
Pascos 2026

Threading the Thimble:  
A Stable Route to Real-Time 

Path Integrals
Katarina Trailović 

based on Phys.Lett.B 873 (2026) 140198, [arxiv: 2510.06334] 
in collaboration with Y. Shoji

23.06.2026

https://arxiv.org/abs/2510.06334


Motivation

2

✴ Real-time (Lorentzian) path integrals:
<latexit sha1_base64="d/X9G3QQBTrLQhfrp0mEVfE4Uc0=">AAACFnicbVC7TsMwFHV4lvIKMLJYVEgsVAniNVbAwFgEfUhJqBzXaa06D9kOamXlK1j4FRYGEGJFbPwNTpsBWo5k6eice+Vzj58wKqRlfRtz8wuLS8ullfLq2vrGprm13RRxyjFp4JjFvO0jQRiNSENSyUg74QSFPiMtf3CZ+60HwgWNozs5SogXol5EA4qR1FLHPHRpJKEbItnHiKmrDA6hC8m9cgOOsKLw1hl6mXL7PuJZ1jErVtUaA84SuyAVUKDeMb/cbozTkEQSMySEY1uJ9BTikmJGsrKbCpIgPEA94mgaoZAIT43PyuC+VrowiLl+OuRY/b2hUCjEKPT1ZJ5fTHu5+J/npDI49xSNklSSCE8+ClIGZQzzjmCXcoIlG2mCMKc6K8R9pPuQusmyLsGePnmWNI+q9mn15Oa4Urso6iiBXbAHDoANzkANXIM6aAAMHsEzeAVvxpPxYrwbH5PROaPY2QF/YHz+AGE0n4w=</latexit>∫

Dx e
iS[x]

⊋

integrand oscillates, does not decay direct numerical integration fails

✴ Relevant for:

✴ Picard-Lefschetz theory cures this: deform original contour into sum of contours    
………………………………………. with convergent integrals

caveat: knowing which ones contribute is hard!

finite-density lattice field theory (sign problem)

quantum cosmology (e.g. no-boundary proposal)

real-time field theory (e.g. vacuum decay)



Picard-Lefschetz Theory

<latexit sha1_base64="ifZJfgE0gD+bfo92cuyqIeTCI90=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbdCG4q2Ae0Q8mkmTY0yYxJRihDf8KNC0Xc+jvu/BvTdhbaeuDC4Zx7ufeeMBHcWM/7RkvLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5Y3XIrWCvRjMhQsGY4vJn4zSemDY/Vgx0lLJCkr3jEKbFOat11O4b3JemWyl7FmwIvEj8nZchR65a+Or2YppIpSwUxpu17iQ0yoi2ngo2LndSwhNAh6bO2o4pIZoJseu8YHzulh6NYu1IWT9XfExmRxoxk6DolsQMz703E/7x2aqOrIOMqSS1TdLYoSgW2MZ48j3tcM2rFyBFCNXe3YjogmlDrIiq6EPz5lxdJ47TiX1TO78/K1es8jgIcwhGcgA+XUIVbqEEdKAh4hld4Q4/oBb2jj1nrEspnDuAP0OcP73uP6w==</latexit>

Kω

<latexit sha1_base64="6NHUbAly98t/WOa1o7JQrG2vyD4=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbdiKsK9gHtUDJppg1NMmOSEcrQn3DjQhG3/o47/8a0nYW2HrhwOOde7r0nTAQ31vO+0dLyyuraemGjuLm1vbNb2ttvmDjVlNVpLGLdColhgitWt9wK1ko0IzIUrBkObyZ+84lpw2P1YEcJCyTpKx5xSqyTWnfdjuF9SbqlslfxpsCLxM9JGXLUuqWvTi+mqWTKUkGMafteYoOMaMupYONiJzUsIXRI+qztqCKSmSCb3jvGx07p4SjWrpTFU/X3REakMSMZuk5J7MDMexPxP6+d2ugqyLhKUssUnS2KUoFtjCfP4x7XjFoxcoRQzd2tmA6IJtS6iIouBH/+5UXSOK34F5Xz+7Ny9TqPowCHcAQn4MMlVOEWalAHCgKe4RXe0CN6Qe/oY9a6hPKZA/gD9PkD7fCP6g==</latexit>

Jω <latexit sha1_base64="Ma8WdKhLtEnatnuCJG/1JqCBoOY=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPYUbcjkEvHiOYBZIh9HR6kia9jN09QhzyE148KOLV3/Hm39hJ5qCJDwoe71VRVS9KODPW97+9peWV1bX1wkZxc2t7Z7e0t98wKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98pNowJe/tKKGhwH3JYkawdVLrqdsxrC9wt1T2K/4UaJEEOSlDjlq39NXpKZIKKi3h2Jh24Cc2zLC2jHA6LnZSQxNMhrhP245KLKgJs+m9Y3TslB6KlXYlLZqqvycyLIwZich1CmwHZt6biP957dTGV2HGZJJaKslsUZxyZBWaPI96TFNi+cgRTDRztyIywBoT6yIquhCC+ZcXSeO0ElxUzu/OytXrPI4CHMIRnEAAl1CFW6hBHQhweIZXePMevBfv3fuYtS55+cwB/IH3+QM4D5Aa</latexit>zω

<latexit sha1_base64="Bc2O1BWLHh3F0RDJlHpEaZLeqDA=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiDES5gRt2PQi8coZoFkCD2dmqRJz2J3jxCH/IQXD4p49Xe8+Td2kjlo4oOCx3tVVNXzYsGVtu1vK7e0vLK6ll8vbGxube8Ud/caKkokwzqLRCRbHlUoeIh1zbXAViyRBp7Apje8nvjNR5SKR+G9HsXoBrQfcp8zqo3U6txh+anrHHeLJbtiT0EWiZOREmSodYtfnV7EkgBDzQRVqu3YsXZTKjVnAseFTqIwpmxI+9g2NKQBKjed3jsmR0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iahgQnDmX14kjZOKc145uz0tVa+yOPJwAIdQBgcuoAo3UIM6MBDwDK/wZj1YL9a79TFrzVnZzD78gfX5A+5Zj0I=</latexit>

→(z1)

<latexit sha1_base64="IyM/i+U/9HDTCPqGCGigXcF9lFo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIR4CTPB7Rj04jGKWSAZQk+nJmnSs9jdI8QhP+HFgyJe/R1v/o2dZA6a+KDg8V4VVfW8WHClbfvbWlpeWV1bz23kN7e2d3YLe/sNFSWSYZ1FIpItjyoUPMS65lpgK5ZIA09g0xteT/zmI0rFo/Bej2J0A9oPuc8Z1UZqde6w9NStnHQLRbtsT0EWiZORImSodQtfnV7EkgBDzQRVqu3YsXZTKjVnAsf5TqIwpmxI+9g2NKQBKjed3jsmx0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iShvQnDmX14kjUrZOS+f3Z4Wq1dZHDk4hCMogQMXUIUbqEEdGAh4hld4sx6sF+vd+pi1LlnZzAH8gfX5A+/ej0M=</latexit>

→(z2)

<latexit sha1_base64="hQ0vxgklYiUzDMa5HQx0DiWeHak=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXvQWwTwgWcLsZDYZMjO7zswKcclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4fXEbz5SpVkk780opr7AfclCRrCxUqtzK8pPXe+4Wyy5FXcKtEi8jJQgQ61b/Or0IpIIKg3hWOu258bGT7EyjHA6LnQSTWNMhrhP25ZKLKj20+m9Y3RklR4KI2VLGjRVf0+kWGg9EoHtFNgM9Lw3Ef/z2okJL/2UyTgxVJLZojDhyERo8jzqMUWJ4SNLMFHM3orIACtMjI2oYEPw5l9eJI2TindeObs7LVWvsjjycACHUAYPLqAKN1CDOhDg8Ayv8OY8OC/Ou/Mxa8052cw+/IHz+QPsx49B</latexit>

→(z1)

<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

Upward flow (L-dim surface)

saddle point

Real plane (L-dim surface)
Intersection (discrete points)

<latexit sha1_base64="uF4OoTIuOm0hcN0evSR4L/+l5Sw="></latexit>∫
dLx e

I(x)
⊋ =

∑

ω

nω

∫

Jω

dLz e
I(z)
⊋

✴ Lefschetz-Thimble:

<latexit sha1_base64="Ty4dYwEhS/sbkz+jRdb9T8GBJh8="></latexit>

Jω =
{
z(0) → CL| ωzi

ωu
= ↑ ωI

ωzi
, z(u = ↑↓) = zω

}

downward flow

✴ Along 
<latexit sha1_base64="2lzh758+XvnrIjUT0MHqZ0wHXMg=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsyIL1wV3VhXFewDOkPJpGkbmmSmSUaoQ1du/BU3LhRx6ze4829M21lo64ELh3Pu5d57gohRpR3n25qbX1hcWs6sZFfX1jc27a3tqgpjiUkFhyyU9QApwqggFU01I/VIEsQDRmpB72rk1+6JVDQUd3oQEZ+jjqBtipE2UtPeu2l6inY4gh68gF6/H6MW9Eq8Uco/HPpNO+cUnDHgLHFTkgMpyk37y2uFOOZEaMyQUg3XibSfIKkpZmSY9WJFIoR7qEMahgrEifKT8RtDeGCUFmyH0pTQcKz+nkgQV2rAA9PJke6qaW8k/uc1Yt0+9xMqolgTgSeL2jGDOoSjTGCLSoI1GxiCsKTmVoi7SCKsTXJZE4I7/fIsqR4V3NPCye1xrniZxpEBu2Af5IELzkARXIMyqAAMHsEzeAVv1pP1Yr1bH5PWOSud2QF/YH3+AKt+l1k=</latexit>

Jω : →[I(z)] remains constant
<latexit sha1_base64="DsDb8aFJhQtW/sk2QvVcLiCUheU=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi96imIdsljA7mSRDZmaXmVkhLvkKLx4U8ernePNvnCR70MSChqKqm+6uMOZMG9f9dhYWl5ZXVnNr+fWNza3tws5uXUeJIrRGIh6pZog15UzSmmGG02asKBYhp41wcDX2G49UaRbJezOMaSBwT7IuI9hY6aF1R/2b0tNR0C4U3bI7AZonXkaKkKHaLny1OhFJBJWGcKy177mxCVKsDCOcjvKtRNMYkwHuUd9SiQXVQTo5eIQOrdJB3UjZkgZN1N8TKRZaD0VoOwU2fT3rjcX/PD8x3YsgZTJODJVkuqibcGQiNP4edZiixPChJZgoZm9FpI8VJsZmlLcheLMvz5P6cdk7K5/enhQrl1kcOdiHAyiBB+dQgWuoQg0ICHiGV3hzlPPivDsf09YFJ5vZgz9wPn8AwTSPvQ==</latexit>

→[I(z)] decreases monotonically

<latexit sha1_base64="MU4mRhX4KT6BDgl1gFCbjoIiLvs="></latexit>∣∣∣
∫

Jω

dLz e
I(z)
⊋
∣∣∣ < →

✴ Intersection number: 
<latexit sha1_base64="YpkaEE1Yp0HnqgxOsd+U2WKAap8=">AAACC3icbZDLSsNAFIYn9VbrLerSzdAiuJCSiLeNUHQjuKlgL9KEMJlO0qGTSZiZCCV078ZXceNCEbe+gDvfxmmahbb+MPDznXM4c34/YVQqy/o2SguLS8sr5dXK2vrG5pa5vdOWcSowaeGYxaLrI0kY5aSlqGKkmwiCIp+Rjj+8mtQ7D0RIGvM7NUqIG6GQ04BipDTyzCr3HEnDCF04DPGQEXh/eFMgR+TEM2tW3coF541dmBoo1PTML6cf4zQiXGGGpOzZVqLcDAlFMSPjipNKkiA8RCHpactRRKSb5beM4b4mfRjEQj+uYE5/T2QoknIU+bozQmogZ2sT+F+tl6rg3M0oT1JFOJ4uClIGVQwnwcA+FQQrNtIGYUH1XyEeIIGw0vFVdAj27Mnzpn1Ut0/rJ7fHtcZlEUcZ7IEqOAA2OAMNcA2aoAUweATP4BW8GU/Gi/FufExbS0Yxswv+yPj8Ab0TmuA=</latexit>

nω = →Y,Kω↑

<latexit sha1_base64="Tys+39UFmWbWI9IQNrVlH+Ufk0Q="></latexit>

Kω =
{
z(0) → CL| ωzi

ωu
=

ωI

ωzi
, z(u = ↑↓) = zω

}

upward flow



Picard-Lefschetz Theory

<latexit sha1_base64="ifZJfgE0gD+bfo92cuyqIeTCI90=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbdCG4q2Ae0Q8mkmTY0yYxJRihDf8KNC0Xc+jvu/BvTdhbaeuDC4Zx7ufeeMBHcWM/7RkvLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5Y3XIrWCvRjMhQsGY4vJn4zSemDY/Vgx0lLJCkr3jEKbFOat11O4b3JemWyl7FmwIvEj8nZchR65a+Or2YppIpSwUxpu17iQ0yoi2ngo2LndSwhNAh6bO2o4pIZoJseu8YHzulh6NYu1IWT9XfExmRxoxk6DolsQMz703E/7x2aqOrIOMqSS1TdLYoSgW2MZ48j3tcM2rFyBFCNXe3YjogmlDrIiq6EPz5lxdJ47TiX1TO78/K1es8jgIcwhGcgA+XUIVbqEEdKAh4hld4Q4/oBb2jj1nrEspnDuAP0OcP73uP6w==</latexit>

Kω

<latexit sha1_base64="6NHUbAly98t/WOa1o7JQrG2vyD4=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbdiKsK9gHtUDJppg1NMmOSEcrQn3DjQhG3/o47/8a0nYW2HrhwOOde7r0nTAQ31vO+0dLyyuraemGjuLm1vbNb2ttvmDjVlNVpLGLdColhgitWt9wK1ko0IzIUrBkObyZ+84lpw2P1YEcJCyTpKx5xSqyTWnfdjuF9SbqlslfxpsCLxM9JGXLUuqWvTi+mqWTKUkGMafteYoOMaMupYONiJzUsIXRI+qztqCKSmSCb3jvGx07p4SjWrpTFU/X3REakMSMZuk5J7MDMexPxP6+d2ugqyLhKUssUnS2KUoFtjCfP4x7XjFoxcoRQzd2tmA6IJtS6iIouBH/+5UXSOK34F5Xz+7Ny9TqPowCHcAQn4MMlVOEWalAHCgKe4RXe0CN6Qe/oY9a6hPKZA/gD9PkD7fCP6g==</latexit>

Jω <latexit sha1_base64="Ma8WdKhLtEnatnuCJG/1JqCBoOY=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPYUbcjkEvHiOYBZIh9HR6kia9jN09QhzyE148KOLV3/Hm39hJ5qCJDwoe71VRVS9KODPW97+9peWV1bX1wkZxc2t7Z7e0t98wKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98pNowJe/tKKGhwH3JYkawdVLrqdsxrC9wt1T2K/4UaJEEOSlDjlq39NXpKZIKKi3h2Jh24Cc2zLC2jHA6LnZSQxNMhrhP245KLKgJs+m9Y3TslB6KlXYlLZqqvycyLIwZich1CmwHZt6biP957dTGV2HGZJJaKslsUZxyZBWaPI96TFNi+cgRTDRztyIywBoT6yIquhCC+ZcXSeO0ElxUzu/OytXrPI4CHMIRnEAAl1CFW6hBHQhweIZXePMevBfv3fuYtS55+cwB/IH3+QM4D5Aa</latexit>zω

<latexit sha1_base64="Bc2O1BWLHh3F0RDJlHpEaZLeqDA=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiDES5gRt2PQi8coZoFkCD2dmqRJz2J3jxCH/IQXD4p49Xe8+Td2kjlo4oOCx3tVVNXzYsGVtu1vK7e0vLK6ll8vbGxube8Ud/caKkokwzqLRCRbHlUoeIh1zbXAViyRBp7Apje8nvjNR5SKR+G9HsXoBrQfcp8zqo3U6txh+anrHHeLJbtiT0EWiZOREmSodYtfnV7EkgBDzQRVqu3YsXZTKjVnAseFTqIwpmxI+9g2NKQBKjed3jsmR0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iahgQnDmX14kjZOKc145uz0tVa+yOPJwAIdQBgcuoAo3UIM6MBDwDK/wZj1YL9a79TFrzVnZzD78gfX5A+5Zj0I=</latexit>

→(z1)

<latexit sha1_base64="IyM/i+U/9HDTCPqGCGigXcF9lFo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIR4CTPB7Rj04jGKWSAZQk+nJmnSs9jdI8QhP+HFgyJe/R1v/o2dZA6a+KDg8V4VVfW8WHClbfvbWlpeWV1bz23kN7e2d3YLe/sNFSWSYZ1FIpItjyoUPMS65lpgK5ZIA09g0xteT/zmI0rFo/Bej2J0A9oPuc8Z1UZqde6w9NStnHQLRbtsT0EWiZORImSodQtfnV7EkgBDzQRVqu3YsXZTKjVnAsf5TqIwpmxI+9g2NKQBKjed3jsmx0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iShvQnDmX14kjUrZOS+f3Z4Wq1dZHDk4hCMogQMXUIUbqEEdGAh4hld4sx6sF+vd+pi1LlnZzAH8gfX5A+/ej0M=</latexit>

→(z2)

<latexit sha1_base64="hQ0vxgklYiUzDMa5HQx0DiWeHak=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXvQWwTwgWcLsZDYZMjO7zswKcclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4fXEbz5SpVkk780opr7AfclCRrCxUqtzK8pPXe+4Wyy5FXcKtEi8jJQgQ61b/Or0IpIIKg3hWOu258bGT7EyjHA6LnQSTWNMhrhP25ZKLKj20+m9Y3RklR4KI2VLGjRVf0+kWGg9EoHtFNgM9Lw3Ef/z2okJL/2UyTgxVJLZojDhyERo8jzqMUWJ4SNLMFHM3orIACtMjI2oYEPw5l9eJI2TindeObs7LVWvsjjycACHUAYPLqAKN1CDOhDg8Ayv8OY8OC/Ou/Mxa8052cw+/IHz+QPsx49B</latexit>

→(z1)

<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

Upward flow (L-dim surface)

saddle point

Real plane (L-dim surface)
Intersection (discrete points)

<latexit sha1_base64="uF4OoTIuOm0hcN0evSR4L/+l5Sw="></latexit>∫
dLx e

I(x)
⊋ =

∑

ω

nω

∫

Jω

dLz e
I(z)
⊋

✴ Lefschetz-Thimble:

<latexit sha1_base64="Ty4dYwEhS/sbkz+jRdb9T8GBJh8="></latexit>

Jω =
{
z(0) → CL| ωzi

ωu
= ↑ ωI

ωzi
, z(u = ↑↓) = zω

}

downward flow

✴ Along 
<latexit sha1_base64="2lzh758+XvnrIjUT0MHqZ0wHXMg=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsyIL1wV3VhXFewDOkPJpGkbmmSmSUaoQ1du/BU3LhRx6ze4829M21lo64ELh3Pu5d57gohRpR3n25qbX1hcWs6sZFfX1jc27a3tqgpjiUkFhyyU9QApwqggFU01I/VIEsQDRmpB72rk1+6JVDQUd3oQEZ+jjqBtipE2UtPeu2l6inY4gh68gF6/H6MW9Eq8Uco/HPpNO+cUnDHgLHFTkgMpyk37y2uFOOZEaMyQUg3XibSfIKkpZmSY9WJFIoR7qEMahgrEifKT8RtDeGCUFmyH0pTQcKz+nkgQV2rAA9PJke6qaW8k/uc1Yt0+9xMqolgTgSeL2jGDOoSjTGCLSoI1GxiCsKTmVoi7SCKsTXJZE4I7/fIsqR4V3NPCye1xrniZxpEBu2Af5IELzkARXIMyqAAMHsEzeAVv1pP1Yr1bH5PWOSud2QF/YH3+AKt+l1k=</latexit>

Jω : →[I(z)] remains constant
<latexit sha1_base64="DsDb8aFJhQtW/sk2QvVcLiCUheU=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi96imIdsljA7mSRDZmaXmVkhLvkKLx4U8ernePNvnCR70MSChqKqm+6uMOZMG9f9dhYWl5ZXVnNr+fWNza3tws5uXUeJIrRGIh6pZog15UzSmmGG02asKBYhp41wcDX2G49UaRbJezOMaSBwT7IuI9hY6aF1R/2b0tNR0C4U3bI7AZonXkaKkKHaLny1OhFJBJWGcKy177mxCVKsDCOcjvKtRNMYkwHuUd9SiQXVQTo5eIQOrdJB3UjZkgZN1N8TKRZaD0VoOwU2fT3rjcX/PD8x3YsgZTJODJVkuqibcGQiNP4edZiixPChJZgoZm9FpI8VJsZmlLcheLMvz5P6cdk7K5/enhQrl1kcOdiHAyiBB+dQgWuoQg0ICHiGV3hzlPPivDsf09YFJ5vZgz9wPn8AwTSPvQ==</latexit>

→[I(z)] decreases monotonically

<latexit sha1_base64="MU4mRhX4KT6BDgl1gFCbjoIiLvs="></latexit>∣∣∣
∫

Jω

dLz e
I(z)
⊋
∣∣∣ < →

✴ Intersection number: 
<latexit sha1_base64="YpkaEE1Yp0HnqgxOsd+U2WKAap8=">AAACC3icbZDLSsNAFIYn9VbrLerSzdAiuJCSiLeNUHQjuKlgL9KEMJlO0qGTSZiZCCV078ZXceNCEbe+gDvfxmmahbb+MPDznXM4c34/YVQqy/o2SguLS8sr5dXK2vrG5pa5vdOWcSowaeGYxaLrI0kY5aSlqGKkmwiCIp+Rjj+8mtQ7D0RIGvM7NUqIG6GQ04BipDTyzCr3HEnDCF04DPGQEXh/eFMgR+TEM2tW3coF541dmBoo1PTML6cf4zQiXGGGpOzZVqLcDAlFMSPjipNKkiA8RCHpactRRKSb5beM4b4mfRjEQj+uYE5/T2QoknIU+bozQmogZ2sT+F+tl6rg3M0oT1JFOJ4uClIGVQwnwcA+FQQrNtIGYUH1XyEeIIGw0vFVdAj27Mnzpn1Ut0/rJ7fHtcZlEUcZ7IEqOAA2OAMNcA2aoAUweATP4BW8GU/Gi/FufExbS0Yxswv+yPj8Ab0TmuA=</latexit>

nω = →Y,Kω↑

<latexit sha1_base64="Tys+39UFmWbWI9IQNrVlH+Ufk0Q="></latexit>

Kω =
{
z(0) → CL| ωzi

ωu
=

ωI

ωzi
, z(u = ↑↓) = zω

}

upward flow

Can we compute it?
<latexit sha1_base64="XgckKnaXXwk4LItb17T/fJtZApQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OLBQ0TzgGQJs5NOMmR2dpmZFcKST/DiQRGvfpE3/8ZJsgdNLGgoqrrp7gpiwbVx3W8nt7S8srqWXy9sbG5t7xR39+o6ShTDGotEpJoB1Si4xJrhRmAzVkjDQGAjGN5M/MYTKs0j+WhGMfoh7Uve44waKz3cXXmdYsktu1OQReJlpAQZqp3iV7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aljcmSVLulFypY0ZKr+nkhpqPUoDGxnSM1Az3sT8T+vlZjepZ9yGScGJZst6iWCmIhM/iZdrpAZMbKEMsXtrYQNqKLM2HQKNgRv/uVFUj8pe+fls/vTUuU6iyMPB3AIx+DBBVTgFqpQAwZ9eIZXeHOE8+K8Ox+z1pyTzezDHzifP5gvjVw=</latexit>

L = 1
<latexit sha1_base64="cI0hle44yesGVDjzniDLpgrS/eI=">AAAB6nicbVDJSgNBEK1xjXGLevTSGARPYSa4XYSgFw8eIpoFkiH0dGqSJj09Q3ePEIZ8ghcPinj1i7z5N3aWgyY+KHi8V0VVvSARXBvX/XaWlldW19ZzG/nNre2d3cLefl3HqWJYY7GIVTOgGgWXWDPcCGwmCmkUCGwEg5ux33hCpXksH80wQT+iPclDzqix0sPdVblTKLoldwKySLwZKcIM1U7hq92NWRqhNExQrVuemxg/o8pwJnCUb6caE8oGtIctSyWNUPvZ5NQRObZKl4SxsiUNmai/JzIaaT2MAtsZUdPX895Y/M9rpSa89DMuk9SgZNNFYSqIicn4b9LlCpkRQ0soU9zeSlifKsqMTSdvQ/DmX14k9XLJOy+d3Z8WK9ezOHJwCEdwAh5cQAVuoQo1YNCDZ3iFN0c4L8678zFtXXJmMwfwB87nD5mzjV0=</latexit>

L = 2

<latexit sha1_base64="urYbWeuDmXL8mwBIcKc8kvbOLk4=">AAAB6nicbVDJSgNBEK1xjXGLevTSGARPYSa4nSToxYOHiGaBZAg9nZqkSU/P0N0jhCGf4MWDIl79Im/+jZ3loIkPCh7vVVFVL0gE18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dxqhjWWCxi1QyoRsEl1gw3ApuJQhoFAhvB4GbsN55QaR7LRzNM0I9oT/KQM2qs9HB3Ve4Uim7JnYAsEm9GijBDtVP4andjlkYoDRNU65bnJsbPqDKcCRzl26nGhLIB7WHLUkkj1H42OXVEjq3SJWGsbElDJurviYxGWg+jwHZG1PT1vDcW//NaqQkv/YzLJDUo2XRRmApiYjL+m3S5QmbE0BLKFLe3EtanijJj08nbELz5lxdJvVzyzktn96fFyvUsjhwcwhGcgAcXUIFbqEINGPTgGV7hzRHOi/PufExbl5zZzAH8gfP5A5s4jV4=</latexit>

L > 2

Yes!

difficult 
but yes

seems 
impossible!

… or not
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✴ Single shooting method: 
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Why is it difficult?

1. Choose initial condition around saddle point

zσ

Im z = 0

2. Solve upward flow equation

3. Check if solution intersects with real plane

4. If not, choose different initial condition and try again

Chaotic for
<latexit sha1_base64="7TWR9l/2X6qAtV+8jfF1MoaZOR8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvXjwENE8IFnC7KSTDJmdXWZmhbDkE7x4UMSrX+TNv3GS7EETCxqKqm66u4JYcG1c99vJLS2vrK7l1wsbm1vbO8XdvbqOEsWwxiIRqWZANQousWa4EdiMFdIwENgIhjcTv/GESvNIPppRjH5I+5L3OKPGSg93V16nWHLL7hRkkXgZKUGGaqf41e5GLAlRGiao1i3PjY2fUmU4EzgutBONMWVD2seWpZKGqP10euqYHFmlS3qRsiUNmaq/J1Iaaj0KA9sZUjPQ895E/M9rJaZ36adcxolByWaLeokgJiKTv0mXK2RGjCyhTHF7K2EDqigzNp2CDcGbf3mR1E/K3nn57P60VLnO4sjDARzCMXhwARW4hSrUgEEfnuEV3hzhvDjvzsesNedkM/vwB87nD5m0jV0=</latexit>

L > 1

iteration does not converge

(extreme sensitivity to initial conditions)

difficulty increases exponentially with 
<latexit sha1_base64="ZulQnuAxajCQqeGX0rA170utLio=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPCZgHJEuYnXSSMbOzy8ysEJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqXbfLZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenRfn3fmYt+acbOYQ/sD5/AGmyYza</latexit>

L

✴ Other methods: 

only for additional symmetries or
<latexit sha1_base64="Fys//dFhTpo3X5wUg8ip9g+B/+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcJu8HURgl48eIhgHpAsYXYym4yZnVlmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruCmDNtXPfbyS0tr6yu5dcLG5tb2zvF3b2GlokitE4kl6oVYE05E7RumOG0FSuKo4DTZjC8mfjNJ6o0k+LBjGLqR7gvWMgINlZq3F15J6jSLZbcsjsFWiReRkqQodYtfnV6kiQRFYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUsFjqj20+m1Y3RklR4KpbIlDJqqvydSHGk9igLbGWEz0PPeRPzPaycmvPRTJuLEUEFmi8KEIyPR5HXUY4oSw0eWYKKYvRWRAVaYGBtQwYbgzb+8SBqVsndePrs/LVWvszjycACHcAweXEAVbqEGdSDwCM/wCm+OdF6cd+dj1ppzspl9+APn8wfImo34</latexit>

L = 1, 2 [J. Feldbrugge, U.-L. Pen, N. Turok, ’23],
[A. V. Shanin, A. I. Korolkov, N. M. Artemov, R. C. Assier, ’25],
[A. Weber, J. Feldbrugge, E. Pisanty, ’26],  
[T. Fujimori, S. Kamata, T. Misumi, M. Nitta, N. Sakai, ’23]



Solving Boundary Value Problem 
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Is it really difficult?

BVPs with              solved already decades ago!
<latexit sha1_base64="/SOQIfRHEMdGB9UtkAnGwHgkaUc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6vghBLx48RDQPSJYwO+kkQ2Znl5lZISz5BC8eFPHqF3nzb5wke9BoQUNR1U13VxALro3rfjm5hcWl5ZX8amFtfWNzq7i9U9dRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HriNx5RaR7JBzOK0Q9pX/IeZ9RY6f728rhTLLlldwryl3gZKUGGaqf42e5GLAlRGiao1i3PjY2fUmU4EzgutBONMWVD2seWpZKGqP10euqYHFilS3qRsiUNmao/J1Iaaj0KA9sZUjPQ895E/M9rJaZ34adcxolByWaLeokgJiKTv0mXK2RGjCyhTHF7K2EDqigzNp2CDcGbf/kvqR+VvbPy6d1JqXKVxZGHPdiHQ/DgHCpwA1WoAYM+PMELvDrCeXbenPdZa87JZnbhF5yPb5s3jV4=</latexit>

L = 3

Multiple shooting method



Multiple Shooting Method
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Standard Method for solving BVPs in celestial mechanics, chemical engineering, …
[D. D. Morrison, J. D. Riley, J. F. Zancanaro, ’62], …

<latexit sha1_base64="6NHUbAly98t/WOa1o7JQrG2vyD4=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbdiKsK9gHtUDJppg1NMmOSEcrQn3DjQhG3/o47/8a0nYW2HrhwOOde7r0nTAQ31vO+0dLyyuraemGjuLm1vbNb2ttvmDjVlNVpLGLdColhgitWt9wK1ko0IzIUrBkObyZ+84lpw2P1YEcJCyTpKx5xSqyTWnfdjuF9SbqlslfxpsCLxM9JGXLUuqWvTi+mqWTKUkGMafteYoOMaMupYONiJzUsIXRI+qztqCKSmSCb3jvGx07p4SjWrpTFU/X3REakMSMZuk5J7MDMexPxP6+d2ugqyLhKUssUnS2KUoFtjCfP4x7XjFoxcoRQzd2tmA6IJtS6iIouBH/+5UXSOK34F5Xz+7Ny9TqPowCHcAQn4MMlVOEWalAHCgKe4RXe0CN6Qe/oY9a6hPKZA/gD9PkD7fCP6g==</latexit>

Jω

<latexit sha1_base64="Bc2O1BWLHh3F0RDJlHpEaZLeqDA=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiDES5gRt2PQi8coZoFkCD2dmqRJz2J3jxCH/IQXD4p49Xe8+Td2kjlo4oOCx3tVVNXzYsGVtu1vK7e0vLK6ll8vbGxube8Ud/caKkokwzqLRCRbHlUoeIh1zbXAViyRBp7Apje8nvjNR5SKR+G9HsXoBrQfcp8zqo3U6txh+anrHHeLJbtiT0EWiZOREmSodYtfnV7EkgBDzQRVqu3YsXZTKjVnAseFTqIwpmxI+9g2NKQBKjed3jsmR0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iahgQnDmX14kjZOKc145uz0tVa+yOPJwAIdQBgcuoAo3UIM6MBDwDK/wZj1YL9a79TFrzVnZzD78gfX5A+5Zj0I=</latexit>

→(z1)

<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

<latexit sha1_base64="WsYtXZAAMMKclpXrT3STSZhXlC4=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPYUbcjkEvHiOYBZMh9HR6kia9jN09QhjyE148KOLV3/Hm39hJ5qCJDwoe71VRVS9KODPW97+9peWV1bX1wkZxc2t7Z7e0t98wKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98otowJe/tKKGhwH3JYkawdVLrodsxrC9wt1T2K/4UaJEEOSlDjlq39NXpKZIKKi3h2Jh24Cc2zLC2jHA6LnZSQxNMhrhP245KLKgJs+m9Y3TslB6KlXYlLZqqvycyLIwZich1CmwHZt6biP957dTGV2HGZJJaKslsUZxyZBWaPI96TFNi+cgRTDRztyIywBoT6yIquhCC+ZcXSeO0ElxUzu/OytXrPI4CHMIRnEAAl1CFW6hBHQhweIZXePMevRfv3fuYtS55+cwB/IH3+QMGr4/6</latexit>

Zω

<latexit sha1_base64="eqOY8w+X2KsSiK6Io4y0MKOLQIo=">AAAB7nicbVDJSgNBEK1xjXGLevTSGIR4CTPidgx68RjBLJiMoafTkzTp6Rm6a4Qw5CO8eFDEq9/jzb+xsxw08UHB470qquoFiRQGXffbWVpeWV1bz23kN7e2d3YLe/t1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8HgZuw3nrg2Ilb3OEy4H9GeEqFgFK3UeHjMSu7JqFMoumV3ArJIvBkpwgzVTuGr3Y1ZGnGFTFJjWp6boJ9RjYJJPsq3U8MTyga0x1uWKhpx42eTc0fk2CpdEsbalkIyUX9PZDQyZhgFtjOi2Dfz3lj8z2ulGF75mVBJilyx6aIwlQRjMv6ddIXmDOXQEsq0sLcS1qeaMrQJ5W0I3vzLi6R+WvYuyud3Z8XK9SyOHBzCEZTAg0uowC1UoQYMBvAMr/DmJM6L8+58TFuXnNnMAfyB8/kDam6O+w==</latexit>

Z(0)
<latexit sha1_base64="hiBLACTbsF71K7f+nTDkblMSx5Y=">AAAB7nicbVDJSgNBEK1xjXGLevTSGIR4CTPidgx68RjBLJiMoadTkzTp6Rm6e4Qw5CO8eFDEq9/jzb+xsxw08UHB470qquoFieDauO63s7S8srq2ntvIb25t7+wW9vbrOk4VwxqLRayaAdUouMSa4UZgM1FIo0BgIxjcjP3GEyrNY3lvhgn6Ee1JHnJGjZUaD49ZyTsZdQpFt+xOQBaJNyNFmKHaKXy1uzFLI5SGCap1y3MT42dUGc4EjvLtVGNC2YD2sGWppBFqP5ucOyLHVumSMFa2pCET9fdERiOth1FgOyNq+nreG4v/ea3UhFd+xmWSGpRsuihMBTExGf9OulwhM2JoCWWK21sJ61NFmbEJ5W0I3vzLi6R+WvYuyud3Z8XK9SyOHBzCEZTAg0uowC1UoQYMBvAMr/DmJM6L8+58TFuXnNnMAfyB8/kDa/SO/A==</latexit>

Z(1)

<latexit sha1_base64="s94LPNu0HBW6jyX5HKkOTW73aTE=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIjHBC9klvo5ELx4xkUeElcwOszBhZnYzM2tCNnyEFw8a49Xv8ebfOMAeFKykk0pVd7q7gpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Gbqt56o0iyS92YcU1/ggWQhI9hYqfXwmJarp5NeseRW3BnQMvEyUoIM9V7xq9uPSCKoNIRjrTueGxs/xcowwumk0E00jTEZ4QHtWCqxoNpPZ+dO0IlV+iiMlC1p0Ez9PZFiofVYBLZTYDPUi95U/M/rJCa88lMm48RQSeaLwoQjE6Hp76jPFCWGjy3BRDF7KyJDrDAxNqGCDcFbfHmZNKsV76JyfndWql1nceThCI6hDB5cQg1uoQ4NIDCCZ3iFNyd2Xpx352PemnOymUP4A+fzB216jv0=</latexit>

Z(2)

<latexit sha1_base64="bxVywc6wtCH+oGFdsq1l9DgVg7w=">AAAB8HicbVDLTgJBEOz1ifhCPXqZSEzwINklvo5EL54MJvJQWMnsMMCEmdnNzKwJ2fAVXjxojFc/x5t/4wB7ULCSTipV3enuCiLOtHHdb2dhcWl5ZTWzll3f2Nzazu3s1nQYK0KrJOShagRYU84krRpmOG1EimIRcFoPBldjv/5ElWahvDPDiPoC9yTrMoKNle4fHpPCzXHpaNTO5d2iOwGaJ15K8pCi0s59tTohiQWVhnCsddNzI+MnWBlGOB1lW7GmESYD3KNNSyUWVPvJ5OAROrRKB3VDZUsaNFF/TyRYaD0Uge0U2PT1rDcW//Oasele+AmTUWyoJNNF3ZgjE6Lx96jDFCWGDy3BRDF7KyJ9rDAxNqOsDcGbfXme1EpF76x4enuSL1+mcWRgHw6gAB6cQxmuoQJVICDgGV7hzVHOi/PufExbF5x0Zg/+wPn8AXZMj4w=</latexit>

Z(N→2)

<latexit sha1_base64="0C+24d+19/qXpQ7JCMgnDqxwXxU=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHBg2TX+DoSvXgymMhDYSWzwwATZmY3M7MmZMNXePGgMV79HG/+jQPsQcFKOqlUdae7K4g408Z1v53MwuLS8kp2Nbe2vrG5ld/eqekwVoRWSchD1QiwppxJWjXMcNqIFMUi4LQeDK7Gfv2JKs1CeWeGEfUF7knWZQQbK90/PCbFmyPvcNTOF9ySOwGaJ15KCpCi0s5/tTohiQWVhnCsddNzI+MnWBlGOB3lWrGmESYD3KNNSyUWVPvJ5OAROrBKB3VDZUsaNFF/TyRYaD0Uge0U2PT1rDcW//Oasele+AmTUWyoJNNF3ZgjE6Lx96jDFCWGDy3BRDF7KyJ9rDAxNqOcDcGbfXme1I5L3lnp9PakUL5M48jCHuxDETw4hzJcQwWqQEDAM7zCm6OcF+fd+Zi2Zpx0Zhf+wPn8AXTGj4s=</latexit>

Z(N→1)
<latexit sha1_base64="XklLk44Xdhu39Yd+JW0DFZvr/aw=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR2oUlKb7ATdGNK6lgH9jEMplM2qGTSZiZCCXUjb/ixoUibv0Ld/6N0zYLrR64cDjnXu69x4sZlcqyvozc3PzC4lJ+ubCyura+YW5uNWWUCEwaOGKRaHtIEkY5aSiqGGnHgqDQY6TlDS7GfuueCEkjfqOGMXFD1OM0oBgpLXXNHafep6Xbu7R0dVAtj84cnzCFoCx3zaJVsSaAf4mdkSLIUO+an44f4SQkXGGGpOzYVqzcFAlFMSOjgpNIEiM8QD3S0ZSjkEg3nXwwgvta8WEQCV1cwYn6cyJFoZTD0NOdIVJ9OeuNxf+8TqKCUzelPE4U4Xi6KEgYVBEcxwF9KghWbKgJwoLqWyHuI4Gw0qEVdAj27Mt/SbNasY8rR9eHxdp5Fkce7II9UAI2OAE1cAnqoAEweABP4AW8Go/Gs/FmvE9bc0Y2sw1+wfj4Bv9HlVU=</latexit>

!(Z(N→2); ωs)

<latexit sha1_base64="zLrBSy+A6tsiNHmmHt5BMsKyuWc=">AAAB/3icbVDJSgNBEK2JW4zbqODFS2MQkkuYETfwEvTiMYJZMDOGnp5O0qRnobtHCGMO/ooXD4p49Te8+Td2kjlo4oOCx3tVVNXzYs6ksqxvI7ewuLS8kl8trK1vbG6Z2zsNGSWC0DqJeCRaHpaUs5DWFVOctmJBceBx2vQGV2O/+UCFZFF4q4YxdQPcC1mXEay01DH3nFqfle7u05JVHl04PuUKI1numEWrYk2A5omdkSJkqHXML8ePSBLQUBGOpWzbVqzcFAvFCKejgpNIGmMywD3a1jTEAZVuOrl/hA614qNuJHSFCk3U3xMpDqQcBp7uDLDqy1lvLP7ntRPVPXdTFsaJoiGZLuomHKkIjcNAPhOUKD7UBBPB9K2I9LHAROnICjoEe/bledI4qtinlZOb42L1MosjD/twACWw4QyqcA01qAOBR3iGV3gznowX4934mLbmjGxmF/7A+PwB6sOUxA==</latexit>

!(Z(0); ωs)<latexit sha1_base64="dMlvnmVIqMLETDXiQz/KIoTyBLg=">AAAB/3icbVDJSgNBEK2JW4zbqODFS2MQkkuYETfwEvTiMYJZMDOGnp5O0qRnobtHCGMO/ooXD4p49Te8+Td2kjlo4oOCx3tVVNXzYs6ksqxvI7ewuLS8kl8trK1vbG6Z2zsNGSWC0DqJeCRaHpaUs5DWFVOctmJBceBx2vQGV2O/+UCFZFF4q4YxdQPcC1mXEay01DH3nFqfle7u05JdHl04PuUKI1numEWrYk2A5omdkSJkqHXML8ePSBLQUBGOpWzbVqzcFAvFCKejgpNIGmMywD3a1jTEAZVuOrl/hA614qNuJHSFCk3U3xMpDqQcBp7uDLDqy1lvLP7ntRPVPXdTFsaJoiGZLuomHKkIjcNAPhOUKD7UBBPB9K2I9LHAROnICjoEe/bledI4qtinlZOb42L1MosjD/twACWw4QyqcA01qAOBR3iGV3gznowX4934mLbmjGxmF/7A+PwB7FOUxQ==</latexit>

!(Z(1); ωs)

Boundary conditions
<latexit sha1_base64="nRLsHjF9ZtUPw9vNGwzoiqjb03s=">AAAB+XicbVDJSgNBEK1xjXEb9eilMQgJSJgRt4sQ4kVvEcyCyTj0dHqSJj0L3T2BMORPvHhQxKt/4s2/sZPMQRMfFDzeq6KqnhdzJpVlfRtLyyura+u5jfzm1vbOrrm335BRIgitk4hHouVhSTkLaV0xxWkrFhQHHqdNb3Az8ZtDKiSLwgc1iqkT4F7IfEaw0pJrmlX3rvj4lBat0rh0bZ0g1yxYZWsKtEjsjBQgQ801vzrdiCQBDRXhWMq2bcXKSbFQjHA6zncSSWNMBrhH25qGOKDSSaeXj9GxVrrIj4SuUKGp+nsixYGUo8DTnQFWfTnvTcT/vHai/CsnZWGcKBqS2SI/4UhFaBID6jJBieIjTTARTN+KSB8LTJQOK69DsOdfXiSN07J9UT6/PytUqlkcOTiEIyiCDZdQgVuoQR0IDOEZXuHNSI0X4934mLUuGdnMAfyB8fkDQJaReg==</latexit>

BI(Z
(0)) = 0,

<latexit sha1_base64="stcGm/eBQdUxEb8x+OTfg6PPFIg=">AAAB+XicbVDJSgNBEK2JW4zbqEcvjUFIDoYZcbsIIYJ4kghmwWQcejqdpEnPQndPIAz5Ey8eFPHqn3jzb+wkc9DEBwWP96qoqudFnEllWd9GZml5ZXUtu57b2Nza3jF39+oyjAWhNRLyUDQ9LClnAa0ppjhtRoJi3+O04Q2uJ35jSIVkYfCgRhF1fNwLWJcRrLTkmmbFvSk8PiWFu2O7OC5eWa6Zt0rWFGiR2CnJQ4qqa361OyGJfRoowrGULduKlJNgoRjhdJxrx5JGmAxwj7Y0DbBPpZNMLx+jI610UDcUugKFpurviQT7Uo58T3f6WPXlvDcR//NasepeOgkLoljRgMwWdWOOVIgmMaAOE5QoPtIEE8H0rYj0scBE6bByOgR7/uVFUj8p2eels/vTfLmSxpGFAziEAthwAWW4hSrUgMAQnuEV3ozEeDHejY9Za8ZIZ/bhD4zPH4TUkac=</latexit>

BF (Z
(N→1)) = 0

Continuity conditions
<latexit sha1_base64="o3sgMXHhAUgb9s4U2b9sK4PbE2M=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgtQknEF4hQdOOygn1gE8tkMm2HTiZhZiKUkK0bf8WNC0Xc+gfu/BunaRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7KcNYYNLAIQtF20OSMMpJQ1HFSDsSBAUeIy1veDX2Ww9ESBryWzWKiBugPqc9ipHSUteETn1Ay3f3SZlW0nPHJ0whKCsXmXJgV9KuWbKqVgY4S+yclECOetf8cvwQxwHhCjMkZce2IuUmSCiKGUmLTixJhPAQ9UlHU44CIt0k+ySF+1rxYS8UuriCmfp7IkGBlKPA050BUgM57Y3F/7xOrHpnbkJ5FCvC8WRRL2ZQhXAcC/SpIFixkSYIC6pvhXiABMJKh1fUIdjTL8+S5mHVPqke3xyVapd5HAWwC/ZAGdjgFNTANaiDBsDgETyDV/BmPBkvxrvxMWmdM/KZHfAHxucPoP2YZA==</latexit>

!(Z(i); ωs) = Z(i+1)

<latexit sha1_base64="1rcTaENM59L7sPkD6YHG+NJpNQg=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiDES5gRt2PQi8coZoFkCD2dmqRJz2J3jxCH/IQXD4p49Xe8+Td2kjlo4oOCx3tVVNXzYsGVtu1vK7e0vLK6ll8vbGxube8Ud/caKkokwzqLRCRbHlUoeIh1zbXAViyRBp7Apje8nvjNR5SKR+G9HsXoBrQfcp8zqo3U6txh+alrH3eLJbtiT0EWiZOREmSodYtfnV7EkgBDzQRVqu3YsXZTKjVnAseFTqIwpmxI+9g2NKQBKjed3jsmR0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iahgQnDmX14kjZOKc145uz0tVa+yOPJwAIdQBgcuoAo3UIM6MBDwDK/wZj1YL9a79TFrzVnZzD78gfX5A+zUj0E=</latexit>

→(z0)

<latexit sha1_base64="v54rD5zj+YoA/D0+Z4fnfhcczOQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi4KHCOYByRJmJ7PJkJnZdWZWiEt+wosHRbz6O978GyfJHjSxoKGo6qa7K4g508Z1v52FxaXlldXcWn59Y3Nru7CzW9dRogitkYhHqhlgTTmTtGaY4bQZK4pFwGkjGFyN/cYjVZpF8t4MY+oL3JMsZAQbKzXbN6L01Lk96hSKbtmdAM0TLyNFyFDtFL7a3YgkgkpDONa65bmx8VOsDCOcjvLtRNMYkwHu0ZalEguq/XRy7wgdWqWLwkjZkgZN1N8TKRZaD0VgOwU2fT3rjcX/vFZiwgs/ZTJODJVkuihMODIRGj+PukxRYvjQEkwUs7ci0scKE2MjytsQvNmX50n9uOydlU/vToqVyyyOHOzDAZTAg3OowDVUoQYEODzDK7w5D86L8+58TFsXnGxmD/7A+fwBFd2PXA==</latexit>

→(zL)1. Divide integration domain into  
    subintervals

2. Construct short-time  
    solution for each subinterval 
    (almost linear response)

3. Solve continuity conditions 
    together with boundary conditions

Non-linear optimization problem

efficiently solved with Newton’s method



Intersection number

8

if solution exists:  
rapid convergence

if no solution exists:  
sequences oscillates

<latexit sha1_base64="WdFWCwtZxwWpVPJX3BrUHs+e3LM=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAdg2zk9lkyMzsMjOrhCX/4cWDIl79F2/+jZNkD5pY0FBUddPdFSacaeO6305haXllda24XtrY3NreKe/uNXWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKhzcTv/VIlWaxvDejhAYC9yWLGMHGSg+y62vWF/jKTwTyuuWKW3WnQIvEy0kFctS75S+/F5NUUGkIx1p3PDcxQYaVYYTTcclPNU0wGeI+7VgqsaA6yKZXj9GRVXooipUtadBU/T2RYaH1SIS2U2Az0PPeRPzP66QmugwyJpPUUElmi6KUIxOjSQSoxxQlho8swUQxeysiA6wwMTaokg3Bm395kTRPqt559ezutFK7zuMowgEcwjF4cAE1uIU6NICAgmd4hTfnyXlx3p2PWWvByWf24Q+czx/NZZIR</latexit>

nω = ±1
<latexit sha1_base64="G437H55oTbAmG6p6nBDSeuJBa8M=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWbE10YounFZwT6wHUomzbShSWZIMkIZ+hduXCji1r9x59+YtrPQ6oELh3Pu5d57wkRwYz3vCxWWlldW14rrpY3Nre2d8u5e08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDP1W49MGx6reztOWCDJQPGIU2Kd9KB6XcMHklx5vXLFq3oz4L/Ez0kFctR75c9uP6apZMpSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoIpKZIJtdPMFHTunjKNaulMUz9edERqQxYxm6Tkns0Cx6U/E/r5Pa6DLIuEpSyxSdL4pSgW2Mp+/jPteMWjF2hFDN3a2YDokm1LqQSi4Ef/Hlv6R5UvXPq2d3p5XadR5HEQ7gEI7BhwuowS3UoQEUFDzBC7wig57RG3qftxZQPrMPv4A+vgEbZZCP</latexit>

nω = 0

<latexit sha1_base64="Bc2O1BWLHh3F0RDJlHpEaZLeqDA=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiDES5gRt2PQi8coZoFkCD2dmqRJz2J3jxCH/IQXD4p49Xe8+Td2kjlo4oOCx3tVVNXzYsGVtu1vK7e0vLK6ll8vbGxube8Ud/caKkokwzqLRCRbHlUoeIh1zbXAViyRBp7Apje8nvjNR5SKR+G9HsXoBrQfcp8zqo3U6txh+anrHHeLJbtiT0EWiZOREmSodYtfnV7EkgBDzQRVqu3YsXZTKjVnAseFTqIwpmxI+9g2NKQBKjed3jsmR0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iahgQnDmX14kjZOKc145uz0tVa+yOPJwAIdQBgcuoAo3UIM6MBDwDK/wZj1YL9a79TFrzVnZzD78gfX5A+5Zj0I=</latexit>

→(z1)

<latexit sha1_base64="IyM/i+U/9HDTCPqGCGigXcF9lFo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIR4CTPB7Rj04jGKWSAZQk+nJmnSs9jdI8QhP+HFgyJe/R1v/o2dZA6a+KDg8V4VVfW8WHClbfvbWlpeWV1bz23kN7e2d3YLe/sNFSWSYZ1FIpItjyoUPMS65lpgK5ZIA09g0xteT/zmI0rFo/Bej2J0A9oPuc8Z1UZqde6w9NStnHQLRbtsT0EWiZORImSodQtfnV7EkgBDzQRVqu3YsXZTKjVnAsf5TqIwpmxI+9g2NKQBKjed3jsmx0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iShvQnDmX14kjUrZOS+f3Z4Wq1dZHDk4hCMogQMXUIUbqEEdGAh4hld4sx6sF+vd+pi1LlnZzAH8gfX5A+/ej0M=</latexit>

→(z2)

<latexit sha1_base64="hQ0vxgklYiUzDMa5HQx0DiWeHak=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXvQWwTwgWcLsZDYZMjO7zswKcclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4fXEbz5SpVkk780opr7AfclCRrCxUqtzK8pPXe+4Wyy5FXcKtEi8jJQgQ61b/Or0IpIIKg3hWOu258bGT7EyjHA6LnQSTWNMhrhP25ZKLKj20+m9Y3RklR4KI2VLGjRVf0+kWGg9EoHtFNgM9Lw3Ef/z2okJL/2UyTgxVJLZojDhyERo8jzqMUWJ4SNLMFHM3orIACtMjI2oYEPw5l9eJI2TindeObs7LVWvsjjycACHUAYPLqAKN1CDOhDg8Ayv8OY8OC/Ou/Mxa8052cw+/IHz+QPsx49B</latexit>

→(z1)

<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y
<latexit sha1_base64="Bc2O1BWLHh3F0RDJlHpEaZLeqDA=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiDES5gRt2PQi8coZoFkCD2dmqRJz2J3jxCH/IQXD4p49Xe8+Td2kjlo4oOCx3tVVNXzYsGVtu1vK7e0vLK6ll8vbGxube8Ud/caKkokwzqLRCRbHlUoeIh1zbXAViyRBp7Apje8nvjNR5SKR+G9HsXoBrQfcp8zqo3U6txh+anrHHeLJbtiT0EWiZOREmSodYtfnV7EkgBDzQRVqu3YsXZTKjVnAseFTqIwpmxI+9g2NKQBKjed3jsmR0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iahgQnDmX14kjZOKc145uz0tVa+yOPJwAIdQBgcuoAo3UIM6MBDwDK/wZj1YL9a79TFrzVnZzD78gfX5A+5Zj0I=</latexit>

→(z1)

<latexit sha1_base64="IyM/i+U/9HDTCPqGCGigXcF9lFo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIR4CTPB7Rj04jGKWSAZQk+nJmnSs9jdI8QhP+HFgyJe/R1v/o2dZA6a+KDg8V4VVfW8WHClbfvbWlpeWV1bz23kN7e2d3YLe/sNFSWSYZ1FIpItjyoUPMS65lpgK5ZIA09g0xteT/zmI0rFo/Bej2J0A9oPuc8Z1UZqde6w9NStnHQLRbtsT0EWiZORImSodQtfnV7EkgBDzQRVqu3YsXZTKjVnAsf5TqIwpmxI+9g2NKQBKjed3jsmx0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iShvQnDmX14kjUrZOS+f3Z4Wq1dZHDk4hCMogQMXUIUbqEEdGAh4hld4sx6sF+vd+pi1LlnZzAH8gfX5A+/ej0M=</latexit>

→(z2)

<latexit sha1_base64="hQ0vxgklYiUzDMa5HQx0DiWeHak=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXvQWwTwgWcLsZDYZMjO7zswKcclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4fXEbz5SpVkk780opr7AfclCRrCxUqtzK8pPXe+4Wyy5FXcKtEi8jJQgQ61b/Or0IpIIKg3hWOu258bGT7EyjHA6LnQSTWNMhrhP25ZKLKj20+m9Y3RklR4KI2VLGjRVf0+kWGg9EoHtFNgM9Lw3Ef/z2okJL/2UyTgxVJLZojDhyERo8jzqMUWJ4SNLMFHM3orIACtMjI2oYEPw5l9eJI2TindeObs7LVWvsjjycACHUAYPLqAKN1CDOhDg8Ayv8OY8OC/Ou/Mxa8052cw+/IHz+QPsx49B</latexit>

→(z1)

<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

sign determination
<latexit sha1_base64="uF4OoTIuOm0hcN0evSR4L/+l5Sw="></latexit>∫

dLx e
I(x)
⊋ =

∑

ω

nω

∫

Jω

dLz e
I(z)
⊋

sign convention fixed by
<latexit sha1_base64="1Crrrlcng3dT9+ppF/TBXgqvGTY=">AAACHXicbVDJSgNBEO1xN25Rj14ag+BBwoy4XQTRi+hFwaiQCUNNpxIbe3qG7hohDPkRL/6KFw+KePAi/o2d5eD2oODxXhVV9eJMSUu+/+mNjI6NT0xOTZdmZufmF8qLS5c2zY3AmkhVaq5jsKikxhpJUnidGYQkVngV3x71/Ks7NFam+oI6GTYSaGvZkgLISVF5K1Sg2wr5SRRa2U5gg59GIUEemr6+HzZREUTFwOU9qxuVK37V74P/JcGQVNgQZ1H5PWymIk9Qk1BgbT3wM2oUYEgKhd1SmFvMQNxCG+uOakjQNor+d12+5pQmb6XGlSbeV79PFJBY20li15kA3djfXk/8z6vn1NprFFJnOaEWg0WtXHFKeS8q3pQGBamOIyCMdLdycQMGBLlASy6E4PfLf8nlZjXYqW6fb1UODodxTLEVtsrWWcB22QE7ZmesxgS7Z4/smb14D96T9+q9DVpHvOHMMvsB7+MLwlGiYA==</latexit>

→Jω,Kε ↑ = ωωε

<latexit sha1_base64="ifZJfgE0gD+bfo92cuyqIeTCI90=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbdCG4q2Ae0Q8mkmTY0yYxJRihDf8KNC0Xc+jvu/BvTdhbaeuDC4Zx7ufeeMBHcWM/7RkvLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5Y3XIrWCvRjMhQsGY4vJn4zSemDY/Vgx0lLJCkr3jEKbFOat11O4b3JemWyl7FmwIvEj8nZchR65a+Or2YppIpSwUxpu17iQ0yoi2ngo2LndSwhNAh6bO2o4pIZoJseu8YHzulh6NYu1IWT9XfExmRxoxk6DolsQMz703E/7x2aqOrIOMqSS1TdLYoSgW2MZ48j3tcM2rFyBFCNXe3YjogmlDrIiq6EPz5lxdJ47TiX1TO78/K1es8jgIcwhGcgA+XUIVbqEEdKAh4hld4Q4/oBb2jj1nrEspnDuAP0OcP73uP6w==</latexit>

Kω

<latexit sha1_base64="6NHUbAly98t/WOa1o7JQrG2vyD4=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbdiKsK9gHtUDJppg1NMmOSEcrQn3DjQhG3/o47/8a0nYW2HrhwOOde7r0nTAQ31vO+0dLyyuraemGjuLm1vbNb2ttvmDjVlNVpLGLdColhgitWt9wK1ko0IzIUrBkObyZ+84lpw2P1YEcJCyTpKx5xSqyTWnfdjuF9SbqlslfxpsCLxM9JGXLUuqWvTi+mqWTKUkGMafteYoOMaMupYONiJzUsIXRI+qztqCKSmSCb3jvGx07p4SjWrpTFU/X3REakMSMZuk5J7MDMexPxP6+d2ugqyLhKUssUnS2KUoFtjCfP4x7XjFoxcoRQzd2tmA6IJtS6iIouBH/+5UXSOK34F5Xz+7Ny9TqPowCHcAQn4MMlVOEWalAHCgKe4RXe0CN6Qe/oY9a6hPKZA/gD9PkD7fCP6g==</latexit>

Jω
<latexit sha1_base64="Ma8WdKhLtEnatnuCJG/1JqCBoOY=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPYUbcjkEvHiOYBZIh9HR6kia9jN09QhzyE148KOLV3/Hm39hJ5qCJDwoe71VRVS9KODPW97+9peWV1bX1wkZxc2t7Z7e0t98wKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98pNowJe/tKKGhwH3JYkawdVLrqdsxrC9wt1T2K/4UaJEEOSlDjlq39NXpKZIKKi3h2Jh24Cc2zLC2jHA6LnZSQxNMhrhP245KLKgJs+m9Y3TslB6KlXYlLZqqvycyLIwZich1CmwHZt6biP957dTGV2HGZJJaKslsUZxyZBWaPI96TFNi+cgRTDRztyIywBoT6yIquhCC+ZcXSeO0ElxUzu/OytXrPI4CHMIRnEAAl1CFW6hBHQhweIZXePMevBfv3fuYtS55+cwB/IH3+QM4D5Aa</latexit>zω

<latexit sha1_base64="Bc2O1BWLHh3F0RDJlHpEaZLeqDA=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiDES5gRt2PQi8coZoFkCD2dmqRJz2J3jxCH/IQXD4p49Xe8+Td2kjlo4oOCx3tVVNXzYsGVtu1vK7e0vLK6ll8vbGxube8Ud/caKkokwzqLRCRbHlUoeIh1zbXAViyRBp7Apje8nvjNR5SKR+G9HsXoBrQfcp8zqo3U6txh+anrHHeLJbtiT0EWiZOREmSodYtfnV7EkgBDzQRVqu3YsXZTKjVnAseFTqIwpmxI+9g2NKQBKjed3jsmR0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iahgQnDmX14kjZOKc145uz0tVa+yOPJwAIdQBgcuoAo3UIM6MBDwDK/wZj1YL9a79TFrzVnZzD78gfX5A+5Zj0I=</latexit>

→(z1)

<latexit sha1_base64="IyM/i+U/9HDTCPqGCGigXcF9lFo=">AAAB73icbVDJSgNBEK1xjXGLevTSGIR4CTPB7Rj04jGKWSAZQk+nJmnSs9jdI8QhP+HFgyJe/R1v/o2dZA6a+KDg8V4VVfW8WHClbfvbWlpeWV1bz23kN7e2d3YLe/sNFSWSYZ1FIpItjyoUPMS65lpgK5ZIA09g0xteT/zmI0rFo/Bej2J0A9oPuc8Z1UZqde6w9NStnHQLRbtsT0EWiZORImSodQtfnV7EkgBDzQRVqu3YsXZTKjVnAsf5TqIwpmxI+9g2NKQBKjed3jsmx0bpET+SpkJNpurviZQGSo0Cz3QGVA/UvDcR//PaifYv3ZSHcaIxZLNFfiKIjsjkedLjEpkWI0Mok9zcStiASsq0iShvQnDmX14kjUrZOS+f3Z4Wq1dZHDk4hCMogQMXUIUbqEEdGAh4hld4sx6sF+vd+pi1LlnZzAH8gfX5A+/ej0M=</latexit>

→(z2)

<latexit sha1_base64="hQ0vxgklYiUzDMa5HQx0DiWeHak=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXvQWwTwgWcLsZDYZMjO7zswKcclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4fXEbz5SpVkk780opr7AfclCRrCxUqtzK8pPXe+4Wyy5FXcKtEi8jJQgQ61b/Or0IpIIKg3hWOu258bGT7EyjHA6LnQSTWNMhrhP25ZKLKj20+m9Y3RklR4KI2VLGjRVf0+kWGg9EoHtFNgM9Lw3Ef/z2okJL/2UyTgxVJLZojDhyERo8jzqMUWJ4SNLMFHM3orIACtMjI2oYEPw5l9eJI2TindeObs7LVWvsjjycACHUAYPLqAKN1CDOhDg8Ayv8OY8OC/Ou/Mxa8052cw+/IHz+QPsx49B</latexit>

→(z1)

<latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

<latexit sha1_base64="GMFjTggcB13rbZ82v5uw1ofnuKg=">AAACHnicbVBNSwMxFMz6WetX1aOXYBEEpeyKVS+C6EX0omCt0C0lm77W0Gx2Sd6KZekv8eJf8eJBEcGT/hvTdQ9qHQgMM/OSlwliKQy67qczNj4xOTVdmCnOzs0vLJaWlq9MlGgONR7JSF8HzIAUCmooUMJ1rIGFgYR60Dse+vVb0EZE6hL7MTRD1lWiIzhDK7VKVV8y1ZVAT1u+Ed2QbVEf4Q6zm1MN7UF6ljsDX2fRg02vVSq7FTcDHSVeTsokx3mr9O63I56EoJBLZkzDc2Nspkyj4BIGRT8xEDPeY11oWKpYCKaZZksM6LpV2rQTaXsU0kz9OZGy0Jh+GNhkyPDG/PWG4n9eI8HOfjMVKk4QFP9+qJNIihEddkXbQgNH2beEcS3srpTfMM042kaLtgTv75dHydV2xdutVC92yodHeR0FskrWyAbxyB45JCfknNQIJ/fkkTyTF+fBeXJenbfv6JiTz6yQX3A+vgD8/KMI</latexit>

→Jω,Kω↑ = +1

<latexit sha1_base64="b3vdFqmEQMuHMo1L0p8SobDN1Ak=">AAACHXicbVDLSgMxFM3Ud31VXboJFsGFlBnxtRFEN4IbBfuQTimZ9LYNZjJDckcsQ3/Ejb/ixoUiLtyIf2M6zkKrBwKHc85Nbk4QS2HQdT+dwsTk1PTM7FxxfmFxabm0slozUaI5VHkkI90ImAEpFFRRoIRGrIGFgYR6cHM68uu3oI2I1BUOYmiFrKdEV3CGVmqXdn3JVE8Cvd6mPsIdZlemGjrD9LztG9EL2dDXWeZI5UK7VHYrbgb6l3g5KZMcF+3Su9+JeBKCQi6ZMU3PjbGVMo2CSxgW/cRAzPgN60HTUsVCMK00W2VIN63Sod1I26OQZurPiZSFxgzCwCZDhn0z7o3E/7xmgt3DVipUnCAo/v1QN5EUIzqqinaEBo5yYAnjWthdKe8zzTjaQou2BG/8y39Jbafi7Vf2LnfLxyd5HbNknWyQLeKRA3JMzsgFqRJO7skjeSYvzoPz5Lw6b9/RgpPPrJFfcD6+APd+ox8=</latexit>

→Y,Kω↑ = nω

tangent space of  at saddle 
point propagated to tangent 
space at intersection point

Kσ



Jacobian + Gaussian integral

Example: Airy-Type Integral
✴ Three-variable example:
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<latexit sha1_base64="bRNYoeawt+cNI4o7XZ5u7ZeyrqY="></latexit>

I(x) = i

[
x3
0 + x3

1 + x3
3

3
→ x0x1 → x0x2 → x1x2 + c0x0 + c1x1 + c2x2

]

Mixing
Airy x 3

<latexit sha1_base64="l8NWT1CF1l6TgjpA1gj92YUHUKg=">AAACAXicbVBNS8NAEJ3Ur1q/ol4EL4tFqAglEatehKIXjxXsB7S1bLabdulmE3Y3Qgn14l/x4kERr/4Lb/4bt20O2vpg4PHeDDPzvIgzpR3n28osLC4tr2RXc2vrG5tb9vZOTYWxJLRKQh7KhocV5UzQqmaa00YkKQ48Tuve4Hrs1x+oVCwUd3oY0XaAe4L5jGBtpI69Rzri0imWEL1PWEEcu0ctzKM+HnXsvFN0JkDzxE1JHlJUOvZXqxuSOKBCE46VarpOpNsJlpoRTke5VqxohMkA92jTUIEDqtrJ5IMROjRKF/mhNCU0mqi/JxIcKDUMPNMZYN1Xs95Y/M9rxtq/aCdMRLGmgkwX+TFHOkTjOFCXSUo0HxqCiWTmVkT6WGKiTWg5E4I7+/I8qZ0U3bNi6fY0X75K48jCPhxAAVw4hzLcQAWqQOARnuEV3qwn68V6tz6mrRkrndmFP7A+fwAUH5Vm</latexit>

cn = 0.5ei(n+1)ω <latexit sha1_base64="DECPrh1k7OMXY5FW7YVF03pM13I=">AAAB9XicbVDLTgJBEJzFF+IL9ehlIjHxRHaJrwMHohePmMgjYVfSOwwwYXZ2MjOrIRv+w4sHjfHqv3jzbxxgDwpW0kmlqjvdXaHkTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKnjRBHaIDGPVTsETTkTtGGY4bQtFYUo5LQVjm6mfuuRKs1icW/GkgYRDATrMwLGSg9u1Qcuh4CrFV+ybrHklt0Z8DLxMlJCGerd4pffi0kSUWEIB607nitNkIIyjHA6KfiJphLICAa0Y6mAiOognV09wSdW6eF+rGwJg2fq74kUIq3HUWg7IzBDvehNxf+8TmL6V0HKhEwMFWS+qJ9wbGI8jQD3mKLE8LElQBSzt2IyBAXE2KAKNgRv8eVl0qyUvYvy+d1ZqXadxZFHR+gYnSIPXaIaukV11EAEKfSMXtGb8+S8OO/Ox7w152Qzh+gPnM8fHMqRoQ==</latexit>

0 < ω < 2ε

8 saddles

Stokes phenomenon! 

numerical integration

contribution from 
different saddles 

<latexit sha1_base64="Okt3kKi2MOZzJAX1/PO3X8Syg1s="></latexit>∫
d3x eI(x)/⊋ =

∑

ω

nω

∫

Jω

d3z eI(x)/⊋
<latexit sha1_base64="gO2YwB9jkaxx+KK1lx26RiGuH+g="></latexit>

=
∑

ω

nω Aω e
I(zω)/⊋ [1 +O(⊋)]

<latexit sha1_base64="FBK3qRofnX/UstXcx/s1HFNHC1U="></latexit>

=

∫

Ỹ
d3z det

dx

dz
e

I(z)
⊋ saddle point approximation

<latexit sha1_base64="UWCEV7RXnEECSrVDZK3ojjEH/ss=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVv45FLx4rWFvoLiWbZtvQJBuSrFCW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mjTThLZIylPdibGhnEnassxy2lGaYhFz2o5Ht1O//US1Yal8sGNFI4EHkiWMYOukMBzGWKPQMIH8XrXm1/0Z0DIJClKDAs1e9SvspyQTVFrCsTHdwFc2yrG2jHA6qYSZoQqTER7QrqMSC2qifHbzBJ04pY+SVLuSFs3U3xM5FsaMRew6BbZDs+hNxf+8bmaT6yhnUmWWSjJflGQc2RRNA0B9pimxfOwIJpq5WxEZYo2JdTFVXAjB4svL5PGsHlzWL+7Pa42bIo4yHMExnEIAV9CAO2hCCwgoeIZXePMy78V79z7mrSWvmDmEP/A+fwAHrJEK</latexit>

⊋ → 0

deformed Y cycle for convergence 
<latexit sha1_base64="cpoHPpx2kRwD4tJmZA+4O5a6P18=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKLzwFvXiMYF4kS5id7U2GzMwuM7NCWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQcKZNq777RRWVtfWN4qbpa3tnd298v5BU8epotCgMY9VOyAaOJPQMMxwaCcKiAg4tILR3dRvPYHSLJaPZpyAL8hAsohRYqzU6RnGQ8Cdm3654lbdGfAy8XJSQTnq/fJXL4xpKkAayonWXc9NjJ8RZRjlMCn1Ug0JoSMygK6lkgjQfjY7eIJPrBLiKFa2pMEz9fdERoTWYxHYTkHMUC96U/E/r5ua6NrPmExSA5LOF0UpxybG0+9xyBRQw8eWEKqYvRXTIVGEGptRyYbgLb68TJpnVe+yevFwXqnd5nEU0RE6RqfIQ1eohu5RHTUQRQI9o1f05ijnxXl3PuatBSefOUR/4Hz+ACdFj/8=</latexit>

Ỹ :

<latexit sha1_base64="V6Ewn9y7kHUHBzCdQi4A2GiGeR8=">AAAB8nicbVDJSgNBEK2JW4xb1KOXxiB4CjPihqeoF48RzAKTIfR0OkmTXobuHiEM+QwvHhTx6td482/sJHPQ6IOCx3tVVNWLE86M9f0vr7C0vLK6VlwvbWxube+Ud/eaRqWa0AZRXOl2jA3lTNKGZZbTdqIpFjGnrXh0O/Vbj1QbpuSDHSc0EnggWZ8RbJ0UXnc7hg0ERleoW674VX8G9JcEOalAjnq3/NnpKZIKKi3h2Jgw8BMbZVhbRjidlDqpoQkmIzygoaMSC2qibHbyBB05pYf6SruSFs3UnxMZFsaMRew6BbZDs+hNxf+8MLX9yyhjMkktlWS+qJ9yZBWa/o96TFNi+dgRTDRztyIyxBoT61IquRCCxZf/kuZJNTivnt2fVmo3eRxFOIBDOIYALqAGd1CHBhBQ8AQv8OpZ79l7897nrQUvn9mHX/A+vgERkJB5</latexit>

Aω :

✴ Numerical test:



Discrete Real-Time Path Integrals
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 Do complex saddles contribute to real time path integrals?



Real-Time Path Integrals: Double Well

11

Morsification term 
(if needed)

x

V
(x
)

<latexit sha1_base64="JK8axHQn1hnznkh7B0G6b3b040g="></latexit>

I(x) = i

[
1

2

L→1∑

i=1

(
xi → xi→1

!t

)2

!t+
x2
0 + x2

L→1

2!t
→ 1

2

L→1∑

i=0

(x2
i → 1)2!t→!t

]
+!I(x)

<latexit sha1_base64="Q2FqA8T3pOWGk+wxnNxEwEwY6nQ="></latexit>∫

x(0)=x(T )=0
Dx eI(x) → NL

∫
dLx eI(x) =

∑

ω

nωNL

∫

Jω

dLz eI(z) →
∑

ω

nωNL Aω eI(zω)

Finite time path integral discretize time

<latexit sha1_base64="2FKBACCiiG6zU0jStojJKfNBlrg=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAYhIsRd8XURgnrw4CFCXpAsYXYySYbMzi4zvYGw5E+8eFDEq3/izb9xkuxBEwsaiqpuurv8SHANjvNtZZaWV1bXsuu5jc2t7R17d6+mw1hRVqWhCFXDJ5oJLlkVOAjWiBQjgS9Y3R/cTfz6kCnNQ1mBUcS8gPQk73JKwEht227dMwEEw03ltPB44h637bxTdKbAi8RNSR6lKLftr1YnpHHAJFBBtG66TgReQhRwKtg414o1iwgdkB5rGipJwLSXTC8f4yOjdHA3VKYk4Kn6eyIhgdajwDedAYG+nvcm4n9eM4butZdwGcXAJJ0t6sYCQ4gnMeAOV4yCGBlCqOLmVkz7RBEKJqycCcGdf3mR1M6K7mXx4uk8X7pN48iiA3SICshFV6iEHlAZVRFFQ/SMXtGblVgv1rv1MWvNWOnMPvoD6/MH7FqR6A==</latexit>

!t = T/(L+ 1)

Thimble decomposition saddle point approx.

<latexit sha1_base64="3teLqGwvrDy/1Ql77ywy/gwnlOo=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhQQgz4nYRgnrwGMEskAxDT6cnadKz0F0jiUPwV7x4UMSr/+HNv7GzHDTxQcHjvSqq6nmx4Aos69vILCwuLa9kV3Nr6xubW+b2Tk1FiaSsSiMRyYZHFBM8ZFXgIFgjlowEnmB1r3c98usPTCoehfcwiJkTkE7IfU4JaMk19/ouv+wXCvzILrZumACCoeiaeatkjYHniT0leTRFxTW/Wu2IJgELgQqiVNO2YnBSIoFTwYa5VqJYTGiPdFhT05AETDnp+PohPtRKG/uR1BUCHqu/J1ISKDUIPN0ZEOiqWW8k/uc1E/AvnJSHcQIspJNFfiIwRHgUBW5zySiIgSaESq5vxbRLJKGgA8vpEOzZl+dJ7bhkn5VO707y5atpHFm0jw5QAdnoHJXRLaqgKqLoET2jV/RmPBkvxrvxMWnNGNOZXfQHxucPEWKTsw==</latexit>

xi = x((i+ 1)!t)
<latexit sha1_base64="CqncifIDjSMqdGzWFUo4NlbEzww=">AAAB83icbVDJSgNBEK1xjXGLevTSGAQPIcyI20UIevHgIYJZIDOEnp6epElP99DdI4Qhv+HFgyJe/Rlv/o2d5aCJDwoe71VRVS9MOdPGdb+dpeWV1bX1wkZxc2t7Z7e0t9/UMlOENojkUrVDrClngjYMM5y2U0VxEnLaCge3Y7/1RJVmUjyaYUqDBPcEixnBxko+u/YqPo+k0ZX7bqnsVt0J0CLxZqQMM9S7pS8/kiRLqDCEY607npuaIMfKMMLpqOhnmqaYDHCPdiwVOKE6yCc3j9CxVSIUS2VLGDRRf0/kONF6mIS2M8Gmr+e9sfif18lMfBXkTKSZoYJMF8UZR0aicQAoYooSw4eWYKKYvRWRPlaYGBtT0Ybgzb+8SJqnVe+iev5wVq7dzOIowCEcwQl4cAk1uIM6NIBACs/wCm9O5rw4787HtHXJmc0cwB84nz/q2JD5</latexit>

i = 1, . . . , L

<latexit sha1_base64="t1BTQ5V3mbYA8JCb4AcMwKBpuyw=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAjtpiTia1MounFZoS9IQ5lMJ+3QySTM3EhL6Ge4caGIW7/GnX/jtM1CWw9cOJxzL/fe48eCa7Dtb2ttfWNzazu3k9/d2z84LBwdt3SUKMqaNBKR6vhEM8ElawIHwTqxYiT0BWv7o/uZ335iSvNINmASMy8kA8kDTgkYyR2X7HJ1XGqUq3avULQr9hx4lTgZKaIM9V7hq9uPaBIyCVQQrV3HjsFLiQJOBZvmu4lmMaEjMmCuoZKETHvp/OQpPjdKHweRMiUBz9XfEykJtZ6EvukMCQz1sjcT//PcBIJbL+UyToBJulgUJAJDhGf/4z5XjIKYGEKo4uZWTIdEEQompbwJwVl+eZW0LirOdeXq8bJYu8viyKFTdIZKyEE3qIYeUB01EUURekav6M0C68V6tz4WrWtWNnOC/sD6/AHezo+y</latexit>

x(0) = x(T ) = 0

<latexit sha1_base64="CK+1USh/nzvOFs3N2xyc1v9VrAQ=">AAACGXicbVDJSgNBFOyJW4xb1KOXxiBExDAT3C5CUA8egkQwC2Ri6On0JE16FrrfCGGY3/Dir3jxoIhHPfk3dpaDJhY0FFXv8brKCQVXYJrfRmpufmFxKb2cWVldW9/Ibm7VVBBJyqo0EIFsOEQxwX1WBQ6CNULJiOcIVnf6l0O//sCk4oF/B4OQtTzS9bnLKQEttbOm7RHoUSLim6RdPs8X7ZBjju0rJoBg2L+PD21XEhqXD6wkLiZJO5szC+YIeJZYE5JDE1Ta2U+7E9DIYz5QQZRqWmYIrZhI4FSwJGNHioWE9kmXNTX1icdUKx4lS/CeVjrYDaR+PuCR+nsjJp5SA8/Rk8Mcatobiv95zQjcs1bM/TAC5tPxITcSGAI8rAl3uGQUxEATQiXXf8W0R3QRoMvM6BKs6cizpFYsWCeF49ujXOliUkca7aBdlEcWOkUldI0qqIooekTP6BW9GU/Gi/FufIxHU8ZkZxv9gfH1A6fCn3k=</latexit>

NL = (2ωi!t)→
L+1
2

sign of  depends on orientation of thimblenσ

fix such that 

<latexit sha1_base64="6NHUbAly98t/WOa1o7JQrG2vyD4=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbdiKsK9gHtUDJppg1NMmOSEcrQn3DjQhG3/o47/8a0nYW2HrhwOOde7r0nTAQ31vO+0dLyyuraemGjuLm1vbNb2ttvmDjVlNVpLGLdColhgitWt9wK1ko0IzIUrBkObyZ+84lpw2P1YEcJCyTpKx5xSqyTWnfdjuF9SbqlslfxpsCLxM9JGXLUuqWvTi+mqWTKUkGMafteYoOMaMupYONiJzUsIXRI+qztqCKSmSCb3jvGx07p4SjWrpTFU/X3REakMSMZuk5J7MDMexPxP6+d2ugqyLhKUssUnS2KUoFtjCfP4x7XjFoxcoRQzd2tmA6IJtS6iIouBH/+5UXSOK34F5Xz+7Ny9TqPowCHcAQn4MMlVOEWalAHCgKe4RXe0CN6Qe/oY9a6hPKZA/gD9PkD7fCP6g==</latexit>

Jω

<latexit sha1_base64="KsprFSQztS+MQ8jUm8BFJa1xfEY=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiTiayVVNy5EqtgHNCFMppN26GQSZiZCCd258VfcuFDErb/gzr9x0mahrQcuHM65l3vv8WNGpbKsb2Nmdm5+YbGwVFxeWV1bNzc2GzJKBCZ1HLFItHwkCaOc1BVVjLRiQVDoM9L0+5eZ33wgQtKI36tBTNwQdTkNKEZKS56549wRWHZCpHoYsfRm6F3Dc8+RtBui/TPLM0tWxRoBThM7JyWQo+aZX04nwklIuMIMSdm2rVi5KRKKYkaGRSeRJEa4j7qkrSlHIZFuOvpjCPe00oFBJHRxBUfq74kUhVIOQl93ZgfLSS8T//PaiQpO3ZTyOFGE4/GiIGFQRTALBXaoIFixgSYIC6pvhbiHBMJKR1fUIdiTL0+TxkHFPq4c3R6Wqhd5HAWwDXZBGdjgBFTBFaiBOsDgETyDV/BmPBkvxrvxMW6dMfKZLfAHxucPCQKYJw==</latexit>

→(NLAω) > 0

sign of  remains unchanged when changing Lnσ
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Real-Time Path Integrals: Double Well
<latexit sha1_base64="8Y+fy8uSDAAgEIT7Hh9wvEqyqSw=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRd8etY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6G7qt56o0iyWj2ac0EDggWQRI9hYya/KM3HaK1fcmjsDWiZeTiqQo9Erf3X7MUkFlYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUslFlQH2ezYCTqxSh9FsbIlDZqpvycyLLQei9B2CmyGetGbiv95ndREN0HGZJIaKsl8UZRyZGI0/Rz1maLE8LElmChmb0VkiBUmxuZTsiF4iy8vk+Z5zbuqXT5cVOq3eRxFOIJjqIIH11CHe2iADwQYPMMrvDnSeXHenY95a8HJZw7hD5zPH9Nijg4=</latexit>

(n,m)

Real saddles
<latexit sha1_base64="tyq17I3uvB04GAgpxRV13UZp6SE=">AAACDXicbVC7TgJBFJ3FF+ILtbSZiCbYkF3jqyEh2miHiTwSlmxmhwEmzMwuM7MmuPADNv6KjYXG2Nrb+TcOsIWCJ7nJyTn35t57/JBRpW3720otLC4tr6RXM2vrG5tb2e2dqgoiiUkFByyQdR8pwqggFU01I/VQEsR9Rmp+72rs1+6JVDQQd3oQkiZHHUHbFCNtJC974N5wmH/wXEU7HB0Vbej2+xFqwaFItGHR8bI5u2BPAOeJk5AcSFD2sl9uK8ARJ0JjhpRqOHaomzGSmmJGRhk3UiREuIc6pGGoQJyoZjz5ZgQPjdKC7UCaEhpO1N8TMeJKDbhvOjnSXTXrjcX/vEak2xfNmIow0kTg6aJ2xKAO4Dga2KKSYM0GhiAsqbkV4i6SCGsTYMaE4My+PE+qxwXnrHB6e5IrXSZxpMEe2Ad54IBzUALXoAwqAINH8AxewZv1ZL1Y79bHtDVlJTO74A+szx+cW5qr</latexit>

→(zω) = 0 |nω| = 1

Non-contributing complex saddles

<latexit sha1_base64="HY/CW3hGg2ZRgojtQzODe9WFxaI=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFKTPiayNU3eiuilWhGUomva3BJDNNMkIt/R43/oobF0px64eYtgM+D1w4nHMv994TJYIb6/t9b2x8YnJqOjeTn52bX1gsLC1fmTjVDKosFrG+iagBwRVULbcCbhINVEYCrqO7k4F/fQ/a8Fhd2k4CoaQtxZucUeukeuGInEm88VAnhrck3SQK2tjfwgSTC8C1sy8nJK2BhUm7ndIGVpl+6NcLRb/kD4H/kiAjRZShUi+8kEbMUgnKMkGNqQV+YsMu1ZYzAb08SQ0klN3RFtQcVVSCCbvDV3t43SkN3Iy1K2XxUP0+0aXSmI6MXKek9tb89gbif14ttc2DsMtVklpQbLSomQpsYzzIDTe4BmZFxxHKNHe3YnZLNWXWpZt3IQS/X/5LrrZLwV5p93ynWD7O4sihVbSGNlCA9lEZnaIKqiKGHtEzekVv3pP34vW991HrmJfNrKAf8D4+AVgspNM=</latexit>

→(zω) ↑= 0, ↓[I(zω)] ↔ 0 nω = 0

Non-trivial complex saddles

<latexit sha1_base64="av0YBJVhCszfF8g4DYsswBQgUMw="></latexit>

→(zω) ↑= 0, ↓[I(zω)] < 0 nω =?

First determination of  for non-trivial saddles!nσ

<latexit sha1_base64="BOX1iKNywuiMb+kEzNie+v3xdso=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTia1l048JFBfuAJpTJdNIOnUzCzI0SQv0VNy4UceuHuPNvnLZZaPXAhcM593LvPUEiuAbH+bJKS8srq2vl9crG5tb2jr2719Zxqihr0VjEqhsQzQSXrAUcBOsmipEoEKwTjK+mfueeKc1jeQdZwvyIDCUPOSVgpL5dvfEUH46AKBU/YI/LELK+XXPqzgz4L3ELUkMFmn370xvENI2YBCqI1j3XScDPiQJOBZtUvFSzhNAxGbKeoZJETPv57PgJPjTKAIexMiUBz9SfEzmJtM6iwHRGBEZ60ZuK/3m9FMILP+cySYFJOl8UpgJDjKdJ4AFXjILIDCFUcXMrpiOiCAWTV8WE4C6+/Je0j+vuWf309qTWuCziKKN9dICOkIvOUQNdoyZqIYoy9IRe0Kv1aD1bb9b7vLVkFTNV9AvWxzcJ6pUK</latexit>

L → ↑
<latexit sha1_base64="etQ5q1+t/IoX2wati89hedGmvi8=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUHwFGbE7Rj04sFDBLNAEkJPpyZp0tMzdNcEw5A/8eJBEa/+iTf/xs5y0MQHBY/3qqiqFyRSGPS8bye3srq2vpHfLGxt7+zuufsHNROnmkOVxzLWjYAZkEJBFQVKaCQaWBRIqAeD24lfH4I2IlaPOEqgHbGeEqHgDK3Ucd0WwhNmoVACgY7pfccteiVvCrpM/DkpkjkqHfer1Y15GoFCLpkxTd9LsJ0xjYJLGBdaqYGE8QHrQdNSxSIw7Wx6+ZieWKVLw1jbUkin6u+JjEXGjKLAdkYM+2bRm4j/ec0Uw+t2JlSSIig+WxSmkmJMJzHQrtDAUY4sYVwLeyvlfaYZRxtWwYbgL768TGpnJf+ydPFwXizfzOPIkyNyTE6JT65ImdyRCqkSTobkmbySNydzXpx352PWmnPmM4fkD5zPH1bOk3k=</latexit>

finite L

<latexit sha1_base64="pb4J9AuFCSExZqFoy7FgdklQ1x0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUS9C0IvHiHlBsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3y8mtrK6tb+Q3C1vbO7t7xf2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jWzThBP6IDyUPOqLHSQ/260iuW3LI7B/lLvIyUIEOtV/zs9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5sUqfhLGyJQ2Zqz8nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt++S9pnpW9i3Ll/rxUvcniyMMRHMMpeHAJVbiDGjSAwQCe4AVeHeE8O2/O+6I152Qzh/ALzsc3qm+NaA==</latexit>

T = 5

results stable against change of L
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Real-Time Path Integrals: Double Well
<latexit sha1_base64="8Y+fy8uSDAAgEIT7Hh9wvEqyqSw=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRd8etY9OKxgtsW2qVk02wbmmSXJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6G7qt56o0iyWj2ac0EDggWQRI9hYya/KM3HaK1fcmjsDWiZeTiqQo9Erf3X7MUkFlYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUslFlQH2ezYCTqxSh9FsbIlDZqpvycyLLQei9B2CmyGetGbiv95ndREN0HGZJIaKsl8UZRyZGI0/Rz1maLE8LElmChmb0VkiBUmxuZTsiF4iy8vk+Z5zbuqXT5cVOq3eRxFOIJjqIIH11CHe2iADwQYPMMrvDnSeXHenY95a8HJZw7hD5zPH9Nijg4=</latexit>

(n,m)

Non-trivial complex saddles

<latexit sha1_base64="av0YBJVhCszfF8g4DYsswBQgUMw="></latexit>

→(zω) ↑= 0, ↓[I(zω)] < 0 nω =?

First determination of  for non-trivial saddles!nσ

<latexit sha1_base64="BOX1iKNywuiMb+kEzNie+v3xdso=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTia1l048JFBfuAJpTJdNIOnUzCzI0SQv0VNy4UceuHuPNvnLZZaPXAhcM593LvPUEiuAbH+bJKS8srq2vl9crG5tb2jr2719Zxqihr0VjEqhsQzQSXrAUcBOsmipEoEKwTjK+mfueeKc1jeQdZwvyIDCUPOSVgpL5dvfEUH46AKBU/YI/LELK+XXPqzgz4L3ELUkMFmn370xvENI2YBCqI1j3XScDPiQJOBZtUvFSzhNAxGbKeoZJETPv57PgJPjTKAIexMiUBz9SfEzmJtM6iwHRGBEZ60ZuK/3m9FMILP+cySYFJOl8UpgJDjKdJ4AFXjILIDCFUcXMrpiOiCAWTV8WE4C6+/Je0j+vuWf309qTWuCziKKN9dICOkIvOUQNdoyZqIYoy9IRe0Kv1aD1bb9b7vLVkFTNV9AvWxzcJ6pUK</latexit>

L → ↑
<latexit sha1_base64="etQ5q1+t/IoX2wati89hedGmvi8=">AAAB+XicbVDJSgNBEO2JW4zbqEcvjUHwFGbE7Rj04sFDBLNAEkJPpyZp0tMzdNcEw5A/8eJBEa/+iTf/xs5y0MQHBY/3qqiqFyRSGPS8bye3srq2vpHfLGxt7+zuufsHNROnmkOVxzLWjYAZkEJBFQVKaCQaWBRIqAeD24lfH4I2IlaPOEqgHbGeEqHgDK3Ucd0WwhNmoVACgY7pfccteiVvCrpM/DkpkjkqHfer1Y15GoFCLpkxTd9LsJ0xjYJLGBdaqYGE8QHrQdNSxSIw7Wx6+ZieWKVLw1jbUkin6u+JjEXGjKLAdkYM+2bRm4j/ec0Uw+t2JlSSIig+WxSmkmJMJzHQrtDAUY4sYVwLeyvlfaYZRxtWwYbgL768TGpnJf+ydPFwXizfzOPIkyNyTE6JT65ImdyRCqkSTobkmbySNydzXpx352PWmnPmM4fkD5zPH1bOk3k=</latexit>

finite L

<latexit sha1_base64="pb4J9AuFCSExZqFoy7FgdklQ1x0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUS9C0IvHiHlBsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZg0YLGoqqbrq7gkRwbVz3y8mtrK6tb+Q3C1vbO7t7xf2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jWzThBP6IDyUPOqLHSQ/260iuW3LI7B/lLvIyUIEOtV/zs9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5sUqfhLGyJQ2Zqz8nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt++S9pnpW9i3Ll/rxUvcniyMMRHMMpeHAJVbiDGjSAwQCe4AVeHeE8O2/O+6I152Qzh/ALzsc3qm+NaA==</latexit>

T = 5

continuous saddle

discretized saddle

upward flow

<latexit sha1_base64="L7op32RVCZxMxkffJGfEpdKWWsM=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGKeUCyhNnJbDJkdnaZ6RXCkj/w4kERr/6RN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpoer2SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m106IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xw2s+ESlLkis0XhakkGJPp26QvNGcox5ZQpoW9lbAh1ZShDadoQ/AWX14mzWrFu6xc3J+Xazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzB+03jPo=</latexit>

20

solution with L=20!



Conclusions
✴ Picard-Lefschetz theory: rigorous and powerful mathematical framework for 

14

✴ We propose a robust and efficient method for computing intersection numbers

✴ Airy-type example: demonstrated effectiveness of our method by comparing  
……………………  with direct numerical method

✴ Applied our method to real-time path integral with double-well potential

analyzing oscillatory intergrals

but determining intersection numbers in multi-variante setups difficult

up to L=20  (improved algorithm L=36                                         )[M. Honda, Y. Shoji, K.T., in preparation]

for first time determined intersection number of several 
non-trivial complex saddle points

provides compelling evidence for existence of their contributions



Thank you!
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with

Multiple Shooting Method

✴ Decompose complex variables:

16

✴ Normalized upward flow:
∂zi

∂s
=

∂I
∂zi

| ∂I
∂z |

Z = (ℜz0⋯ℜzL−1ℑz0⋯ℑzL−1)

✴ Continuity condition: 

✴ Fix:  subintervals with step size N − 1 δs

R(k) = Z(k) − Φ(Z(k−1); δs)

∂Φ
∂s

(Z ; s) =
1

| ∂I
∂z (Φ(Z ; s)) |

ℜ ∂I
∂z (Φ(Z ; s))

−ℑ ∂I
∂z (Φ(Z ; s))

init

init

init

init

Φ(Z ; 0) = Zinit init



Multiple Shooting Method
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✴ Around saddle point      compute eigenvalues           and eigenvectors          
of Hessian 

Zσ λi > 0 W±
i

H =
ℜ d2I

dz2 − ℑ d2I
dz2

−ℑ d2I
dz2 − ℜ d2I

dz2

✴ Boundary conditions:

fixing shift freedom along solutionR(0)
A = |Z(0) − Zσ | − δr = 0

R(0)
B = (W−)t(Z(0) − Zσ) = 0 selecting upward flow

R(N)
B = (0L×L 1L×L)Z(N−1) = 0 endpoint on real plane



Multiple Shooting Method
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✴  nonlinear equations for  variables2NL + 1 2NL + 1

R =

R(0)
A

R(0)
B

R(1)

⋮
R(N−1)

R(N)
B

= 0 X =

Z(0)

⋮
Z(N−1)

δs

✴ Efficiently solved by Newton’s method

∂R
∂X

ΔX = − R X → X + ΔXlinear system

nearly block-diagonal


