formal Solution
“dt u(t,t) - p
1) = e f\(t. 1) + : = 1) (15)
0 = e ol o) L) pY (2, 1) e Jeg(8-1)
[
. gf:[ Mopdt,, (16)
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e The first term is a damped free streaming term and the second term contains the contributions from
collisions.



Exact Gradient Expansion

- We can obtain the exact gradient expansion®

Jo = Z I = [_p . ul?”aﬂ] Joq(X: 1)
= (17)
o First sum gives the Chapman Enskog gradients and the gIves

exponentially damped terms.

e [his expansion is convergent.

. Integrating the gradient expansion of the distribution function to get moment evolution is
difficult.

* Convergence problem of the gradient expansion in the relaxation time approximation 10

Reghukrishnan Gangadharan, Victor Roy Phys.RevD 111 (2025) 7 LO71901



Gradient Expansion of The Moments

Moments give bulk iInformation

- We already know the gradient expansion of the distribution function. Why do we need to
study gradient expansion of the moments?

- Moments give bulk information.
- The gradient expansion of moments give hydrodynamic equations.

- Understanding their structure is key to understanding the applicability of hydrodynamics.



The O+1 D system*

- The Symmetries : reduces system to O + 1

. Boost invariance : no 1 dependence.

e Transverse rotational and translational
symmetry : no r and @ dependance

. System can depend only on t

. Bjorken Flow profile

"Validity of relativistic hydrodynamics beyond local equilibrium , arxiv:250817543 12
Reghukrishnan Gangadharan, *Ancient Rishi



The O+1 D solution for the Moments

Bjorken Flow

. Moment definitions

21
| p*

) — PE ONna | £ LT (18)

P (7) o) J p(p”) (p0> Ap.p,7)

- The evolution equations

20+ 1 2l — n | .
Put+ i = 1 = = — (Pos = P (19)

T T Tp ;



T'he Operator Formalism

Vectorisation of moment equations

20+1, 2l—n, ]
0, + ( | — S)] Pu T, 1) = —— (Pn,z(’f) — Pi?(f)) (20)
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T'he Operator Formalism

Vectorisation of moment equations

A 1
. Dpn,l(T’ l) = — T_ (pn,l(T) _ p;?(f)) (22)
R

. p, (T, 1) = p,?q(f, D)+ [TRD] p, (T, ). - iterative structure
(23)

. p (1, ) = p iz, D)+ [TRD]IOSO' + [TRD] zp,?q + ....- Gradient Expansion
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Solution to Moment Equation

Formal Integral Solution

] P
A 1 . .
0+F+—|p = - - Relaxation equation (24)
TR , TR
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The Gradient Expansion of Moments

= 1k
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Gradient expansion of the Moments

Non-Equilibrium components

e P i(T) = pri‘l](r) + 7, (28) - Decomposing to Equilibrium and non-equilibrium

. W=7 Z(T) + 29y - Decomposing to Gradient anc terms

: Jl'n’l(T) — Z [TRD]k GQ(T)_ (Z pne,?(fo) — Pn,z(70)> €)

k=1
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DynNamics

(31)

(32)

(33)

(34)

- Dynamics of the Gradient Corrections

- Dynamics of the Transient Corrections

- Combined dynamics -

19



T'he Hydrodynamic .

Bulk pressure evolution

l=——x_

3 1.0
A T-10 & o
D7z_10=— —Dp~7 (7)

R ’

m mn . m>r,
011+ —=——DP —

T T 3 7

(35)

(36)

(37)

- Uatlons

- Exact evolution equation for Bulk pressure
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T'he Hydrodynamic Equations

Bulk anisotropy evolution

2 o0
. aTH_I_E:E_DP_m_l (Z y(k+ 1,&)) [TRD]k o (T))

 Exact evolution ~ gradient expanded hydro + transport coefficient rescaling

,0_1,1(To)

(33)
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Relativistic Hydrodynamics can accommodate non-equilibrium evolution

- The evolution equation of second order hydrodynamics is structurally similar to exact

evolution equation.

- Second order hydrodynamics can accommodate transient terms and therefore early time

dynamics.

- The difference is between the two equations is absorbed in the transport coefficients.

(Similar conclusion from fixed point oma\ysiST)
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