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Introduction to anisotropic flow

Initial anisotropy in coordinate space
⇓

Thermalized medium
⇓

Final anisotropy in momentum space

Anisotropic flow is a
sensitive probe both of
initial conditions in
heavy-ion collisions, and
of QGPs transport
properties (e.g. shear
viscosity). a

ahttps://cerncourier.com/a/going-with-the-flow
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Challenge in Separating Initial State and Transport Properties

• Traditional observables mix contributions from initial state and medium dynamics.

• Need for observables that isolate sensitivity to initial-state properties (e.g., nuclear
geometry and fluctuations) and transport dynamics (e.g., shear and bulk viscosity).

• Goal: Provide more direct constraints on initial state and medium properties.
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Heavy-ion Collisions Dynamics

1

1Chun Shen: https://chunshen1987.github.io/
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Simulation Framework

MCGM
Initial energy deposition

MUSIC
Hydrodynamic Evolution

iSS
Particlization

UrQMD
Late hadronic transport

• s(x,y) ∝ (1−α)npart(x,y)+αncoll(x,y)

• ∂µTµν = 0

• E dNi

d3p = dNi
pT dpT dydϕ = 2S+1

(2π)3

∫
Σ

1

e

pµuµ−(µB)f Bi
Tf ±1

pµ∆σµ

• pµ∂µf (x,p) = C[f ]
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Simulation Framework

TRENTo
Initial energy deposition

MUSIC
Hydrodynamic Evolution

iSS
Particlization

UrQMD
Late hadronic transport

• s(x,y) ∝p
TATB, TA,B(x,y) =∫

dzρpart
A,B (x,y,z).

• ∂µTµν = 0

• E dNi

d3p = dNi
pT dpT dydϕ = 2S+1

(2π)3

∫
Σ

1

e

pµuµ−(µB)f Bi
Tf ±1

pµ∆σµ

• pµ∂µf (x,p) = C[f ]
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Fourier decomposition of initial state energy density

We perform Fourier decomposition of the energy density profile in the following way:

εneinψPP
n =−〈rneinϕ〉

〈rn〉 ; 〈. . .〉 =
∫

. . . e(r,ϕ)rdrdϕ∫
e(r,ϕ)rdrdϕ

(1)

where εn is the nth order eccentricity and ψPP
n is the nth order participant plane2.

Linear response: v2 = k2ε2 v3 = k3ε3

to the thermodynamic and continuum limits (29).
The equation of state of hot QCD matter and cor-
relation functions, such as the screening distance
of the color force, are now within reach. However,
reliable calculations in lattice QCD are still limited
to static properties, severely restricting our abil-
ity to address transport properties of the QGP.

Transport theory describes the conversion of
the gluon fields in the incoming nuclei into thermal
QCD matter, the explosive expansion of the QGP,
and finally its disassembly into hadrons. A standard
scenario of distinct reaction stages has emerged
(30). In the first stage, gluons are liberated and form
a dense system of nonlinearly coupled fields,
known as the glasma. The second stage, the rapid
expansion of the hot QGP, is effectively described
by relativistic hydrodynamics with small viscous
effects. After the matter cools below 150 MeV, its
final expansion and freeze-out can be described by
kinetic theory for hadrons. Whereas the experi-
mental data provide solid evidence for the validity
of the description of stages 2 and 3, experimental
exploration of the glasma phase is just beginning.

Physicists were astounded to find that an en-
tirely different approach, using dualities that relate
QCD at strong coupling with weakly coupled
gravitational theories, can yield insights into the
dynamical properties of quantum inviscid liquids.
The duality of string theory in anti-de Sitter (AdS)
space with conformal quantum field theory (CFT)
provides an exact description of some strongly cou-
pled systems. The formalism, known as AdS/CFT
correspondence (31, 32), holographically maps
the intractable strongly coupled quantum field
theory onto a solvable classical gravity theory in
five dimensions. Thermalization of the quantum
field appears as formation of a black hole in the
gravity dual theory. Although the formalism is ex-
act only in the limit of an infinite number of colors
and at strong coupling, it is believed that for many
quantities of interest the three colors of QCD can
be considered as a large number. Lattice gauge

theory (33, 34) provides compelling evidence for
this conjecture. The gravity dual description offers
an explanation of how a strongly coupled plasma
of gauge fields can reach thermal equilibrium so
rapidly and why hydrodynamics furnishes a re-
liable description even at strong coupling, when
kinetic theory fails. Unfortunately, the coupling
of true QCD is not as strong as would be required
for rigorous application of the AdS/CFT duality.
At the moment no gravity dual for true QCD is
known, and it is unknown whether one exists.

Interconnections
Understanding strongly coupled or strongly cor-
related systems is at the intellectual forefront of
multiple subfields of physics. One example is
ultracold fermionic atoms, such as 6Li, where ap-
plication of a magnetic field excites a strong res-
onance. When confined in an atomic trap, these
atoms form a degenerate Fermi liquid, which can
be manipulated and studied in detail (35). At
temperatures below ~0.1 mK, the atoms inter-
acting via the resonance form a superfluid (36).
The shear viscosity h and the entropy density s
for this system can be measured separately, show-
ing that h/s falls with decreasing temperature. At
very low temperatures, it approaches about four
times the universal quantum limit (37), only twice
as large as the value deduced for the QGP.

Strongly correlated electron systems in con-
densed matter provide an example of strong cou-
pling where the elementary interaction is not
strong, but its role is amplified by the large num-
ber of interacting particles and their ability to
dynamically correlate their quantum wave func-
tions. Surprisingly, holographic gravity duals have
also helped to provide simple descriptions of
such complex systems (38, 39).

Strongly coupled systems in conventional plas-
ma physics include warm, dense matter and dusty
plasmas (40) residing in astrophysical environ-
ments, such as the rings of Saturn, and in ther-

monuclear fusion. In these plasmas,
the ratio r of potential to kinetic
energy is large, implying strong
coupling; at sufficiently large r,
such plasmas can even crystallize.
The shear viscosity exhibits a min-
imum at a certain value of r, where
the dominant mechanism of mo-
mentum transport changes from
ballistic quasiparticle motion to
some form of collective transport.

An advantage of QCD matter
over other strongly coupled sys-
tems is that the interaction is well
defined. The QGP thus offers a
chance to understand how a strong-
ly coupled fluid emerges from a
microscopic theory that is pre-
cisely known. The strongly cou-
pled QGP is also the only known
relativistic liquid. Its structure is
not dominated by repulsive inter-
actions, so it challenges the tradi-

tional concept of a liquid. However, the high
temperature of the QGP, combined with the fun-
damental nature of the QCD interaction, per-
mits ab initio techniques to address equilibrium
properties of hot QCD matter without any mod-
el assumptions or approximations. The rapidly
expanding capabilities to perform definitive cal-
culations of this kind enable newly rigorous
comparisons between the theory of strongly cou-
pled systems and experiment.

Open Questions and Challenges
The surprising experimental results present an en-
tirely new set of questions about the QGP. Roughly
following the time development of heavy ion col-
lisions, one must now ask: What is the nature of
QCD matter at low temperature but high density,
and how does it affect plasma formation? How
can the plasma thermalize so rapidly? Does it ex-
hibit novel symmetry properties along the way?
The QCD plasma is strongly coupled, but at what
scales? Does it contain quasiparticles, or does the
strong coupling completely wipe out long-lived
collective excitations? What impact does the cou-
pling have on color screening? Is there a charac-
teristic screening length, and if so, what is it? What
is the mechanism for parton-plasma interactions,
and how does the plasma respond to energy de-
posited in it?

Gravity dual calculations show that thermal-
ization propagates at the speed of light and all
anisotropies disappear quickly in the strong cou-
pling limit (41, 42). Plasma instabilities may play
a role. The microscopic structure of the strongly
coupled QGP is still poorly understood; in the
gravity dual picture, no quasiparticles exist ex-
cept phonons. Lattice simulations confirm that
the quantum numbers associated with quarks—
baryon number, electric charge, and flavor—are
carried by elementary, quarklike constituents at
temperatures above the critical temperature for
QGP formation, Tc. However, they are unable to

Fig. 3. Elliptic (left) and triangular (right) flow patterns arise from the locations of individual nucleons at the
instant when two nuclei interpenetrate. The nucleons of one nucleus are shown in yellow and the other in orange.
Red indicates those nucleons in the overlap region, which actually collide. (Left) Adapted with permission from
figure 1 in (56) [Copyrighted by the American Physical Society]. (Right) Adapted with permission from figure 3 in
(57). [Copyrighted by the American Physical Society]

20 JULY 2012 VOL 337 SCIENCE www.sciencemag.org312
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Figure 1: Ellipticity (left) and triangularity (right) arise from the locations of individual nucleons at the instant when two nuclei interpenetrate. The
nucleons of one nucleus are shown in yellow and the other in orange. Red indicates those nucleons in the overlap region, which actually collide.

2Müller et al. Science 337, 310 (2012)
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Definition of flow

Fourier decomposition of single-particle momentum distribution:

f (p) = E
d3N

d3p
= 1

2π

d2N

pT dpT dy

[
1+2

∞∑
n=1

vneinϕ
]

(2)

vn(D) ≡
⟨

einϕ
⟩
=

∫
D

einϕf (p)d3p∫
D

f (p)d3p
, (3)

where the brackets denote an average value over many events, and D represents a phase
space window in the (pT ,y) plane where flow is measured.Anisotropic flow is quantified
with vn:

• v1 : directed flow
• v2 : elliptic flow
• v3 : triangular flow
• v4 : quadrangular flow, etc.

Kaiser Shafi Sensitivity of Multi-Particle Azimuthal Correlations and Rapidity-Even Dipolar flow to α-Clustering in O+O Collisions at
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Symmetric Cumulants

• Symmetric Cumulants (SCs) are used to measure correlations between
event-by-event fluctuations of flow harmonics vm and vn.

• This approach allows separation of non-flow and flow contributions, providing
insights into how the combinatorial background affects flow measurements using
correlation techniques.

The four-particle symmetric cumulants, SC(m,n), are defined as3

SC(m,n) ≡ 〈v2
mv2

n〉c

= 〈v2
mv2

n〉−〈v2
m〉〈v2

n〉
= 〈〈cos(mφ1+nφ2−mφ3 −nφ4)〉〉
− 〈〈cos[m(φ1−φ2)]〉〉〈〈cos[n(φ1−φ2)]〉〉 (4)

The subscript c indicates the cumulant.
3 (Phys. Rev. C 89, 064904 (2014))

Kaiser Shafi Sensitivity of Multi-Particle Azimuthal Correlations and Rapidity-Even Dipolar flow to α-Clustering in O+O Collisions at
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Asymmetric Cumulants

Generalization of these observables to probe the genuine correlation between different
moments of flow harmonics. The Asymmetric Cumulants AC2,1(m,n) is defined as:4

AC2,1(m,n) ≡ 〈(v2
m)2v2

n〉c ≡ 〈v4
mv2

n〉c

= 〈v4
mv2

n〉−〈v4
m〉〈v2

n〉−2〈v2
mv2

n〉〈v2
m〉+2〈v2

m〉2〈v2
n〉

(5)

In terms of azimuthal correlators:

AC2,1(m,n) = 〈〈ei(mφ1+mφ2+nφ3−mφ4−mφ5−nφ6)〉〉
−〈〈ei(mφ1+mφ2−mφ3−mφ4)〉〉〈〈ei(nφ1−nφ2)〉〉
−2〈〈ei(mφ1+nφ2−mφ3−nφ4)〉〉〈〈ei(mφ1−mφ2)〉〉
+2〈〈ei(mφ1−mφ2)〉〉2〈〈ei(nφ1−nφ2)〉〉

(6)

AC1,1(m,n) ≡ SC(m,n), =⇒ Generalization aspect of ACs.
4 (Phys. Rev. C 105, 024912 (2022))
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Normalized Cumulants

To eliminate the effect of the magnitudes of vm and vn on the value of the symmetric
cumulant, we divide SC(m,n) by their average values, 〈v2

m〉 and 〈v2
n〉.

• Normalization enables fair comparison of initial and final states.

• Normalization removes dependence on pT ranges across models and data.

The normalized symmetric cumulant, denoted by NSC(m,n), is defined as5:

NSC(m,n) = SC(m,n)

〈v2
m〉〈v2

n〉
. (7)

Normalized asymmetric cumulants are defined as:

NAC2,1(m,n) = AC2,1(m,n)

〈v2
m〉2〈v2

n〉
. (8)

5 (Eur. Phys. J. C 81, 652 (2021))
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Probing QGP transport properties: 197Au+197Au Collisions

• Analyze multi-particle correlations to assess sensitivity to QGP transport
coefficients (shear, bulk viscosity) and late-stage hadronic interactions.

• Identify observables sensitive to initial-state and insensitive to the transport
properties.

• Role of normalized cumulants in probing the initial state across RHIC and LHC
energies.

Kaiser Shafi Sensitivity of Multi-Particle Azimuthal Correlations and Rapidity-Even Dipolar flow to α-Clustering in O+O Collisions at
p

sNN = 200 GeV Hot QCD Matter 2025 10 / 20



Introduction Heavy-ion Collisions Dynamics Simulation Framework Observables Results and Discussion Summary

Sensitivity of Symmetric and Asymmetric Cumulants to QGP Transport Coefficients
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• Model vs STAR data6.

• The large sensitivity of symmetric and asymmetric cumulants primarily arises from the characteristics of
anisotropic flow, as the symmetric cumulants involve higher powers of flow coefficients.

• v2 −v3 correlations: Hydro = Glauber. v2 −v4 correlations: Hydro 6= Glauber.

• NSC(2,3) and NAC2,1(2,3) are insensitive to the hydro model parameters and late-stage hadronic interactions.
Reliable for constraining the initial state of the system’s evolution.

• NSC(2,4) and NAC2,1(2,4) show considerable sensitivity to these dynamics.
6 (PhysRevC.111.064901 (2024)), (Phys. Lett. B 783, 459 (2018))

Kaiser Shafi Sensitivity of Multi-Particle Azimuthal Correlations and Rapidity-Even Dipolar flow to α-Clustering in O+O Collisions at
p

sNN = 200 GeV Hot QCD Matter 2025 11 / 20



Introduction Heavy-ion Collisions Dynamics Simulation Framework Observables Results and Discussion Summary

Energy dependence of Symmetric and Asymmetric Cumulants
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• Comparison with STAR7 measurements and ALICE8 measurements in Pb+Pb collisions at 5.02 TeV.

• Minimal energy dependence in normalized cumulants, NSC(m,n) and NAC2,1(m,n).

7 (Phys. Lett. B 783, 459 (2018))
8 (Phys. Rev. C 108, 055203 (2023), Phys. Lett. B 818, 136354 (2021))
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Probing Nuclear Structure: 16O+16O Collisions

• Simulate 16O+16 O collisions using Woods-Saxon and α-clustered configurations.

• Investigate effects of nuclear deformation and α-clustering on final-state
observables.

• Key observables: Symmetric and Asymmetric cumulants, and rapidity-even dipolar
flow veven

1 .

Kaiser Shafi Sensitivity of Multi-Particle Azimuthal Correlations and Rapidity-Even Dipolar flow to α-Clustering in O+O Collisions at
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Probing Nuclear Structure: 16O+16O Collisions

Figure 2: Pictorial representation of a non-clustered (left) and α-clustered (right) distribution of
nucleons inside the 16O nucleus.
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Nuclear distributions

Woods-Saxon distribution:
ρ = ρ0

(
1+ωr2/R2

)[
1+exp((r−R)/a)

]−1

We impose that the root-mean-square radius of 16O should be the same for the different densities, i.e.,

√
〈r2〉 ≡

√
3l2

8
+ r2

α = 2.73fm,

which is taken from nuclear structure experiments.9

Distribution R a ω

WS Woods–Saxon 2.608 fm 0.513 fm -0.051

l rα rα/l
Cl. I α cluster 3.0 2.0 0.67
Cl. II α cluster 3.6 1.6 0.44
Cl. III α cluster 4.0 1.2 0.30

Table 1: The parameters for the nuclear distributions of 16O with Woods–Saxon and tetrahedral
configurations of α clusters.

9 (Atom. Data Nucl. Data Tabl. 36, 495 (1987))
Kaiser Shafi Sensitivity of Multi-Particle Azimuthal Correlations and Rapidity-Even Dipolar flow to α-Clustering in O+O Collisions at
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Nuclear distributions
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Figure 3: Nuclear distributions of 16O using Woods–Saxon and tetrahedral α-cluster
configurations.
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Mean transverse momentum
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• Bands represent systematic uncertainties from η/s.
• 〈〈pT 〉〉 decreases with Centrality due to reduced medium response.
• In ultra-central collisions, 〈〈pT 〉〉 drops as α clusters become more compact, due to incoherent flow from different

hotspots.
• In mid-central collisions, the hierarchy reverses, with collisions occurring between α clusters, not the whole

nuclei.
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NSC(2,3) and NAC2,1(2,3)

2−10 1−10 1 10 210

Centrality (%)

0.5−
0.4−

0.3−
0.2−

0.1−
0

0.1

0.2

0.3

0.4

0.5

N
S

C
(2

,3
)

O+O, 200 GeV
TRENTo TRENTo + MUSIC
WS WS
Cl. I Cl.I
Cl. II Cl.II
Cl. III Cl.III

2−10 1−10 1 10 210

Centrality (%)

1−

0.8−

0.6−

0.4−

0.2−

0

(2
,3

)
2

,1
N

A
C O+O, 200 GeV

TRENTo TRENTo + MUSIC

WS WS

Cl. I Cl.I

Cl. II Cl.II

Cl. III Cl.III

• Dashed lines: TRENTo, Solid lines: TRENTo+MUSIC.

• Bands show systematic uncertainties, dominated by ζ/s.

• Notable distinction among nuclear configurations in ultra-central collisions, especially from AC2,1(2,3).
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Rapidity-even dipolar flow10
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• ε1{2} increases with cluster compactness due to fewer effective sources in compact clustered nucleus.

• Response, veven
1 /ε1{2}, decreases with centrality and increasing compactness.

• In ultra-central collisions, the veven
1 hierarchy is dominated by ε1{2}.

• Distinction among nuclear configurations in ultra-central collisions from veven
1 .

10Phys. Rev. Lett. 106, 102301 (2011)
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Summary

• We studied symmetric and asymmetric cumulants, and rapidity-even dipolar flow in 16O+16O collisions atp
sNN = 200 GeV using viscous relativistic hydrodynamics.

• Normalized cumulants NSC(2,3) and NAC2,1(2,3), based on v2 −v3 correlations, are insensitive to
hydrodynamic parameters and late-stage hadronic interactions, making them reliable for constraining the
initial state.

• Provides new methods for isolating initial-state and medium dynamics.

• We identified that final-state symmetric and asymmetric cumulants, NSC(2,3) and NAC2,1(2,3), are sensitive to
the initial nuclear geometry.

• Observed a significant difference in rapidity-even dipolar flow, veven
1 , between α-clustered and WoodsSaxon

configurations in high-multiplicity events.

• The magnitude and centrality dependence of the normalized cumulants show similar trends at both ALICE and
STAR, suggesting minimal energy dependence.
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Sensitivity of Symmetric and Asymmetric Cumulants to QGP Transport Coefficients
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• The large sensitivity of symmetric and asymmetric cumulants primarily arises from the characteristics of
anisotropic flow, as the symmetric cumulants involve higher powers of flow coefficients.

• NSC(2,3) and NAC2,1(2,3) are insensitive to the hydro model parameters. Reliable for constraining the initial state
of the system’s evolution.

• NSC(2,4) and NAC2,1(2,4) show considerable sensitivity to these parameters, allowing them to effectively
constrain hydrodynamic models.



Sensitivity of Symmetric and Asymmetric Cumulants to Resonance Decays and
Hadronic Interactions
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• The large sensitivity of symmetric and asymmetric cumulants primarily arises from the characteristics of
anisotropic flow, as the symmetric cumulants involve higher powers of flow coefficients.

• NSC(2,3) and NAC2,1(2,3) are insensitive to late-stage hadronic interactions. Reliable for constraining the initial
state of the systems evolution.

• NSC(2,4) and NAC2,1(2,4) show considerable sensitivity to these stages, allowing them to effectively constrain
transport models.





Sensitivity of Asymmetric Cumulants to Resonance Decays and Hadronic Interactions
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Figure 4: Ratios of v2{4}, AC2,1(2,n), and NAC2,1(2,n), computed at the three different stages of
the evolution, vs centrality in Au+Au collisions at

p
sNN = 200 GeV.



Sensitivity of Symmetric Cumulants to Resonance Decays and Hadronic Interactions
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Figure 5: Ratios of v2{4}, SC(2,n), and NSC(2,n), computed at the three different stages of the
evolution, vs centrality in Au+Au collisions at

p
sNN = 200 GeV.



Sensitivity of Asymmetric Cumulants to Resonance Decays and Hadronic Interactions
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Figure 6: Ratios of v2{4}, AC2,1(2,n), and NAC2,1(2,n), computed at the three different stages of
the evolution, vs centrality in Au+Au collisions at

p
sNN = 200 GeV.
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Figure 7: Ratios of v2{4}, SC(2,n), and NSC(2,n), computed at the three different stages of the
evolution, vs centrality in Au+Au collisions at

p
sNN = 200 GeV.
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