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describing the gravitational coupling constant,

)–dimensional (the

higher dimensional) gravitational constant.
)–dimensional spacetime man-

ifold possesses a product topology that separates the

observable dimensions from the internal ones

M 1+3+n

= R⇥M 3

⇥K n
,

is the time manifold, M 3

is the manifold of

the usual 3–dimensional externalakarsuo@itu.edu.tr
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This is possible

if and
only

if the

internal space is either open
or closed. W

e will lay out the

phenom
enological m

odel for this transition
and

then
de-

rive its two
prim

ary, inseparable consequences: an
abrupt

change
in
the

e↵ective
cosm

ological constant,
�̃
and

a

corresponding
shift in

the
four dim

ensional gravitational

constant,
G
4
D .

Till now, we
have

denoted
the

gravita-

tional constant as
G, to

avoid
am
biguity, we henceforth

write
it
as

G
4
D
when

referring
to
its

four-dim
ensional

counterpart. If a static but curved
internal space provides

the basis for constructing m
odels that m

odify the value of

the cosm
ological constant under certain

conditions, then

a
sign-changing

(or sign-switching) cosm
ological constant

can
also

be realized
through

a
transition

in
the internal

size,
s(t).A

.
Exact

background
Solution

for
a
Transitioning

U
niverse

-
�̃(s)CDM

Therefore, we abandon
the assum

ption
of a static inter-

nal space, introducing
a
new

unknown,
s(t). For

k
ex
t =

0

and
p̃
ex
t =

0, the
system

of field
equations, three

equa-

tions —
Eqs. (5) and

(6) with
(8)—

, now
involves four

unknowns:
a,
s,
p̃
in
t , and

⇢̃
m . In

this case, di↵erent than

Eq. (34),
�̃
is not a

constant

�̃(s)
⌘
� 1
2 n(n

�
1)


ṡ 2

s 2 + k
in
t

s 2
�
,

(43)

m
aking

�̃
varying

with
internal scale factor

�̃(s) =
⇤̃
� 1
2 n(n

�
1)


ṡ 2

s 2 + k
in
t

s 2
�
.

(44)

To
close the system

of field
equations, we propose that

the
scale

of the
internal space,

s, transitioned
from

an

initial stable value,
s
p , during the early universe to a di↵er-

ent, final stable value,
s
0 , in

the late universe. This event

is m
odeled

as occurring
instantaneously

at a
transition

cosm
ic
tim

e,
t† and

to
im
plem

ent this idea
m
athem

ati-

cally, we m
odel the evolution

of the internal scale factor

s(t) as

s(t) =
s
p +

(s
0 �

s
p )✓ (t

�
t† )

,

(45)

where
✓(t

�
t† ) denotes the

right–continuous Heaviside

step
function, i.e.

✓(t
�
t† ) =

8<
: 0,

t
<
t† ,

1,
t
�
t† ,

(46)

leading

s(t) =
(
s
p

for
t
<
t† ,

s
0

for
t
�
t† .

(47)

B
.

Transition
of the

E↵ective
C
osm

ological

C
onstant

From
Eqs.

(44)
and

(47),
we

see
that

the
higher-

dim
ensional e↵ective cosm

ological constant evolves from

�̃
p =

⇤̃
� n(n

�
1)2
k
in
ts 2

p
for

t
<
t† ,

(48)

to

�̃
0 =

⇤̃
� n(n

�
1)2
k
in
t

s 2
0 for

t
�
t† .

(49)

where the case
n
=
0
corresponds to

the standard
four-

dim
ensional ⇤CDM

m
odel, for which

the
e↵ective

cos-

m
ological constant reduces to

the conventional vacuum

energy, i.e.
�̃
p =

�̃
0 =

⇤̃
=
⇤.

The constraint
�̃
0
>
0
arisen

from
observational data

[8–11] such a positive-valued today ’cosm
ological constant’

satisfied for both
k
in
t >

0 and
k
in
t <

0. Switch m
echanism

can be hindered if
(i) extra dim

ensions are infinite [12, 13]

(s
p
/
0
!

±
1
),
(ii)

the
dim

ension
of internal space

is 0

or
1
(n

2
{0, 1}), and

(iii)
the

internal space
is
flat

(k
in
t =

0). One-dim
ensional static internal space is indeed

flat,
therefore

provided
that

at
least

two-dim
ensional

internal space, spatially
curved, and

has finite size, (n
+

4)-dim
ensional ⇤̃

sCDM
-like

m
odel can

be
reproduced,

otherwise we return
to (n+

4)-dim
ensional ⇤̃CDM

m
odel

without a
sign

change/sign
switch.

Dynam
ical sudden

change
of the

internal space
size

accordingly
a↵ects the evolution

of the energy
density

of

dust, from
(8) with

p̃
ex
t =

0, we obtain

˙̃⇢
m + 

3 ȧ

a +
n ṡ

s (1 +
w̃
in
t )

�
⇢̃
m =

0,

(50)

where
w̃
in
t =

p̃
in
t /⇢̃

m . The first tim
e derivative of Eq. (45)

involves the Dirac delta
function

and
can

be written
as

ṡ =
(s
0 �

s
p )� (t

�
t† ), the continuity

equation
Eq. (50)

cannot
be

evaluated
in
its

di↵erential form
but

m
ust

instead
be integrated

across the transition:

Z
⇢̃
(t
2 )

⇢̃
(t
1 )

d
⇢̃ 0

⇢̃ 0 =
�3

Z
a
(t
2 )

a
(t
1 )

d
a 0

a 0 �
n

Z
t
2

t
1 d

t ṡ

s [1 +
w̃
in
t (s)] ,

where the latter term
gives a

finite jum
p
due to

the step-

like
behavior of

s(t). Evaluating
this relation

on
either

side of the transition
yields

⇢̃
m (t) =

(

⇢̃
m
p a(t) �

3

for
t
<
t†

⇢̃
m
0 a(t) �

3

for
t
�
t†

(51)

where

⇢̃
m
p =

⇢̃
m
0

✓
s
0

s
p

◆
n[1

+
w̃
int (t +

† )]
,

(52)

derived
in
Appendix

A
in
detail.



Model dependent (Indırect) 
measurement  


The Planck estimate assuming a 
"vanilla"


ACDM cosmological model:


H0 = 67.36 ‡ 0.54 km/s/Mpc


Planck 2018, Astron. 
Astrophys. 641 (2020) A6

Hubble ( H0 ) Tension 


Riess et al. Astrophys.J.Lett. 
934 (2022) 1 L7.

Model ındependent (dırect) 
measurement


The latest local measurements 
obtained by the SH0ES 
collaboration                                   


H0 =73.04⼠1.04 km/s/Mpc.

±5σ  :  one in 3.5 million implausible to reconcile the two by chance

A.RIESS

ΛΛCDM: Much More Than We Expected, but Now Less Than What We Want
Michael S. Turner
Foundations of Physics 48 (10):1261-1278 (2018)

 In the recent SPT-3G D1 analysis (arXiv:2506.207079), the combined CMB data sets

(SPA = Planck + SPT + ACT) yields an H0 tension in ΛCDM exceeding 6σ.

Casertano et al.[H0DN],

The Local Distance Network: A community consensus report on the measurement of the Hubble constant at 1% precision,

Astron. Astrophys. 708 (2026), A166

arXiv:2510.23823


This paper measured the local H₀ not by relying on a single team (e.g. SH0ES) but by combining dozens of independent distance indicators 
(Cepheids, TRGB, SN Ia, masers, SBF, etc.) within a covariance-weighted "Distance Network" community consensus, yielding H₀ = 73.50 ± 0.81 
(about 1% precision). Its significance: the Hubble tension can no longer be easily blamed on one group's method or a possible systematic error, 
since the "~73" local value is now firmly established by a broad, independent community.

https://philpapers.org/go.pl?id=TURLCM&proxyId=&u=https%3A%2F%2Fdx.doi.org%2F10.1007%2Fs10701-018-0178-8
https://philpapers.org/s/Michael%20S.%20Turner
https://philpapers.org/asearch.pl?pub=358


 

The CosmoVerse White Paper: Addressing observational tensions in cosmology with systematics and fundamental physics,  
di Valentino, Levi said, Riess, pollo et al.   Phys. Dark Univ. 49 (2025) 101965    2504.01669



an idea that grew out of the earlier "graduated dark energy" (gDE) work, where a spontaneous sign switch first appeared as an 
observational hint rather than an imposed feature.


<latexit sha1_base64="SqA1Rmdvb3LhzIukVoR82CCX04A=">AAACAXicbVDNS8MwHE3n15xfVS+Cl+AQPI1WZHoczoMHhQnuA9ZS0jTbwpK2JKkwSr34r3jxoIhX/wtv/jdmXQ+6+SDk8d77kfyeHzMqlWV9G6Wl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjIakrahipBcLgrjPSNcfN6d+94EISaPwXk1i4nI0DOmAYqS05JkHzo0OB8hLHcGhzPKreXWbeWbVqlk54CKxC1IFBVqe+eUEEU44CRVmSMq+bcXKTZFQFDOSVZxEkhjhMRqSvqYh4kS6ab5BBo+1EsBBJPQJFczV3xMp4lJOuK+THKmRnPem4n9eP1GDCzelYZwoEuLZQ4OEQRXBaR0woIJgxSaaICyo/ivEIyQQVrq0ii7Bnl95kXROa3a9Vr87qzYuizrK4BAcgRNgg3PQANegBdoAg0fwDF7Bm/FkvBjvxscsWjKKmX3wB8bnD+nxlo8=</latexit>

⇤sCDM

Akarsu barrow Escamilla Vazquez , Phys. Rev. D 101, 063528 (2020), 1912.08751

% / ⇢� < 0 with � < 1

 its energy density dynamically takes 
negative values in the finite past. 

Akarsu, kumar, Vazquez & Yadav 

Phys. Rev. D 108, 023513 (2023), 2211.05742

Akarsu, özülker, kumar & Vazquez 

Phys. Rev. D 104, 123512 (2021),2108.09239

AKARSU, DI VALENTINO, KUMAR, NUNES, VAZQUEZ, YADAV  
2307.10899

λ → − ∞

Rastall extensıon of gr  EPJC 80, 1050 (2020). 2004.04074]   
Brans dıcke extensıon of GR EPJC 80 (2020) 32, 1903.06679]
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Fig. 1.— The Hubble parameter (left panel) and the effective equation of state of dark energy (right panel) are shown for the Braneworld
model described by (12) (solid red) and ΛCDM (dotted green). Also shown is the matter contribution: H0

√

Ω0m(1 + z)3 where H0 = 70
km/sec/Mpc and Ω0m = 0.28 (dotted blue). In the Braneworld model the cosmological constant is screened in the past as a result of
which the expansion rate drops below that in ΛCDM at high z. This feature permits the Braneworld to better account for the low value of
H(z = 2.34) discovered in Delubac et al. (2014). Note that HBrane ! H0

√

Ω0m(1 + z)3 at z ! 2.4. The associated pole in w(z) at z ! 2.4
is shown in the right panel. The parameters for the Braneworld model are Ω0m = 0.28 and Ω! = 0.025 in (12).
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Figure 9. Constraints on h and �w0 ⌘ 1 +w0 in the slow roll
dark energy model (eq. 24), in the same format as Fig. 8.

and BAO+SN+Planck data combinations appear in Fig-
ure 11 and Table V. As in our other models that allow
time-varying dark energy, BAO and SN data both con-
tribute significantly to the parameter constraints. Our
results show a clear detection of non-zero dark energy
density in each of the first two redshift bins at z < 1,
and they are consistent with a constant energy density
across this redshift range. Compared to [64], we obtain
a significantly tighter constraint in the 0.5 < z < 1.0
bin, where the CMASS BAO measurement makes an im-
portant di↵erence, but a slightly looser constraint in the
z < 0.5 bin, where we do not incorporate a direct H0

measurement. We obtain much poorer constraints in the
1 < z < 1.6 bin because the JLA sample contains only 8
SNe with z > 1 compared to 29 for the Union 2.1 sam-
ple. At z > 1.6 our constraint is stronger thanks to the
LyaF BAO measurement, but the uncertainty is large
nonetheless, and the low LyaF value of H(z) leads to a
preference for negative dark energy density in this bin,
although consistent with zero at 1�.

VI. ALTERNATIVE MODELS

We now turn to models with more unusual histories
of the dark energy, matter, or radiation components. In
part we want to know what constraints our combined
data can place on interesting physical quantities, such as
neutrino masses, extra relativistic species, dark energy
that is dynamically significant at early times, or dark
matter that decays into radiation over the history of the
universe. We also want to see whether any of these al-
ternative models can resolve the tension with the LyaF
measurements at z = 2.34, which persists in all of the
models considered in Section V. We begin with the early
dark energy model, because understanding the origin of
the constraints on this model informs the discussion of
subsequent models.

Figure 10. �
2 values for the best-fit versions of cosmologi-

cal models considered in the paper. Each bar represents the
minimum �

2 for the model listed at the left axis, and colors
show the �

2 contributions of individual data sets. For better
visualization, we subtract 30 from the SN �

2. CMB con-
tributions are not included but (with our 3-parameter com-
pression) are always close to zero. The total �2 and model
degrees-of-freedom (d.o.f., 40 data points minus number of fit
parameters, which includes the SNIa absolute magnitude nor-
malization as well as cosmological quantities) are listed to the
right of each bar. The bottom bar shows the number of d.o.f.
associated with each data set. For the �Ne↵ model we use
cosmomc rather than our compressed CMB description, but
we again omit CMB contributions to �

2.

Figure 11. Constraints on ⇢DE(z) assumed to be constant
within redshift bins, in units of the present-day critical den-
sity ⇢c. Shaded areas represent 68% confidence levels. Yellow
bands show constraints in the same bins from [64]. Our con-
straints in the z = 1.0� 1.6 bin are omitted.

A. Early Dark Energy

In typical dark energy models, including all of those
discussed in Section V, dark energy is dynamically neg-
ligible at high redshifts because its energy density grows
with redshift much more slowly than (1 + z)3. However,
some scalar field potentials yield a dark energy density
that tracks the energy density of the dominant species
during the radiation and matter dominated eras, then

Cosmological implications of baryon acoustic oscillation (BAO) measurements
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We derive constraints on cosmological parameters and tests of dark energy models from the com-
bination of baryon acoustic oscillation (BAO) measurements with cosmic microwave background
(CMB) data and a recent reanalysis of Type Ia supernova (SN) data. In particular, we take advan-
tage of high-precision BAO measurements from galaxy clustering and the Lyman-↵ forest (LyaF)
in the SDSS-III Baryon Oscillation Spectroscopic Survey (BOSS). Treating the BAO scale as an
uncalibrated standard ruler, BAO data alone yield a high confidence detection of dark energy; in
combination with the CMB angular acoustic scale they further imply a nearly flat universe. Adding
the CMB-calibrated physical scale of the sound horizon, the combination of BAO and SN data
into an “inverse distance ladder” yields a measurement of H0 = 67.3 ± 1.1 km s�1 Mpc�1, with
1.7% precision. This measurement assumes standard pre-recombination physics but is insensitive
to assumptions about dark energy or space curvature, so agreement with CMB-based estimates
that assume a flat ⇤CDM cosmology is an important corroboration of this minimal cosmologi-
cal model. For constant dark energy (⇤), our BAO+SN+CMB combination yields matter density
⌦m = 0.301 ± 0.008 and curvature ⌦k = �0.003 ± 0.003. When we allow more general forms of
evolving dark energy, the BAO+SN+CMB parameter constraints are always consistent with flat
⇤CDM values at ⇡ 1�. While the overall �2 of model fits is satisfactory, the LyaF BAO measure-
ments are in moderate (2 � 2.5�) tension with model predictions. Models with early dark energy
that tracks the dominant energy component at high redshift remain consistent with our expansion
history constraints, and they yield a higher H0 and lower matter clustering amplitude, improving
agreement with some low redshift observations. Expansion history alone yields an upper limit on the
summed mass of neutrino species,

P
m⌫ < 0.56 eV (95% confidence), improving to

P
m⌫ < 0.25 eV

if we include the lensing signal in the Planck CMB power spectrum. In a flat ⇤CDM model that
allows extra relativistic species, our data combination yields Ne↵ = 3.43 ± 0.26; while the LyaF
BAO data prefer higher Ne↵ when excluding galaxy BAO, the galaxy BAO alone favor Ne↵ ⇡ 3.
When structure growth is extrapolated forward from the CMB to low redshift, standard dark energy
models constrained by our data predict a level of matter clustering that is high compared to most,
but not all, observational estimates.

I. INTRODUCTION

Acoustic oscillations that propagate in the pre-
recombination universe imprint a characteristic scale in
the clustering of matter, providing a cosmological “stan-
dard ruler” that can be measured in the power spectrum
of cosmic microwave background (CMB) anisotropies and
in maps of large-scale structure at lower redshifts [1–5].
While distance scale measurements with Type Ia super-

novae (SNIa) are calibrated against systems in the local
Hubble flow [6–8], the baryon acoustic oscillation (BAO)
scale is computed from first principles, using physical
parameters (such as the radiation, matter, and baryon
densities) that are well constrained by CMB data. The
di↵erence between absolute and relative measurements,
the sharpening of BAO precision with increasing red-
shift, and the entirely independent systematic uncertain-
ties make BAO and SNe highly complementary tools for
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ABSTRACT

Baryon Acoustic Oscillations (BAO) allow us to determine the expansion history of the Universe,
thereby shedding light on the nature of dark energy. Recent observations of BAO’s in the SDSS
DR9 and DR11 have provided us with statistically independent measurements of H(z) at redshifts of
0.57 and 2.34, respectively. We show that these measurements can be used to test the cosmological
constant hypothesis in a model independent manner by means of an improved version of the Om
diagnostic. Our results indicate that the SDSS DR11 measurement of H(z) = 222± 7 km/sec/Mpc
at z = 2.34, when taken in tandem with measurements of H(z) at lower redshifts, imply considerable
tension with the standard ΛCDM model. Our estimation of the new diagnostic Omh2 from SDSS
DR9 and DR11 data, namely Omh2 ≈ 0.122 ± 0.01, which is equivalent to Ω0mh2 for the spatially
flat ΛCDM model, is in tension with the value Ω0mh2 = 0.1426± 0.0025 determined for ΛCDM from
Planck+WP. This tension is alleviated in models in which the cosmological constant was dynamically
screened (compensated) in the past. Such evolving dark energy models display a pole in the effective
equation of state of dark energy at high redshifts, which emerges as a smoking gun test for these
theories.
Subject headings: expansion history — cosmology: observations — methods: statistical

1. INTRODUCTION

There is ample observational evidence to suggest that
the expansion of the universe is accelerating, fuelled per-
haps by dark energy (DE) which violates the strong en-
ergy condition, so that ρ + 3P < 0. While the cosmo-
logical constant with 8πGTik = Λgik and P = −ρ ≡
−Λ/8πG, envisioned by Einstein almost a century ago,
fulfills this requirement, the tiny value associated with
Λ has prompted theorists to look for alternatives in
which dark energy evolves with time including modi-
fied gravity (Sahni & Starobinsky 2000; Carroll 2001;
Peebles & Ratra 2003; Padmanabhan 2003; Sahni
2004; Copeland et al. 2006; Sahni & Starobinsky 2006;
Clifton et al. 2012; Shafieloo 2014).
Meanwhile, the very simplicity of the cosmological con-

stant has prompted the search for null-diagnostics which
can inform us, on the basis of observations, whether or
not DE is the cosmological constant.
One such diagnostic is the Statefinder r =

...
a /aH3

(also called the jerk) whose value stays pegged to unity
only in ΛCDM (Sahni et al. 2003; Alam et al. 2003) (also
see(Chiba & Nakamura 1998; Visser 2004)). Thus if
observations were to inform us that r $= 1, then this
would imply a falsification of the cosmological constant
hypothesis.
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A second null diagnostic, Om(z), is defined as
(Sahni et al. 2008; Zunkel & Clarkson 2008)

Om(z) =
h̃2(z)− 1

(1 + z)3 − 1
, h̃ = H(z)/H0 . (1)

A remarkable feature of Om is that its value remains
pegged to Ω0m in ΛCDM. In all other DE models the
value of Om(z) evolves with time.
While the Statefinder has proved exceedingly ver-

satile in differentiating between rival DE models, a
distinguishing feature of Om is that it depends only
upon the expansion rate, H(z), and is therefore eas-
ier to determine from observations than r (also see
(Shafieloo et al. 2012; Visser 2004; Chiba & Nakamura
2000; Arabsalmani & Sahni 2011)). Om can also be
written as a two-point diagnostic (Shafieloo et al. 2012)

Om(zi; zj) =
h̃2(zi)− h̃2(zj)

(1 + zi)3 − (1 + zj)3
, (2)

with Om(z; 0) defined in (1). Consequently, if the Hub-
ble parameter is known at two or more redshifts then
Om(zi; zj) can be reconstructed and one can address
the issue of whether DE is the cosmological constant or
not. Recent observations of BAO’s in the SDSS cat-
alogue have paved the way for reconstructing Om by
determining statistically independent values of H(z) at
several redshifts (Delubac et al. 2014). Using their de-
termination of H(z = 2.34) = 222 ± 7 km/sec/Mpc,
Delubac et al. (2014) reported a surprising 2-2.5σ ten-
sion with the predictions of standard ΛCDM with best-
fit Planck parameters. In this paper we revisit this in-
consistency using a null diagnostic approach involving
an improved version of Om. We affirm the results of
Delubac et al. (2014) and also demonstrate that screened
models of dark energy provide a better fit to the BAO

Dynamical dark energy in light of the latest observations

Gong-Bo Zhao1,2, Marco Raveri3,4, Levon Pogosian5,2, Yuting Wang1,2, Robert G. Crittenden2,

Will J. Handley6,7, Will J. Percival2, Florian Beutler2, Jonathan Brinkmann8, Chia-Hsun Chuang9,10,

Antonio J. Cuesta11,12, Daniel J. Eisenstein13, Francisco-Shu Kitaura14,15, Kazuya Koyama2, Benjamin

L’Huillier16, Robert C. Nichol2, Matthew M. Pieri17, Sergio Rodriguez-Torres9,18,19, Ashley J.

Ross20,2, Graziano Rossi21, Ariel G. Sánchez22, Arman Shafieloo16,23, Jeremy L. Tinker24, Rita

Tojeiro25, Jose A. Vazquez26 & Hanyu Zhang1

A flat Friedman-Roberson-Walker universe dominated by a cosmological constant (⇤) and

cold dark matter (CDM) has been the working model preferred by cosmologists since the

discovery of cosmic acceleration1, 2. However, tensions of various degrees of significance are

known to be present among existing datasets within the ⇤CDM framework3–11. In particular,

the Lyman-↵ forest measurement of the Baryon Acoustic Oscillations (BAO) by the Baryon

Oscillation Spectroscopic Survey (BOSS)3 prefers a smaller value of the matter density fraction

⌦M compared to the value preferred by cosmic microwave background (CMB). Also, the

recently measured value of the Hubble constant, H0 = 73.24 ± 1.74 km s�1 Mpc�112, is 3.4�

higher than 66.93±0.62 km s�1 Mpc�1 inferred from the Planck CMB data7. In this work, we

investigate if these tensions can be interpreted as evidence for a non-constant dynamical dark

energy (DE). Using the Kullback-Leibler (KL) divergence13 to quantify the tension between

datasets, we find that the tensions are relieved by an evolving DE, with the dynamical DE

model preferred at a 3.5� significance level based on the improvement in the fit alone. While,

at present, the Bayesian evidence for the dynamical DE is insufficient to favour it over ⇤CDM,
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Figure 2. The reconstructed evolution history of the dark energy equation of state compared

with the 2012 result and the forecasted uncertainty from future data.

The mean (white solid) and the 68% confidence level (CL) uncertainty (light blue band) of the w(z)

reconstructed from ALL16 compared to the ALL12 w(z) reconstructed in Zhao et al. (2012)21 (red

lines showing the mean and the 68% CL band). The red point with 68% CL error bars is the value

of w(z) at z = 2 “predicted” by the ALL12 reconstruction. The dark blue band around the ALL16

reconstruction is the forecasted 68% CL uncertainty from DESI++. The green dashed curve and

the light green band show the mean and the 68% CL of w(z) reconstructed from ALL16 using a

different prior strength (�D = 0.4) for which the Bayesian evidence is equal to that of ⇤CDM. See

the text for details.
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Fırst ındıcatıons towards dark energy with negative energy density values at high redshifts 

Rastall extensıon of gr  EPJC 80, 1050 (2020) 2004.04074]    &      Brans dıcke extensıon of GR EPJC 80 (2020) 32, 1903.06679]



 

The CosmoVerse White Paper: Addressing observational tensions in cosmology with systematics and fundamental physics,  
di Valentino, Levi said, Riess, pollo et al.   Phys. Dark Univ. 49 (2025) 101965    2504.01669
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• Growth tension as well Specifically, when treating  as a free parameter within ΛCDM framework, a 
combination of Planck and   data yields  , in ∼  tension with the theoretically expected value 

 (assuming GR).          [Escamılla, akarsu, dı valentıno, özülker & vazquez, 2503.12945] 

γ
fσ8 γ ≈ 0.64 4σ

γ ≈ 0.55

it has capability to simultaneously 
resolve the major cosmological 
tensions, notably, H0, S8 and Mb 
tensions along with less 
significant  tensions currently 
present in ΛCDM.   
                                                                  

AKARSU, DI VALENTINO, KUMAR, NUNES, 
VAZQUEZ, YADAV,  2307.10899

NYUGEN ET AL. 2302.01331

SH0ES 2024 L.Breuval et al. 2404.08038 [astro-ph.CO]].


Matching with 
SH0ES 2024 and 

H0DN 2026 
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⇤sCDM
Kıbrıs, Elbers, Akarsu & Di Valentino, "Negative neutrino mass or negative dark energy?" arXiv:2605.21456

turns "negative neutrino mass" into physical neutrino mass

recovers physical neutrino masses — not just a better fit

Oscillation experiments set a model-independent hard floor: 
Σm_ν ≥ 0.059 eV. Any cosmology that prefers a negative mass conflicts not just with another dataset, 
but with established particle physics.

Within ΛCDM, DESI + CMB push the inferred mass into the unphysical negative region 
(Σm_ν,eff = −0.075 eV). 

ΛsCDM is the only model in the set that returns a physical, positive value (Σm_ν,eff = +0.055 ± 0.050 eV), with its 68% credible interval entirely above zero and consistent 
with the oscillation lower bound.

ΛsCDM is not the best-fitting model: several dark-energy models lower χ² more, and Bayesian evidence 
penalizes the extra parameters — yet they all leave the neutrino mass negative. 
A lower χ² with unphysical parameters is no resolution at all; 
ΛsCDM's distinction is physical consistency, not statistical superiority.



"Cosmological constraints on ΛsCDM scenario in a type II minimally modified gravity", PRD 110, 103527 (2024), 

Akarsu, De Felice, Di Valentino, Kumar, Nunes, Özülker, Vazquez, Yadav,  arXiv:2406.07526.



"Sign-Switching Dark Energy: Smooth Transitions with Recent DESI DR2 Observations" 

Ibarra-Uriondo & Bouhmadi-López, Physics of the Dark Universe, arXiv:2602.12347



✓ Overall sign change of the metric:  imaginary space extensions of the usual Lorentzian theory, with   [alexandre, 
gıelen, magueıjo, JCAP 02 (2024) 036, 230611502]


✓ a string inspired model where Casimir forces of fields inhabiting the bulk of the dark dimension scenario  [Anchordoqui 
& antoniadis & lüst,  Phys. Lett. B 855 (2024) 138775, 2312.12352,  Anchordoqui, antoniadis, lüst, noble & sorıano, 


Phys. Dark Univ. 46 (2024) 101715 2404.17334 ]


✓ Type II minimally modified gravity (VCDM) [ Akarsu De felice, dı Valentino, kumar, nunes, özülker, vazquez, yadav, MNRAS 
546 (2026) 1 2402.07716 &  PRD 110, 103527 (2024) 2406.07526] 


✓ The former negative correlation between the spaces, along with the accelerated expansion of the external space, such as 
a wormhole-type continuation, may reverse the correlation from negative to positive.       causing both spaces 
to begin expanding.  katırcı, JHeap 45 382 (2025) , 2501.02109


✓  Unexplored regions in teleparallel f(T) gravity: Sign-changing dark energy density  
[Akarsu, Bulduk, De Felice, katırcı, Uzun, PRD 112, 083532 (2025) 2410.23068]  (Torsion or Non-metricity )


✓ Construction of ΛsCDM from spatial curvature of internal space 
 [akarsu, bulduk, katırcı, özülker, Perivolaropoulos] ongoing work
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FIG. 5. The figure shows the posteriors of ⇢DE(z)/⇢c0 (top panels) and wDE(z) (bottom panels); the more frequent
the lines, the more probable. Violet is for the analysis with the Planck+PantheonPlus&SH0ES data set, and red is for
Planck+BAO+PantheonPlus&SH0ES. The bolder solid lines correspond to the best fit sample of their corresponding data set.
The horizontal grey dashed line in the top panels show the Plik best fit value in Ref. [7] for comparison, and the horizontal
black dashed line in the bottom panels is the PDL. The vertical dashed lines in the bottom panels show the redshifts DE crosses
to negative values for the best fit samples of the same color, i.e., they show the best fit zp; these dashed lines also correspond
to the asymptotes of wDE(z) for the best fit plots.

definitions of these parameters see Section III.

To discuss the features of DMS20 DE related to neg-
ative energy densities, we present Figs. 3, 5 and 6
showing constraints on some relevant functions and
parameters for our most extensive data combination,
viz., Planck+BAO+PantheonPlus&SH0ES, and also for
the Planck+PantheonPlus&SH0ES data combination in
which case the features related to negative DE density
are most emphasized within DMS20 DE.

We present the two-dimensional marginalized con-
straints of H0 versus ap in Fig. 3 to show the correla-
tion between the Hubble constant and the scale of the
universe at which n-quintessence–p-phantom crossing oc-
curs, along with those of H0 versus an and am. In the
Planck+PantheonPlus&SH0ES case, we see a positive
correlation between H0 and ap, while no correlation is

present with the other two parameters an and am. On
the other hand, once BAO data are included, the correla-
tion between H0 and ap becomes weak,7 and a slight neg-
ative correlation appears between H0 and am with still

7
This weakening of the correlation between H0 and the time

of crossing to negative densities, accompanying the lesser con-

straints on ap with the addition of the BAO data, was also found

within the ⇤sCDM model [73, 76] which has other parallelisms

with DMS20 DE as noted further below in the main text; com-

pare the leftmost panel of Fig. 3 with the bottom leftmost panel

of Fig. 2 in Ref. [76] and Fig. 8 in Ref. [73]. Within ⇤sCDM,

the strict CMB-based constraints on DM (z⇤) enforces a nonlin-

ear degeneracy between the time of crossing and H0; the shape

of this degeneracy (see also Fig. 2 in Ref. [73] and relevant dis-

cussions therein), which implies a weakened linear correlation

if the crossing happens at earlier times, explains these findings

7

FIG. 2. Functional posterior probability of the reconstruction by using a Gaussian Process and w = �1. The probability as
normalised in each slice of constant z, with colour scale in confidence interval values (see color bar at the right). The 68% (1�)
and 95% (2�) confidence intervals are plotted as black lines. From left to right in the upper part: the reescalation function
IQ(z), the Hubble Parameter, the deceleration parameter and the e↵ective EoS parameter for DE. In the lower part: the
e↵ective EoS parameter for DM, the density for DM and DE respectively and the e↵ective pressure ⇧DE. The dashed black
line corresponds to the standard ⇤CDM values.

TABLE II. Mean values, and standard deviations, for the
parameters used throughout the reconstructions. For each
model, the last two columns present the Bayes Factor,
and the �2� lnLmax ⌘ �2 ln(Lmax,⇤CDM/Lmax,i) for fit-
ness comparison. The datasets used are BAO+H+SN. Here
�2 lnLmax,⇤CDM = 1429.7, lnE⇤CDM = �721.35(0.14).

Model EoS parameter h ⌦m,0 lnB⇤CDM,i �2� lnLmax

⇤CDM -1 0.683 (0.008) 0.306 (0.013) 0 0

wCDM wc 0.675 (0.022) 0.296 (0.016) 1.51 (0.18) -2.73

CPL w0 + wa(1� a) 0.676 (0.023) 0.298 (0.019) 2.37 (0.19) -2.81

SSIK w0 0.681 (0.025) 0.303 (0.027) 3.82 (0.21) -3.12

⇧DE GP -1 0.684 (0.027) 0.321 (0.032) 8.61 (0.21) -3.89

w0 0.687 (0.027) 0.311 (0.024) 8.01 (0.21) -4.22

⇧DE bins -1 0.684 (0.025) 0.319 (0.027) 5.69 (0.22) -3.88

w0 0.689 (0.027) 0.314 (0.025) 7.51 (0.22) -3.92

and �2� lnLmax = �3.92 with respect to the ⇤CDM
scenario, improving the fit of the data and also perform-
ing slightly similar the reconstruction made with the GP
interpolation. The results for this case also present os-
cillations around the null value of the interaction kernel
⇧DE = 0 which, again, indicates more than one shift
in the direction of energy density transfer. However, by
using bins, the oscillations are noisier and thus more dif-
ficult to spot than in the one performed using GP; the

TABLE III. Constraints at 68% CL of the parameters for
our model-independent reconstructions. The values for ⇧4

are unconstrained for some of the cases, and for ⇧5 for every
case, which is expected given the lack of data in this redshift.

Model w0 ⇧1 ⇧2 ⇧3 ⇧4 ⇧5

⇧DE GP �1 �0.01(0.26) �0.26(0.36) �0.29(1.04) 0.93(5.34) unconstr.

�0.81(0.16) �0.78(0.71) �0.16(0.39) �0.22(1.14) 5.35(5.82) unconstr.

⇧DE bins �1 0.04(0.05) �0.61(0.56) 0.54(3.16) unconstr. unconstr.

�0.98(0.09) 0.02(0.06) �0.43(0.76) 0.18(3.55) unconstr. unconstr.

results of the two cases, with fixed or varying EoS pa-
rameter, are very similar to each other. As far as the
reconstructed derived features, we have a similar behav-
ior to that found with GP. The re-escalation function
IQ(z), for example presents some oscillatory-like behav-
ior that is less pronounced than the GP case, but lacks
the first peak at redshift z ⇠ 0.5. The Hubble parameter
presents a horizontal flat region (darker green). How-
ever, due to the larger confidence contours, it causes the
existence of a region where the deceleration parameter
equals zero, z ⇠ 0.5 � 1.2. Finally, the e↵ective DE EoS
parameter presents again a pole, but in this case closer to
z = 2, which suggests a transition to a negative DE den-
sity, ⇢DE(z)/⇢c,0; and the e↵ective DM EoS parameter
shows deviations zero at more than 1-� level. These sim-
ilar behaviors were expected as both model-independent
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rameter, are very similar to each other. As far as the
reconstructed derived features, we have a similar behav-
ior to that found with GP. The re-escalation function
IQ(z), for example presents some oscillatory-like behav-
ior that is less pronounced than the GP case, but lacks
the first peak at redshift z ⇠ 0.5. The Hubble parameter
presents a horizontal flat region (darker green). How-
ever, due to the larger confidence contours, it causes the
existence of a region where the deceleration parameter
equals zero, z ⇠ 0.5 � 1.2. Finally, the e↵ective DE EoS
parameter presents again a pole, but in this case closer to
z = 2, which suggests a transition to a negative DE den-
sity, ⇢DE(z)/⇢c,0; and the e↵ective DM EoS parameter
shows deviations zero at more than 1-� level. These sim-
ilar behaviors were expected as both model-independent
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FIG. 4. Functional posterior probability of the reconstruction by using a Binning scheme and w = �1. The probability as
normalised in each slice of constant z, with colour scale in confidence interval values. The 68% (1�) and 95% (2�) confidence
intervals are plotted as black lines. From left to right in the upper part: the reescalation function IQ(z), the Hubble Parameter,
the deceleration parameter and the e↵ective EoS parameter for DE. In the lower part: the e↵ective EoS parameter for DM, the
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standard ⇤CDM values.

⇤CDM model. By using these reconstructions some de-
rived functional posteriors were also obtained, which in-
herit the general characteristics of ⇧(z). These oscilla-
tory features can be more clearly observed through the
reescalation function introduced in [116], and it is worth
noting that similar shapes were also found in a model-
independent reconstruction in [114]; (see also [145], sug-
gesting that, in the relativistic cosmological models that
deviate from ⇤CDM, dark energies are expected to ex-
hibit such behaviors for the consistency with CMB data).
We noticed the Hubble parameter was slightly modified
in order to alleviate the tension created between low
and high redshift BAO data (reflected in the improve-
ment of fit) which also causes a shift, to later times, for
the beginning of the acceleration epoch. When plot-
ting the functional posterior of the DE e↵ective EoS
parameter we observed a quintom-like behavior at low
redshift, with a preference zone of the 68% confidence
contour away from the ⇤CDM. Additionally, we observe
the presence of a pole at about z ⇠ 2.3 recovering a
shape with an asymptote, proposed and studied in other
works [62, 69, 107, 146, 147]. This particular shape is
required when having a DE energy density that presents
a transition from positive to negative energy density or
vice versa. This transition is present in the 68% contour
of the derived DE energy density. Last but not least,
an important implication of these reconstructions is seen

with Eq. (8). Since we found a non negligible interaction
kernel, thus the e↵ective behavior of DM, at the largest
scales, may not be described by a perfect pressure-less
fluid but something around it.
Despite the positive outcomes observed in the fit of the

data, we cannot ignore the Bayes’ Factors. As our model-
independent method introduces several new parameters,
it is expected to be in disadvantage when compared to the
concordance model. To achieve improved results without
disregarding our findings, it would be advisable to con-
sider a new parameterization or a change in the basis
with a considerably reduced number of parameters, that
can take into account the new found features.
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with � = sgn(ã2), so that �1 < ã2 < 1, trading a2 for
a new ã2 covering the whole real line. We also redefine
the lapse function as

Ñ2 = �N2. (10)

Then, in terms of the new variables, the metric is

ds2 = sÑ2 dt2 + ã2 h0
ijdx

idxj (11)

which might be seen as a more economical parametrisa-
tion than (4), and (8) becomes

S =
3Vc

8⇡G

Z
dt

 
˙̃bã2 � Ñ ã

 
sb̃2 � k +

⇤̃

3
ã2
!!

(12)

with b̃ = �b and ⇤̃ = �⇤. Hamilton’s equations are

˙̃b = Ñ ã
⇤̃

3
, (13)

(ã2)· = �2Ñ ã sb̃. (14)

For Ñ2 < 0 (ã2 < 0), the quantity Ñ (ã) requires a choice
of complex square root (see Sec. VI); we have made a
choice in replacing Na by Ñ ã (rather than �Ñ ã). More-
over, ⇤̃ is no longer a fixed constant but changes sign
according to

⇤̃ = sgn(ã2)⇤ . (15)

In terms of ⇤̃, Lorentzian dS in “mostly plus” signature
has ⇤̃ > 0 but in “mostly minus” signature has ⇤̃ < 0.
This simply reflects our chosen assumptions for how ⇤
changes with changing signature. Had we started with
the opposite convention, i.e., ⇤ > 0 with “mostly minus”
signature gives Lorentzian AdS, ⇤̃ would be constant.

In general, ⇤̃ is locally constant in each region in which
the metric is non-degenerate, but can flip sign in passing
through a boundary of degenerate metric. We can use
this freedom to choose ⇤ as a general function of the
signature parameters � or s,

⇤ = ⇤(�, s) . (16)

Through the contracted Bianchi identities, the Einstein
equations imply

@µ(�⇤) = 0 (17)

whenever the Einstein equations are well-defined. At the
boundaries with degenerate metric, curvature tensors are
not defined and there are no Einstein equations imposing
such a restriction.

At the level of minisuperspace (12), the consistency
condition on ⇤̃ is obtained by taking the time derivative
of the Hamiltonian constraint and using the equations of
motion:

˙̃⇤ ã2 = 0 . (18)

Again this shows that ⇤̃ needs to be constant away from
degenerate points ã2 = 0.
The prescription of constant ⇤̃, which is the one we will

use below and the one also appearing in the quantum
cosmology literature [15], is evidently compatible with
the Bianchi identities in any case.

III. SIGNATURE CHANGE IN
EINSTEIN–CARTAN FORMALISM

To understand better the implications of the previous
Section, we now consider how it fits into the first order
formulation (in whatever guise) which allows for topol-
ogy and signature change even at the classical level [1].
For definiteness we take the Einstein–Cartan formalism.
The space-time metric is defined in terms of the tetrad
eaµ by gµ⌫ = ⌘abeaµe

b
⌫ , where by convention we put

the signature s and flip � into the tangent-space met-
ric ⌘ab = diag[�(s + ++)] rather than the tetrad. The
Levi-Civita symbol remains the same for ✏abcd, but ver-
sions with raised indices need to be adapted accordingly.
Then, the action for gravity with a cosmological constant
is

SG =
1

32⇡G

Z
✏abcd

✓
�eaebRcd � ⇤

6
eaebeced

◆
(19)

where Rab is the curvature 2-form associated to a connec-
tion �a

b. Under the usual conditions (zero torsion and
non-degeneracy of the metric) this action reduces to (1).
The flip � remains a notational nuisance without any

physical e↵ect until we realize that in the first-order for-
malism the signature can change across surfaces with de-
generate metric. In tandem with this, ⇤ (as defined by
any convention, e.g. (1) or (19)) can change sign and
value across such boundaries, indeed it can be any func-
tion ⇤ = ⇤(�, s). Each of these functions leads to physi-
cally di↵erent theories. To see how this is possible, con-
sider the equations of motion following from (19),

✏abcd
⇣
ebRcd � �

3
⇤ebeced

⌘
= 0 , (20)

T [aeb] = 0 . (21)

Usually the Bianchi identity DR = 0 forces ⇤ to be con-
stant; however, (setting the torsion to zero; see [16–18])
we have

✏abcde
becedd(�⇤) = 0 (22)

so that �⇤ can vary across surfaces where the tetrad
is degenerate, such as a 3-surface where at least one of
the tangent tetrads is zero, as is often the case in (not
necessarily isotropic) cosmology. Again, any prescription
⇤ = ⇤(�, s) seems consistent. Since s and � are scalars
this does not break di↵eomorphism invariance.

The meaning of imaginary space (Alexandre, Gielen & Magueijo 
arXiv:2306.11502)

Constructing 4D ΛCDM and ΛsCDM models from the presence 
higher dimensions (Akarsu, Bulduk, Katırcı, Özülker, Perivolaropoulos, 
in progress)

They show that  a classical metric signature change across boundaries 
with a degenerate metric in different formulations of general relativity 
allows for classical solutions where the open dS patch can arise from a 
portion of AdS space time. 
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Robertson-Walker (RW) metric

ds
2 = �dt

2+a
2(t)

dx
2
1 + dx

2
2 + dx

2
3⇥

1 + kext
4 (x2

1 + x
2
2 + x

2
3)
⇤2

+s
2(t)

dy
2
1 + ...+ dy

2
n⇥

1 + kint
4 (y21 + ...+ y2

n
)
⇤2 .

(3)

Here a(t) is the scale factor, kext is the curvature index
of the 3-dimensional external space and s(t) is the scale
factor, kint is the curvature index of the n-dimensional
internal space where n = 1, 2, 3, ... is the number of the
internal dimensions.

The curvature indices kext(int) < 0, kext(int) = 0 and
kext(int) > 0 correspond to spatially open, flat, and
closed universes, respectively. We note that the manifold
R ⇥ M

3 is equipped with the usual Robertson-Walker
metric and M

3 can be either open, flat or closed, respec-
tively. On the other hand, it is important that the inter-
nal space is compact since we require internal space to
yield finite volume. It is known that there are non-trivial
global topologies that are compact for any sign of the sec-
tional curvature. In the case kint > 1 the n-dimensional
space is n-sphere (Kn = S

n), in the case kint = 0 the most
simple example for a compact n-dimensional space is the
n-dimensional torus (Kn = T

n). We note that we also
consider negative constant sectional curvature kint < 1
(hyperbolic geometry) for the internal space. Such spaces
are also compact if they have a quotient structure such
that K

n = H
n
/�, where H

n and � are n-dimensional
hyperbolic space and its discrete isometry group, respec-
tively. In the following we shall refer to the cases as the
open, flat and closed internal space in accordance with
the common usage in cosmology.

We describe the (1 + 3 + n)-dimensional fluid with
an energy-momentum tensor (EMT) that yields distinct
pressures in the external and internal spaces:

T̃
⌫

µ
= diag[�⇢̃, p̃ext, p̃ext, p̃ext, p̃int, ..., p̃int] (4)

where ⇢̃ is the energy density, p̃ext and p̃int are the pres-
sures that are associated with the external and internal
dimensions, respectively. In fact, this is the most general
form of the EMT that can be used for describing a fluid
at rest in comoving coordinates, i.e. whose (1 + 3 + n)-
velocity is u

µ = (1, 0, 0, ...), within the framework of the
spacetime defined by the metric (3). Since we do not
know the nature of the physical ingredients of the higher
dimensional universe, we conveniently allow the possibil-
ity of an EMT with distinct and dynamical pressures in
the external and internal spaces.

Einstein’s field equations (1) for the metric (3) in the
presence of the EMT given by (4) lead to the following
system of differential equations

3


ȧ
2

a2
+

kext

a2

�
+

1

2
n(n�1)


ṡ
2

s2
+

kint

s2

�
+3n

ȧ

a

ṡ

s
= ̃⇢̃+ ⇤̃,

(5)

2
ä

a
+

ȧ
2

a2
+

kext

a2
+

1

2
n(n� 1)


ṡ
2

s2
+

kint

s2

�
+ n

s̈

s
+ 2n

ȧ

a

ṡ

s

= �̃p̃ext + ⇤̃,

(6)

and

3
h
ä

a
+ ȧ

2

a2 + kext
a2

i
+ (n� 1)

⇥
s̈

s
+ 3 ȧ

a

ṡ

s

⇤

+ 1
2 (n� 1)(n� 2)

h
ṡ
2

s2
+ kint

s2

i
= �̃p̃int + ⇤̃. (7)

Correspondingly the continuity equation for the (1+ 3+
n)-dimensional fluid is follows:

˙̃⇢+

✓
3
ȧ

a
+ n

ṡ

s

◆
⇢̃+ 3

ȧ

a
p̃ext + n

ṡ

s
p̃int = 0. (8)

A. Static internal dimensions

We study a higher dimensional geometric extension of
the ⇤CDM model we assume external space is flat and
internal space is static. For a static internal space, s =
const, it is necessary to simultaneously demand ṡ = s̈ = 0
in the Einstein field equations Eqs. (5)-(7), accordingly,
assuming external space is flat kext = 0, we have the
following set of equations;

3
ȧ
2

a2
+

1

2
n(n� 1)

kint

s
2
0

� ⇤̃ = ̃⇢̃, (9)

ȧ
2

a2
+ 2

ä

a
+

1

2
n(n� 1)

kint

s
2
0

� ⇤̃ = �̃p̃ext, (10)

3
ȧ
2

a2
+ 3

ä

a
+

1

2
(n� 1)(n� 2)

kint

s
2
0

� ⇤̃ = �̃p̃int, (11)

where the internal space curvature has the same con-
stant contribution to ⇤̃ in (9) and (10) acting exact cos-
mological constant with w = �1 in 1 + 3 dimension for
n 2 N \ {0, 1} as

�̃ = ⇤̃�
n(n� 1)

2

kint

s2

w̃�̃ = {�1,�1,�1,�1 +
2

n
,�1 +

2

n
, ...}

(12)

whereas the contribution of internal space curvature
anisotropies (1 + 3 + n) dimensional cosmological term
with a factor of �1 + 2/n in (11). This is interesting in
that infinite number of higher dimension limit n ! 1,
this factor tends to zero, it approximates cosmological
constant EoS, w ! {�1,�1,�1,�1,�1, ...} and Zel-
dovich (stiff) fluid (p = ⇢) which is the most rigid EoS
compatible with the requirements of relativity [18] re-
quires n > 1.

The similar structure discussed in [17], such that ge-
ometrical terms makes dark energy dynamical and di-
rection dependent, as in the dynamics of the Jordan

2

we can instead use the linearized conservation equation

�̇ + 3(1 + wext)�̇ext + n(1 + wint)�̇int = 0. (7)

which eq. (7) yields

� = C � 3�e �
n

2
�i. (8)

II. THE MODEL

As the theory of gravitation, we consider the extension of the conventional general theory

of relativity with a cosmological constant defined in 4-dimensional spacetime to (1+3+n)–

dimensional spacetime while preserving its mathematical structure;

R̃µ⌫ �
1

2
g̃µ⌫R̃� ⇤̃g̃µ⌫ = ̃T̃µ⌫ . (9)

where the indices µ, ⌫ run through 0, 1, ..., n + 4 and 0 is reserved for the cosmic (proper)

time t. R̃µ⌫ , R̃, and g̃µ⌫ are, respectively, the Ricci tensor, Ricci scalar, and the metric tensor

of the (1 + 3 + n)–dimensional spacetime. Here ̃ = 8⇡G̃ with G̃ being the (1 + 3 + n)–

dimensional gravitational coupling constant and ⇤̃ is a (1+3+n)–dimensional cosmological

constant.

We consider (1 + 3 + n)-dimensional spacetime manifold with product topology

M
1+3+n = R⇥M

3
⇥K

n
, (10)

where R is the manifold of time, M3 is the manifold of 3-dimensional external space that

represents the space we observe and K
n is the manifold of the n-dimensional compact internal

space that may be so small to be observed directly and locally. We define, on this manifold,

a spatially homogenous but not necessarily isotropic (1 + 3 + n)-dimensional synchronous

spacetime metric that involves 3-dimensional external space with constant curvature for M3

and n-dimensional internal space with constant curvature for K
n:

ds
2 = �dt

2+a
2(t) (dx2

1 + dx
2
2 + dx

2
3) + s

2(t)
dy

2
1 + ...+ dy

2
n⇥

1 + kint
4 (y21 + ...+ y2n)

⇤2 . (11)

***************

g̃AB = � dt2 + a
2(t)(dx1

2 + x
2
2 + x

2
3) + s

2(t)(y21 + ...+ y
2
n). (12)

Some theoretical realizations…?

Can they be distinguishable from different predictions from ΛCDM and from each others?  

genuine theoretical embedding for 
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 by embedding ΛCDM in a (1 + 3 + n)-dimensional

Kaluza–Klein spacetime with compact extra 
dimensions of constant intrinsic curvature
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Construction of ⇤sCDM model from compact internal space manifold
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I. INTRODUCTION

II. THEORETICAL FRAMEWORK

We now construct a fundamental origin for ⇤sCDM
dynamics with the most direct generalization of Einstein’s
gravity to a spacetime with additional spatial dimensions,
without introducing new modifications to the gravitational
action itself. The underlying principle is that the geometry
of these extra dimensions can dynamically influence the
cosmology observed in our four-dimensional spacetime.
As the theory of gravitation, we consider the exten-

sion of the conventional general theory of relativity with
a cosmological constant defined in (1 + 3)–dimensional
spacetime to (1 + 3 + n)–dimensional spacetime while
preserving its mathematical structure, (build upon Levi-
Civita connection);

R̃µ⌫ �
1

2
g̃µ⌫R̃+ ⇤̃g̃µ⌫ = ̃T̃µ⌫ , (1)

where µ, ⌫ = 0, 1, ..., n + 4, here 0 denotes the cos-
mic (proper) time and we use Lorentzian signature
(�,+, . . . ,+). Throughout the text, we use “⇠” on top
of the symbols that are associated with the (1 + 3 + n)–
dimensional (full) spacetime to avoid confusion. Therefore,
R̃µ⌫ , R̃, g̃µ⌫ , and T̃µ⌫ are the Ricci tensor, Ricci scalar,
metric tensor and the energy-momentum tensor (EMT)
of the (1 + 3 + n)–dimensional spacetime, with ⇤̃ being a
“bare” (1+3+n)–dimensional cosmological constant, and
̃ = 8⇡G̃ describing the gravitational coupling constant,
where G̃ is the fundamental (1 + 3 + n)–dimensional (the
higher dimensional) gravitational constant.

We assume the (1+ 3+n)–dimensional spacetime man-
ifold possesses a product topology that separates the
observable dimensions from the internal ones

M
1+3+n = R⇥M

3
⇥K

n
, (2)

where R is the time manifold, M
3 is the manifold of

the usual 3–dimensional external space that we observe
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n is the n–dimensional manifold of inter-
nal spatial dimensions. We equip M

1+3+n with a general-
ized Robertson-Walker (RW) metric that is homogeneous
but not necessarily isotropic (isotropic for M

3 and K
n

individually) within the full 3 + n spatial dimensions:
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Here, t is the proper time of the family of observers
that perceive the universe as homogeneous and isotropic
within both M

3 and K
n individually; a(t) and s(t) are

the scale factors which govern the dynamics, xi and yj

are the spatial coordinates of the external and internal
spaces, respectively—the Latin indices (i, j) correspond
to i = 1, 2, 3 and j = 1, . . . , n. The constant curvature
index k, labeled by kext and kint for the external and
internal spaces, respectively, corresponds to spatially open
(k < 0), spatially flat (k = 0), or spatially closed (k > 0)
geometries.

A key physical requirement of extra dimensional models
is that the internal space must be compact, i.e., have a
finite volume. This ensures that at energies much lower
than the compactification scale, the e↵ects of the extra
dimensions become negligible and we recover the famil-
iar four-dimensional laws of physics. While a positive
curvature index (kint > 0) naturally describes a compact
space (like a sphere), it is important to note that a nega-
tive or vanishing curvature does not necessarily imply a
non-compact, infinite space. This common misconception
arises from an implicit assumption of a simply-connected
topology. It is well-established that compact manifolds
with non-trivial global topologies exist for any sign of
the curvature [1]. A simple example of a compact mani-
fold is the n–dimensional torus, formed by the quotient
structure K

n = Rn
/Zn for a flat internal space (kint = 0).

For a hyperbolic internal space (kint < 0), one can also
construct a compact manifold through a quotient struc-
ture like K

n = H
n
/�, where H

n is the n-dimensional
hyperbolic space and � is a discrete isometry group [2].
This allows us to consider all three possibilities for the
curvature of the internal space (positive, zero and nega-
tive kint) while maintaining the physical requirement of a
compact extra-dimensional manifold.
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finite volume. This ensures that at energies much lower
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dimensions become negligible and we recover the famil-
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curvature index (kint > 0) naturally describes a compact
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the curvature [1]. A simple example of a compact mani-
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ture like K

n = H
n
/�, where H
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hyperbolic space and � is a discrete isometry group [2].
This allows us to consider all three possibilities for the
curvature of the internal space (positive, zero and nega-
tive kint) while maintaining the physical requirement of a
compact extra-dimensional manifold.

2

III. COSMIC DYNAMICS

Having established the geometry of our higher-
dimensional spacetime, we now introduce the matter-
energy content that drives its evolution. To source the
geometry, we consider a perfect fluid that respects the
symmetries of the product manifold structure. This al-
lows for the most general description where the pressures
associated with the external and internal spaces can be dif-
ferent, leading to an anisotropic description in the higher
dimensional spacetime.

We model the contents of the universe as a (1+ 3+ n)–
dimensional fluid that is at rest with respect to the co-
moving coordinate frame of the metric in Eq. (3), i.e.,
its (1 + 3 + n)–velocity is uµ = (1, 0, 0, ...). The energy-
momentum tensor (EMT) for such a fluid takes the diag-
onal form:

T̃µ
⌫ = diag[�⇢̃, p̃ext, p̃ext, p̃ext, p̃int, . . . , p̃int], (4)

where ⇢̃ is the energy density of the (1+3+n)–dimensional
fluid, p̃ext is the pressure exerted within the three dimen-
sions of the external space and p̃int is the pressure ex-
erted within the n dimensions of the internal space. This
anisotropic form is a natural consequence of the di↵erent
properties and symmetries of the external and internal
manifolds.

We investigate the cosmological dynamics of the system
of di↵erential equations, consisting of the generalized
Einstein field equations (EFE) given in Eq. (1), in the
framework of the metric in Eq. (3) and in the presence of
the EMT in Eq. (4) as follows:
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Also, the corresponding continuity equation of the (1+3+
n)–dimensional fluid can be obtained from Eqs. (5)-(7)
as follows:
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The covariant conservation of the energy-momentum ten-
sor, r̃µT̃

µ⌫ = 0, guaranteed by the Bianchi identity,
describes the dilution of the energy density ⇢̃ due to the

expansion of both the three-dimensional external volume,
proportional to a3, and the n-dimensional internal volume,
proportional to s

n.
Hereafter, to align our model with large-scale observa-

tions and to provide a direct comparison with the baseline
⇤CDM model, we will make the simplifying assumption
that our external space is spatially flat setting the ex-
ternal curvature index to zero kext = 0 which simplifies
the field equations while retaining the essential dynamics
driven by the internal space and its spatial curvature.

IV. STATIC INTERNAL DIMENSIONS

Having established the general dynamical equations for
the higher-dimensional spacetime, we now introduce a key
simplifying assumption that is central to our model: we
suppose that the internal space is static, its scale factor,
s(t), does not evolve with cosmic time but instead main-
tains a constant value, s⇤. This physically corresponds
to a scenario where the extra dimensions have stabilized
and are no longer expanding or contracting. As we will
demonstrate, this assumption provides a powerful mech-
anism for dimensional reduction, allowing the complex
dynamics of the (1 + 3 + n)–dimensional spacetime to
be projected onto an e↵ective 4D cosmology that can
be directly compared with observations, since s(t) = s⇤
implies that its time derivatives vanish: ṡ = s̈ = 0. In
the following subsection, we will explore the profound
consequences of this condition, beginning with the sim-
plification of the field equations and the emergence of an
higher dimensional e↵ective cosmological constant.
As can be seen from Eq. (8), this assumption implies

that, if the extra dimensions are static, matter behaves as
if they do not exist. Additionally, the spatial curvature of
the static extra space contributes to the field equations
as an e↵ective cosmological constant, whose sign is deter-
mined by the curvature of the internal space and whose
magnitude increases with the number of extra dimensions,
provided that n > 1, representing the simplest extension
of the ⇤CDM framework.

Applying this condition to Eqs.(5)-(7) for a spatially flat
external universe (kext = 0), the system of field equations
simplifies considerably to
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Inspection of these equations reveals a critical feature: the
contribution from the internal space curvature, the term
proportional to kint/s2⇤, now acts as a constant energy den-
sity source, yet it possesses a subtle nuance, manifested as
a distinct pressure component within the internal space.
In the first two equations, which govern the dynamics of
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of di↵erential equations, consisting of the generalized
Einstein field equations (EFE) given in Eq. (1), in the
framework of the metric in Eq. (3) and in the presence of
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Also, the corresponding continuity equation of the (1+3+
n)–dimensional fluid can be obtained from Eqs. (5)-(7)
as follows:
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The covariant conservation of the energy-momentum ten-
sor, r̃µT̃

µ⌫ = 0, guaranteed by the Bianchi identity,
describes the dilution of the energy density ⇢̃ due to the

expansion of both the three-dimensional external volume,
proportional to a3, and the n-dimensional internal volume,
proportional to s

n.
Hereafter, to align our model with large-scale observa-

tions and to provide a direct comparison with the baseline
⇤CDM model, we will make the simplifying assumption
that our external space is spatially flat setting the ex-
ternal curvature index to zero kext = 0 which simplifies
the field equations while retaining the essential dynamics
driven by the internal space and its spatial curvature.

IV. STATIC INTERNAL DIMENSIONS

Having established the general dynamical equations for
the higher-dimensional spacetime, we now introduce a key
simplifying assumption that is central to our model: we
suppose that the internal space is static, its scale factor,
s(t), does not evolve with cosmic time but instead main-
tains a constant value, s⇤. This physically corresponds
to a scenario where the extra dimensions have stabilized
and are no longer expanding or contracting. As we will
demonstrate, this assumption provides a powerful mech-
anism for dimensional reduction, allowing the complex
dynamics of the (1 + 3 + n)–dimensional spacetime to
be projected onto an e↵ective 4D cosmology that can
be directly compared with observations, since s(t) = s⇤
implies that its time derivatives vanish: ṡ = s̈ = 0. In
the following subsection, we will explore the profound
consequences of this condition, beginning with the sim-
plification of the field equations and the emergence of an
higher dimensional e↵ective cosmological constant.
As can be seen from Eq. (8), this assumption implies

that, if the extra dimensions are static, matter behaves as
if they do not exist. Additionally, the spatial curvature of
the static extra space contributes to the field equations
as an e↵ective cosmological constant, whose sign is deter-
mined by the curvature of the internal space and whose
magnitude increases with the number of extra dimensions,
provided that n > 1, representing the simplest extension
of the ⇤CDM framework.

Applying this condition to Eqs.(5)-(7) for a spatially flat
external universe (kext = 0), the system of field equations
simplifies considerably to
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Inspection of these equations reveals a critical feature: the
contribution from the internal space curvature, the term
proportional to kint/s2⇤, now acts as a constant energy den-
sity source, yet it possesses a subtle nuance, manifested as
a distinct pressure component within the internal space.
In the first two equations, which govern the dynamics of
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ȧ
2

a2
+

kext

a2
+ n

s̈

s
+ 2n

ȧ
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ȧ

a

ṡ

s
+

1

2
n(n� 1)


ṡ
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ṡ
2

s2
+

kint

s2

�
� ⇤̃ = �̃p̃int. (7)

Also, the corresponding continuity equation of the (1+3+
n)–dimensional fluid can be obtained from Eqs. (5)-(7)
as follows:

˙̃⇢+

✓
3
ȧ
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proportional to kint/s2⇤, now acts as a constant energy den-
sity source, yet it possesses a subtle nuance, manifested as
a distinct pressure component within the internal space.
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the external space, this term is mathematically indistin-
guishable from the bare higher dimensional cosmological
constant, ⇤̃. This motivates us to define a new quantity,
�̃, which represents this e↵ective energy density arising
from the geometry of the static internal space as

�̃ ⌘ �
n(n� 1)

2

kint

s2⇤
. (12)

By grouping this geometric term [(1+3+n)–dimensional
constant spatial curvature term] with the (1 + 3 + n)–
dimensional bare cosmological constant, we can define a
“higher dimensional e↵ective cosmological constant”

�̃ ⌘ ⇤̃+ �̃. (13)

This remarkably allows us to write the dynamics of the
external universe in a form that closely resembles the
standard Friedmann equations of a four-dimensional cos-
mology, but with a new, composite cosmological constant:
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The third equation, governing the internal pressure, pro-
vides a consistency condition for the model:
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It is insightful to analyze the physical nature of the geo-
metric energy density term, �̃, by examining its e↵ective
Equation of State (EoS) parameter, w̃�̃ = p̃�/⇢̃�. While
this term behaves identically to a cosmological constant
in the external (observable) dimensions, with an EoS of
�1, its behavior within the internal dimensions depends
on their number, n, viz. w̃

int

�̃
= �1 + 2/n. The higher

dimensional constant spatial curvature has the e↵ective
EoS parameter as follows:

w̃�̃ =
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�1,�1,�1,�1 +

2

n
,�1 +

2

n
, ...

�
, (17)

that approximates the EoS parameter of the conventional
cosmological constant, w̃�̃ ! {�1,�1,�1,�1,�1, ...} at
the infinite number of higher dimension limit n ! 1.
For a finite number of internal dimensions, e.g., for n = 2
we obtain w̃�̃ ! {�1,�1,�1, 0, 0, ...}, constant spatial
curvature’s e↵ective EoS parameter w̃�̃ = 0 contributes
to field equations as dark matter. Interestingly, for n � 3,
its contribution is like a quintessential fluid having �1 <

w̃
int

�̃
= �1 + 2

n
 �1/3. This highlights that for a finite

number of extra dimensions, the geometric term induced
by the internal space has a richer behavior than a simple
cosmological constant.
On the other hand, as stated above, in case of the

static internal dimensions, the (1 + 3 + n)–dimensional
continuity equation given in (8) reduces to
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where w̃ext = p̃ext/⇢̃ is the EoS parameter for (1+ 3+n)–
dimensional fluid in external space. This leads to ⇢̃ /

e
�3

R
(1+w̃ext)d ln a, for representing dust in the external

space, w̃ext = 0, namely, (1 + 3) dimensional e↵ective
energy density of matter evolving as

⇢̃m = ⇢̃m0a
�3 (19)

as in the usual (1 + 3)–dimensional GR. The stabilized
internal space assumption provides a powerful mechanism
for dimensional reduction, allowing the complex dynamics
of the (1 + 3 + n)–dimensional spacetime to be projected
onto an e↵ective 4D cosmology that can be directly com-
pared with observations.

When cold dark matter and the cosmological constant
are included, the case n = 0 leading �̃ = 0 corresponds to
the four-dimensional standard cosmology—namely, the
⇤CDM model. Since spatial curvature always enters the
field equations multiplied by (n� 1), for n = 1, leading
�̃ = 0, the solution reduces to the five-dimensional ⇤CDM
case which remains observationally indistinguishable. We
therefore exploit the geometry of the internal space by
considering n 2 N\{0, 1} to construct higher-dimensional
extensions of standard cosmology with static curved in-
ternal dimensions. The curvature of the internal space, �̃
can induce variations in the “higher-dimensional e↵ective
cosmological constant,” potentially causing its sign to
switch abruptly due to a sudden change in the size of
the extra dimension from one static value to another, or
smoothly if the extra dimension evolves dynamically, as
will be discussed in the following sections.

For a general w̃ext, Eqs. (14)-(16) give the (1 + 3 + n)–
dimensional fluid satisfies the following property

⇢̃(1 + 2w̃int � 3w̃ext) =
(n� 1)(n+ 2)
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⇤̃
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, (20)

where w̃int = p̃int/⇢̃ are the EoS parameters for (1 +
3 + n)–dimensional fluid in internal space. The higher-
dimensional vacuum solution, ⇢̃ = 0, corresponds to
a higher-dimensional de Sitter spacetime. In the non-
vacuum case, ⇢̃ 6= 0, for the finely tuned value of the
internal space scale factor from Eq. (20),

s⇤ =

s
(n� 1)(n+ 2)kint

2⇤̃
, (21)

with n 2 N\{0, 1}. For this condition to yield a real value
for s⇤, it requires that the sign of the higher-dimensional
cosmological constant is the sign of the internal curvature,
i.e.,

sgn[⇤̃] = sgn[kint], (22)

one finds a correlation between the constant internal and
external EoS parameters,

w̃int = �
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2
+
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2
w̃ext. (23)
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the external space, this term is mathematically indistin-
guishable from the bare higher dimensional cosmological
constant, ⇤̃. This motivates us to define a new quantity,
�̃, which represents this e↵ective energy density arising
from the geometry of the static internal space as

�̃ ⌘ �
n(n� 1)

2

kint

s2⇤
. (12)

By grouping this geometric term [(1+3+n)–dimensional
constant spatial curvature term] with the (1 + 3 + n)–
dimensional bare cosmological constant, we can define a
“higher dimensional e↵ective cosmological constant”

�̃ ⌘ ⇤̃+ �̃. (13)

This remarkably allows us to write the dynamics of the
external universe in a form that closely resembles the
standard Friedmann equations of a four-dimensional cos-
mology, but with a new, composite cosmological constant:

3
ȧ
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The third equation, governing the internal pressure, pro-
vides a consistency condition for the model:
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It is insightful to analyze the physical nature of the geo-
metric energy density term, �̃, by examining its e↵ective
Equation of State (EoS) parameter, w̃�̃ = p̃�/⇢̃�. While
this term behaves identically to a cosmological constant
in the external (observable) dimensions, with an EoS of
�1, its behavior within the internal dimensions depends
on their number, n, viz. w̃

int

�̃
= �1 + 2/n. The higher

dimensional constant spatial curvature has the e↵ective
EoS parameter as follows:
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, ...
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that approximates the EoS parameter of the conventional
cosmological constant, w̃�̃ ! {�1,�1,�1,�1,�1, ...} at
the infinite number of higher dimension limit n ! 1.
For a finite number of internal dimensions, e.g., for n = 2
we obtain w̃�̃ ! {�1,�1,�1, 0, 0, ...}, constant spatial
curvature’s e↵ective EoS parameter w̃�̃ = 0 contributes
to field equations as dark matter. Interestingly, for n � 3,
its contribution is like a quintessential fluid having �1 <

w̃
int

�̃
= �1 + 2

n
 �1/3. This highlights that for a finite

number of extra dimensions, the geometric term induced
by the internal space has a richer behavior than a simple
cosmological constant.
On the other hand, as stated above, in case of the

static internal dimensions, the (1 + 3 + n)–dimensional
continuity equation given in (8) reduces to
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(1 + w̃ext)⇢̃ = 0, (18)

where w̃ext = p̃ext/⇢̃ is the EoS parameter for (1+ 3+n)–
dimensional fluid in external space. This leads to ⇢̃ /
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space, w̃ext = 0, namely, (1 + 3) dimensional e↵ective
energy density of matter evolving as

⇢̃m = ⇢̃m0a
�3 (19)

as in the usual (1 + 3)–dimensional GR. The stabilized
internal space assumption provides a powerful mechanism
for dimensional reduction, allowing the complex dynamics
of the (1 + 3 + n)–dimensional spacetime to be projected
onto an e↵ective 4D cosmology that can be directly com-
pared with observations.

When cold dark matter and the cosmological constant
are included, the case n = 0 leading �̃ = 0 corresponds to
the four-dimensional standard cosmology—namely, the
⇤CDM model. Since spatial curvature always enters the
field equations multiplied by (n� 1), for n = 1, leading
�̃ = 0, the solution reduces to the five-dimensional ⇤CDM
case which remains observationally indistinguishable. We
therefore exploit the geometry of the internal space by
considering n 2 N\{0, 1} to construct higher-dimensional
extensions of standard cosmology with static curved in-
ternal dimensions. The curvature of the internal space, �̃
can induce variations in the “higher-dimensional e↵ective
cosmological constant,” potentially causing its sign to
switch abruptly due to a sudden change in the size of
the extra dimension from one static value to another, or
smoothly if the extra dimension evolves dynamically, as
will be discussed in the following sections.

For a general w̃ext, Eqs. (14)-(16) give the (1 + 3 + n)–
dimensional fluid satisfies the following property
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where w̃int = p̃int/⇢̃ are the EoS parameters for (1 +
3 + n)–dimensional fluid in internal space. The higher-
dimensional vacuum solution, ⇢̃ = 0, corresponds to
a higher-dimensional de Sitter spacetime. In the non-
vacuum case, ⇢̃ 6= 0, for the finely tuned value of the
internal space scale factor from Eq. (20),
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with n 2 N\{0, 1}. For this condition to yield a real value
for s⇤, it requires that the sign of the higher-dimensional
cosmological constant is the sign of the internal curvature,
i.e.,

sgn[⇤̃] = sgn[kint], (22)

one finds a correlation between the constant internal and
external EoS parameters,
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the external space, this term is mathematically indistin-
guishable from the bare higher dimensional cosmological
constant, ⇤̃. This motivates us to define a new quantity,
�̃, which represents this e↵ective energy density arising
from the geometry of the static internal space as

�̃ ⌘ �
n(n� 1)

2
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. (12)

By grouping this geometric term [(1+3+n)–dimensional
constant spatial curvature term] with the (1 + 3 + n)–
dimensional bare cosmological constant, we can define a
“higher dimensional e↵ective cosmological constant”

�̃ ⌘ ⇤̃+ �̃. (13)

This remarkably allows us to write the dynamics of the
external universe in a form that closely resembles the
standard Friedmann equations of a four-dimensional cos-
mology, but with a new, composite cosmological constant:
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The third equation, governing the internal pressure, pro-
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It is insightful to analyze the physical nature of the geo-
metric energy density term, �̃, by examining its e↵ective
Equation of State (EoS) parameter, w̃�̃ = p̃�/⇢̃�. While
this term behaves identically to a cosmological constant
in the external (observable) dimensions, with an EoS of
�1, its behavior within the internal dimensions depends
on their number, n, viz. w̃

int

�̃
= �1 + 2/n. The higher

dimensional constant spatial curvature has the e↵ective
EoS parameter as follows:

w̃�̃ =
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�1,�1,�1,�1 +
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, (17)

that approximates the EoS parameter of the conventional
cosmological constant, w̃�̃ ! {�1,�1,�1,�1,�1, ...} at
the infinite number of higher dimension limit n ! 1.
For a finite number of internal dimensions, e.g., for n = 2
we obtain w̃�̃ ! {�1,�1,�1, 0, 0, ...}, constant spatial
curvature’s e↵ective EoS parameter w̃�̃ = 0 contributes
to field equations as dark matter. Interestingly, for n � 3,
its contribution is like a quintessential fluid having �1 <

w̃
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= �1 + 2

n
 �1/3. This highlights that for a finite

number of extra dimensions, the geometric term induced
by the internal space has a richer behavior than a simple
cosmological constant.
On the other hand, as stated above, in case of the

static internal dimensions, the (1 + 3 + n)–dimensional
continuity equation given in (8) reduces to
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(1 + w̃ext)⇢̃ = 0, (18)

where w̃ext = p̃ext/⇢̃ is the EoS parameter for (1+ 3+n)–
dimensional fluid in external space. This leads to ⇢̃ /

e
�3
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(1+w̃ext)d ln a, for representing dust in the external

space, w̃ext = 0, namely, (1 + 3) dimensional e↵ective
energy density of matter evolving as

⇢̃m = ⇢̃m0a
�3 (19)

as in the usual (1 + 3)–dimensional GR. The stabilized
internal space assumption provides a powerful mechanism
for dimensional reduction, allowing the complex dynamics
of the (1 + 3 + n)–dimensional spacetime to be projected
onto an e↵ective 4D cosmology that can be directly com-
pared with observations.

When cold dark matter and the cosmological constant
are included, the case n = 0 leading �̃ = 0 corresponds to
the four-dimensional standard cosmology—namely, the
⇤CDM model. Since spatial curvature always enters the
field equations multiplied by (n� 1), for n = 1, leading
�̃ = 0, the solution reduces to the five-dimensional ⇤CDM
case which remains observationally indistinguishable. We
therefore exploit the geometry of the internal space by
considering n 2 N\{0, 1} to construct higher-dimensional
extensions of standard cosmology with static curved in-
ternal dimensions. The curvature of the internal space, �̃
can induce variations in the “higher-dimensional e↵ective
cosmological constant,” potentially causing its sign to
switch abruptly due to a sudden change in the size of
the extra dimension from one static value to another, or
smoothly if the extra dimension evolves dynamically, as
will be discussed in the following sections.

For a general w̃ext, Eqs. (14)-(16) give the (1 + 3 + n)–
dimensional fluid satisfies the following property

⇢̃(1 + 2w̃int � 3w̃ext) =
(n� 1)(n+ 2)
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where w̃int = p̃int/⇢̃ are the EoS parameters for (1 +
3 + n)–dimensional fluid in internal space. The higher-
dimensional vacuum solution, ⇢̃ = 0, corresponds to
a higher-dimensional de Sitter spacetime. In the non-
vacuum case, ⇢̃ 6= 0, for the finely tuned value of the
internal space scale factor from Eq. (20),

s⇤ =

s
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with n 2 N\{0, 1}. For this condition to yield a real value
for s⇤, it requires that the sign of the higher-dimensional
cosmological constant is the sign of the internal curvature,
i.e.,

sgn[⇤̃] = sgn[kint], (22)

one finds a correlation between the constant internal and
external EoS parameters,
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the external space, this term is mathematically indistin-
guishable from the bare higher dimensional cosmological
constant, ⇤̃. This motivates us to define a new quantity,
�̃, which represents this e↵ective energy density arising
from the geometry of the static internal space as
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By grouping this geometric term [(1+3+n)–dimensional
constant spatial curvature term] with the (1 + 3 + n)–
dimensional bare cosmological constant, we can define a
“higher dimensional e↵ective cosmological constant”

�̃ ⌘ ⇤̃+ �̃. (13)

This remarkably allows us to write the dynamics of the
external universe in a form that closely resembles the
standard Friedmann equations of a four-dimensional cos-
mology, but with a new, composite cosmological constant:
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ä

a
� 3

ȧ
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It is insightful to analyze the physical nature of the geo-
metric energy density term, �̃, by examining its e↵ective
Equation of State (EoS) parameter, w̃�̃ = p̃�/⇢̃�. While
this term behaves identically to a cosmological constant
in the external (observable) dimensions, with an EoS of
�1, its behavior within the internal dimensions depends
on their number, n, viz. w̃

int
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= �1 + 2/n. The higher

dimensional constant spatial curvature has the e↵ective
EoS parameter as follows:

w̃�̃ =
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�1,�1,�1,�1 +
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that approximates the EoS parameter of the conventional
cosmological constant, w̃�̃ ! {�1,�1,�1,�1,�1, ...} at
the infinite number of higher dimension limit n ! 1.
For a finite number of internal dimensions, e.g., for n = 2
we obtain w̃�̃ ! {�1,�1,�1, 0, 0, ...}, constant spatial
curvature’s e↵ective EoS parameter w̃�̃ = 0 contributes
to field equations as dark matter. Interestingly, for n � 3,
its contribution is like a quintessential fluid having �1 <

w̃
int

�̃
= �1 + 2

n
 �1/3. This highlights that for a finite

number of extra dimensions, the geometric term induced
by the internal space has a richer behavior than a simple
cosmological constant.
On the other hand, as stated above, in case of the

static internal dimensions, the (1 + 3 + n)–dimensional
continuity equation given in (8) reduces to
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where w̃ext = p̃ext/⇢̃ is the EoS parameter for (1+ 3+n)–
dimensional fluid in external space. This leads to ⇢̃ /
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(1+w̃ext)d ln a, for representing dust in the external

space, w̃ext = 0, namely, (1 + 3) dimensional e↵ective
energy density of matter evolving as

⇢̃m = ⇢̃m0a
�3 (19)

as in the usual (1 + 3)–dimensional GR. The stabilized
internal space assumption provides a powerful mechanism
for dimensional reduction, allowing the complex dynamics
of the (1 + 3 + n)–dimensional spacetime to be projected
onto an e↵ective 4D cosmology that can be directly com-
pared with observations.

When cold dark matter and the cosmological constant
are included, the case n = 0 leading �̃ = 0 corresponds to
the four-dimensional standard cosmology—namely, the
⇤CDM model. Since spatial curvature always enters the
field equations multiplied by (n� 1), for n = 1, leading
�̃ = 0, the solution reduces to the five-dimensional ⇤CDM
case which remains observationally indistinguishable. We
therefore exploit the geometry of the internal space by
considering n 2 N\{0, 1} to construct higher-dimensional
extensions of standard cosmology with static curved in-
ternal dimensions. The curvature of the internal space, �̃
can induce variations in the “higher-dimensional e↵ective
cosmological constant,” potentially causing its sign to
switch abruptly due to a sudden change in the size of
the extra dimension from one static value to another, or
smoothly if the extra dimension evolves dynamically, as
will be discussed in the following sections.

For a general w̃ext, Eqs. (14)-(16) give the (1 + 3 + n)–
dimensional fluid satisfies the following property

⇢̃(1 + 2w̃int � 3w̃ext) =
(n� 1)(n+ 2)
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where w̃int = p̃int/⇢̃ are the EoS parameters for (1 +
3 + n)–dimensional fluid in internal space. The higher-
dimensional vacuum solution, ⇢̃ = 0, corresponds to
a higher-dimensional de Sitter spacetime. In the non-
vacuum case, ⇢̃ 6= 0, for the finely tuned value of the
internal space scale factor from Eq. (20),

s⇤ =

s
(n� 1)(n+ 2)kint

2⇤̃
, (21)

with n 2 N\{0, 1}. For this condition to yield a real value
for s⇤, it requires that the sign of the higher-dimensional
cosmological constant is the sign of the internal curvature,
i.e.,

sgn[⇤̃] = sgn[kint], (22)

one finds a correlation between the constant internal and
external EoS parameters,
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Substituting w̃ext = 0 and ⇢̃ = ⇢̃m0a
�3, to Eq. (20),

we see that the general solution exhibits a dynamically
evolving internal EoS parameter;
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3
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, (24)

that demonstrates that for the internal dimensions to
remain static in the presence of dust, the internal pressure
cannot be arbitrary. Instead, its EoS parameter, w̃int,
must evolve dynamically as a function of the external
scale factor a(t). It is noteworthy that in the early matter-
dominated era (a ! 0), the evolving term vanishes, and
the internal EoS naturally approaches a constant value:

lim
a!0

w̃int = �
1

2
. (25)

A. The black branes : the corresponding internal
static space partner of matter

On the other hand, if the geometric and fluid parame-
ters satisfy a specific tuning condition given in Eq. (21),
the evolving latter term vanishes in Eq. (24), leading to
the constant EoS value

8a 2 (0,1), z 2 (�1,1), w̃int = �
1

2
. (26)

where z denotes the redshift, related to the external
scale factor by a = 1/(1 + z). A perfect fluid charac-
terized by w̃int = �1/2 has a remarkable physical inter-
pretation: these are generalizations of black hole solu-
tions, distinguished by event horizons that extend along
specific spatial dimensions. These compact gravitating
objects bear some topological properties such as (four-
dimensional Schwarzschild spacetime) ⇥ (n-dimensional
internal space), which correspond to a fluid of black strings
(for n = 1) or black branes (for n � 2) [3]. Since our
model requires n � 2 (condition n 2 N \ {0, 1}) to gen-
erate a non-trivial geometric contribution, we are left
with the black brane alternative. This solution is highly
compelling as it possesses several key advantages that
ensure its viability: (i) the coupling between the inter-
nal space and local gravitating masses disappears for
w̃int = �1/2 without perturbing the internal space. This
ensures that the model’s predictions for Parameterized
Post-Newtonian (PPN) parameters are identical to those
of GR, thus satisfying stringent solar system and labora-
tory tests of gravity [4], (ii) A black brane fluid does not
induce any e↵ective relativistic pressure in the external
dimensions. A dust-like EoS in the external (observable)
space and the stabilization of the internal space which
suggests the perfect fluid with an internal space EoS pa-
rameter of w̃int = �1/2. This is crucial as it preserves
the pressureless, dust-like nature of matter (galaxies, clus-
ters) in the observable universe, making black branes a
thermodynamically expedient option [5].

B. Exact �̃CDM background solution

Under the assumption of a static internal space , the
general system of field equations, Eqs. (14)–(16), remains
under-determined: we have three equations but four un-
knowns, namely a, ⇢̃, p̃ext, and p̃int. Since �̃ plays the
role of the higher-dimensional e↵ective cosmological con-
stant, we set p̃ext = 0 (dust) in order to construct a
⇤CDM extension. In this way, the system reduces to
three unknowns with three equations, and thus becomes
closed.

The dynamics are governed by the simplified Friedmann
equation given in (14) with Hext = ȧ/a, in the presence
of dust (p̃ext = 0) and the higher dimensional e↵ective
cosmological constant �̃ = ⇤̃+ �̃ defined in (13),
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we define the dimensionless density parameters for matter
and the e↵ective cosmological constant, evaluated at the
present day
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where Hext0 is the present-day value of the external Hub-
ble parameter. For a spatially flat external universe, these
parameters must sum to unity, giving the completeness
relation

⌦̃m0 + ⌦̃�̃ = 1. (29)

The Hubble parameter’s evolution can now be written as:

Hext = Hext0
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its integration gives the solution of a(t) as
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where a0 denotes the current value of the external scale
factor, given by:
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determined by evaluating the expression at the present
age of the universe, t0. The scale factor of internal space

s = s⇤ = const., (33)

has a constant value along the history of universe and
from Eq. (12), we see that

�̃ ⌘ �
n(n� 1)

2
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= const., (34)
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Substituting w̃ext = 0 and ⇢̃ = ⇢̃m0a
�3, to Eq. (20),
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that demonstrates that for the internal dimensions to
remain static in the presence of dust, the internal pressure
cannot be arbitrary. Instead, its EoS parameter, w̃int,
must evolve dynamically as a function of the external
scale factor a(t). It is noteworthy that in the early matter-
dominated era (a ! 0), the evolving term vanishes, and
the internal EoS naturally approaches a constant value:
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A. The black branes : the corresponding internal
static space partner of matter

On the other hand, if the geometric and fluid parame-
ters satisfy a specific tuning condition given in Eq. (21),
the evolving latter term vanishes in Eq. (24), leading to
the constant EoS value
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where z denotes the redshift, related to the external
scale factor by a = 1/(1 + z). A perfect fluid charac-
terized by w̃int = �1/2 has a remarkable physical inter-
pretation: these are generalizations of black hole solu-
tions, distinguished by event horizons that extend along
specific spatial dimensions. These compact gravitating
objects bear some topological properties such as (four-
dimensional Schwarzschild spacetime) ⇥ (n-dimensional
internal space), which correspond to a fluid of black strings
(for n = 1) or black branes (for n � 2) [3]. Since our
model requires n � 2 (condition n 2 N \ {0, 1}) to gen-
erate a non-trivial geometric contribution, we are left
with the black brane alternative. This solution is highly
compelling as it possesses several key advantages that
ensure its viability: (i) the coupling between the inter-
nal space and local gravitating masses disappears for
w̃int = �1/2 without perturbing the internal space. This
ensures that the model’s predictions for Parameterized
Post-Newtonian (PPN) parameters are identical to those
of GR, thus satisfying stringent solar system and labora-
tory tests of gravity [4], (ii) A black brane fluid does not
induce any e↵ective relativistic pressure in the external
dimensions. A dust-like EoS in the external (observable)
space and the stabilization of the internal space which
suggests the perfect fluid with an internal space EoS pa-
rameter of w̃int = �1/2. This is crucial as it preserves
the pressureless, dust-like nature of matter (galaxies, clus-
ters) in the observable universe, making black branes a
thermodynamically expedient option [5].

B. Exact �̃CDM background solution

Under the assumption of a static internal space , the
general system of field equations, Eqs. (14)–(16), remains
under-determined: we have three equations but four un-
knowns, namely a, ⇢̃, p̃ext, and p̃int. Since �̃ plays the
role of the higher-dimensional e↵ective cosmological con-
stant, we set p̃ext = 0 (dust) in order to construct a
⇤CDM extension. In this way, the system reduces to
three unknowns with three equations, and thus becomes
closed.

The dynamics are governed by the simplified Friedmann
equation given in (14) with Hext = ȧ/a, in the presence
of dust (p̃ext = 0) and the higher dimensional e↵ective
cosmological constant �̃ = ⇤̃+ �̃ defined in (13),

H
2

ext
=

̃⇢̃m0

3
a
�3 +

�̃

3
, (27)

we define the dimensionless density parameters for matter
and the e↵ective cosmological constant, evaluated at the
present day

⌦̃m0 ⌘
⇢̃m0

⇢̃cr0
, ⌦̃�̃ ⌘

�̃

̃⇢̃cr0
and ⇢̃cr0 =

3H2

ext0

̃
, (28)

where Hext0 is the present-day value of the external Hub-
ble parameter. For a spatially flat external universe, these
parameters must sum to unity, giving the completeness
relation

⌦̃m0 + ⌦̃�̃ = 1. (29)

The Hubble parameter’s evolution can now be written as:

Hext = Hext0

q
⌦̃m0a

�3 + ⌦̃�̃ , (30)

its integration gives the solution of a(t) as

a(t) = a0

 
⌦̃m0

⌦̃�̃
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2
t

1

A, (31)

where a0 denotes the current value of the external scale
factor, given by:

a0 =

 
⌦̃m0

⌦̃�̃

!� 1
3

sinh�
2
3
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@
3Hext0

q
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2
t0
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A, (32)

determined by evaluating the expression at the present
age of the universe, t0. The scale factor of internal space

s = s⇤ = const., (33)

has a constant value along the history of universe and
from Eq. (12), we see that

�̃ ⌘ �
n(n� 1)

2

kint

s2⇤
= const., (34)
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Substituting w̃ext = 0 and ⇢̃ = ⇢̃m0a
�3, to Eq. (20),

we see that the general solution exhibits a dynamically
evolving internal EoS parameter;

w̃int = �
1

2
�

1

̃


�̃ +

2

n
�̃

�
a
3

⇢̃m0

, (24)

that demonstrates that for the internal dimensions to
remain static in the presence of dust, the internal pressure
cannot be arbitrary. Instead, its EoS parameter, w̃int,
must evolve dynamically as a function of the external
scale factor a(t). It is noteworthy that in the early matter-
dominated era (a ! 0), the evolving term vanishes, and
the internal EoS naturally approaches a constant value:

lim
a!0

w̃int = �
1

2
. (25)

A. The black branes : the corresponding internal
static space partner of matter

On the other hand, if the geometric and fluid parame-
ters satisfy a specific tuning condition given in Eq. (21),
the evolving latter term vanishes in Eq. (24), leading to
the constant EoS value

8a 2 (0,1), z 2 (�1,1), w̃int = �
1

2
. (26)

where z denotes the redshift, related to the external
scale factor by a = 1/(1 + z). A perfect fluid charac-
terized by w̃int = �1/2 has a remarkable physical inter-
pretation: these are generalizations of black hole solu-
tions, distinguished by event horizons that extend along
specific spatial dimensions. These compact gravitating
objects bear some topological properties such as (four-
dimensional Schwarzschild spacetime) ⇥ (n-dimensional
internal space), which correspond to a fluid of black strings
(for n = 1) or black branes (for n � 2) [3]. Since our
model requires n � 2 (condition n 2 N \ {0, 1}) to gen-
erate a non-trivial geometric contribution, we are left
with the black brane alternative. This solution is highly
compelling as it possesses several key advantages that
ensure its viability: (i) the coupling between the inter-
nal space and local gravitating masses disappears for
w̃int = �1/2 without perturbing the internal space. This
ensures that the model’s predictions for Parameterized
Post-Newtonian (PPN) parameters are identical to those
of GR, thus satisfying stringent solar system and labora-
tory tests of gravity [4], (ii) A black brane fluid does not
induce any e↵ective relativistic pressure in the external
dimensions. A dust-like EoS in the external (observable)
space and the stabilization of the internal space which
suggests the perfect fluid with an internal space EoS pa-
rameter of w̃int = �1/2. This is crucial as it preserves
the pressureless, dust-like nature of matter (galaxies, clus-
ters) in the observable universe, making black branes a
thermodynamically expedient option [5].

B. Exact �̃CDM background solution

Under the assumption of a static internal space , the
general system of field equations, Eqs. (14)–(16), remains
under-determined: we have three equations but four un-
knowns, namely a, ⇢̃, p̃ext, and p̃int. Since �̃ plays the
role of the higher-dimensional e↵ective cosmological con-
stant, we set p̃ext = 0 (dust) in order to construct a
⇤CDM extension. In this way, the system reduces to
three unknowns with three equations, and thus becomes
closed.

The dynamics are governed by the simplified Friedmann
equation given in (14) with Hext = ȧ/a, in the presence
of dust (p̃ext = 0) and the higher dimensional e↵ective
cosmological constant �̃ = ⇤̃+ �̃ defined in (13),

H
2

ext
=

̃⇢̃m0

3
a
�3 +

�̃

3
, (27)

we define the dimensionless density parameters for matter
and the e↵ective cosmological constant, evaluated at the
present day

⌦̃m0 ⌘
⇢̃m0

⇢̃cr0
, ⌦̃�̃ ⌘

�̃

̃⇢̃cr0
and ⇢̃cr0 =

3H2

ext0

̃
, (28)

where Hext0 is the present-day value of the external Hub-
ble parameter. For a spatially flat external universe, these
parameters must sum to unity, giving the completeness
relation

⌦̃m0 + ⌦̃�̃ = 1. (29)

The Hubble parameter’s evolution can now be written as:

Hext = Hext0

q
⌦̃m0a

�3 + ⌦̃�̃ , (30)

its integration gives the solution of a(t) as

a(t) = a0
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3

sinh
2
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3Hext0
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⌦̃�̃
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A, (31)

where a0 denotes the current value of the external scale
factor, given by:

a0 =

 
⌦̃m0

⌦̃�̃

!� 1
3

sinh�
2
3

0

@
3Hext0

q
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2
t0

1

A, (32)

determined by evaluating the expression at the present
age of the universe, t0. The scale factor of internal space

s = s⇤ = const., (33)

has a constant value along the history of universe and
from Eq. (12), we see that

�̃ ⌘ �
n(n� 1)

2

kint

s2⇤
= const., (34)
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remains constant, being negative (positive) if kint > 0
(kint < 0), and, together with ⇤̃, contributes to �̃. Note
that the condition

�̃ > 0 ! ⌦̃�̃ > 0, (35)

is required, rather than ⇤̃ > 0 as in the standard ⇤CDM
model. This implies that the sign of ⇤̃ is not essential,
provided its interplay with �̃ ensures the above condition.
As there is no restriction on whether the universe is closed
or open, this solution does not impose any condition on
the spatial curvature.

The higher dimensional energy density of matter evolves
as

⇢̃m(t) = ⇢̃cr0⌦̃m0

csch2
✓

3Hext0

p
⌦̃�̃

2
t

◆

csch2
✓

3Hext0

p
⌦̃�̃

2
t0

◆ , (36)

which determines the evolution of the internal pressure

p̃int(t) = �⇢̃cr0

"
⌦̃m0

2

csch2
✓

3Hext0

p
⌦̃�̃

2
t

◆

csch2
✓

3Hext0

p
⌦̃�̃

2
t0

◆ (37)

+ ⌦̃�̃ +
2

3

�̃

nH
2

ext0

#

where the internal EoS parameter evolves as given in
Eq. (24) with the scale factors of the external and internal
space given in Eq. (31) and Eq. (33), respectively.

C. The four dimensional e↵ective �̃CDM cosmology

In a higher-dimensional setup, the metric determinant
factorizes as

p
�g̃ =

p
�g s

n

⇤
p
h, where h is the internal

metric. Integrating over the internal coordinates yields
that the four-dimensional gravitational constant is scaled
by the constant volume of the compact internal space,
s
n

⇤ , leading to  / ̃/s
n

⇤ [6, 7]. A larger internal space
volume (set by s⇤ and n) corresponds to a weaker e↵ec-
tive gravitational interaction in four dimensions. In the
context of Kaluza–Klein compactification, the internal
dimensions are assumed to be compactified at a scale far
below current experimental limits (e.g., near the Planck
length), such that their small and static nature renders
the model—with constant �̃ and ̃—observationally in-
distinguishable from ⇤CDM.
An observer confined to four-dimensional spacetime

would, by necessity, employ the four-dimensional form
of Einstein’s field equations G↵� + ⇤g↵� = T↵� where
↵,� = 0, 1, 2, 3 leading

ȧ
2

a2
=



3
⇢m +

⇤

3
, (38)

� 2
ä

a
�

ȧ
2

a2
= pm � ⇤, (39)

where  = 8⇡G4D.
Since the internal scale factor remains constant, the

evolution of the external scale factor is identical for
both four-dimensional and higher-dimensional observers.
These equations can be compared with the previously
given higher-dimensional field equations denoted by “⇠”
on top of the symbols that are associated with the
(1 + 3 + n)–dimensional (full) spacetime. The right-hand
side of Eq. (53) and Eq. (38) are equal, whereas the four-
dimensional cosmological constant has been rescaled to
include the contribution from the internal space’s geomet-
rical constant

⇤ = �̃ = ⇤̃�
n(n� 1)

2

kint

s2⇤
, (40)

dust evolves as in the standard case, following ⇢m =
⇢m0a

�3 for a four-dimensional observer, yet the ratio of
coupling constant for four and higher-dimensional ob-
servers

̃


/ s

n

⇤ = Vint = const., (41)

contributes as a ratio (di↵erence on the value of) on the
energy densities for four and higher-dimensional observers
due to the size and dimensionality of the internal space
(the volume of the internal space) as follows:

⇢m =
̃


⇢̃m = s

n

⇤ ⇢̃m and pm =
̃


p̃ext = 0, (42)

satisfying ⌦m0 + ⌦⇤ = 1 and ⌦̃m0 + ⌦̃�̃ = 1. In the ob-
servational analysis, the Hubble expansion history of the
universe remains una↵ected, as the contributions of stan-
dard matter and the cosmological constant retain their
dependence on the scale factor. Consequently, observa-
tional constraints are unchanged: the matter component
is restricted to approximately 30% while the combined
contribution of the two constant terms, ⌦̃

⇤̃
and ⌦̃�̃, is

constrained to about 70%. The resulting bounds, how-
ever, depend on the size and dimensionality of the internal
space, as well as on whether it is open or closed. There-
fore, the scenario is observationally indistinguishable from
⇤CDM model.

V. TOWARDS A CONSTRUCTION OF
⇤sCDM)-LIKE MODELS FROM AN EVOLVING

INTERNAL SCALE

In the previous section, we established a self-consistent
framework for a 4D e↵ective cosmology based on the
assumption of a static internal space of a fixed size, s⇤.
We now bridge this static picture to a dynamic universe
by proposing that the universe underwent a transition
between two di↵erent, stable states of the internal dimen-
sion. This section introduces the core physical ansatz for

+1 equation

3 equations and 5 unknown 

+1 equation

Therefore, the scenario is observationally indistinguishable from ΛCDM model 
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this event: a sudden, abrupt change in the scale

of the extra dimensions at a particular moment

in cosmic history. This is possible if and only if the
internal space is either open or closed. We will lay out the
phenomenological model for this transition and then de-
rive its two primary, inseparable consequences: an abrupt
change in the e↵ective cosmological constant, �̃ and a
corresponding shift in the four dimensional gravitational
constant, G4D. Till now, we have denoted the gravita-
tional constant as G, to avoid ambiguity, we henceforth
write it as G4D when referring to its four-dimensional
counterpart. If a static but curved internal space provides
the basis for constructing models that modify the value of
the cosmological constant under certain conditions, then
a sign-changing (or sign-switching) cosmological constant
can also be realized through a transition in the internal
size, s(t).

A. Exact background Solution for a Transitioning
Universe - �̃(s)CDM

Therefore, we abandon the assumption of a static inter-
nal space, introducing a new unknown, s(t). For kext = 0
and p̃ext = 0, the system of field equations, three equa-
tions —Eqs. (5) and (6) with (8)—, now involves four
unknowns: a, s, p̃int, and ⇢̃m. In this case, di↵erent than
Eq. (34), �̃ is not a constant

�̃(s) ⌘ �
1

2
n(n� 1)


ṡ
2

s2
+

kint

s2

�
, (43)

making �̃ varying with internal scale factor

�̃(s) = ⇤̃�
1

2
n(n� 1)


ṡ
2

s2
+

kint

s2

�
. (44)

To close the system of field equations, we propose that
the scale of the internal space, s, transitioned from an
initial stable value, sp, during the early universe to a di↵er-
ent, final stable value, s0, in the late universe. This event
is modeled as occurring instantaneously at a transition
cosmic time, t† and to implement this idea mathemati-
cally, we model the evolution of the internal scale factor
s(t) as

s(t) = sp + (s0 � sp)✓ (t� t†) , (45)

where ✓(t � t†) denotes the right–continuous Heaviside
step function, i.e.

✓(t� t†) =

8
<

:
0, t < t†,

1, t � t†,
(46)

leading

s(t) =

(
sp for t < t†,

s0 for t � t†.
(47)

B. Transition of the E↵ective Cosmological
Constant

From Eqs. (44) and (47), we see that the higher-
dimensional e↵ective cosmological constant evolves from

�̃p = ⇤̃�
n(n� 1)

2

kint

s2
p

for t < t†, (48)

to

�̃0 = ⇤̃�
n(n� 1)

2

kint

s
2

0

for t � t†. (49)

where the case n = 0 corresponds to the standard four-
dimensional ⇤CDM model, for which the e↵ective cos-
mological constant reduces to the conventional vacuum
energy, i.e. �̃p = �̃0 = ⇤̃ = ⇤.
The constraint �̃0 > 0 arisen from observational data

[8–11] such a positive-valued today ’cosmological constant’
satisfied for both kint > 0 and kint < 0. Switch mechanism
can be hindered if (i) extra dimensions are infinite [12, 13]
(sp/0 ! ±1), (ii) the dimension of internal space is 0
or 1 (n 2 {0, 1}), and (iii) the internal space is flat
(kint = 0). One-dimensional static internal space is indeed
flat, therefore provided that at least two-dimensional
internal space, spatially curved, and has finite size, (n+
4)-dimensional ⇤̃sCDM-like model can be reproduced,
otherwise we return to (n+4)-dimensional ⇤̃CDM model
without a sign change/sign switch.

Dynamical sudden change of the internal space size
accordingly a↵ects the evolution of the energy density of
dust, from (8) with p̃ext = 0, we obtain

˙̃⇢m +


3
ȧ

a
+ n

ṡ

s
(1 + w̃int)

�
⇢̃m = 0, (50)

where w̃int = p̃int/⇢̃m. The first time derivative of Eq. (45)
involves the Dirac delta function and can be written as
ṡ = (s0 � sp)� (t� t†), the continuity equation Eq. (50)
cannot be evaluated in its di↵erential form but must
instead be integrated across the transition:

Z
⇢̃(t2)

⇢̃(t1)

d⇢̃0

⇢̃0
= �3

Z
a(t2)

a(t1)

da0

a0
� n

Z
t2

t1

dt
ṡ

s
[1 + w̃int(s)] ,

where the latter term gives a finite jump due to the step-
like behavior of s(t). Evaluating this relation on either
side of the transition yields

⇢̃m(t) =

(
⇢̃mpa(t)�3 for t < t†

⇢̃m0a(t)�3 for t � t†
(51)

where

⇢̃mp = ⇢̃m0

✓
s0

sp

◆n[1+w̃int(t
+
† )]

, (52)

derived in Appendix A in detail.
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evolu
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ant value
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and
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Construction of  ΛsCDM model from compact internal space manifold

+1 equation
4

Substituting w̃ext = 0 and ⇢̃ = ⇢̃m0a
�3, to Eq. (20),

we see that the general solution exhibits a dynamically
evolving internal EoS parameter;

w̃int = �
1

2
�

1

̃


�̃ +

2

n
�̃

�
a
3

⇢̃m0

, (24)

that demonstrates that for the internal dimensions to
remain static in the presence of dust, the internal pressure
cannot be arbitrary. Instead, its EoS parameter, w̃int,
must evolve dynamically as a function of the external
scale factor a(t). It is noteworthy that in the early matter-
dominated era (a ! 0), the evolving term vanishes, and
the internal EoS naturally approaches a constant value:

lim
a!0

w̃int = �
1

2
. (25)

A. The black branes : the corresponding internal
static space partner of matter

On the other hand, if the geometric and fluid parame-
ters satisfy a specific tuning condition given in Eq. (21),
the evolving latter term vanishes in Eq. (24), leading to
the constant EoS value

8a 2 (0,1), z 2 (�1,1), w̃int = �
1

2
. (26)

where z denotes the redshift, related to the external
scale factor by a = 1/(1 + z). A perfect fluid charac-
terized by w̃int = �1/2 has a remarkable physical inter-
pretation: these are generalizations of black hole solu-
tions, distinguished by event horizons that extend along
specific spatial dimensions. These compact gravitating
objects bear some topological properties such as (four-
dimensional Schwarzschild spacetime) ⇥ (n-dimensional
internal space), which correspond to a fluid of black strings
(for n = 1) or black branes (for n � 2) [3]. Since our
model requires n � 2 (condition n 2 N \ {0, 1}) to gen-
erate a non-trivial geometric contribution, we are left
with the black brane alternative. This solution is highly
compelling as it possesses several key advantages that
ensure its viability: (i) the coupling between the inter-
nal space and local gravitating masses disappears for
w̃int = �1/2 without perturbing the internal space. This
ensures that the model’s predictions for Parameterized
Post-Newtonian (PPN) parameters are identical to those
of GR, thus satisfying stringent solar system and labora-
tory tests of gravity [4], (ii) A black brane fluid does not
induce any e↵ective relativistic pressure in the external
dimensions. A dust-like EoS in the external (observable)
space and the stabilization of the internal space which
suggests the perfect fluid with an internal space EoS pa-
rameter of w̃int = �1/2. This is crucial as it preserves
the pressureless, dust-like nature of matter (galaxies, clus-
ters) in the observable universe, making black branes a
thermodynamically expedient option [5].

B. Exact �̃CDM background solution

Under the assumption of a static internal space , the
general system of field equations, Eqs. (14)–(16), remains
under-determined: we have three equations but four un-
knowns, namely a, ⇢̃, p̃ext, and p̃int. Since �̃ plays the
role of the higher-dimensional e↵ective cosmological con-
stant, we set p̃ext = 0 (dust) in order to construct a
⇤CDM extension. In this way, the system reduces to
three unknowns with three equations, and thus becomes
closed.

The dynamics are governed by the simplified Friedmann
equation given in (14) with Hext = ȧ/a, in the presence
of dust (p̃ext = 0) and the higher dimensional e↵ective
cosmological constant �̃ = ⇤̃+ �̃ defined in (13),

H
2

ext
=

̃⇢̃m0

3
a
�3 +

�̃

3
, (27)

we define the dimensionless density parameters for matter
and the e↵ective cosmological constant, evaluated at the
present day

⌦̃m0 ⌘
⇢̃m0

⇢̃cr0
, ⌦̃�̃ ⌘

�̃

̃⇢̃cr0
and ⇢̃cr0 =

3H2

ext0

̃
, (28)

where Hext0 is the present-day value of the external Hub-
ble parameter. For a spatially flat external universe, these
parameters must sum to unity, giving the completeness
relation

⌦̃m0 + ⌦̃�̃ = 1. (29)

The Hubble parameter’s evolution can now be written as:

Hext = Hext0

q
⌦̃m0a

�3 + ⌦̃�̃ , (30)

its integration gives the solution of a(t) as
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where a0 denotes the current value of the external scale
factor, given by:

a0 =
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determined by evaluating the expression at the present
age of the universe, t0. The scale factor of internal space

s = s⇤ = const., (33)

has a constant value along the history of universe and
from Eq. (12), we see that

�̃ ⌘ �
n(n� 1)

2

kint

s2⇤
= const., (34)

+1 equation

6

this event: a sudden, abrupt change in the scale

of the extra dimensions at a particular moment

in cosmic history. This is possible if and only if the
internal space is either open or closed. We will lay out the
phenomenological model for this transition and then de-
rive its two primary, inseparable consequences: an abrupt
change in the e↵ective cosmological constant, �̃ and a
corresponding shift in the four dimensional gravitational
constant, G4D. Till now, we have denoted the gravita-
tional constant as G, to avoid ambiguity, we henceforth
write it as G4D when referring to its four-dimensional
counterpart. If a static but curved internal space provides
the basis for constructing models that modify the value of
the cosmological constant under certain conditions, then
a sign-changing (or sign-switching) cosmological constant
can also be realized through a transition in the internal
size, s(t).

A. Exact background Solution for a Transitioning
Universe - �̃(s)CDM

Therefore, we abandon the assumption of a static inter-
nal space, introducing a new unknown, s(t). For kext = 0
and p̃ext = 0, the system of field equations, three equa-
tions —Eqs. (5) and (6) with (8)—, now involves four
unknowns: a, s, p̃int, and ⇢̃m. In this case, di↵erent than
Eq. (34), �̃ is not a constant

�̃(s) ⌘ �
1

2
n(n� 1)


ṡ
2

s2
+

kint

s2

�
, (43)

making �̃ varying with internal scale factor

�̃(s) = ⇤̃�
1

2
n(n� 1)


ṡ
2

s2
+

kint

s2

�
. (44)

To close the system of field equations, we propose that
the scale of the internal space, s, transitioned from an
initial stable value, sp, during the early universe to a di↵er-
ent, final stable value, s0, in the late universe. This event
is modeled as occurring instantaneously at a transition
cosmic time, t† and to implement this idea mathemati-
cally, we model the evolution of the internal scale factor
s(t) as

s(t) = sp + (s0 � sp)✓ (t� t†) , (45)

where ✓(t � t†) denotes the right–continuous Heaviside
step function, i.e.

✓(t� t†) =

8
<

:
0, t < t†,

1, t � t†,
(46)

leading

s(t) =

(
sp for t < t†,

s0 for t � t†.
(47)

B. Transition of the E↵ective Cosmological
Constant

From Eqs. (44) and (47), we see that the higher-
dimensional e↵ective cosmological constant evolves from

�̃p = ⇤̃�
n(n� 1)

2

kint

s2
p

for t < t†, (48)

to

�̃0 = ⇤̃�
n(n� 1)

2

kint

s
2

0

for t � t†. (49)

where the case n = 0 corresponds to the standard four-
dimensional ⇤CDM model, for which the e↵ective cos-
mological constant reduces to the conventional vacuum
energy, i.e. �̃p = �̃0 = ⇤̃ = ⇤.
The constraint �̃0 > 0 arisen from observational data

[8–11] such a positive-valued today ’cosmological constant’
satisfied for both kint > 0 and kint < 0. Switch mechanism
can be hindered if (i) extra dimensions are infinite [12, 13]
(sp/0 ! ±1), (ii) the dimension of internal space is 0
or 1 (n 2 {0, 1}), and (iii) the internal space is flat
(kint = 0). One-dimensional static internal space is indeed
flat, therefore provided that at least two-dimensional
internal space, spatially curved, and has finite size, (n+
4)-dimensional ⇤̃sCDM-like model can be reproduced,
otherwise we return to (n+4)-dimensional ⇤̃CDM model
without a sign change/sign switch.

Dynamical sudden change of the internal space size
accordingly a↵ects the evolution of the energy density of
dust, from (8) with p̃ext = 0, we obtain

˙̃⇢m +


3
ȧ

a
+ n

ṡ

s
(1 + w̃int)

�
⇢̃m = 0, (50)

where w̃int = p̃int/⇢̃m. The first time derivative of Eq. (45)
involves the Dirac delta function and can be written as
ṡ = (s0 � sp)� (t� t†), the continuity equation Eq. (50)
cannot be evaluated in its di↵erential form but must
instead be integrated across the transition:

Z
⇢̃(t2)

⇢̃(t1)

d⇢̃0

⇢̃0
= �3

Z
a(t2)

a(t1)

da0

a0
� n

Z
t2

t1

dt
ṡ

s
[1 + w̃int(s)] ,

where the latter term gives a finite jump due to the step-
like behavior of s(t). Evaluating this relation on either
side of the transition yields

⇢̃m(t) =

(
⇢̃mpa(t)�3 for t < t†

⇢̃m0a(t)�3 for t � t†
(51)

where

⇢̃mp = ⇢̃m0

✓
s0

sp

◆n[1+w̃int(t
+
† )]

, (52)

derived in Appendix A in detail.
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size, s(t).
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Therefore, we abandon the assumption of a static inter-
nal space, introducing a new unknown, s(t). For kext = 0
and p̃ext = 0, the system of field equations, three equa-
tions —Eqs. (5) and (6) with (8)—, now involves four
unknowns: a, s, p̃int, and ⇢̃m. In this case, di↵erent than
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ṡ
2

s2
+

kint

s2

�
. (44)

To close the system of field equations, we propose that
the scale of the internal space, s, transitioned from an
initial stable value, sp, during the early universe to a di↵er-
ent, final stable value, s0, in the late universe. This event
is modeled as occurring instantaneously at a transition
cosmic time, t† and to implement this idea mathemati-
cally, we model the evolution of the internal scale factor
s(t) as

s(t) = sp + (s0 � sp)✓ (t� t†) , (45)

where ✓(t � t†) denotes the right–continuous Heaviside
step function, i.e.

✓(t� t†) =
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leading
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B. Transition of the E↵ective Cosmological
Constant

From Eqs. (44) and (47), we see that the higher-
dimensional e↵ective cosmological constant evolves from
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where the case n = 0 corresponds to the standard four-
dimensional ⇤CDM model, for which the e↵ective cos-
mological constant reduces to the conventional vacuum
energy, i.e. �̃p = �̃0 = ⇤̃ = ⇤.
The constraint �̃0 > 0 arisen from observational data

[8–11] such a positive-valued today ’cosmological constant’
satisfied for both kint > 0 and kint < 0. Switch mechanism
can be hindered if (i) extra dimensions are infinite [12, 13]
(sp/0 ! ±1), (ii) the dimension of internal space is 0
or 1 (n 2 {0, 1}), and (iii) the internal space is flat
(kint = 0). One-dimensional static internal space is indeed
flat, therefore provided that at least two-dimensional
internal space, spatially curved, and has finite size, (n+
4)-dimensional ⇤̃sCDM-like model can be reproduced,
otherwise we return to (n+4)-dimensional ⇤̃CDM model
without a sign change/sign switch.

Dynamical sudden change of the internal space size
accordingly a↵ects the evolution of the energy density of
dust, from (8) with p̃ext = 0, we obtain
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where w̃int = p̃int/⇢̃m. The first time derivative of Eq. (45)
involves the Dirac delta function and can be written as
ṡ = (s0 � sp)� (t� t†), the continuity equation Eq. (50)
cannot be evaluated in its di↵erential form but must
instead be integrated across the transition:
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where the latter term gives a finite jump due to the step-
like behavior of s(t). Evaluating this relation on either
side of the transition yields

⇢̃m(t) =
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⇢̃mpa(t)�3 for t < t†
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derived in Appendix A in detail.
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a sign-changing (or sign-switching) cosmological constant
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Therefore, we abandon the assumption of a static inter-
nal space, introducing a new unknown, s(t). For kext = 0
and p̃ext = 0, the system of field equations, three equa-
tions —Eqs. (5) and (6) with (8)—, now involves four
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To close the system of field equations, we propose that
the scale of the internal space, s, transitioned from an
initial stable value, sp, during the early universe to a di↵er-
ent, final stable value, s0, in the late universe. This event
is modeled as occurring instantaneously at a transition
cosmic time, t† and to implement this idea mathemati-
cally, we model the evolution of the internal scale factor
s(t) as

s(t) = sp + (s0 � sp)✓ (t� t†) , (45)

where ✓(t � t†) denotes the right–continuous Heaviside
step function, i.e.
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B. Transition of the E↵ective Cosmological
Constant
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where the case n = 0 corresponds to the standard four-
dimensional ⇤CDM model, for which the e↵ective cos-
mological constant reduces to the conventional vacuum
energy, i.e. �̃p = �̃0 = ⇤̃ = ⇤.
The constraint �̃0 > 0 arisen from observational data

[8–11] such a positive-valued today ’cosmological constant’
satisfied for both kint > 0 and kint < 0. Switch mechanism
can be hindered if (i) extra dimensions are infinite [12, 13]
(sp/0 ! ±1), (ii) the dimension of internal space is 0
or 1 (n 2 {0, 1}), and (iii) the internal space is flat
(kint = 0). One-dimensional static internal space is indeed
flat, therefore provided that at least two-dimensional
internal space, spatially curved, and has finite size, (n+
4)-dimensional ⇤̃sCDM-like model can be reproduced,
otherwise we return to (n+4)-dimensional ⇤̃CDM model
without a sign change/sign switch.

Dynamical sudden change of the internal space size
accordingly a↵ects the evolution of the energy density of
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ṡ = (s0 � sp)� (t� t†), the continuity equation Eq. (50)
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instead be integrated across the transition:
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initial stable value, sp, during the early universe to a di↵er-
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otherwise we return to (n+4)-dimensional ⇤̃CDM model
without a sign change/sign switch.

Dynamical sudden change of the internal space size
accordingly a↵ects the evolution of the energy density of
dust, from (8) with p̃ext = 0, we obtain
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
3
ȧ

a
+ n

ṡ

s
(1 + w̃int)

�
⇢̃m = 0, (50)

where w̃int = p̃int/⇢̃m. The first time derivative of Eq. (45)
involves the Dirac delta function and can be written as
ṡ = (s0 � sp)� (t� t†), the continuity equation Eq. (50)
cannot be evaluated in its di↵erential form but must
instead be integrated across the transition:

Z
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⇢̃(t1)
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= �3

Z
a(t2)

a(t1)

da0
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� n

Z
t2
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dt
ṡ

s
[1 + w̃int(s)] ,

where the latter term gives a finite jump due to the step-
like behavior of s(t). Evaluating this relation on either
side of the transition yields
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(
⇢̃mpa(t)�3 for t < t†

⇢̃m0a(t)�3 for t � t†
(51)

where

⇢̃mp = ⇢̃m0

✓
s0

sp

◆n[1+w̃int(t
+
† )]

, (52)

derived in Appendix A in detail.
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The total energy density ⇢̃tot remains continuous, given
in Eq.(5) for the flat external space as following form

3
ȧ
2

a2
= ̃⇢̃tot = ̃⇢̃m + �̃ � 3

ȧ

a

ṡ

s
, (53)

ensuring that the external scale factor a(t) has no singu-
larity whereas both ⇢̃m and �̃ include sudden transitions
at t = t† such that the combination of them result in
⇢̃tot without a pole. We obtain a t = t† discontinuity
arises in the matter density, viz. �⇢̃m = ⇢̃m(t+† )� ⇢̃m(t�† ),
representing the di↵erence before and after the transition.

Density parameters before the transition

⌦̃mp ⌘
⇢̃mp

⇢̃cr0
, ⌦̃�̃p ⌘

�̃p

̃⇢̃cr0
, (54)

suddenly turn into after the transition

⌦̃m0 ⌘
⇢̃m0

⇢̃cr0
, ⌦̃�̃0 ⌘

�̃0

̃⇢̃cr0
, (55)

where ⇢̃cr0 = 3H2

ext0
/̃ along with the same ̃ before and

after transition satisfying

⌦̃m0 + ⌦̃�̃0 = ⌦̃mp + ⌦̃�̃p = 1. (56)

This implies that the di↵erence between the density pa-
rameters before and after transition remains the same
as

⌦̃m0 � ⌦̃mp = ⌦̃�̃p � ⌦̃�̃0 (57)

and

⌦̃mp

⌦̃m0

⌘
⇢̃mp

⇢̃m0

along with
⌦̃�̃p

⌦̃�̃0

⌘
�̃p

�̃0
. (58)

Substituting the higher-dimensional dust energy density
and e↵ective cosmological constant—given by (48) and
(51) for t  t†, and by (49) and (51) for t > t†—into the
Friedmann equation (5) using density parameters above,
we obtain the explicit solution for the external scale factor
as

a =

8
>><

>>:

a0

⇣
⌦̃mp

⌦̃�̃p

⌘ 1
3

sinh
2
3


3Hext0

p
⌦̃�̃p

2
t

�
for t  t†,
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⇣
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⌘ 1
3
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2
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
3Hext0

p
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2
(t� b)

�
for t � t†,

(59)
where

a0 =

✓
⌦m0

⌦�̃0

◆�1/3

sinh�2/3

"
3Hext0

p
⌦�̃0

2
(t0 � b)

#
,

(60)

b = t† �

2arcsinh

q
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q
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sinh

✓
3Hext0

p
⌦�̃p

2
t†

◆�

3Hext0

p
⌦�̃0

,

(61)

derived in Appendix B in detail.
For constructing ⇤sCDM-like models, we relate the

cosmological constant today to its value in the finite past
with ↵, a dimensionless constant

↵ =
�̃p

�̃0
⌘

⌦̃�̃p

⌦̃�̃0

, (62)

which also relates density parameters of higher dimen-
sional cosmological constant before and after transition
from Eq. (58).
Using Eq. (57) and Eq. (62), we can rewrite solutions

given in Eq. (59) in terms of ⌦̃m0 and ↵ before and after
transition

a =

8
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⇣
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(63)
where
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.

Using Eq. (63) in Eq. (51), the explicit solution of the
matter energy density is as follows:

⇢̃m(t < t†) = ↵⇢̃cr0⌦̃m0

csch2
✓

3Hext0

p
↵(1�⌦̃m0)

2
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(64)

and

⇢̃m(t � t†) = ⇢̃cr0⌦̃m0
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◆ . (65)

The internal pressure of matter reads from Eq. (7) for
before and after the transition epoch t†. For the early-
time regime (t < t†), we obtain

p̃int = �⇢̃cr0
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3Hext0
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#
, (66)
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ȧ

a

ṡ
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Using Eq. (63) in Eq. (51), the explicit solution of the
matter energy density is as follows:

⇢̃m(t < t†) = ↵⇢̃cr0⌦̃m0

csch2
✓

3Hext0

p
↵(1�⌦̃m0)

2
t

◆

csch2
✓

3Hext0

p
1�⌦̃m0

2
(t0 � b)

◆ ,

(64)

and
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2
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p
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2
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The internal pressure of matter reads from Eq. (7) for
before and after the transition epoch t†. For the early-
time regime (t < t†), we obtain

p̃int = �⇢̃cr0
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↵⌦̃m0

2

csch2
✓
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p
↵⌦̃�̃0

2
t

◆

csch2
✓
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2
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3nH2

ext0

#
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and in the late-time regime (t � t†) the internal pressure
evolves according to

p̃int = �⇢̃cr0

"
⌦̃m0

2

csch2
✓

3Hext0

p
⌦̃�̃0

2
(t� b)

◆

csch2
✓

3Hext0

p
⌦̃�̃0

2
(t0 � b)

◆

+ ⌦̃�̃0 +
2�̃(s0)

3nH2

ext0

#
. (67)

The general definition of internal EoS parameter given
in Eq. (20) is

w̃int =�
1

2
�

1

̃⇢̃m


�̃(s) +

2

n
�̃(s) +

n+ 2

2

✓
3
ȧ

a

ṡ

s
+

s̈

s

◆�
.

(68)

whose explicit solution is written for t < t† as

w̃int = �
1

2
�a

3

0
sinh2

2

4
3Hext0

q
↵(1� ⌦̃m0)

2
t

3

5

⇥


1 +

2�̃(sp)

↵n3H2

ext0
(1� ⌦̃m0)

�
, (69)

and for t � t†

w̃int = �
1

2
�a

3

0
sinh2

"
3Hext0

p
1� ⌦̃m0

2
(t� b)

#

⇥


1 +

2�̃(s0)

3nH2

ext0
(1� ⌦̃m0)

�
. (70)

C. The four dimensional e↵ective �̃(s)CDM
cosmology

Following the same analogy with Section IVC, now
using Eq. (53), we will proceed with the scenario that
observer living in 4D, the four-dimensional cosmologi-
cal constant and gravitational constant during a sudden
change in the internal space. With the dynamical transi-
tion, we achieve ⇤ = �̃(s)� 3n ȧ

a

ṡ

s
evolving cosmological

constant from

⇤p = �̃p = ⇤̃�
n(n� 1)

2

kint

s2
p

, (71)

to

⇤0 = �̃0 = ⇤̃�
n(n� 1)

2

kint

s
2

0

, (72)

with a ratio of

↵ =
⇤p

⇤0

. (73)

coordinately Eq. (41) governs a transition from
✓
̃



◆

p

= s
n

p
to

✓
̃



◆

0

= s
n

0
. (74)

D. Transition of the Gravitational constant G4D

The higher dimensional gravitational coupling remains
constant ̃ = 8⇡G̃ along the transition; however, The
abrupt transition in the scale of the internal dimension,
as posited in our ansatz, inevitably induces a correspond-
ing abrupt transition in the measured value of the 4D
gravitational constant,  = 8⇡G4D in given in Eq. (74),

�
̃



�
p�

̃



�
0

=
G4D0

G4Dp

=

✓
sp

s0

◆n

. (75)

An observer living in 4D see the energy density of matter

⇢m =
̃


⇢̃m (76)

and the higher dimensional observer see a transition on
the value of energy density of dust by Eq. (52) as follows:

⇢̃mp

⇢̃m0

=
⌦̃mp

⌦̃m0

=

✓
s0

sp

◆n[1+w̃int(t
+
† )]

, (77)

accordingly we have a continuous constant energy density
of matter observed in 4D such that

⇢mp

⇢m0

=

�
̃



�
p
⇢̃mp

�
̃



�
0
⇢̃m0

=

✓
sp

s0

◆n✓
s0

sp

◆n

. (78)

giving

⇢mp = ⇢m0 = const. and w̃int(t
+

† ) = 0. (79)

We obtain the condition w̃int(t
+

† ) = 0; since the Heaviside
step function features a discontinuous jump at the transi-
tion point t = t†, the transition point is not well-defined.
Approaching from right and left to t = t† limit give dif-
ferent w̃int(t) due to Dirac Delta function arisen from ṡ,
see Appendix C for details. A practical remedy is to
replace the sharp step with a continuous and di↵erentiable
profile which converges to the Heaviside function. In 4D,
pressure of dust pm = ̃


p̃ext = 0 remains zero as well for

the quasi static case.

E. The Unifying Relation

Because both �̃ and G4D are functions of the internal
scale factor s, their respective transitions are not indepen-
dent. Using Eq. (48) and Eq. (49) in Eq. (75), we obtain
a powerful key unifying equation, which directly links the
ratio of the past and present gravitational constants to
the values of the e↵ective cosmological constant across
the transition:

G4D0

G4Dp

=

✓
sp

s0

◆n

=

 
⇤̃� �̃0

⇤̃� �̃p

!n/2

. (80)

This expression is a core prediction of the model, demon-
strating an inseparable link between two phenomena that
are assumed to be entirely disconnected in the standard
⇤CDMmodel. These two phenomena are here intrinsically
linked as consequences of a single underlying event.
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scale factor s, their respective transitions are not indepen-
dent. Using Eq. (48) and Eq. (49) in Eq. (75), we obtain
a powerful key unifying equation, which directly links the
ratio of the past and present gravitational constants to
the values of the e↵ective cosmological constant across
the transition:

G4D0

G4Dp

=

✓
sp

s0

◆n

=

 
⇤̃� �̃0

⇤̃� �̃p

!n/2

. (80)

This expression is a core prediction of the model, demon-
strating an inseparable link between two phenomena that
are assumed to be entirely disconnected in the standard
⇤CDMmodel. These two phenomena are here intrinsically
linked as consequences of a single underlying event.
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this event: a sudden, abrupt change in the scale

of the extra dimensions at a particular moment

in cosmic history. This is possible if and only if the
internal space is either open or closed. We will lay out the
phenomenological model for this transition and then de-
rive its two primary, inseparable consequences: an abrupt
change in the e↵ective cosmological constant, �̃ and a
corresponding shift in the four dimensional gravitational
constant, G4D. Till now, we have denoted the gravita-
tional constant as G, to avoid ambiguity, we henceforth
write it as G4D when referring to its four-dimensional
counterpart. If a static but curved internal space provides
the basis for constructing models that modify the value of
the cosmological constant under certain conditions, then
a sign-changing (or sign-switching) cosmological constant
can also be realized through a transition in the internal
size, s(t).

A. Exact background Solution for a Transitioning
Universe - �̃(s)CDM

Therefore, we abandon the assumption of a static inter-
nal space, introducing a new unknown, s(t). For kext = 0
and p̃ext = 0, the system of field equations, three equa-
tions —Eqs. (5) and (6) with (8)—, now involves four
unknowns: a, s, p̃int, and ⇢̃m. In this case, di↵erent than
Eq. (34), �̃ is not a constant

�̃(s) ⌘ �
1

2
n(n� 1)


ṡ
2

s2
+

kint

s2

�
, (43)

making �̃ varying with internal scale factor

�̃(s) = ⇤̃�
1

2
n(n� 1)


ṡ
2

s2
+

kint

s2

�
. (44)

To close the system of field equations, we propose that
the scale of the internal space, s, transitioned from an
initial stable value, sp, during the early universe to a di↵er-
ent, final stable value, s0, in the late universe. This event
is modeled as occurring instantaneously at a transition
cosmic time, t† and to implement this idea mathemati-
cally, we model the evolution of the internal scale factor
s(t) as

s(t) = sp + (s0 � sp)✓ (t� t†) , (45)

where ✓(t � t†) denotes the right–continuous Heaviside
step function, i.e.

✓(t� t†) =

8
<

:
0, t < t†,

1, t � t†,
(46)

leading

s(t) =

(
sp for t < t†,

s0 for t � t†.
(47)

B. Transition of the E↵ective Cosmological
Constant

From Eqs. (44) and (47), we see that the higher-
dimensional e↵ective cosmological constant evolves from

�̃p = ⇤̃�
n(n� 1)

2

kint

s2
p

for t < t†, (48)

to

�̃0 = ⇤̃�
n(n� 1)

2

kint

s
2

0

for t � t†. (49)

where the case n = 0 corresponds to the standard four-
dimensional ⇤CDM model, for which the e↵ective cos-
mological constant reduces to the conventional vacuum
energy, i.e. �̃p = �̃0 = ⇤̃ = ⇤.
The constraint �̃0 > 0 arisen from observational data

[8–11] such a positive-valued today ’cosmological constant’
satisfied for both kint > 0 and kint < 0. Switch mechanism
can be hindered if (i) extra dimensions are infinite [12, 13]
(sp/0 ! ±1), (ii) the dimension of internal space is 0
or 1 (n 2 {0, 1}), and (iii) the internal space is flat
(kint = 0). One-dimensional static internal space is indeed
flat, therefore provided that at least two-dimensional
internal space, spatially curved, and has finite size, (n+
4)-dimensional ⇤̃sCDM-like model can be reproduced,
otherwise we return to (n+4)-dimensional ⇤̃CDM model
without a sign change/sign switch.

Dynamical sudden change of the internal space size
accordingly a↵ects the evolution of the energy density of
dust, from (8) with p̃ext = 0, we obtain

˙̃⇢m +


3
ȧ

a
+ n

ṡ

s
(1 + w̃int)

�
⇢̃m = 0, (50)

where w̃int = p̃int/⇢̃m. The first time derivative of Eq. (45)
involves the Dirac delta function and can be written as
ṡ = (s0 � sp)� (t� t†), the continuity equation Eq. (50)
cannot be evaluated in its di↵erential form but must
instead be integrated across the transition:

Z
⇢̃(t2)

⇢̃(t1)

d⇢̃0

⇢̃0
= �3

Z
a(t2)

a(t1)

da0

a0
� n

Z
t2

t1

dt
ṡ

s
[1 + w̃int(s)] ,

where the latter term gives a finite jump due to the step-
like behavior of s(t). Evaluating this relation on either
side of the transition yields

⇢̃m(t) =

(
⇢̃mpa(t)�3 for t < t†

⇢̃m0a(t)�3 for t � t†
(51)

where

⇢̃mp = ⇢̃m0

✓
s0

sp

◆n[1+w̃int(t
+
† )]

, (52)

derived in Appendix A in detail.
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and in the late-time regime (t � t†) the internal pressure
evolves according to

p̃int = �⇢̃cr0

"
⌦̃m0

2

csch2
✓

3Hext0

p
⌦̃�̃0

2
(t� b)

◆

csch2
✓

3Hext0

p
⌦̃�̃0

2
(t0 � b)

◆

+ ⌦̃�̃0 +
2�̃(s0)

3nH2

ext0

#
. (67)

The general definition of internal EoS parameter given
in Eq. (20) is

w̃int =�
1

2
�

1

̃⇢̃m


�̃(s) +

2

n
�̃(s) +

n+ 2

2

✓
3
ȧ

a

ṡ

s
+

s̈

s

◆�
.

(68)

whose explicit solution is written for t < t† as

w̃int = �
1

2
�a

3

0
sinh2

2

4
3Hext0

q
↵(1� ⌦̃m0)

2
t

3

5

⇥


1 +

2�̃(sp)

↵n3H2

ext0
(1� ⌦̃m0)

�
, (69)

and for t � t†

w̃int = �
1

2
�a

3

0
sinh2

"
3Hext0

p
1� ⌦̃m0

2
(t� b)

#

⇥


1 +

2�̃(s0)

3nH2

ext0
(1� ⌦̃m0)

�
. (70)

C. The four dimensional e↵ective �̃(s)CDM
cosmology

Following the same analogy with Section IVC, now
using Eq. (53), we will proceed with the scenario that
observer living in 4D, the four-dimensional cosmologi-
cal constant and gravitational constant during a sudden
change in the internal space. With the dynamical transi-
tion, we achieve ⇤ = �̃(s)� 3n ȧ

a

ṡ

s
evolving cosmological

constant from

⇤p = �̃p = ⇤̃�
n(n� 1)

2

kint

s2
p

, (71)

to

⇤0 = �̃0 = ⇤̃�
n(n� 1)

2

kint

s
2

0

, (72)

with a ratio of

↵ =
⇤p

⇤0

. (73)

coordinately Eq. (41) governs a transition from
✓
̃



◆

p

= s
n

p
to

✓
̃



◆

0

= s
n

0
. (74)

D. Transition of the Gravitational constant G4D

The higher dimensional gravitational coupling remains
constant ̃ = 8⇡G̃ along the transition; however, The
abrupt transition in the scale of the internal dimension,
as posited in our ansatz, inevitably induces a correspond-
ing abrupt transition in the measured value of the 4D
gravitational constant,  = 8⇡G4D in given in Eq. (74),

�
̃



�
p�

̃



�
0

=
G4D0

G4Dp

=

✓
sp

s0

◆n

. (75)

An observer living in 4D see the energy density of matter

⇢m =
̃


⇢̃m (76)

and the higher dimensional observer see a transition on
the value of energy density of dust by Eq. (52) as follows:

⇢̃mp

⇢̃m0

=
⌦̃mp

⌦̃m0

=

✓
s0

sp

◆n[1+w̃int(t
+
† )]

, (77)

accordingly we have a continuous constant energy density
of matter observed in 4D such that

⇢mp

⇢m0

=

�
̃



�
p
⇢̃mp

�
̃



�
0
⇢̃m0

=

✓
sp

s0

◆n✓
s0

sp

◆n

. (78)

giving

⇢mp = ⇢m0 = const. and w̃int(t
+

† ) = 0. (79)

We obtain the condition w̃int(t
+

† ) = 0; since the Heaviside
step function features a discontinuous jump at the transi-
tion point t = t†, the transition point is not well-defined.
Approaching from right and left to t = t† limit give dif-
ferent w̃int(t) due to Dirac Delta function arisen from ṡ,
see Appendix C for details. A practical remedy is to
replace the sharp step with a continuous and di↵erentiable
profile which converges to the Heaviside function. In 4D,
pressure of dust pm = ̃


p̃ext = 0 remains zero as well for

the quasi static case.

E. The Unifying Relation

Because both �̃ and G4D are functions of the internal
scale factor s, their respective transitions are not indepen-
dent. Using Eq. (48) and Eq. (49) in Eq. (75), we obtain
a powerful key unifying equation, which directly links the
ratio of the past and present gravitational constants to
the values of the e↵ective cosmological constant across
the transition:

G4D0

G4Dp

=

✓
sp

s0

◆n

=

 
⇤̃� �̃0

⇤̃� �̃p

!n/2

. (80)

This expression is a core prediction of the model, demon-
strating an inseparable link between two phenomena that
are assumed to be entirely disconnected in the standard
⇤CDMmodel. These two phenomena are here intrinsically
linked as consequences of a single underlying event.
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and in the late-time regime (t � t†) the internal pressure
evolves according to

p̃int = �⇢̃cr0

"
⌦̃m0
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csch2
✓

3Hext0

p
⌦̃�̃0
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◆
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✓

3Hext0

p
⌦̃�̃0

2
(t0 � b)
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+ ⌦̃�̃0 +
2�̃(s0)

3nH2

ext0

#
. (67)

The general definition of internal EoS parameter given
in Eq. (20) is

w̃int =�
1

2
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1

̃⇢̃m


�̃(s) +

2

n
�̃(s) +

n+ 2

2

✓
3
ȧ

a

ṡ

s
+

s̈

s

◆�
.

(68)

whose explicit solution is written for t < t† as

w̃int = �
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3

0
sinh2

2

4
3Hext0
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↵(1� ⌦̃m0)
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t

3

5

⇥


1 +

2�̃(sp)
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ext0
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�
, (69)

and for t � t†

w̃int = �
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3

0
sinh2
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3Hext0

p
1� ⌦̃m0
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(t� b)

#

⇥


1 +

2�̃(s0)

3nH2

ext0
(1� ⌦̃m0)

�
. (70)

C. The four dimensional e↵ective �̃(s)CDM
cosmology

Following the same analogy with Section IVC, now
using Eq. (53), we will proceed with the scenario that
observer living in 4D, the four-dimensional cosmologi-
cal constant and gravitational constant during a sudden
change in the internal space. With the dynamical transi-
tion, we achieve ⇤ = �̃(s)� 3n ȧ

a

ṡ

s
evolving cosmological

constant from

⇤p = �̃p = ⇤̃�
n(n� 1)

2

kint
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, (71)

to

⇤0 = �̃0 = ⇤̃�
n(n� 1)

2
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0

, (72)

with a ratio of

↵ =
⇤p
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coordinately Eq. (41) governs a transition from
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D. Transition of the Gravitational constant G4D

The higher dimensional gravitational coupling remains
constant ̃ = 8⇡G̃ along the transition; however, The
abrupt transition in the scale of the internal dimension,
as posited in our ansatz, inevitably induces a correspond-
ing abrupt transition in the measured value of the 4D
gravitational constant,  = 8⇡G4D in given in Eq. (74),
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

�
p�
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An observer living in 4D see the energy density of matter

⇢m =
̃


⇢̃m (76)

and the higher dimensional observer see a transition on
the value of energy density of dust by Eq. (52) as follows:
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⇢̃m0

=
⌦̃mp

⌦̃m0

=
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◆n[1+w̃int(t
+
† )]

, (77)

accordingly we have a continuous constant energy density
of matter observed in 4D such that
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giving

⇢mp = ⇢m0 = const. and w̃int(t
+

† ) = 0. (79)

We obtain the condition w̃int(t
+

† ) = 0; since the Heaviside
step function features a discontinuous jump at the transi-
tion point t = t†, the transition point is not well-defined.
Approaching from right and left to t = t† limit give dif-
ferent w̃int(t) due to Dirac Delta function arisen from ṡ,
see Appendix C for details. A practical remedy is to
replace the sharp step with a continuous and di↵erentiable
profile which converges to the Heaviside function. In 4D,
pressure of dust pm = ̃


p̃ext = 0 remains zero as well for

the quasi static case.

E. The Unifying Relation

Because both �̃ and G4D are functions of the internal
scale factor s, their respective transitions are not indepen-
dent. Using Eq. (48) and Eq. (49) in Eq. (75), we obtain
a powerful key unifying equation, which directly links the
ratio of the past and present gravitational constants to
the values of the e↵ective cosmological constant across
the transition:
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This expression is a core prediction of the model, demon-
strating an inseparable link between two phenomena that
are assumed to be entirely disconnected in the standard
⇤CDMmodel. These two phenomena are here intrinsically
linked as consequences of a single underlying event.
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and in the late-time regime (t � t†) the internal pressure
evolves according to

p̃int = �⇢̃cr0
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The general definition of internal EoS parameter given
in Eq. (20) is
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whose explicit solution is written for t < t† as
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and for t � t†
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C. The four dimensional e↵ective �̃(s)CDM
cosmology

Following the same analogy with Section IVC, now
using Eq. (53), we will proceed with the scenario that
observer living in 4D, the four-dimensional cosmologi-
cal constant and gravitational constant during a sudden
change in the internal space. With the dynamical transi-
tion, we achieve ⇤ = �̃(s)� 3n ȧ

a

ṡ
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evolving cosmological

constant from
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to
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with a ratio of
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D. Transition of the Gravitational constant G4D

The higher dimensional gravitational coupling remains
constant ̃ = 8⇡G̃ along the transition; however, The
abrupt transition in the scale of the internal dimension,
as posited in our ansatz, inevitably induces a correspond-
ing abrupt transition in the measured value of the 4D
gravitational constant,  = 8⇡G4D in given in Eq. (74),
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An observer living in 4D see the energy density of matter

⇢m =
̃


⇢̃m (76)

and the higher dimensional observer see a transition on
the value of energy density of dust by Eq. (52) as follows:
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accordingly we have a continuous constant energy density
of matter observed in 4D such that
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giving

⇢mp = ⇢m0 = const. and w̃int(t
+

† ) = 0. (79)

We obtain the condition w̃int(t
+

† ) = 0; since the Heaviside
step function features a discontinuous jump at the transi-
tion point t = t†, the transition point is not well-defined.
Approaching from right and left to t = t† limit give dif-
ferent w̃int(t) due to Dirac Delta function arisen from ṡ,
see Appendix C for details. A practical remedy is to
replace the sharp step with a continuous and di↵erentiable
profile which converges to the Heaviside function. In 4D,
pressure of dust pm = ̃


p̃ext = 0 remains zero as well for

the quasi static case.

E. The Unifying Relation

Because both �̃ and G4D are functions of the internal
scale factor s, their respective transitions are not indepen-
dent. Using Eq. (48) and Eq. (49) in Eq. (75), we obtain
a powerful key unifying equation, which directly links the
ratio of the past and present gravitational constants to
the values of the e↵ective cosmological constant across
the transition:

G4D0

G4Dp
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◆n
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This expression is a core prediction of the model, demon-
strating an inseparable link between two phenomena that
are assumed to be entirely disconnected in the standard
⇤CDMmodel. These two phenomena are here intrinsically
linked as consequences of a single underlying event.

Akarsu, bulduk, katırcı, özülker and Perivolaropoulos, ongoıng work
when the internal space undergoes


a rapid transition between two stabilized radii necessarily induces a correlated  step in G4D
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VI. OBSERVATIONAL CONSTRAINTS ON
�G4D/G4D0 AND SMALL TRANSITIONS

APPROXIMATION

The model’s core prediction of a varying 4D gravita-
tional constant, G4D, allows it to be tested against a wide
range of cosmological and astrophysical observations. The
magnitude of the fractional change in the gravitational
constant,

�G4D

G4D0

= 1�

✓
s0

sp

◆n

= 1�

 
⇤̃� �̃0

⇤̃� �̃p

!�n/2

, (81)

where �G4D = G4D0 � G4Dp, can be constrained by
several probes. Big Bang Nucleosynthesis (BBN), the
primordial abundances of light elements are highly sensi-
tive to the value of G during the early universe. Recent
analyses combining BBN with observations of the CMB
have placed tight constraints, limiting any variation to
|�G/G| < 0.05 at the 2� confidence level [14, 15]. The
morphology of the Cosmic Microwave Background (CMB)
power spectra also constrains the value of G at the epoch
of recombination, with analyses finding a total variation
of �G/G < 0.095 [16].
Weaker, but fully independent, bounds come from ge-

ological and paleontological data, which constrain the
variation to |�G/G| < 0.1 over geological timescales [17].

While these constraints appear stringent, they typically
assume a slow, monotonic evolution of G. For an abrupt
transition occurring at a specific redshift, such as the
z† ⇠ 2 motivated by the ⇤sCDM model, the constraints
are significantly relaxed. Current limits permit a sudden
variation of G by as much as 5–10% at some point between
the present day and the epoch of nucleosynthesis [18, 19].
This leaves a viable parameter space for the transition
mechanism proposed here.

For phenomenological analyses where the change in the
size of the internal dimension is small (sp ⇡ s0), it is
useful to approximate the exact relations. By performing
a Taylor expansion of Eq. (80) for a small deviation from
unity, we can derive the linear-order fractional changes in
the internal scale factor and the gravitational constant.

Defining the change of size of internal dimensions as

x =

✓
sp

s0

◆2

=
⇤̃� �̃0

⇤̃� �̃p

, (82)

then applying Taylor expansion of f(x) = x
r
2 up to first

order around x = 1 (sp = s0), viz.

f(x) ⇡ 1 +
r

2
(x� 1) = 1 +

r

2

 
�̃p � �̃0

⇤̃� �̃p

!
; (83)

thus, for a small change in G4D in (80), we can write
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as the ratio to its present value, where �s = s0 � sp. In
the following sections, we present two di↵erent abrupt sce-
narios, the mirror AdS-dS transition model via �̃p = ��̃0

(↵ = �1) and emergent �̃0 model in the late universe via
�̃p = 0 (↵ = 0). These relations provide a powerful tool
for quickly estimating the magnitude of the change in
G for a given change in the e↵ective cosmological con-
stant. With this general framework established, we will
now proceed to investigate specific, physically compelling
scenarios for the transition.

VII. VIABLE TRANSITION MODELS

Having established the general framework for a cosmic
transition, we now turn to exploring specific, physically
motivated scenarios. The primary and non-negotiable
requirement for any viable model is that it must be con-
sistent with the observed late-time acceleration of the
universe. This imposes the crucial constraint that the
e↵ective cosmological constant today must be positive,
i.e., �̃0 > 0. This fact is robustly supported by a wide
range of observational data, including measurements from
Type Ia supernovae, the Cosmic Microwave Background,
and Baryon Acoustic Oscillations [8–11]. With this funda-
mental constraint in place, we can proceed to classify the
family of possible transition histories and analyze their
physical implications in detail.

To systematically classify the family of viable transition
models, it is convenient to use ↵ defined in Eq. (62) as a
constant as a direct consequence of modeling the transi-
tion as an abrupt event via the Heaviside step function.
Di↵erent values of ↵ correspond to distinct cosmological
histories:

↵ ⌘ �̃p/�̃0 Model

1 higher-dimensional ⇤CDM with static s

(0, 1) General dS ! dS transition

0 Sudden Appearance of �̃0 at t† (0-dS transition)

(�1, 0) Sign switch, AdS ! dS

�1 Mirror AdS ! dS transition - ⇤sCDM

TABLE I. Classification of transition models in terms of ↵[BB:
we may follow pattern in Sec. V of arxiv:2502.14667]

Having classified the landscape of possibilities, we will
now focus our analysis on the two most physically dis-
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tinct and compelling scenarios that represent significant
deviations from the standard model: the Mirror AdS-dS
Transition (↵ = �1) and the Sudden Appearance of Dark
Energy (↵ = 0).

A. Mirror AdS-dS transition: ↵ = �1

With �̃p = ��̃0, the sudden transition could mimic the
sign switch of the cosmological constant as proposed in
the ⇤sCDM model as constructed in Sec. VIIA, yet with
a di↵erence, a gravitational constant transition.

By summing the expressions for �̃p and �̃0 from Eq. (48)
and Eq. (49), we can solve for the bare cosmological
constant, ⇤̃:

⇤̃ =
n(n� 1)

4
kint

✓
1

s2
p

+
1

s
2

0

◆
. (87)

This relation reveals a crucial feature of the mirror model:
the sign of the bare cosmological constant is determined
by the sign of the internal curvature,

sgn[⇤̃] = sgn[ kint]. (88)

For a physically real solution, the terms under the
square root in Eq. (80) must be positive, which requires
that ⇤̃ � �̃0 and ⇤̃ + �̃0 (i.e., ⇤̃ � �̃0 and ⇤̃ � �̃p) have
the same sign. This is satisfied as long as |⇤̃| > |�̃0|.
Therefore, the mirror transition itself does not a priori
favor a specific sign for the internal curvature. From
Eq. (87), we can also find a direct relation between the
past and present sizes of the internal space,

sp =
s0q

4⇤̃s
2
0

n(n�1)kint
� 1

, (89)

which implies a lower bound on the present-day size of
the internal dimension,

s0 >

s
n(n� 1)kint

4⇤̃
. (90)

Finally, for small transitions with ↵ = �1, the approxi-
mate fractional changes from Eq. (86) simplify to:

�s

s0
⇡

�̃0

�̃0 + ⇤̃
and

�G4D

G4D0

⇡ �n
�̃0

�̃0 + ⇤̃
. (91)

We now explore the distinct phenomenological conse-
quences that arise from the two possible geometries of the
internal space.

1. Closed internal space (kint > 0)

If we assume the internal space is closed (kint > 0), then
Eq. (88) requires that the bare cosmological constant is

also positive (⇤̃ > 0). This aligns with expectations from
quantum field theory (QFT), which generically predicts a
large, positive vacuum energy [20, 21]. QFT predictions
on the existence of vacuum energy, whose incredibly large
value for the cosmological constant is at odds with its
small positive value observed in nature. From Eq. (48)
and Eq. (49), for an AdS-to-dS transition to occur in this
setup, we obtain that the internal space must expand

over time, leading to a weakening of the gravitational
force from Eq. (80):

kint > 0 ! sp < s0 ! G4Dp > G4D0. (92)

Applying the BBN constraint of a 5% decrease in G

(�G4D/G4D0 ⇡ �0.05) [14] to Eq. (91) implies a specific
relationship between the constants, and a small change in
the size of the internal dimension, respectively as follows:

⇤̃ ⇡ (20n� 1)�̃0 , sp ⇡ (1� 1/20n)s0. (93)

Furthermore, if we assume the QFT prediction that ⇤̃ is
on the order of the Planck scale ⇤̃ = ⇤QFT ⇠ l

�2

Planck
, while

�̃0 is the tiny value �̃0 ⇠ 2.9⇥ 10�122
l
�2

Planck
we observe

today [9, 10], then the predicted change is minuscule.
From (91), it turns out that sp ⇡ s0 and G4Dp ⇡ G4D0,
namely�s/s0 ⇠ 2.9⇥10�122 and�G4D/G4D0 ⇠ �2.9n⇥
10�122.

2. Open internal space, (kint < 0)

Alternatively, if we assume the internal space is open
(kint < 0), then ⇤̃ must also be negative. This scenario is
well-motivated by string theory and supergravity, where
negative-curvature AdS backgrounds are often consid-
ered the theoretical sweet spot [22–27]. It has also been
shown that other physical e↵ects, like cosmic shear (ex-
pansion anisotropy), can mimic a negative cosmological
constant [28]. This demonstrates that a negative cos-
mological constant can be theoretically realized through
specific higher-dimensional geometric extensions, even
within the framework of general relativity.

When both kint and ⇤̃ are negative, a transition of
the e↵ective higher-dimensional cosmological constant
from negative to positive, namely AdS-to-dS transition
requires the internal space to shrink over time, leading
to a strengthening of gravity:

kint < 0 ! sp > s0 ! G4Dp < G4D0. (94)

The argument of square-root definition in (89) should
be in between 0 and 1, therefore this scenario also imposes
tighter bounds on the size of the internal space with (90),

s
n(n� 1)kint

4⇤̃
< s0 <

s
n(n� 1)kint

2⇤̃
, (95)

whose size is directly determined by the number of dimen-
sion of the internal space and the value of (1 + 3 + n)–
dimensional cosmological constant ⇤̃. Applying the BBN
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We now explore the distinct phenomenological conse-
quences that arise from the two possible geometries of the
internal space.

1. Closed internal space (kint > 0)

If we assume the internal space is closed (kint > 0), then
Eq. (88) requires that the bare cosmological constant is

also positive (⇤̃ > 0). This aligns with expectations from
quantum field theory (QFT), which generically predicts a
large, positive vacuum energy [20, 21]. QFT predictions
on the existence of vacuum energy, whose incredibly large
value for the cosmological constant is at odds with its
small positive value observed in nature. From Eq. (48)
and Eq. (49), for an AdS-to-dS transition to occur in this
setup, we obtain that the internal space must expand

over time, leading to a weakening of the gravitational
force from Eq. (80):
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Applying the BBN constraint of a 5% decrease in G

(�G4D/G4D0 ⇡ �0.05) [14] to Eq. (91) implies a specific
relationship between the constants, and a small change in
the size of the internal dimension, respectively as follows:
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10�122.

2. Open internal space, (kint < 0)

Alternatively, if we assume the internal space is open
(kint < 0), then ⇤̃ must also be negative. This scenario is
well-motivated by string theory and supergravity, where
negative-curvature AdS backgrounds are often consid-
ered the theoretical sweet spot [22–27]. It has also been
shown that other physical e↵ects, like cosmic shear (ex-
pansion anisotropy), can mimic a negative cosmological
constant [28]. This demonstrates that a negative cos-
mological constant can be theoretically realized through
specific higher-dimensional geometric extensions, even
within the framework of general relativity.

When both kint and ⇤̃ are negative, a transition of
the e↵ective higher-dimensional cosmological constant
from negative to positive, namely AdS-to-dS transition
requires the internal space to shrink over time, leading
to a strengthening of gravity:

kint < 0 ! sp > s0 ! G4Dp < G4D0. (94)

The argument of square-root definition in (89) should
be in between 0 and 1, therefore this scenario also imposes
tighter bounds on the size of the internal space with (90),
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We now explore the distinct phenomenological conse-
quences that arise from the two possible geometries of the
internal space.

1. Closed internal space (kint > 0)

If we assume the internal space is closed (kint > 0), then
Eq. (88) requires that the bare cosmological constant is

also positive (⇤̃ > 0). This aligns with expectations from
quantum field theory (QFT), which generically predicts a
large, positive vacuum energy [20, 21]. QFT predictions
on the existence of vacuum energy, whose incredibly large
value for the cosmological constant is at odds with its
small positive value observed in nature. From Eq. (48)
and Eq. (49), for an AdS-to-dS transition to occur in this
setup, we obtain that the internal space must expand

over time, leading to a weakening of the gravitational
force from Eq. (80):
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Applying the BBN constraint of a 5% decrease in G
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the size of the internal dimension, respectively as follows:
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2. Open internal space, (kint < 0)

Alternatively, if we assume the internal space is open
(kint < 0), then ⇤̃ must also be negative. This scenario is
well-motivated by string theory and supergravity, where
negative-curvature AdS backgrounds are often consid-
ered the theoretical sweet spot [22–27]. It has also been
shown that other physical e↵ects, like cosmic shear (ex-
pansion anisotropy), can mimic a negative cosmological
constant [28]. This demonstrates that a negative cos-
mological constant can be theoretically realized through
specific higher-dimensional geometric extensions, even
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When both kint and ⇤̃ are negative, a transition of
the e↵ective higher-dimensional cosmological constant
from negative to positive, namely AdS-to-dS transition
requires the internal space to shrink over time, leading
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this event: a sudden, abrupt change in the scale

of the extra dimensions at a particular moment

in cosmic history. This is possible if and only if the
internal space is either open or closed. We will lay out the
phenomenological model for this transition and then de-
rive its two primary, inseparable consequences: an abrupt
change in the e↵ective cosmological constant, �̃ and a
corresponding shift in the four dimensional gravitational
constant, G4D. Till now, we have denoted the gravita-
tional constant as G, to avoid ambiguity, we henceforth
write it as G4D when referring to its four-dimensional
counterpart. If a static but curved internal space provides
the basis for constructing models that modify the value of
the cosmological constant under certain conditions, then
a sign-changing (or sign-switching) cosmological constant
can also be realized through a transition in the internal
size, s(t).

A. Exact background Solution for a Transitioning
Universe - �̃(s)CDM

Therefore, we abandon the assumption of a static inter-
nal space, introducing a new unknown, s(t). For kext = 0
and p̃ext = 0, the system of field equations, three equa-
tions —Eqs. (5) and (6) with (8)—, now involves four
unknowns: a, s, p̃int, and ⇢̃m. In this case, di↵erent than
Eq. (34), �̃ is not a constant

�̃(s) ⌘ �
1

2
n(n� 1)


ṡ
2

s2
+

kint

s2

�
, (43)

making �̃ varying with internal scale factor

�̃(s) = ⇤̃�
1

2
n(n� 1)


ṡ
2

s2
+

kint

s2

�
. (44)

To close the system of field equations, we propose that
the scale of the internal space, s, transitioned from an
initial stable value, sp, during the early universe to a di↵er-
ent, final stable value, s0, in the late universe. This event
is modeled as occurring instantaneously at a transition
cosmic time, t† and to implement this idea mathemati-
cally, we model the evolution of the internal scale factor
s(t) as

s(t) = sp + (s0 � sp)✓ (t� t†) , (45)

where ✓(t � t†) denotes the right–continuous Heaviside
step function, i.e.

✓(t� t†) =

8
<

:
0, t < t†,

1, t � t†,
(46)

leading

s(t) =

(
sp for t < t†,

s0 for t � t†.
(47)

B. Transition of the E↵ective Cosmological
Constant

From Eqs. (44) and (47), we see that the higher-
dimensional e↵ective cosmological constant evolves from

�̃p = ⇤̃�
n(n� 1)

2

kint

s2
p

for t < t†, (48)

to

�̃0 = ⇤̃�
n(n� 1)

2

kint

s
2

0

for t � t†. (49)

where the case n = 0 corresponds to the standard four-
dimensional ⇤CDM model, for which the e↵ective cos-
mological constant reduces to the conventional vacuum
energy, i.e. �̃p = �̃0 = ⇤̃ = ⇤.
The constraint �̃0 > 0 arisen from observational data

[8–11] such a positive-valued today ’cosmological constant’
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tinct and compelling scenarios that represent significant
deviations from the standard model: the Mirror AdS-dS
Transition (↵ = �1) and the Sudden Appearance of Dark
Energy (↵ = 0).

A. Mirror AdS-dS transition: ↵ = �1

With �̃p = ��̃0, the sudden transition could mimic the
sign switch of the cosmological constant as proposed in
the ⇤sCDM model as constructed in Sec. VIIA, yet with
a di↵erence, a gravitational constant transition.

By summing the expressions for �̃p and �̃0 from Eq. (48)
and Eq. (49), we can solve for the bare cosmological
constant, ⇤̃:
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This relation reveals a crucial feature of the mirror model:
the sign of the bare cosmological constant is determined
by the sign of the internal curvature,

sgn[⇤̃] = sgn[ kint]. (88)

For a physically real solution, the terms under the
square root in Eq. (80) must be positive, which requires
that ⇤̃ � �̃0 and ⇤̃ + �̃0 (i.e., ⇤̃ � �̃0 and ⇤̃ � �̃p) have
the same sign. This is satisfied as long as |⇤̃| > |�̃0|.
Therefore, the mirror transition itself does not a priori
favor a specific sign for the internal curvature. From
Eq. (87), we can also find a direct relation between the
past and present sizes of the internal space,

sp =
s0q

4⇤̃s
2
0

n(n�1)kint
� 1

, (89)

which implies a lower bound on the present-day size of
the internal dimension,
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s
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. (90)

Finally, for small transitions with ↵ = �1, the approxi-
mate fractional changes from Eq. (86) simplify to:

�s
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⇡

�̃0

�̃0 + ⇤̃
and

�G4D

G4D0

⇡ �n
�̃0

�̃0 + ⇤̃
. (91)

We now explore the distinct phenomenological conse-
quences that arise from the two possible geometries of the
internal space.

1. Closed internal space (kint > 0)

If we assume the internal space is closed (kint > 0), then
Eq. (88) requires that the bare cosmological constant is

also positive (⇤̃ > 0). This aligns with expectations from
quantum field theory (QFT), which generically predicts a
large, positive vacuum energy [20, 21]. QFT predictions
on the existence of vacuum energy, whose incredibly large
value for the cosmological constant is at odds with its
small positive value observed in nature. From Eq. (48)
and Eq. (49), for an AdS-to-dS transition to occur in this
setup, we obtain that the internal space must expand

over time, leading to a weakening of the gravitational
force from Eq. (80):

kint > 0 ! sp < s0 ! G4Dp > G4D0. (92)

Applying the BBN constraint of a 5% decrease in G

(�G4D/G4D0 ⇡ �0.05) [14] to Eq. (91) implies a specific
relationship between the constants, and a small change in
the size of the internal dimension, respectively as follows:

⇤̃ ⇡ (20n� 1)�̃0 , sp ⇡ (1� 1/20n)s0. (93)

Furthermore, if we assume the QFT prediction that ⇤̃ is
on the order of the Planck scale ⇤̃ = ⇤QFT ⇠ l

�2

Planck
, while

�̃0 is the tiny value �̃0 ⇠ 2.9⇥ 10�122
l
�2

Planck
we observe

today [9, 10], then the predicted change is minuscule.
From (91), it turns out that sp ⇡ s0 and G4Dp ⇡ G4D0,
namely�s/s0 ⇠ 2.9⇥10�122 and�G4D/G4D0 ⇠ �2.9n⇥
10�122.

2. Open internal space, (kint < 0)

Alternatively, if we assume the internal space is open
(kint < 0), then ⇤̃ must also be negative. This scenario is
well-motivated by string theory and supergravity, where
negative-curvature AdS backgrounds are often consid-
ered the theoretical sweet spot [22–27]. It has also been
shown that other physical e↵ects, like cosmic shear (ex-
pansion anisotropy), can mimic a negative cosmological
constant [28]. This demonstrates that a negative cos-
mological constant can be theoretically realized through
specific higher-dimensional geometric extensions, even
within the framework of general relativity.

When both kint and ⇤̃ are negative, a transition of
the e↵ective higher-dimensional cosmological constant
from negative to positive, namely AdS-to-dS transition
requires the internal space to shrink over time, leading
to a strengthening of gravity:

kint < 0 ! sp > s0 ! G4Dp < G4D0. (94)

The argument of square-root definition in (89) should
be in between 0 and 1, therefore this scenario also imposes
tighter bounds on the size of the internal space with (90),

s
n(n� 1)kint

4⇤̃
< s0 <

s
n(n� 1)kint

2⇤̃
, (95)

whose size is directly determined by the number of dimen-
sion of the internal space and the value of (1 + 3 + n)–
dimensional cosmological constant ⇤̃. Applying the BBN
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namely�s/s0 ⇠ 2.9⇥10�122 and�G4D/G4D0 ⇠ �2.9n⇥
10�122.

2. Open internal space, (kint < 0)

Alternatively, if we assume the internal space is open
(kint < 0), then ⇤̃ must also be negative. This scenario is
well-motivated by string theory and supergravity, where
negative-curvature AdS backgrounds are often consid-
ered the theoretical sweet spot [22–27]. It has also been
shown that other physical e↵ects, like cosmic shear (ex-
pansion anisotropy), can mimic a negative cosmological
constant [28]. This demonstrates that a negative cos-
mological constant can be theoretically realized through
specific higher-dimensional geometric extensions, even
within the framework of general relativity.

When both kint and ⇤̃ are negative, a transition of
the e↵ective higher-dimensional cosmological constant
from negative to positive, namely AdS-to-dS transition
requires the internal space to shrink over time, leading
to a strengthening of gravity:

kint < 0 ! sp > s0 ! G4Dp < G4D0. (94)

The argument of square-root definition in (89) should
be in between 0 and 1, therefore this scenario also imposes
tighter bounds on the size of the internal space with (90),

s
n(n� 1)kint

4⇤̃
< s0 <

s
n(n� 1)kint

2⇤̃
, (95)

whose size is directly determined by the number of dimen-
sion of the internal space and the value of (1 + 3 + n)–
dimensional cosmological constant ⇤̃. Applying the BBN
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tinct and compelling scenarios that represent significant
deviations from the standard model: the Mirror AdS-dS
Transition (↵ = �1) and the Sudden Appearance of Dark
Energy (↵ = 0).

A. Mirror AdS-dS transition: ↵ = �1

With �̃p = ��̃0, the sudden transition could mimic the
sign switch of the cosmological constant as proposed in
the ⇤sCDM model as constructed in Sec. VIIA, yet with
a di↵erence, a gravitational constant transition.

By summing the expressions for �̃p and �̃0 from Eq. (48)
and Eq. (49), we can solve for the bare cosmological
constant, ⇤̃:
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kint

✓
1

s2
p

+
1

s
2

0

◆
. (87)

This relation reveals a crucial feature of the mirror model:
the sign of the bare cosmological constant is determined
by the sign of the internal curvature,

sgn[⇤̃] = sgn[ kint]. (88)

For a physically real solution, the terms under the
square root in Eq. (80) must be positive, which requires
that ⇤̃ � �̃0 and ⇤̃ + �̃0 (i.e., ⇤̃ � �̃0 and ⇤̃ � �̃p) have
the same sign. This is satisfied as long as |⇤̃| > |�̃0|.
Therefore, the mirror transition itself does not a priori
favor a specific sign for the internal curvature. From
Eq. (87), we can also find a direct relation between the
past and present sizes of the internal space,

sp =
s0q

4⇤̃s
2
0

n(n�1)kint
� 1

, (89)

which implies a lower bound on the present-day size of
the internal dimension,
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n(n� 1)kint

4⇤̃
. (90)

Finally, for small transitions with ↵ = �1, the approxi-
mate fractional changes from Eq. (86) simplify to:
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⇡

�̃0
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and

�G4D
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�̃0 + ⇤̃
. (91)

We now explore the distinct phenomenological conse-
quences that arise from the two possible geometries of the
internal space.

1. Closed internal space (kint > 0)

If we assume the internal space is closed (kint > 0), then
Eq. (88) requires that the bare cosmological constant is

also positive (⇤̃ > 0). This aligns with expectations from
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large, positive vacuum energy [20, 21]. QFT predictions
on the existence of vacuum energy, whose incredibly large
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small positive value observed in nature. From Eq. (48)
and Eq. (49), for an AdS-to-dS transition to occur in this
setup, we obtain that the internal space must expand

over time, leading to a weakening of the gravitational
force from Eq. (80):
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(�G4D/G4D0 ⇡ �0.05) [14] to Eq. (91) implies a specific
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today [9, 10], then the predicted change is minuscule.
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namely�s/s0 ⇠ 2.9⇥10�122 and�G4D/G4D0 ⇠ �2.9n⇥
10�122.

2. Open internal space, (kint < 0)

Alternatively, if we assume the internal space is open
(kint < 0), then ⇤̃ must also be negative. This scenario is
well-motivated by string theory and supergravity, where
negative-curvature AdS backgrounds are often consid-
ered the theoretical sweet spot [22–27]. It has also been
shown that other physical e↵ects, like cosmic shear (ex-
pansion anisotropy), can mimic a negative cosmological
constant [28]. This demonstrates that a negative cos-
mological constant can be theoretically realized through
specific higher-dimensional geometric extensions, even
within the framework of general relativity.

When both kint and ⇤̃ are negative, a transition of
the e↵ective higher-dimensional cosmological constant
from negative to positive, namely AdS-to-dS transition
requires the internal space to shrink over time, leading
to a strengthening of gravity:

kint < 0 ! sp > s0 ! G4Dp < G4D0. (94)

The argument of square-root definition in (89) should
be in between 0 and 1, therefore this scenario also imposes
tighter bounds on the size of the internal space with (90),
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whose size is directly determined by the number of dimen-
sion of the internal space and the value of (1 + 3 + n)–
dimensional cosmological constant ⇤̃. Applying the BBN
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constraint of a 5% increase in G (�G4D/G4D0 ⇡ 0.05)
implies

⇤̃ ⇡ �(20n+ 1)�̃0 , sp ⇡ (1 + 1/20n)s0

. As we will show, this open-space scenario is uniquely
favored by the stability analysis in Sec. VIII.

B. Sudden appearance of dark energy (↵ = 0)

We next explore the scenario corresponding to ↵ = 0,
which models a universe where the e↵ective cosmological
constant was absent in the past and suddenly appeared
at the transition t = t†. The primary assumption is thus:

�̃p = 0 ! �̃0 > 0. (96)

Substituting this condition into the definition of the past
e↵ective (1 + 3 + n)–dimensional cosmological constant,
Eq. (48), yields a direct expression for the bare cosmologi-
cal constant, ⇤̃. In this model, ⇤̃ is determined entirely by
the properties of the internal space before the transition:

⇤̃ =
n(n� 1)

2

kint

s2
p

. (97)

This again implies that the sign of the bare constant is
tied to the internal space curvature, sgn[⇤̃] = sgn[kint].
The e↵ective cosmological constant before and after the
transition is therefore given by:

�̃p = 0 for z > z†, (98)

�̃0 =
n(n� 1)

2
kint

✓
1

s2
p

�
1

s
2

0

◆
for z < z†. (99)

For a positive �̃0 today, the dynamics of the internal
space—shrinking or expanding—depend on the sign of
kint just as in the mirror model. A closed internal space
(kint > 0) must expand (sp < s0), while an open internal
space (kint < 0) must shrink (sp > s0). [NK: HERE] The
relationship between the past and present scales of the
internal space can be found by substituting the expression
for ⇤̃ from Eq. (97) into the unifying relation Eq. (80):

sp

s0
=

r
1�

�̃0

⇤̃
. (100)

For small transitions, the approximate fractional changes
in the scale factor and gravitational constant are given
by:

�s

s0
⇡

1

2

�̃0

⇤̃
and

�G4D

G4D0

⇡ �
n

2

�̃0

⇤̃
. (101)

Applying the 5% BBN constraint on the variation of G
implies a relationship between the bare constant and its
e↵ective value today of

⇤̃ ⇡ ⌥10n�̃0

. Furthermore, if we consider the QFT expectation that
⇤̃ is of order the Planck scale, the resulting change in
the internal dimension is again predicted to be incredibly
small, with �s/s0 ⇠ 1.5⇥ 10�122.
Thence, this model predicts a sudden shrink of the

internal space. The sudden appearance of ⇤̃ with the
⇤̃ = ⇤QFT assumption yields that sp ⇡ s0, G4Dp ⇡ G4D0,
namely�s/s0 ⇠ 1.5⇥10�122 and�G4D/G4D0 ⇠ �1.5n⇥
10�122 where from (87) and (101), we see that kint should
be positive, kint ⇠ 2⇤QFTs

2

0
/[n(n� 1)].

Specifically, in this model where spacetime is not flat
(i.e., it has some curvature), the cosmological constant
varies in response to the geometry of the space. Interest-
ingly, the spatial curvature �̃ contributes to the higher-
dimensional e↵ective cosmological constant �̃ provided
that the internal space is static. However, we have shown
in this section that there is no restriction on the signature
of both spatial curvature �̃ and cosmological constant ⇤̃,
which e↵ectively obliges to positive (observations dictate)
higher dimensional e↵ective cosmological constant, �̃0 > 0.
The signature of the cosmological constant and the struc-
ture of the geometry (open or closed) will be determined
by the stability conditions, which will be examined in the
following Section.

VIII. STABILITY CONDITIONS IN STATIC
CASE

We have to check the stability of this exact solution
considering linear perturbations �ext(t), �int(t) and �(t)
about the backgrounds

a(t) =a(t)[1 + �ext(t)], (102)

s(t) =s(t)[1 + �int(t)], (103)

%̃(t) =⇢̃(t)[1 + �(t)], (104)

respectively. For a flat external space (kext = 0) and a
static spatially internal background space solution in the
presence of matter w̃ext = 0 requires black branes if w̃int is
constant [see Eq. (24)]. Then substituting linear perturba-
tions (102)-(104) in the field Eqs. (9)-(11), we obtain the
linearized perturbed field equations, yet following some
modifications they appear in the form of damped and
coupled damped oscillation equations as follows:

�̈ext =� 3Hext

⇣
�̇ext �

n

6
�̇int

⌘
�

n(n� 1)

2

kint

s2⇤
�int,

(105)

�̈int =� 3Hext�̇int + 2(n� 1)
kint

s2⇤
�int, (106)

�̈ =� 3Hext

⇣
�̇ +

n

2
�̇int

⌘
+

n(n� 1)

2

kint

s2⇤
�int, (107)

where one can check that Eqs. (105)-(107) satisfy the
perturbed continuity equation

�̇ + 3�̇ext +
n

2
�̇int = 0, (108)
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constraint of a 5% increase in G (�G4D/G4D0 ⇡ 0.05)
implies

⇤̃ ⇡ �(20n+ 1)�̃0 , sp ⇡ (1 + 1/20n)s0

. As we will show, this open-space scenario is uniquely
favored by the stability analysis in Sec. VIII.

B. Sudden appearance of dark energy (↵ = 0)

We next explore the scenario corresponding to ↵ = 0,
which models a universe where the e↵ective cosmological
constant was absent in the past and suddenly appeared
at the transition t = t†. The primary assumption is thus:

�̃p = 0 ! �̃0 > 0. (96)

Substituting this condition into the definition of the past
e↵ective (1 + 3 + n)–dimensional cosmological constant,
Eq. (48), yields a direct expression for the bare cosmologi-
cal constant, ⇤̃. In this model, ⇤̃ is determined entirely by
the properties of the internal space before the transition:
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This again implies that the sign of the bare constant is
tied to the internal space curvature, sgn[⇤̃] = sgn[kint].
The e↵ective cosmological constant before and after the
transition is therefore given by:
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For a positive �̃0 today, the dynamics of the internal
space—shrinking or expanding—depend on the sign of
kint just as in the mirror model. A closed internal space
(kint > 0) must expand (sp < s0), while an open internal
space (kint < 0) must shrink (sp > s0). [NK: HERE] The
relationship between the past and present scales of the
internal space can be found by substituting the expression
for ⇤̃ from Eq. (97) into the unifying relation Eq. (80):
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Applying the 5% BBN constraint on the variation of G
implies a relationship between the bare constant and its
e↵ective value today of
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. Furthermore, if we consider the QFT expectation that
⇤̃ is of order the Planck scale, the resulting change in
the internal dimension is again predicted to be incredibly
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Thence, this model predicts a sudden shrink of the
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10�122 where from (87) and (101), we see that kint should
be positive, kint ⇠ 2⇤QFTs
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Specifically, in this model where spacetime is not flat
(i.e., it has some curvature), the cosmological constant
varies in response to the geometry of the space. Interest-
ingly, the spatial curvature �̃ contributes to the higher-
dimensional e↵ective cosmological constant �̃ provided
that the internal space is static. However, we have shown
in this section that there is no restriction on the signature
of both spatial curvature �̃ and cosmological constant ⇤̃,
which e↵ectively obliges to positive (observations dictate)
higher dimensional e↵ective cosmological constant, �̃0 > 0.
The signature of the cosmological constant and the struc-
ture of the geometry (open or closed) will be determined
by the stability conditions, which will be examined in the
following Section.

VIII. STABILITY CONDITIONS IN STATIC
CASE

We have to check the stability of this exact solution
considering linear perturbations �ext(t), �int(t) and �(t)
about the backgrounds

a(t) =a(t)[1 + �ext(t)], (102)

s(t) =s(t)[1 + �int(t)], (103)
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respectively. For a flat external space (kext = 0) and a
static spatially internal background space solution in the
presence of matter w̃ext = 0 requires black branes if w̃int is
constant [see Eq. (24)]. Then substituting linear perturba-
tions (102)-(104) in the field Eqs. (9)-(11), we obtain the
linearized perturbed field equations, yet following some
modifications they appear in the form of damped and
coupled damped oscillation equations as follows:
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tinct and compelling scenarios that represent significant
deviations from the standard model: the Mirror AdS-dS
Transition (↵ = �1) and the Sudden Appearance of Dark
Energy (↵ = 0).

A. Mirror AdS-dS transition: ↵ = �1

With �̃p = ��̃0, the sudden transition could mimic the
sign switch of the cosmological constant as proposed in
the ⇤sCDM model as constructed in Sec. VIIA, yet with
a di↵erence, a gravitational constant transition.

By summing the expressions for �̃p and �̃0 from Eq. (48)
and Eq. (49), we can solve for the bare cosmological
constant, ⇤̃:

⇤̃ =
n(n� 1)

4
kint

✓
1

s2
p

+
1

s
2

0

◆
. (87)

This relation reveals a crucial feature of the mirror model:
the sign of the bare cosmological constant is determined
by the sign of the internal curvature,

sgn[⇤̃] = sgn[ kint]. (88)

For a physically real solution, the terms under the
square root in Eq. (80) must be positive, which requires
that ⇤̃ � �̃0 and ⇤̃ + �̃0 (i.e., ⇤̃ � �̃0 and ⇤̃ � �̃p) have
the same sign. This is satisfied as long as |⇤̃| > |�̃0|.
Therefore, the mirror transition itself does not a priori
favor a specific sign for the internal curvature. From
Eq. (87), we can also find a direct relation between the
past and present sizes of the internal space,

sp =
s0q

4⇤̃s
2
0

n(n�1)kint
� 1

, (89)

which implies a lower bound on the present-day size of
the internal dimension,

s0 >

s
n(n� 1)kint

4⇤̃
. (90)

Finally, for small transitions with ↵ = �1, the approxi-
mate fractional changes from Eq. (86) simplify to:

�s

s0
⇡

�̃0

�̃0 + ⇤̃
and

�G4D

G4D0

⇡ �n
�̃0

�̃0 + ⇤̃
. (91)

We now explore the distinct phenomenological conse-
quences that arise from the two possible geometries of the
internal space.

1. Closed internal space (kint > 0)

If we assume the internal space is closed (kint > 0), then
Eq. (88) requires that the bare cosmological constant is

also positive (⇤̃ > 0). This aligns with expectations from
quantum field theory (QFT), which generically predicts a
large, positive vacuum energy [20, 21]. QFT predictions
on the existence of vacuum energy, whose incredibly large
value for the cosmological constant is at odds with its
small positive value observed in nature. From Eq. (48)
and Eq. (49), for an AdS-to-dS transition to occur in this
setup, we obtain that the internal space must expand

over time, leading to a weakening of the gravitational
force from Eq. (80):

kint > 0 ! sp < s0 ! G4Dp > G4D0. (92)

Applying the BBN constraint of a 5% decrease in G

(�G4D/G4D0 ⇡ �0.05) [14] to Eq. (91) implies a specific
relationship between the constants, and a small change in
the size of the internal dimension, respectively as follows:

⇤̃ ⇡ (20n� 1)�̃0 , sp ⇡ (1� 1/20n)s0. (93)

Furthermore, if we assume the QFT prediction that ⇤̃ is
on the order of the Planck scale ⇤̃ = ⇤QFT ⇠ l

�2

Planck
, while

�̃0 is the tiny value �̃0 ⇠ 2.9⇥ 10�122
l
�2

Planck
we observe

today [9, 10], then the predicted change is minuscule.
From (91), it turns out that sp ⇡ s0 and G4Dp ⇡ G4D0,
namely�s/s0 ⇠ 2.9⇥10�122 and�G4D/G4D0 ⇠ �2.9n⇥
10�122.

2. Open internal space, (kint < 0)

Alternatively, if we assume the internal space is open
(kint < 0), then ⇤̃ must also be negative. This scenario is
well-motivated by string theory and supergravity, where
negative-curvature AdS backgrounds are often consid-
ered the theoretical sweet spot [22–27]. It has also been
shown that other physical e↵ects, like cosmic shear (ex-
pansion anisotropy), can mimic a negative cosmological
constant [28]. This demonstrates that a negative cos-
mological constant can be theoretically realized through
specific higher-dimensional geometric extensions, even
within the framework of general relativity.

When both kint and ⇤̃ are negative, a transition of
the e↵ective higher-dimensional cosmological constant
from negative to positive, namely AdS-to-dS transition
requires the internal space to shrink over time, leading
to a strengthening of gravity:

kint < 0 ! sp > s0 ! G4Dp < G4D0. (94)

The argument of square-root definition in (89) should
be in between 0 and 1, therefore this scenario also imposes
tighter bounds on the size of the internal space with (90),

s
n(n� 1)kint

4⇤̃
< s0 <

s
n(n� 1)kint

2⇤̃
, (95)

whose size is directly determined by the number of dimen-
sion of the internal space and the value of (1 + 3 + n)–
dimensional cosmological constant ⇤̃. Applying the BBN

the internal space must EXPAND

over time, leading to a WEAKING of the gravitational force

the internal space must SHRINK

over time, leading to a STRENGHENING of the gravitational force
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new parameter of this model is beyond the scope of the
present analysis.
This extended ⇤sCDM model introduces significant

modifications to the evolution of linear matter pertur-
bations, influenced by both the transitions of the cos-
mological constant and the gravitational constant. The
time evolution of linear perturbations is governed by the
following equation:

�̈ + 2H(z)�̇ � 4⇡Ge↵⇢� = 0, (136)

where Ge↵(z) refers to the transitions from Ge↵0 to Ge↵p

at z†, reflecting the change in the gravitational inter-
action strength, viz. explicitly Ge↵ = Ge↵0 + (Ge↵p �

Ge↵0)✓ (z � z†) with Ge↵0 = GN = G4D0s
n

0
and Ge↵p =

G4Dps
n

p
. In redshift space, this transforms to

d2�

dz2
+

d�

dz

✓
dH/dz

H(z)
�

1

1 + z

◆
�

4⇡Ge↵(z)⇢

H(z)2(1 + z)2
� = 0.

(137)
This model suggests that a increase in the gravitational
constant relative to its standard value could provide a
mechanism for slowing the growth rate of matter per-
turbations, potentially leading to a decrease in the S8

parameter. Such a modification o↵ers a plausible pathway
toward resolving the observed tension in the growth rate
of structure, (the S8 tension) [32, 33].

XI. CONCLUSION, DISCUSSION, AND FUTURE
PROSPECTS

In this paper, we explored to the dynamics of abrupt
transition behavior of observed e↵ective cosmological con-
stant within 1 + 3-dimensional external space-time and n-
dimensional internal space universe. Considering product
topology we construct the model on 1+3+n dimensional
manifold M

1+3+n where the external and internal spaces
are homogeneous and isotropic individually. Following
this, applying RW metric to curvature-based generalized
field equations allows us to examine cosmic dynamics,
where we set free the (1+3+n)–dimensional cosmological
constant ⇤̃. Yet, we concentrate our study by supposing
static internal space such that the contribution of the
internal space to field equations emerge as a constant,
called the higher dimensional constant spatial curvature �̃.
Interestingly, regarding the higher dimensional constant
spatial curvature as a source reveals a fluid having EoS
just as conventional cosmological in external space and
an internal dimension dependent fluid behavior in inter-
nal space, frankly, dark matter for n = 2, quintessential
fluid for n � 3 and conventional cosmological constant
when n ! 1. For the case of static internal space, the
field equations produces a condition given in (20) for
(1 + 3 + n)–dimensional fluid. If the universe is matter-
filled, then the constraint predicts the EoS of internal
space of the (1 + 3 + n)–dimensional fluid corresponding
to black branes. Also, we achieved exact solution of the

universe with static internal space, which includes the
(1 + 3 + n)–dimensional extension of the ⇤CDM model
with higher dimensional e↵ective cosmological constant
�̃.

To investigate sudden transition of higher dimensional
e↵ective cosmological constant, we operate the Heaviside
step function in internal space scale factor s(t) such that
the dynamics of static internal space remains valid. This
abrupt change, therefore, reveals that there have been
two di↵erent configurations of both observed Newton’s
constant and observed cosmological constant along the
history of the universe. By correlating past value and
present value of the higher dimensional e↵ective cosmolog-
ical constant with a factor ↵ corresponding viable models
are classified into two groups. Yet, we analyzed two cases:
Mirror AdS-dS transition and Sudden appearance of �̃0
at late times, where the signs of (1 + 3 + n)–dimensional
cosmological constant and the curvature of internal space
must be equal. For both cases, there is no restriction or
preferred option on the sign of the curvature of internal
space so that if the internal space is open (closed), then
the size of internal space shrinks (expands) and the ob-
served Newton’s constant rises (lessens). Moreover, the
generic nature of this model underscores the broader appli-
cability of phase transitions in fundamental constants as a
characteristic feature of a wide array of model extensions.
Such phase transitions o↵er a promising avenue for fur-
ther theoretical and observational exploration, potentially
uncovering new insights into the underlying structure of
our universe.

We exerted the analysis of linear perturbations to inves-
tigate the stability of the exact solution. The perturba-
tions in energy density, external and internal space scale
factors introduce a relation reminiscent to a system with
three springs connected each other. In those investiga-
tions of the stability analysis, internal space curvature
can be used to stabilize the internal dimension instead
of moduli potentials, common in literature. If the in-
ternal space is open (kint = �1), we obtain static and
stable solutions with real natural frequency, !0 given in
Eqn. (112) for the oscillations of internal space pertur-
bations, such that the (1 + 3 + n)–dimensional constant
spatial curvature term contributes to the total energy
density as a positive constant. If somehow with a mecha-
nism if internal dimensions decrease in size, this curvature
term gradually becomes the dominant component, and
thereby leading to a rise in energy density. The mecha-
nism obtained via adding moduli potentials most probably
leads to a decrease in size of internal dimensions leaving
some oscillations behind, leading oscillations in energy
density. This oscillations may explain the oscillations in
BAO data. Interpreting the sudden transition in size of
the internal space with step function may originate from
plenty of di↵erent physical mechanism, in particular, the
specific example of quantum tunneling in a double-well
potential for the internal dimensions, as discussed in the
Section IX, illustrates how a spontaneous change can lead
to observable consequences. This transition alters both
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The total energy density ⇢̃tot remains continuous, given
in Eq.(5) for the flat external space as following form

3
ȧ
2

a2
= ̃⇢̃tot = ̃⇢̃m + �̃ � 3

ȧ

a

ṡ

s
, (53)

ensuring that the external scale factor a(t) has no singu-
larity whereas both ⇢̃m and �̃ include sudden transitions
at t = t† such that the combination of them result in
⇢̃tot without a pole. We obtain a t = t† discontinuity
arises in the matter density, viz. �⇢̃m = ⇢̃m(t+† )� ⇢̃m(t�† ),
representing the di↵erence before and after the transition.

Density parameters before the transition

⌦̃mp ⌘
⇢̃mp

⇢̃cr0
, ⌦̃�̃p ⌘

�̃p

̃⇢̃cr0
, (54)

suddenly turn into after the transition

⌦̃m0 ⌘
⇢̃m0

⇢̃cr0
, ⌦̃�̃0 ⌘

�̃0

̃⇢̃cr0
, (55)

where ⇢̃cr0 = 3H2

ext0
/̃ along with the same ̃ before and

after transition satisfying

⌦̃m0 + ⌦̃�̃0 = ⌦̃mp + ⌦̃�̃p = 1. (56)

This implies that the di↵erence between the density pa-
rameters before and after transition remains the same
as

⌦̃m0 � ⌦̃mp = ⌦̃�̃p � ⌦̃�̃0 (57)

and

⌦̃mp

⌦̃m0

⌘
⇢̃mp

⇢̃m0

along with
⌦̃�̃p

⌦̃�̃0

⌘
�̃p

�̃0
. (58)

Substituting the higher-dimensional dust energy density
and e↵ective cosmological constant—given by (48) and
(51) for t  t†, and by (49) and (51) for t > t†—into the
Friedmann equation (5) using density parameters above,
we obtain the explicit solution for the external scale factor
as

a =

8
>><

>>:

a0
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⌘ 1
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sinh
2
3


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p
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2
t

�
for t  t†,

a0
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
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(t� b)

�
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(59)
where
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◆�1/3

sinh�2/3

"
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⌦�̃0

2
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#
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(60)

b = t† �

2arcsinh

q
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q
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sinh

✓
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p
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2
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◆�
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p
⌦�̃0

,

(61)

derived in Appendix B in detail.
For constructing ⇤sCDM-like models, we relate the

cosmological constant today to its value in the finite past
with ↵, a dimensionless constant

↵ =
�̃p

�̃0
⌘

⌦̃�̃p

⌦̃�̃0

, (62)

which also relates density parameters of higher dimen-
sional cosmological constant before and after transition
from Eq. (58).
Using Eq. (57) and Eq. (62), we can rewrite solutions

given in Eq. (59) in terms of ⌦̃m0 and ↵ before and after
transition
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where
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Using Eq. (63) in Eq. (51), the explicit solution of the
matter energy density is as follows:
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(64)

and
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The internal pressure of matter reads from Eq. (7) for
before and after the transition epoch t†. For the early-
time regime (t < t†), we obtain
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 the rapid transition may arise from quantum tunneling between quasi-static

compactification branches

The internal radius is a modulus in a double well whose asymmetry is set by curvature itself; 

sp is the false vacuum and s0 the true vacuum, so the transition can happen spontaneously 


In every curvature case, sp is the false (higher-energy) vacuum and s0 the true (lower-energy) vacuum: 

The transition is therefore always high→low energy, spontaneous and physically natural. 

Negative curvature (stable) → internal space contracts (sp>s0)

positive curvature (unstable) → it expands



Stability Conditions in static case
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constraint of a 5% increase in G (�G4D/G4D0 ⇡ 0.05)
implies

⇤̃ ⇡ �(20n+ 1)�̃0 , sp ⇡ (1 + 1/20n)s0

. As we will show, this open-space scenario is uniquely
favored by the stability analysis in Sec. VIII.

B. Sudden appearance of dark energy (↵ = 0)

We next explore the scenario corresponding to ↵ = 0,
which models a universe where the e↵ective cosmological
constant was absent in the past and suddenly appeared
at the transition t = t†. The primary assumption is thus:

�̃p = 0 ! �̃0 > 0. (96)

Substituting this condition into the definition of the past
e↵ective (1 + 3 + n)–dimensional cosmological constant,
Eq. (48), yields a direct expression for the bare cosmologi-
cal constant, ⇤̃. In this model, ⇤̃ is determined entirely by
the properties of the internal space before the transition:

⇤̃ =
n(n� 1)

2

kint

s2
p

. (97)

This again implies that the sign of the bare constant is
tied to the internal space curvature, sgn[⇤̃] = sgn[kint].
The e↵ective cosmological constant before and after the
transition is therefore given by:

�̃p = 0 for z > z†, (98)

�̃0 =
n(n� 1)

2
kint

✓
1

s2
p

�
1

s
2

0

◆
for z < z†. (99)

For a positive �̃0 today, the dynamics of the internal
space—shrinking or expanding—depend on the sign of
kint just as in the mirror model. A closed internal space
(kint > 0) must expand (sp < s0), while an open internal
space (kint < 0) must shrink (sp > s0). [NK: HERE] The
relationship between the past and present scales of the
internal space can be found by substituting the expression
for ⇤̃ from Eq. (97) into the unifying relation Eq. (80):

sp

s0
=

r
1�

�̃0

⇤̃
. (100)

For small transitions, the approximate fractional changes
in the scale factor and gravitational constant are given
by:

�s

s0
⇡

1

2

�̃0

⇤̃
and

�G4D

G4D0

⇡ �
n

2

�̃0

⇤̃
. (101)

Applying the 5% BBN constraint on the variation of G
implies a relationship between the bare constant and its
e↵ective value today of

⇤̃ ⇡ ⌥10n�̃0

. Furthermore, if we consider the QFT expectation that
⇤̃ is of order the Planck scale, the resulting change in
the internal dimension is again predicted to be incredibly
small, with �s/s0 ⇠ 1.5⇥ 10�122.
Thence, this model predicts a sudden shrink of the

internal space. The sudden appearance of ⇤̃ with the
⇤̃ = ⇤QFT assumption yields that sp ⇡ s0, G4Dp ⇡ G4D0,
namely�s/s0 ⇠ 1.5⇥10�122 and�G4D/G4D0 ⇠ �1.5n⇥
10�122 where from (87) and (101), we see that kint should
be positive, kint ⇠ 2⇤QFTs

2

0
/[n(n� 1)].

Specifically, in this model where spacetime is not flat
(i.e., it has some curvature), the cosmological constant
varies in response to the geometry of the space. Interest-
ingly, the spatial curvature �̃ contributes to the higher-
dimensional e↵ective cosmological constant �̃ provided
that the internal space is static. However, we have shown
in this section that there is no restriction on the signature
of both spatial curvature �̃ and cosmological constant ⇤̃,
which e↵ectively obliges to positive (observations dictate)
higher dimensional e↵ective cosmological constant, �̃0 > 0.
The signature of the cosmological constant and the struc-
ture of the geometry (open or closed) will be determined
by the stability conditions, which will be examined in the
following Section.

VIII. STABILITY CONDITIONS IN STATIC
CASE

We have to check the stability of this exact solution
considering linear perturbations �ext(t), �int(t) and �(t)
about the backgrounds

a(t) =a(t)[1 + �ext(t)], (102)

s(t) =s(t)[1 + �int(t)], (103)

%̃(t) =⇢̃(t)[1 + �(t)], (104)

respectively. For a flat external space (kext = 0) and a
static spatially internal background space solution in the
presence of matter w̃ext = 0 requires black branes if w̃int is
constant [see Eq. (24)]. Then substituting linear perturba-
tions (102)-(104) in the field Eqs. (9)-(11), we obtain the
linearized perturbed field equations, yet following some
modifications they appear in the form of damped and
coupled damped oscillation equations as follows:

�̈ext =� 3Hext

⇣
�̇ext �

n

6
�̇int

⌘
�

n(n� 1)

2

kint

s2⇤
�int,

(105)

�̈int =� 3Hext�̇int + 2(n� 1)
kint

s2⇤
�int, (106)

�̈ =� 3Hext

⇣
�̇ +

n

2
�̇int

⌘
+

n(n� 1)

2

kint

s2⇤
�int, (107)

where one can check that Eqs. (105)-(107) satisfy the
perturbed continuity equation

�̇ + 3�̇ext +
n

2
�̇int = 0, (108)
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yielding

�(t) + 3�ext(t) +
n

2
�int(t) = C. (109)

This equation describes a system analogous to three
springs connected in series, where the total length of
the system remains constant. The displacements of the
individual springs are given as X1 = �(t), X2 = 3�ext(t),
and X3 = n

2
�int(t), satisfying the relation

X1 +X2 +X3 = C. (110)

The equation (106) represents a damped harmonic os-
cillator, where the damping arises due to the expansion
of external space (Hext > 0) and it can be expressed as:

✓
d2

dt2
+ 3Hext(t)

d

dt
+ !

2

0

◆
�int(t) = 0, (111)

oscillating with a real natural frequency

!0 = 2

r
�̃

n
=

p
�2(n� 1)kint

s⇤
. (112)

The stability condition is at least two dimensional open
internal space

kint < 0, and n 6= 1, (113)

where we have already showed that the sign transition is
not possible for n = 1, viz. �̃ = 0, since the internal space
is flat if it is one-dimensional. The interpretation of real
natural frequency in (112) scales the higher dimensional
e↵ective cosmological constant as

�̃ = ⇤̃+
n!

2

0

4
. (114)

A. Early Universe

Having Hext = 2/3t (viz., a / t
2/3) will serve as an

approximation for the early universe in (105)-(107) as
follows:

�int ⇠
�int0

t
sin (!0t) , (115)

�ext ⇠
�ext0

t
[Si (!0t) + sin (!0t)] , (116)

� ⇠ C�
3�ext0

t
Si (!0t)�

(3�ext0 + n�int0/2)

t
sin (!0t) ,

(117)
where Si(x) is sine integral. Using the following identities—
sin(kx) ⇠ kx and Si(kx) ⇠ kx from series expansions—,
we see that perturbations are constant;

�int ⇠ �int0!0 and �ext ⇠ �ext0!0,

� ⇠ C � !0

⇣
3�ext0 +

n

2
�int0

⌘
.

(118)

Since trigonometric relations Si(t) approaching ⇡

2
and

sin (t) lying between �1 and 1 as t ! 1, the perturba-
tions start with constant values as given in (118) and
during the early stages of the Universe, they follow a 1/t
decay rate—see the left panel of Fig. 1.

B. Late Universe

Having Hext ⇠ constant (viz., a / e
Hextt), constant

damping coe�cient will serve as an approximation for the
distant future in (105)-(107) as follows:

�int(t) ⇠ �int0 e
� 3

2Hextt cos (Hext!t), (119)

�ext(t) ⇠ �ext0 e
� 3

2Hextt sin (Hext!t+ �), (120)
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� 3
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�
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(121)

whose natural angular frequency is

! =

s
9

4
�

!
2

0

H
2
ext

, (122)

only real if kint < 0 and the possible scenarios are: under-
damping for 3Hext < 2!0, critical damping for 3Hext =
2!0, and over-damping for 3Hext > 2!0. The terms
with exp

�
�

3

2
Hextt

�
factor lead to damping in oscillatory

solutions of perturbations in distant future (t ! 1 limit),
except � ! C where C is the integration constant that
can be taken zero, as seen in the right panel of Fig 1.

C. General Stability

Substituting the general solution of the external Hubble
parameter given in (30) to the Eq. (106), the general
solution of �int reads:
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�
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, (123)

where
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with H =
3

2
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q
⌦̃�̃ , (124)

with ⌦̃�̃ > 0. The function P
m

l
(x) represents the associ-

ated Legendre polynomial of the first kind, respectively,
where m is the order and l is the degree. In this con-
text, the argument x is given by coth

�
Ht

�
, m = !, and

the oscillations are driven by Legendre polynomials of
half-integer degree l = 1

2
. These polynomials, known as

12

yielding

�(t) + 3�ext(t) +
n

2
�int(t) = C. (109)

This equation describes a system analogous to three
springs connected in series, where the total length of
the system remains constant. The displacements of the
individual springs are given as X1 = �(t), X2 = 3�ext(t),
and X3 = n

2
�int(t), satisfying the relation

X1 +X2 +X3 = C. (110)

The equation (106) represents a damped harmonic os-
cillator, where the damping arises due to the expansion
of external space (Hext > 0) and it can be expressed as:

✓
d2

dt2
+ 3Hext(t)

d

dt
+ !

2

0

◆
�int(t) = 0, (111)

oscillating with a real natural frequency

!0 = 2

r
�̃

n
=

p
�2(n� 1)kint

s⇤
. (112)

The stability condition is at least two dimensional open
internal space

kint < 0, and n 6= 1, (113)

where we have already showed that the sign transition is
not possible for n = 1, viz. �̃ = 0, since the internal space
is flat if it is one-dimensional. The interpretation of real
natural frequency in (112) scales the higher dimensional
e↵ective cosmological constant as

�̃ = ⇤̃+
n!

2

0

4
. (114)

A. Early Universe

Having Hext = 2/3t (viz., a / t
2/3) will serve as an

approximation for the early universe in (105)-(107) as
follows:

�int ⇠
�int0

t
sin (!0t) , (115)

�ext ⇠
�ext0

t
[Si (!0t) + sin (!0t)] , (116)

� ⇠ C�
3�ext0

t
Si (!0t)�

(3�ext0 + n�int0/2)

t
sin (!0t) ,

(117)
where Si(x) is sine integral. Using the following identities—
sin(kx) ⇠ kx and Si(kx) ⇠ kx from series expansions—,
we see that perturbations are constant;

�int ⇠ �int0!0 and �ext ⇠ �ext0!0,

� ⇠ C � !0

⇣
3�ext0 +

n

2
�int0

⌘
.

(118)

Since trigonometric relations Si(t) approaching ⇡

2
and

sin (t) lying between �1 and 1 as t ! 1, the perturba-
tions start with constant values as given in (118) and
during the early stages of the Universe, they follow a 1/t
decay rate—see the left panel of Fig. 1.

B. Late Universe

Having Hext ⇠ constant (viz., a / e
Hextt), constant

damping coe�cient will serve as an approximation for the
distant future in (105)-(107) as follows:

�int(t) ⇠ �int0 e
� 3

2Hextt cos (Hext!t), (119)

�ext(t) ⇠ �ext0 e
� 3

2Hextt sin (Hext!t+ �), (120)

�(t) ⇠ C � e
� 3

2Hextt


n�int0

2
cos (Hext!t)

+ 3�ext0 sin (Hext!t+ �)

�
,

(121)

whose natural angular frequency is

! =

s
9

4
�

!
2

0

H
2
ext

, (122)
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damping for 3Hext < 2!0, critical damping for 3Hext =
2!0, and over-damping for 3Hext > 2!0. The terms
with exp

�
�

3

2
Hextt

�
factor lead to damping in oscillatory

solutions of perturbations in distant future (t ! 1 limit),
except � ! C where C is the integration constant that
can be taken zero, as seen in the right panel of Fig 1.

C. General Stability

Substituting the general solution of the external Hubble
parameter given in (30) to the Eq. (106), the general
solution of �int reads:

�int ⇠csch
3
2
�
Ht

�
P

!
1
2

⇥
coth

�
Ht

�⇤
, (123)

where

! =

s
9

4
�

!
2

0

H
2

with H =
3

2
Hext0

q
⌦̃�̃ , (124)

with ⌦̃�̃ > 0. The function P
m

l
(x) represents the associ-

ated Legendre polynomial of the first kind, respectively,
where m is the order and l is the degree. In this con-
text, the argument x is given by coth

�
Ht

�
, m = !, and

the oscillations are driven by Legendre polynomials of
half-integer degree l = 1

2
. These polynomials, known as
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yielding

�(t) + 3�ext(t) +
n

2
�int(t) = C. (109)

This equation describes a system analogous to three
springs connected in series, where the total length of
the system remains constant. The displacements of the
individual springs are given as X1 = �(t), X2 = 3�ext(t),
and X3 = n

2
�int(t), satisfying the relation

X1 +X2 +X3 = C. (110)

The equation (106) represents a damped harmonic os-
cillator, where the damping arises due to the expansion
of external space (Hext > 0) and it can be expressed as:

✓
d2

dt2
+ 3Hext(t)

d

dt
+ !

2

0

◆
�int(t) = 0, (111)

oscillating with a real natural frequency

!0 = 2

r
�̃

n
=

p
�2(n� 1)kint

s⇤
. (112)

The stability condition is at least two dimensional open
internal space

kint < 0, and n 6= 1, (113)

where we have already showed that the sign transition is
not possible for n = 1, viz. �̃ = 0, since the internal space
is flat if it is one-dimensional. The interpretation of real
natural frequency in (112) scales the higher dimensional
e↵ective cosmological constant as

�̃ = ⇤̃+
n!

2

0

4
. (114)

A. Early Universe

Having Hext = 2/3t (viz., a / t
2/3) will serve as an

approximation for the early universe in (105)-(107) as
follows:

�int ⇠
�int0

t
sin (!0t) , (115)

�ext ⇠
�ext0

t
[Si (!0t) + sin (!0t)] , (116)

� ⇠ C�
3�ext0

t
Si (!0t)�

(3�ext0 + n�int0/2)

t
sin (!0t) ,

(117)
where Si(x) is sine integral. Using the following identities—
sin(kx) ⇠ kx and Si(kx) ⇠ kx from series expansions—,
we see that perturbations are constant;

�int ⇠ �int0!0 and �ext ⇠ �ext0!0,

� ⇠ C � !0

⇣
3�ext0 +

n

2
�int0

⌘
.

(118)

Since trigonometric relations Si(t) approaching ⇡

2
and

sin (t) lying between �1 and 1 as t ! 1, the perturba-
tions start with constant values as given in (118) and
during the early stages of the Universe, they follow a 1/t
decay rate—see the left panel of Fig. 1.

B. Late Universe

Having Hext ⇠ constant (viz., a / e
Hextt), constant

damping coe�cient will serve as an approximation for the
distant future in (105)-(107) as follows:

�int(t) ⇠ �int0 e
� 3

2Hextt cos (Hext!t), (119)

�ext(t) ⇠ �ext0 e
� 3

2Hextt sin (Hext!t+ �), (120)

�(t) ⇠ C � e
� 3

2Hextt


n�int0

2
cos (Hext!t)

+ 3�ext0 sin (Hext!t+ �)

�
,

(121)

whose natural angular frequency is

! =

s
9

4
�

!
2

0

H
2
ext

, (122)

only real if kint < 0 and the possible scenarios are: under-
damping for 3Hext < 2!0, critical damping for 3Hext =
2!0, and over-damping for 3Hext > 2!0. The terms
with exp

�
�

3

2
Hextt

�
factor lead to damping in oscillatory

solutions of perturbations in distant future (t ! 1 limit),
except � ! C where C is the integration constant that
can be taken zero, as seen in the right panel of Fig 1.

C. General Stability

Substituting the general solution of the external Hubble
parameter given in (30) to the Eq. (106), the general
solution of �int reads:

�int ⇠csch
3
2
�
Ht

�
P

!
1
2

⇥
coth

�
Ht

�⇤
, (123)

where

! =

s
9

4
�

!
2

0

H
2

with H =
3

2
Hext0

q
⌦̃�̃ , (124)

with ⌦̃�̃ > 0. The function P
m

l
(x) represents the associ-

ated Legendre polynomial of the first kind, respectively,
where m is the order and l is the degree. In this con-
text, the argument x is given by coth

�
Ht

�
, m = !, and

the oscillations are driven by Legendre polynomials of
half-integer degree l = 1

2
. These polynomials, known as

a system analogous to three springs 
connected in series, where the total 

length of the system remains constant

 Internal space ıs open 

Positive internal curvature naturally corresponds to compact simply-connected spaces, negative or vanishing curvature does not 
imply non-compactness: compact manifolds exist for any curvature sign once non-trivial global topology is allowed. 

One may construct compact hyperbolic manifolds of the form                                       is n-dimensional hyperbolic space and  
Gamma is a discrete subgroup of its isometry group. 

 J. G. Ratcliffe, Foundations of 
hyperbolic manifolds


(Springer, New York, 2006)

 Akarsu & dereli GRG 45 959 2013 
1210.1155



A schematic illustration of the roles of curvature Rα
βμν , torsion Tα

μν and non-metricity Qαμν


If the space–time contains curvature, 
then the direction of a vector field changes 
when we move it along a closed circle

 In the presence of torsion, 
parallelograms do not close. 

non-metricity changes the norm of vector fields 
transported along a curve

Curvature (Rotation)Torsion (non closing)

Teleparallel gravity  :   Rα
βμν =0, Qαμν =0 and Tα

μν  ≠ 0

Jimenez,Heisenberg and Koivisto,

``The Geometrical Trinity of Gravity,''

Universe \textbf{5} (2019) 173.

[arXiv:1903.06830 [hep-th]].


For sure, we are free to introduce new geometric structures, such as yet 
another connection or, equivalently, the torsion and/or the nonmetricity 
tensors. However, it is strange to do so without influencing the physical 
predictions. The philosophy of trinity is based on an erroneous idea that 
the Levi-Civita connection was just an arbitrary choice.  2411.14089


Non metricity (changing lengths)

Taken from Teleparallel gravity: from theory to 
cosmology, Rept. Prog. Phys. \textbf{86} (2023), 026901

2106.13793



Unexplored regions in teleparallel gravity : 

sign changing dark energy density 

Akarsu,  Bulduk, De Felice, Katırcı & Uzun, Phys. Rev. D 112, 083532 (2025)

2410.23068[gr-qc]

the negatıve exponent allows a transition to 
negative energy densities through torsional 
dark energy. 


Even we theoretically explore the uncharted 
regions of this model for the case predicting 
torsional dark energy featuring phantom 
behaviour. 
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DE evolves in the phantom regime for small redshift
values (z < 5), yet remains within the observational
bounds. As is seen from the bottom right panel of Fig. 4,
today (at z = 0) the matter (dashed curve) and torsional
DE (solid curve) respectively have ⌦m0 = 0.264 and
⌦T0 = 0.736 whereas the EoS parameter of the torsional
DE is wT(z = 0) = �1.10, below the phantom divide line
in �+ case of the model. It is noteworthy that in �+ case,
⇢T always takes positive values.

As can be seen in top panel of Fig. 5, for large redshifts,
z � 1, the model recovers the deceleration parameter
of the matter-dominated era in ⇤CDM, viz., q = 0.5.
Also, the accelerated expansion begins at ztr ⇡ 0.76 and
the present-day value of the deceleration parameter is
q0 = �0.72. In the far future limit (z ! �1), we have
q ! �1 as H ! 66.95 km s�1Mpc�1. In bottom panel of
Fig. 5, we plot the comoving Hubble parameter, viz., the
expansion speed ȧ = H(z)/(1 + z), with respect to red-
shift. It can be seen that the phantom model fits better
than ⇤CDM model agreeing with SH0ES collaboration
measurement H0 = 73.04±1.04 km s�1Mpc�1 [70]. More-
over, the model is marginally consistent with the eBOSS
DR16 Ly-↵-Ly-↵ measurement at an e↵ective redshift
ze↵ = 2.33 whereas ⇤CDM is not. In Ref. [11], this model
has been constrained employing di↵erent datasets, to test
its viability, in comparison with ⇤CDM, as a model of
late-time cosmic acceleration. The obtained parameters
are H0 = 70.7± 1.3 and ⌦m0 = 0.317± 0.017 using Base
dataset as SNIa+H0+BAO+BBN [Supernovae Type Ia
(SNIa) distances observations, H0 measurements, baryon
acoustic oscillation (BAO) and big bang nucleosynthesis
(BBN)]; H0 = 70.6+1.3

�1.2, ⌦m0 = 0.315 ± 0.017 and S8 =
0.785±0.035 from Base dataset+RSD where RSD denotes
redshift space distortion observations; H0 = 70.52± 0.71,
⌦m0 = 0.2947± 0.0077 and S8 = 0.774+0.035

�0.041 from Base
dataset+RSD+CMB. See Ref. [71, 72] for phantom cross-
ing DE parametrizations alleviating H0 tension.

C. �� case: Sign-Changing Torsional DE

We now discuss some features of the sign-changing DE
model achieved with �� staying loyal to color of the Re-
gion IV, the solid blue colored curve of Fig. 1. As is seen
from the top left panel of Fig. 4, the energy density of
phantom DE (orange curve) decreases with respect to
increasing redshift but still tends to remain above zero.
On the other hand, the density of torsional DE (blue
curve) takes negative values at large redshifts for �� case.
Hence, considering the positivity of the present-time DE
density implied by the interval 0 < ⌦m0 < 1, we may
predict without further calculation that with the choice
of ��, one can achieve a sign-switch-like mechanism, or
at least, a sign change in the energy density of torsional
DE from negative to positive values during the evolution
of the Universe. The discussion we have presented above
clearly shows that the phantom DE achieved with �+

permits the alleviation of the H0 tension, though the

less significant Ly-↵ discrepancy persists. This situation
might have caused the other solution branch yielding ��
to be overlooked so far in the literature. Nevertheless,
theoretical curiosity propels us to examining the �� re-
gion producing an e↵ective sign-changing DE that takes
negative energy density values in the past.
In contrast to the previous �+ case, when we utilize

��, the energy density of the torsional DE reaches zero
at a certain redshift, that is,

⇢T(z = z†) = 0, (30)

which reduces the Friedmann equation given in Eq. (23) to
that of the matter-dominated FLRW universe. Therefore,
using Eqs. (24) and (30) along with H2/H2

0 = ⌦m0(1 +
z†)3, this certain redshift is calculated as

z† =

⇢
⌦m0

��


1

2
+W�1

✓
� 1

2
p
e

◆���1/3

� 1. (31)

When the torsional DE density reaches zero at z = z†, its
EoS parameter exhibits a singularity (pole) at the same
redshift accordingly. We calculate the limit of the EoS
parameter given in Eq. (26) as z approaches z†; we obtain
that wT ! +1 as z ! z† (or H ! H0

p
⌦m0(1 + z†)3/2)

from right and wT ! �1 as z ! z† from left. This result
can be compactly written as lim

z!z
±
†
wT(z) = ±1 and

physically implies that at some instant beyond z† in the
past, as the torsional dark energy prefers negative values,
the EoS parameter starts increasing from minus unity to
positive infinity, then exhibits a singularity (pole) at z†
when the torsional DE density changes sign to become
positive, and that followed by its increasing from negative
infinity to a finite value. Such a singularity (pole) is
necessary for a minimally interacting DE that changes
the sign of its energy density, becoming positive in the
late Universe [38, 56, 57].
Substituting the parameters given above for ��, viz.

H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and �� = �3.782,
into Eq. (31), we obtain the sign transition redshift
z† = 1.49 and depict the sign changing of the energy
density of torsional DE in top left panel of Fig. 4 and the
singularity (pole) of wT(z) in bottom panel of the same
figure. At large redshifts, wT approaches to minus unity
and the energy density of torsional DE takes negative val-
ues decreasing with higher redshift, and finally settles in
a plateau with ⇢T = �3.782⇢cr0 for z > 8. However, the
bottom right panel of Fig. 4 depicts the density parame-
ters at these large redshifts as ⌦T(z) ! 0 and ⌦m(z) ! 1,
hence, the model does not spoil the matter-domination
feature of this epoch. It is also seen that the present
time values are ⌦m0 = 0.195 and ⌦T0 = 0.805 along with
wT(z = 0) = �0.92 for the torsional DE, which is slightly
larger than minus unity (that of cosmological constant).
We note that the relatively small value of the present-time
matter density parameter is due to fixing of the physi-
cal matter energy density according to the CMB-based
constraint ⌦m0h2 = 0.14314 such that it is in inverse cor-
relation with the large H0 value. An interesting feature

Lets see β < 0 ?

3

gravity and general metric-a�ne models. Then, we define
the spacetime-indexed superpotential tensor as

S µ⌫

�
=

1

4
(T ⌫µ

�
+ T µ⌫

�
� Tµ⌫

�
)+

1

2

⇣
�µ
�
T�⌫

�
� �⌫

�
T�µ

�

⌘
,

(4)
which is skew symmetric in the last pair of indices. Con-
tracting it with the torsion tensor yields the torsion scalar
(Weitzenböck invariant), viz., T = S µ⌫

�
T �

µ⌫
, which can

also be expressed as

T =
1

4
T �

µ⌫
T µ⌫

�
+

1

2
T �

µ⌫
T ⌫µ

�
� T �

µ�
T ⌫µ

⌫
. (5)

Consequently, the action of the f(T ) gravity reads [3]

S =

Z
d4x det(ea

µ
)


1

2
f(T ) + Lm

�
, (6)

where det(ea
µ
) =

p
�g with g being the determinant of

gµ⌫ ,  = 8⇡GN with GN being the Newton’s constant,
and Lm is the Lagrangian density of material fields. Here
and throughout the paper, we work in units such that the
speed of light equals unity, c = 1. The variation of the
action (6) with respect to the vierbeins gives rise to the
following field equations

1

det(eb
�
)
fT@µ

⇥
det(eb

�
)e�

a
S µ⌫

�

⇤
+ fTT e

�

a
S µ⌫

�
@µT

� fT e
�

a
T �

µ�
S ⌫µ

�
+

1

4
fe⌫

a
=

1

2
e�

a
⇥ ⌫

�
,

(7)

where ⇥ ⌫

µ
is the energy-momentum tensor (EMT) defined

by

⇥ ⌫

µ
= ea

µ


� 1

det(eb
�
)

�Lm

�ea
⌫

�
, (8)

which obeys the local conservation law according to the
Bianchi identity [3]. We note that the special case f(T ) =
T reduces to teleparallel equivalent of general relativity
(TEGR).

In this study, we investigate the cosmological appli-
cations of f(T ) gravity. For this reason, we proceed by
assuming the following vierbeins

e a

µ
= diag(1, a(t), a(t), a(t)), (9)

which leads to the Robertson-Walker spacetime metric
with flat spacelike sections:

ds2 =� dt2 + a(t)2
�
dx2 + dy2 + dz2

�
, (10)

where a(t) is the scale factor and t is the cosmic time.
Substituting Eq. (9) into Eq. (5) with (3), we obtain the
torsion scalar as follows:

T = 6H2, (11)

where H = ȧ

a
is the Hubble parameter. We suppose all

types of matter distributions (viz., the usual cosmological

sources such as radiation, baryons, etc.) are perfect fluids
with no peculiar velocities, described by the (EMT) of the
form ⇥ ⌫

µ
= diag[�⇢, p, p, p] where ⇢ and p are the energy

density and pressure, respectively. Accordingly, utilizing
Eqs. (9) and (11) in Eq. (7) along with the definitions
above, the modified Friedmann equations for an arbitrary
function of torsion scalar, viz., f(T ), read

3H2 � 1

2
(T + f � 2TfT ) = ⇢, (12)

�2Ḣ � 3H2 � 1

2

✓
TfT � f � 2T 2fTT

fT + 2TfTT

◆
= p, (13)

where fT = df
dT and fTT = d2

f

dT 2 . Having presented the
necessary background briefly, we shall now examine a
specific model of f(T ) gravity in the context of isotropic
cosmology.

III. EXPONENTIAL INFRARED
TELEPARALLEL COSMOLOGY

In this work, we consider a particular model proposed
in Ref. [9] described by the choice of

f(T ) = Te�T0/T , (14)

where � is a dimensionless constant and T0 is the present-
day value of the torsion scalar. Given that the (pressure-
less) matter obeys, as in GR, the local energy-momentum
conservation law [3], viz., ⇢̇m + 3H⇢m = 0, substituting
Eq. (14) into Eq. (12) along with the relation (11), we
obtain the following independent Friedmann equation and
the constraint equation:

✓
H2

H2
0

� 2�

◆
e�H

2
0/H

2

= ⌦m0(�) (1 + z)3, (15)

⌦m0(�) = (1� 2�)e� , (16)

where ⌦m0 = ⇢m0/(3H2
0 )—the density parameter is de-

fined as ⌦ = ⇢/⇢cr with ⇢cr = 3H2/ being the critical
energy density of the Universe, the redshift is defined from
the scale factor as z = a0/a� 1 with a0 being the today
value of the scale factor. Here and hereafter, a subscript 0
attached to any quantity denotes its present-day (i.e., at
z = 0) value. Note that Eq. (16) is obtained by applying
H(z = 0) = H0 condition to Eq. (15).

It should be noted first that it is not possible to isolate
H in Eq. (15), and hence, we are not able to give an ex-
plicit exact solution for H(z). Although there are various
reconstruction methods [66, 67] exposing the explicit Hub-
ble parameter of several f(T ) models, they still do not
provide an equivalent response. Yet, recasting Eq. (15)
with the constraint (16), we can extract the redshift as a
function of the Hubble parameter as follows:

z(H) = e
�
3 (H2

0/H
2�1)


H2/H2

0 � 2�

1� 2�

�1/3
� 1, (17)

• β < 0 is a sufficient condition to 
avoid instabilities/ghosts, you 
have   independently of 
the value dynamics of T on any 
background, including the FLRW 
spacetime, 





 Conversely, when β > 0, one 
needs to ensure that dynamically 
the universe never entered 
through an era during which fT < 
0.

FT > 0
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point due to the absence of accelerated expansion.

Region III (�1/2 < � < 0): In this case, the present-
day density parameter of matter lies within the
range 1 < ⌦m0 < 2/

p
e, which is represented by

the blue dot-dashed curve and is being discussed
for the first time in the literature. In this region, as
demonstrated in the bottom panel of the Fig. 2, the
transition from deceleration to acceleration happens
in the future (ztr < 0); therefore, this case cannot
account for the present-day accelerated expansion
of the Universe.

Point III (� = �1/2): In this case shown by the black
diamond marker in Fig. 1, the present-day mat-
ter density parameter reaches its maximum value,
⌦m0 = 2/

p
e, within the model under considera-

tion. The dynamics observed are similar to those of
Region III, as illustrated in Fig 2.

Region IV (� < �1/2): In this case, represented by
the blue curve, the present-day matter density pa-
rameter lies within the range 0 < ⌦m0 < 2/

p
e.

Notably, this region also includes the observation-
ally reasonable ⌦m0 values indicated by the wheat
band, though it has been largely overlooked in cos-
mological analyses to date. This region yields an
effective DE model with a sign-change in its density
formed from torsional terms. This second viable
model is thoroughly investigated in Sec. IVC. As
� becomes more negative (corresponding to smaller
⌦m0), the transition redshift from deceleration to
acceleration shifts further into the past.3

Concerning the last three cases (� < 0), in the far
future, i.e., for z ! �1, the solution of Eq. (15) leads to
H ! 0. In the same limit, we observe that dH/dz ! 1,
which might raise concerns about a potential singularity.
However, from Eq. (18), it becomes evident that H ! 0
and dH/dN ! 0, indicating a finite Minkowski limit.4

B. The effective gravitational constant, the

signature of fT , and extended regions

We leave for future work the question of the stabil-
ity of the solutions against linear inhomogeneous and
anisotropic perturbation, yet we now discuss fT and its

3
As we will also see later on, the change of sign happens for

|�|H2
0/H

2 = �W�1(�2�1e�1/2)�1/2, W being the Lambert-W

function, leading to H ⇡ 0.892|�|1/2H0.
4

For example, from Eq. (19), we can see that the Ricci scalar

built from the metric gµ⌫ also tends to vanish in this Minkowski

limit. This is because this invariant, as well as others constructed

from the metric tensor, contains terms involving (1 + z) dH/dz
or equivalently dH/dN , which remain finite (along with higher

derivatives like d2H/dN 2
etc.).

contribution to effective Newtonian constant by adapting
it into a variable form considering the evolution of the
matter perturbations in the sub-horizon limit which is
governed by

�̈m + 2H �̇m �
4⇡GN

fT
⇢m�m = 0 , (21)

where �m = �⇢m/⇢m is the matter density contrast.
Thus, the linear structure formation during the matter-
dominated era is affected both by the modified back-
ground evolution through H and by the modulation of
the effective Newtonian constant for the cosmological
perturbations through [21]

Ge↵ ⌘
GN

fT
. (22)

The last term in Eq. (21) should be negative to ensure
that matter does cluster around galaxies and structure is
formed properly. In this regard, if we consider the dark
matter as yet an unknown component of ⌦m0 as in the
standard scenario, the positivity of fT guarantees the
attractive nature of gravity, having Ge↵ > 0, then matter
clusters around the galaxies.

Now we would like to discuss the signature of fT without
a detailed investigation on scalar and tensor perturba-
tions since it is an important quantity in f(T ) theory,
particularly, at the perturbation level. The derivative
of the f function given in Eq. (14) with respect to the
torsion scalar T reads

fT = e
�T0/T (1� �T0/T ) . (23)

It can be easily deduced from Eq. (23) that � < 0 is
a sufficient condition to have fT > 0, independently of
the value dynamics of T on any background, including
the FLRW spacetime, which may be seen from Eq. (24)
as well. Conversely, when � > 0, one needs to ensure
that dynamically the Universe never entered through an
era during which fT < 0. Using the relation (9) in the
Eq. (23) assuming FLRW spacetime metric, we obtain

fT = e
�H

2
0/H

2 �
1� �H

2
0/H

2
�
. (24)

Hence, on FLRW spacetime assumption, we notice from
Eq. (24) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespective
of the evolution of Hubble parameter. For the Point II
(� = 0), we have fT = 1. In the � > 0 case, Region II and
the Point I (� = 1/2) ensures the positivity of fT ; for the
former, the Hubble parameter is already bounded as H2

>

2�H2
0 and for the latter, we have fT =

p
e/2. Lastly, for

Region I where H
2 is bounded as 0 < H

2
< 2�H2

0 , there
are two possibilities: the interval 0 < H

2
< �H

2
0 leads to

fT < 0 whereas the interval �H2
0 < H

2
< 2�H2

0 implies
fT > 0. In other words, in Region I, ⌦m0 is always
negative but fT takes both positive and negative values
according to the evolution of the Hubble parameter.

Awad, El Hanafy, Nashed & Saridakis, JCAP 02, 052 (2018). 
1710.10194

Hashim, El Hanafy, Golovnev&El- Zant, JCAP 07, 052 (2021). 
2010.14964 JCAP 07, 053 (2021). 2104.08311 
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implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.

Point II
�
� = 0 ! ⌦m0 = 1

�
: Purple square marker

and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.

Region III
�
� 1/2 < � < 0

�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/

p
e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).

Region IV
�
� < �1/2

�
: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)

= e�H
2
0/H

2 �
1� �H2

0/H
2
�
, (21)

where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have

3
For instance, one can see that the Ricci scalar built out of the

metric gµ⌫ also tends to vanish in this Minkowski limit. This is

because this invariant (as well as other invariants made out of the

metric tensor) includes terms of (1 + z) dH/dz or, equivalently

dH/dN , which remain finite (together with the higher derivatives

d
2
H/dN 2

, etc.).
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2



h
1�

�
1� 2�H2

0/H
2
�
e�H

2
0/H

2
i
. (24)

Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0



✓
1 + 2�H2

0/H
2

1� �H2
0/H

2 + 2�2H4
0/H

4

◆
, (25)

and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H

2

1� �H2
0/H

2 + 2�2H4
0/H

4

⇥ 1 + 2�H2
0/H

2

1� (1� 2�H2
0/H

2) e�H
2
0/H

2 .

(26)

The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn

✓
�⌦m0

2
p
e

◆
, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2



h
1�

�
1� 2�H2

0/H
2
�
e�H

2
0/H

2
i
. (24)

Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0



✓
1 + 2�H2

0/H
2

1� �H2
0/H

2 + 2�2H4
0/H

4

◆
, (25)

and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H

2

1� �H2
0/H

2 + 2�2H4
0/H

4

⇥ 1 + 2�H2
0/H

2

1� (1� 2�H2
0/H

2) e�H
2
0/H

2 .

(26)

The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn

✓
�⌦m0

2
p
e

◆
, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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gravity and general metric-a�ne models. Then, we define
the spacetime-indexed superpotential tensor as

S µ⌫

�
=

1

4
(T ⌫µ

�
+ T µ⌫

�
� Tµ⌫

�
)+

1

2

⇣
�µ
�
T�⌫

�
� �⌫

�
T�µ

�

⌘
,

(4)
which is skew symmetric in the last pair of indices. Con-
tracting it with the torsion tensor yields the torsion scalar
(Weitzenböck invariant), viz., T = S µ⌫

�
T �

µ⌫
, which can

also be expressed as

T =
1

4
T �

µ⌫
T µ⌫

�
+

1

2
T �

µ⌫
T ⌫µ

�
� T �

µ�
T ⌫µ

⌫
. (5)

Consequently, the action of the f(T ) gravity reads [3]

S =

Z
d4x det(ea

µ
)


1

2
f(T ) + Lm

�
, (6)

where det(ea
µ
) =

p
�g with g being the determinant of

gµ⌫ ,  = 8⇡GN with GN being the Newton’s constant,
and Lm is the Lagrangian density of material fields. Here
and throughout the paper, we work in units such that the
speed of light equals unity, c = 1. The variation of the
action (6) with respect to the vierbeins gives rise to the
following field equations

1

det(eb
�
)
fT@µ

⇥
det(eb

�
)e�

a
S µ⌫

�

⇤
+ fTT e

�

a
S µ⌫

�
@µT

� fT e
�

a
T �

µ�
S ⌫µ

�
+

1

4
fe⌫

a
=

1

2
e�

a
⇥ ⌫

�
,

(7)

where ⇥ ⌫

µ
is the energy-momentum tensor (EMT) defined

by

⇥ ⌫

µ
= ea

µ


� 1

det(eb
�
)

�Lm

�ea
⌫

�
, (8)

which obeys the local conservation law according to the
Bianchi identity [3]. We note that the special case f(T ) =
T reduces to teleparallel equivalent of general relativity
(TEGR).

In this study, we investigate the cosmological appli-
cations of f(T ) gravity. For this reason, we proceed by
assuming the following vierbeins

e a

µ
= diag(1, a(t), a(t), a(t)), (9)

which leads to the Robertson-Walker spacetime metric
with flat spacelike sections:

ds2 =� dt2 + a(t)2
�
dx2 + dy2 + dz2

�
, (10)

where a(t) is the scale factor and t is the cosmic time.
Substituting Eq. (9) into Eq. (5) with (3), we obtain the
torsion scalar as follows:

T = 6H2, (11)

where H = ȧ

a
is the Hubble parameter. We suppose all

types of matter distributions (viz., the usual cosmological

sources such as radiation, baryons, etc.) are perfect fluids
with no peculiar velocities, described by the (EMT) of the
form ⇥ ⌫

µ
= diag[�⇢, p, p, p] where ⇢ and p are the energy

density and pressure, respectively. Accordingly, utilizing
Eqs. (9) and (11) in Eq. (7) along with the definitions
above, the modified Friedmann equations for an arbitrary
function of torsion scalar, viz., f(T ), read

3H2 � 1

2
(T + f � 2TfT ) = ⇢, (12)

�2Ḣ � 3H2 � 1

2

✓
TfT � f � 2T 2fTT

fT + 2TfTT

◆
= p, (13)

where fT = df
dT and fTT = d2

f

dT 2 . Having presented the
necessary background briefly, we shall now examine a
specific model of f(T ) gravity in the context of isotropic
cosmology.

III. EXPONENTIAL INFRARED
TELEPARALLEL COSMOLOGY

In this work, we consider a particular model proposed
in Ref. [9] described by the choice of

f(T ) = Te�T0/T , (14)

where � is a dimensionless constant and T0 is the present-
day value of the torsion scalar. Given that the (pressure-
less) matter obeys, as in GR, the local energy-momentum
conservation law [3], viz., ⇢̇m + 3H⇢m = 0, substituting
Eq. (14) into Eq. (12) along with the relation (11), we
obtain the following independent Friedmann equation and
the constraint equation:

✓
H2

H2
0

� 2�

◆
e�H

2
0/H

2

= ⌦m0(�) (1 + z)3, (15)

⌦m0(�) = (1� 2�)e� , (16)

where ⌦m0 = ⇢m0/(3H2
0 )—the density parameter is de-

fined as ⌦ = ⇢/⇢cr with ⇢cr = 3H2/ being the critical
energy density of the Universe, the redshift is defined from
the scale factor as z = a0/a� 1 with a0 being the today
value of the scale factor. Here and hereafter, a subscript 0
attached to any quantity denotes its present-day (i.e., at
z = 0) value. Note that Eq. (16) is obtained by applying
H(z = 0) = H0 condition to Eq. (15).

It should be noted first that it is not possible to isolate
H in Eq. (15), and hence, we are not able to give an ex-
plicit exact solution for H(z). Although there are various
reconstruction methods [66, 67] exposing the explicit Hub-
ble parameter of several f(T ) models, they still do not
provide an equivalent response. Yet, recasting Eq. (15)
with the constraint (16), we can extract the redshift as a
function of the Hubble parameter as follows:

z(H) = e
�
3 (H2

0/H
2�1)


H2/H2

0 � 2�

1� 2�

�1/3
� 1, (17)

Empty universe however,  a de 
Sitter background 

H2 = H02 due to the f(T) 
modification in the spacetime 
geometry even though no Λ is 
introduced.
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implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.

Point II
�
� = 0 ! ⌦m0 = 1

�
: Purple square marker

and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.

Region III
�
� 1/2 < � < 0

�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/

p
e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).

Region IV
�
� < �1/2

�
: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)

= e�H
2
0/H

2 �
1� �H2

0/H
2
�
, (21)

where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have

3
For instance, one can see that the Ricci scalar built out of the

metric gµ⌫ also tends to vanish in this Minkowski limit. This is

because this invariant (as well as other invariants made out of the

metric tensor) includes terms of (1 + z) dH/dz or, equivalently

dH/dN , which remain finite (together with the higher derivatives

d
2
H/dN 2

, etc.).
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the metric gµ⌫ , is given by

R = 12H2
� 6H (1 + z)

dH

dz
,

= 12H2
�

9H2
�
1� 2�H2

0/H
2
�

1� �H
2
0/H

2 + 2�2H4
0/H

4
. (19)

We also calculate the deceleration parameter, q ⌘ �1�
1
H

dH
dN , as follows:

q = �1 +
3

2

1� 2�H2
0/H

2

1� �H
2
0/H

2 + 2�2H4
0/H

4
. (20)

For � = 0 (marked by purple square in Fig. 1), we find
q = 1/2, corresponding to the deceleration parameter of a
matter-dominated universe in TEGR, which describes the
Einstein-de Sitter universe, as there is no bare cosmologi-
cal constant introduced. In the following section, Fig. 2
illustrates the behavior of the Hubble and deceleration
parameters with respect to redshift for different values of
the parameter �, specifically ⌦m0. See the straight purple
line in the bottom panel of Fig. 2 plotted for � = 0, the
Einstein-de Sitter universe (q = 1/2) is the critical point.

A. New solution regions along with known regions

It can be deduced from Eq. (15) that the model exhibits
distinct characteristic behaviors depending on the values
of the parameter �. These behaviors can be classified into
the following regions and special points, as illustrated in
Fig. 1:
Region I (� > 1/2): The present-day matter density

parameter is negative, i.e., ⌦m0 < 0 as required
by Eq. (16), and this region is represented by the
dotted orange curve in Fig. 1. As � increases, ⌦m0

diverges to negative infinity (⌦m0 ! �1). For
this region, Eq. (15) implies that the Hubble pa-
rameter is constrained by H

2
< 2�H2

0 . Analysing
the evolution of H(z), we find that in the past, as
z ! 1, H ! 0 with q ! �1, corresponding to
a Minkowski spacetime, and in the far future, as
z ! �1, H2

! 2�H2
0 with q ! �1, representing a

dS universe, as demonstrated in Fig. 2.

Point I (� = 1/2): This case corresponds to ⌦m0 = 0
and is represented by the green point in Fig. 1. This
special point leads to an empty universe, i.e., a zero
present-day density parameter of matter. Neverthe-
less, a dS background with H

2 = H
2
0 (q = �1) still

emerges due to the modification in the spacetime
geometry from f(T ), even though no bare cosmolog-
ical constant is introduced, as shown by the green
line in Fig. 2.

real values of �, the equation always has a negative discriminant,

� = �7�2
, indicating two complex (non-real) roots, which are

not valid solutions for H
2
0/H

2
. Hence, Eq. (18) is free from

singularities.

FIG. 2. Top panel: Hubble parameter H(z) scaled by H0,
Bottom panel: deceleration parameter q(z) with respect
to 1 + z for some � values chosen according to the regions
presented in Fig 1 where colors are encoded with those used
for regions.

Region II (0 < � < 1/2): The solid orange curve in
Fig. 1 represents this region, which includes the
well-known case already discussed in the litera-
ture [95, 96]. In this region, the present-day
matter density parameter lies within the interval
0 < ⌦m0 < 1, enabling a reasonable range of ⌦m0, as
indicated by the wheat band in Fig. 1. Here, Eq. (15)
constrains the Hubble parameter to H

2
> 2�H2

0 .
Analysing the evolution of H(z), we find that in the
past, as z ! 1, H ! 1 with q ! 1/2, correspond-
ing to matter dominated universe, and in the far
future, as z ! �1, H2

! 2�H2
0 with q ! �1, rep-

resenting a dS universe, as illustrated in Fig. 2. This
region yields a viable torsional DE model featur-
ing phantom behavior, which has been thoroughly
investigated in Sec. IV B.

Point II (� = 0): This case is denoted by purple square
marker corresponding to ⌦m0 = 1 in Fig. 1. Here,
the extra terms arisen from f(T )� T vanish, and
thus the f(T ) regime transitions a matter dominated
TEGR, i.e., an Einstein-de Sitter universe with q =
1/2, as shown in Fig 2. This represents a critical
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For � = 0 (marked by purple square in Fig. 1), we find
q = 1/2, corresponding to the deceleration parameter of a
matter-dominated universe in TEGR, which describes the
Einstein-de Sitter universe, as there is no bare cosmologi-
cal constant introduced. In the following section, Fig. 2
illustrates the behavior of the Hubble and deceleration
parameters with respect to redshift for different values of
the parameter �, specifically ⌦m0. See the straight purple
line in the bottom panel of Fig. 2 plotted for � = 0, the
Einstein-de Sitter universe (q = 1/2) is the critical point.

A. New solution regions along with known regions

It can be deduced from Eq. (15) that the model exhibits
distinct characteristic behaviors depending on the values
of the parameter �. These behaviors can be classified into
the following regions and special points, as illustrated in
Fig. 1:
Region I (� > 1/2): The present-day matter density

parameter is negative, i.e., ⌦m0 < 0 as required
by Eq. (16), and this region is represented by the
dotted orange curve in Fig. 1. As � increases, ⌦m0

diverges to negative infinity (⌦m0 ! �1). For
this region, Eq. (15) implies that the Hubble pa-
rameter is constrained by H
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0 . Analysing
the evolution of H(z), we find that in the past, as
z ! 1, H ! 0 with q ! �1, corresponding to
a Minkowski spacetime, and in the far future, as
z ! �1, H2

! 2�H2
0 with q ! �1, representing a

dS universe, as demonstrated in Fig. 2.

Point I (� = 1/2): This case corresponds to ⌦m0 = 0
and is represented by the green point in Fig. 1. This
special point leads to an empty universe, i.e., a zero
present-day density parameter of matter. Neverthe-
less, a dS background with H

2 = H
2
0 (q = �1) still

emerges due to the modification in the spacetime
geometry from f(T ), even though no bare cosmolog-
ical constant is introduced, as shown by the green
line in Fig. 2.
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FIG. 2. Top panel: Hubble parameter H(z) scaled by H0,
Bottom panel: deceleration parameter q(z) with respect
to 1 + z for some � values chosen according to the regions
presented in Fig 1 where colors are encoded with those used
for regions.

Region II (0 < � < 1/2): The solid orange curve in
Fig. 1 represents this region, which includes the
well-known case already discussed in the litera-
ture [95, 96]. In this region, the present-day
matter density parameter lies within the interval
0 < ⌦m0 < 1, enabling a reasonable range of ⌦m0, as
indicated by the wheat band in Fig. 1. Here, Eq. (15)
constrains the Hubble parameter to H

2
> 2�H2

0 .
Analysing the evolution of H(z), we find that in the
past, as z ! 1, H ! 1 with q ! 1/2, correspond-
ing to matter dominated universe, and in the far
future, as z ! �1, H2

! 2�H2
0 with q ! �1, rep-

resenting a dS universe, as illustrated in Fig. 2. This
region yields a viable torsional DE model featur-
ing phantom behavior, which has been thoroughly
investigated in Sec. IV B.

Point II (� = 0): This case is denoted by purple square
marker corresponding to ⌦m0 = 1 in Fig. 1. Here,
the extra terms arisen from f(T )� T vanish, and
thus the f(T ) regime transitions a matter dominated
TEGR, i.e., an Einstein-de Sitter universe with q =
1/2, as shown in Fig 2. This represents a critical
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point due to the absence of accelerated expansion.

Region III (�1/2 < � < 0): In this case, the present-
day density parameter of matter lies within the
range 1 < ⌦m0 < 2/

p
e, which is represented by

the blue dot-dashed curve and is being discussed
for the first time in the literature. In this region, as
demonstrated in the bottom panel of the Fig. 2, the
transition from deceleration to acceleration happens
in the future (ztr < 0); therefore, this case cannot
account for the present-day accelerated expansion
of the Universe.

Point III (� = �1/2): In this case shown by the black
diamond marker in Fig. 1, the present-day mat-
ter density parameter reaches its maximum value,
⌦m0 = 2/

p
e, within the model under considera-

tion. The dynamics observed are similar to those of
Region III, as illustrated in Fig 2.

Region IV (� < �1/2): In this case, represented by
the blue curve, the present-day matter density pa-
rameter lies within the range 0 < ⌦m0 < 2/

p
e.

Notably, this region also includes the observation-
ally reasonable ⌦m0 values indicated by the wheat
band, though it has been largely overlooked in cos-
mological analyses to date. This region yields an
effective DE model with a sign-change in its density
formed from torsional terms. This second viable
model is thoroughly investigated in Sec. IVC. As
� becomes more negative (corresponding to smaller
⌦m0), the transition redshift from deceleration to
acceleration shifts further into the past.3

Concerning the last three cases (� < 0), in the far
future, i.e., for z ! �1, the solution of Eq. (15) leads to
H ! 0. In the same limit, we observe that dH/dz ! 1,
which might raise concerns about a potential singularity.
However, from Eq. (18), it becomes evident that H ! 0
and dH/dN ! 0, indicating a finite Minkowski limit.4

B. The effective gravitational constant, the

signature of fT , and extended regions

We leave for future work the question of the stabil-
ity of the solutions against linear inhomogeneous and
anisotropic perturbation, yet we now discuss fT and its

3
As we will also see later on, the change of sign happens for

|�|H2
0/H

2 = �W�1(�2�1e�1/2)�1/2, W being the Lambert-W

function, leading to H ⇡ 0.892|�|1/2H0.
4

For example, from Eq. (19), we can see that the Ricci scalar

built from the metric gµ⌫ also tends to vanish in this Minkowski

limit. This is because this invariant, as well as others constructed

from the metric tensor, contains terms involving (1 + z) dH/dz
or equivalently dH/dN , which remain finite (along with higher

derivatives like d2H/dN 2
etc.).

contribution to effective Newtonian constant by adapting
it into a variable form considering the evolution of the
matter perturbations in the sub-horizon limit which is
governed by

�̈m + 2H �̇m �
4⇡GN

fT
⇢m�m = 0 , (21)

where �m = �⇢m/⇢m is the matter density contrast.
Thus, the linear structure formation during the matter-
dominated era is affected both by the modified back-
ground evolution through H and by the modulation of
the effective Newtonian constant for the cosmological
perturbations through [21]

Ge↵ ⌘
GN

fT
. (22)

The last term in Eq. (21) should be negative to ensure
that matter does cluster around galaxies and structure is
formed properly. In this regard, if we consider the dark
matter as yet an unknown component of ⌦m0 as in the
standard scenario, the positivity of fT guarantees the
attractive nature of gravity, having Ge↵ > 0, then matter
clusters around the galaxies.

Now we would like to discuss the signature of fT without
a detailed investigation on scalar and tensor perturba-
tions since it is an important quantity in f(T ) theory,
particularly, at the perturbation level. The derivative
of the f function given in Eq. (14) with respect to the
torsion scalar T reads

fT = e
�T0/T (1� �T0/T ) . (23)

It can be easily deduced from Eq. (23) that � < 0 is
a sufficient condition to have fT > 0, independently of
the value dynamics of T on any background, including
the FLRW spacetime, which may be seen from Eq. (24)
as well. Conversely, when � > 0, one needs to ensure
that dynamically the Universe never entered through an
era during which fT < 0. Using the relation (9) in the
Eq. (23) assuming FLRW spacetime metric, we obtain

fT = e
�H

2
0/H

2 �
1� �H

2
0/H

2
�
. (24)

Hence, on FLRW spacetime assumption, we notice from
Eq. (24) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespective
of the evolution of Hubble parameter. For the Point II
(� = 0), we have fT = 1. In the � > 0 case, Region II and
the Point I (� = 1/2) ensures the positivity of fT ; for the
former, the Hubble parameter is already bounded as H2

>

2�H2
0 and for the latter, we have fT =

p
e/2. Lastly, for

Region I where H
2 is bounded as 0 < H

2
< 2�H2

0 , there
are two possibilities: the interval 0 < H

2
< �H

2
0 leads to

fT < 0 whereas the interval �H2
0 < H

2
< 2�H2

0 implies
fT > 0. In other words, in Region I, ⌦m0 is always
negative but fT takes both positive and negative values
according to the evolution of the Hubble parameter.
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implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.

Point II
�
� = 0 ! ⌦m0 = 1

�
: Purple square marker

and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.

Region III
�
� 1/2 < � < 0

�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/

p
e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).

Region IV
�
� < �1/2

�
: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)

= e�H
2
0/H

2 �
1� �H2

0/H
2
�
, (21)

where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have

3
For instance, one can see that the Ricci scalar built out of the

metric gµ⌫ also tends to vanish in this Minkowski limit. This is

because this invariant (as well as other invariants made out of the

metric tensor) includes terms of (1 + z) dH/dz or, equivalently

dH/dN , which remain finite (together with the higher derivatives

d
2
H/dN 2

, etc.).
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0 asymptotically as shown in the
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This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
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Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
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and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.
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e. Note that this
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Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)

= e�H
2
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where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have
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metric gµ⌫ also tends to vanish in this Minkowski limit. This is
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FIG. 1. ⌦m0 vs. � plotted by using Eq. (16). The curve is
separated into four regions: The dotted orange part (Region I)
is the new region that covers negative values of the present-day
density parameter of matter, i.e., ⌦m0 < 0. The solid orange
part (Region II) is the widely studied region [9, 11, 12], which
corresponds to 0 < ⌦m0 < 1, due to that reasonable ⌦m0

values from observational point of view shown by the wheat
band lie in this region. The dot-dashed orange curve (Region
III) is another new region leading to ⌦m0 values larger than
unity. The solid blue curve (Region IV) is an overlooked region
in the literature even though the observationally reasonable
⌦m0 values can be obtained in this region as well. Some special
points are (� = �1/2,⌦m0 = 2/

p
e = 1.21306) represented

by black diamond, (� ! �1,⌦m0 ! 0) by blue triangle,
(� = 1/2,⌦m0 = 0) by green circle and (� = 0,⌦m0 = 1) by
purple square.

provided that � 6= 1/2. And, using the derivative of
Eq. (17) with respect to H, we obtain another important
relation given by
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,
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H3 (H2 � 2�H2
0 )

H4 � �H2H2
0 + 2�2H4

0

, (18)

where N ⌘ ln(a/a0) is the e-fold variable. Note that the
denominator in Eq. (18) never vanishes for any real value
of � or H/H0.2

We also calculate the deceleration parameter, q ⌘ �1�
1
H

dH
dN , as follows:

q = �1 +
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When the denominator in Eq. (18) is set to zero, it becomes

a quadratic equation with the redefinition of the variable as
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0 . Then, for real values of �, this equation always

has a negative discriminant, � = �7�
2
, implying two complex

(nonreal) roots which can not be the solutions of H
2
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0 . Hence,

Eq. (18) is safe from singularity.

FIG. 2. Top panel: H(z)/H0 vs. 1 + z, Bottom panel:
The deceleration parameter q(z) vs. 1 + z for some � values
chosen according to the regions presented in Fig 1. Colors are
in agreement with those used in Fig. 1.

where for � = 0, we obtain q = 1/2, which is the decelera-
tion parameter of matter dominated TEGR corresponding
to Einstein-de Sitter Universe as there is no bare cosmo-
logical constant introduced, see the straight purple line
in the bottom panel of Fig. 2.

A. New solution regions along with the known
regions

It is deduced from Eq. (15) that the theory will exhibit
di↵erent behaviors depending on di↵erent � parameters.
The values that � can take might be categorized into
the following regions and special points, which are also
illustrated in Fig. 1:

Region I
�
� > 1/2

�
: This case constrains the mat-

ter energy density to negative values as it requires
⌦m0 < 0 from Eq. (16) and is represented by the
dotted orange curve in Fig. 1. It is seen from the left
panel of this figure that in � ! 1 limit, the present-
time matter density parameter approaches minus
infinity, i.e., ⌦m0 ! �1. In this region, Eq. (15)
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implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.

Point II
�
� = 0 ! ⌦m0 = 1

�
: Purple square marker

and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.

Region III
�
� 1/2 < � < 0

�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/

p
e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).

Region IV
�
� < �1/2

�
: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)

= e�H
2
0/H

2 �
1� �H2

0/H
2
�
, (21)

where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have

3
For instance, one can see that the Ricci scalar built out of the

metric gµ⌫ also tends to vanish in this Minkowski limit. This is

because this invariant (as well as other invariants made out of the

metric tensor) includes terms of (1 + z) dH/dz or, equivalently

dH/dN , which remain finite (together with the higher derivatives

d
2
H/dN 2

, etc.).
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2



h
1�

�
1� 2�H2

0/H
2
�
e�H

2
0/H

2
i
. (24)

Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0



✓
1 + 2�H2

0/H
2

1� �H2
0/H

2 + 2�2H4
0/H

4

◆
, (25)

and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H

2

1� �H2
0/H

2 + 2�2H4
0/H

4

⇥ 1 + 2�H2
0/H

2

1� (1� 2�H2
0/H

2) e�H
2
0/H

2 .

(26)

The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn

✓
�⌦m0

2
p
e

◆
, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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The constraint equation given in Eq. (16) indicates that
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Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn

✓
�⌦m0

2
p
e

◆
, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2


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i
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Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0
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and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H
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(26)

The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn
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e
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, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2


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Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0


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and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H
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(26)

The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn
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p
e
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, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2
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Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0
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and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H
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The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
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where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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present-day values are ⌦m0 = 0.202 for matter (dashed
curve) and ⌦T0 = 0.798 for torsional DE (solid curve).
We note that ⌦m(z) > 1 in the pre-transition era due
to the negative values of the torsional DE in this epoch.
Nevertheless, ⌦m(z) decreases monotonically for z & 2.5,
and at large redshifts, say for z & 8, we find ⌦m(z) ⇡ 1,
implying that ⌦T(z) ⇡ 0. This indicates a recovery of
the matter-dominated universe, similar to the behavior
in ⇤CDM. For z & 8, much like the �+ case, the �� case
also becomes indistinguishable from the standard ⇤CDM
model. As seen from the bottom panel of Fig. 5, the onset
of accelerated expansion occurs quite earlier in this model
at ztr ⇡ 1.50—much different than ztr ⇡ 0.63 in ⇤CDM
and ztr ⇡ 0.73 in phantom model—, as a consequence
of the torsional DE taking large negative energy density
values in the past. The deceleration parameter takes
the value q0 = �0.61 today (compared to q0 = �0.53 in
⇤CDM), while it reaches values larger than q = 0.5 at
z = 2.6, with a maximum of q ⇡ 0.64 at z ⇡ 3.7 due
to the negative torsional DE density, and then decreases
with increasing redshift, ultimately settling into the usual
matter-dominated era, as in ⇤CDM (q = 0.5), for z & 10.
Specifically, q > 0.5 at redshifts higher than z ⇡ 2.5,
where the energy density parameter of torsional DE also
approaches its minimum values, up until z ⇡ 10. In the
far future limit (z ! �1), we have q ! �1 as H ! 0.
Hence, the universe was initially sourced by an AdS-like
torsional DE, transitions to a dS-like one today, and in
the far future arrives at a Minkowskian fixed point (see
Sec. III for details). Due to the sign-changing nature of
the effective DE, deviations in H(z) relative to ⇤CDM
begin at higher redshifts compared to the phantom model.
Specifically, H(z) is significantly lower than H⇤CDM(z)
for z & 1, but then becomes much higher than H⇤CDM(z)
for z . 1, ensuring that DM (z⇤) remains consistent with
the value obtained from Planck-⇤CDM. Consequently,
this deviation implies an over enhanced value of H0 com-
pared to the Planck-⇤CDM prediction. In particular,
the transition of the torsional DE from large negative to
positive values at low redshifts leads to a higher value of
H0, with the model predicting H0 = 84.54 km s�1Mpc�1,
indicating an augmented accelerated expansion of the
Universe. It is also worth noting that, correlated with the
enhancement in the Hubble constant, the sign-changing
DE model conflicts with the BAO Ly-↵ data in a different
way compared to ⇤CDM, preferring lower H(z) values
than the lower limits at z > z†.

The insight gained from this section is that the partic-
ular f(T ) model under consideration offers a promising
mechanism to alleviate major cosmological tensions. Our
findings highlight the potential of f(T ) gravity in ad-
dressing these tensions and call for further investigation,
either by exploring new functionals or re-examining exist-
ing models, as we have done for the exponential infrared
teleparallel model. The possibility of effective DE den-
sities assuming negative values in the past might have
been overlooked in previous studies, as the relevance of
such dynamics has only recently been recognized in con-

nection with cosmological tensions, despite f(T ) gravity
being studied long before these tensions became a central
discussion in cosmology.

V. INCLUSION OF COSMOLOGICAL

CONSTANT ⇤: EXTENDED VIABLE

COSMOLOGIES

In this section, we extend the exponential infrared
cosmological model from the previous section by in-
corporating a cosmological constant, modifying it as
f(T ) ! f(T ) + 2⇤ with f(T ) = Te

�T0/T , where the
� = 0 limit corresponds to TEGR with a cosmological
constant, thereby recovering the standard ⇤CDM model.
We will explicitly demonstrate that, with this extension,
model families consistent with the CMB power spectra
and in strong agreement with the SH0ES H0 measure-
ment are broadened, leading to richer phenomenological
possibilities. This extension introduces one additional
free parameter compared to both the exponential infrared
cosmological model and the standard ⇤CDM model. We
will show that even this simplest modification to the
original model significantly expands the range of viable
cosmologies.

We generalize the f(T ) action given in Eq. (6) by in-
troducing a cosmological constant (⇤):

S =

Z
d4x ||e||

⇢
�

1

2
[f(T ) + 2⇤] + Lm

�
, (33)

from which the modified Friedmann equations (10)-(11)
are extended due to the cosmological constant, as follows:

3H2 = ⇢+ ⇢T + ⇤, (34)

�2Ḣ � 3H2 = p+ pT � ⇤, (35)

where ⇢T and pT are as given by Eqs. (12) and (13), respec-
tively. To investigate extensions of the viable cosmologies
discussed in Section IV, we retain the exponential infrared
teleparallel model described by Eq. (14) along with the as-
sumption of pressureless matter. Thus, Eqs. (15) and (16)
are modified as:
✓
H

2

H
2
0

� 2�

◆
e
�H

2
0/H

2

= ⌦m0(�,⇤) (1 + z)3 + ⌦⇤0, (36)

⌦m0(�,⇤) = (1� 2�)e� � ⌦⇤0, (37)

where the present-day density parameter of the cosmo-
logical constant is defined as ⌦⇤0 = ⇤/(3H2

0 ). We note
that the field equations were derived by extending the
f(T ) = Te

�T0/T model with the addition of a cosmo-
logical constant, ⇤; however, they can also be equiva-
lently interpreted as a one-parameter exponential infrared
teleparallel extension of the standard ⇤CDM, which is
recovered when � = 0. As can be seen by comparing
Eq. (37) with Eq. (16), the inclusion of a positive or
negative cosmological constant shifts the curve in Fig. 1
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2



h
1�

�
1� 2�H2

0/H
2
�
e�H

2
0/H

2
i
. (24)

Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0



✓
1 + 2�H2

0/H
2

1� �H2
0/H

2 + 2�2H4
0/H

4

◆
, (25)

and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H

2

1� �H2
0/H

2 + 2�2H4
0/H

4

⇥ 1 + 2�H2
0/H

2

1� (1� 2�H2
0/H

2) e�H
2
0/H

2 .

(26)

The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn

✓
�⌦m0

2
p
e

◆
, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2



h
1�

�
1� 2�H2

0/H
2
�
e�H

2
0/H

2
i
. (24)

Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0



✓
1 + 2�H2

0/H
2

1� �H2
0/H

2 + 2�2H4
0/H

4

◆
, (25)

and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H

2

1� �H2
0/H

2 + 2�2H4
0/H

4

⇥ 1 + 2�H2
0/H

2

1� (1� 2�H2
0/H

2) e�H
2
0/H

2 .

(26)

The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn

✓
�⌦m0

2
p
e

◆
, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2



h
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�
1� 2�H2

0/H
2
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e�H

2
0/H

2
i
. (24)

Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0



✓
1 + 2�H2

0/H
2

1� �H2
0/H

2 + 2�2H4
0/H
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◆
, (25)

and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H

2

1� �H2
0/H

2 + 2�2H4
0/H

4

⇥ 1 + 2�H2
0/H

2
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2
0/H
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(26)

The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn

✓
�⌦m0

2
p
e

◆
, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2


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Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0


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and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H
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(26)

The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn
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, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2
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Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0
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and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
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The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn

✓
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p
e

◆
, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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FIG. 5. Top panel: q(z) (deceleration parameter), Middle
panel: ȧ = H(z)/(1 + z) (comoving Hubble parameter),
Bottom panel: H/H⇤CDM vs z. The green bars corresponds
to SH0ES collaboration measurement [70] and from clustering
measurements for the BAO samples in Ref. [17]; BOSS DR12
consensus Galaxy (from ze↵ = 0.38, 0.51), eBOSS DR16 LRG
(from ze↵ = 0.70), eBOSS DR16 Quasar (from ze↵ = 1.48),
eBOSS DR16 Ly↵-Ly↵ (from ze↵ = 2.33) and eBOSS DR16
Ly↵-quasar (from ze↵ = 2.33 but shifted to ze↵ = 2.35 in the
figures for visual clarity) measurements.

that the Universe has, around redshift z† ⇠ 2, under-
gone a rapid mirror anti-de Sitter (AdS) vacuum to a de
Sitter (dS) vacuum transition, namely, a mirror AdS-dS
transition, corresponding to a sign-switching cosmological
constant while maintaining the magnitude before and
after the transition. Also, the fact that the Hubble pa-
rameter of this f(T ) model prefers values much smaller
than needed at larger redshifts while keeping the DM (z)
constant at its almost model independent value results
in the exaggerated enhancement in the Hubble constant.
It is clear that this outcome will place the model in a
disadvantageous position in the observational analysis.
Nevertheless, our findings point to the availability of a
novel region, which gives rise to an e↵ective DE density

attaining negative values, for solutions of f(T ) models in
the literature to date. As we have shown, with this new
region, it is possible to bring the H0 value into alignment
with the local measurements in a more emphasized way
compared to phantom DE model, and concurrently di-
minish ⌦m0 value—since there exists an anti-correlation
between them due to the fixing of the physical density of
matter to ⌦m0h2 = 0.14314 for consistency with CMB.
This low value preferred for ⌦m0 is a good sign for ad-
dressing S8 tension and enables a scenario for the struc-
ture growth suppressed at late times, and accordingly
enhanced at early times, which is compatible with the
high-z galaxy formation predicted by James Webb Space
Telescope (JWST) [74].

Consequently, the f(T ) cosmological models in the ex-
isting literature need to be revisited from this perspective,
the first example of which is presented in the current study.
As a further step, relaxing the condition of six-parameter
based cosmological model, as done in Ref. [82] by intro-
ducing one extra free parameter that can control T0/T

term via the function f(T ) = Te↵(T0/T )b , may leave us
room for realizing a ⇤sCDM type mechanism to alleviate
H0 and S8 tensions simultaneously. Similar to b = 1 case
(for which ↵ = �) studied in this work, general b extension
has also been considered for only positive powers of the
exponential, viz., ↵ > 0 [82], therefore, it is of interest to
investigate the impact of incorporating the b parameter
under ↵ < 0 condition.

V. INCLUSION OF A COSMOLOGICAL
CONSTANT ⇤

In this section, we generalize the f(T ) model given in
Eq. (14) by including the cosmological constant, ⇤, as
follows:

f(T,⇤) = Te�T0/T + 2⇤, (32)

whose � = 0 limit corresponds to ⇤CDM model. In this
way, the Friedmann equation and the constraint equation
given in Eqs. (15) and (16), respectively transform into
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⌦m0(�,⇤) = (1� 2�)e� � ⌦⇤0, (34)

where the present-day density parameter of the cosmo-
logical constant is defined as ⌦⇤ = ⇤/3H2

0 . As can be
seen by comparing Eq. (34) with Eq. (16), the inclusion
of the cosmological constant results in a shift in ⌦m0 for a
given � value; positive ⇤ decreases ⌦m0 whereas negative
⇤ leads to an increase in it.

Following the same procedure in Section III, we can
extract the redshift in terms of Hubble parameter:

z(H) =

 
(H2/H2

0 � 2�)e�H
2
0/H

2 � ⌦⇤0

(1� 2�)e� � ⌦⇤0
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� 1. (35)
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present-day values are ⌦m0 = 0.202 for matter (dashed
curve) and ⌦T0 = 0.798 for torsional DE (solid curve).
We note that ⌦m(z) > 1 in the pre-transition era due
to the negative values of the torsional DE in this epoch.
Nevertheless, ⌦m(z) decreases monotonically for z & 2.5,
and at large redshifts, say for z & 8, we find ⌦m(z) ⇡ 1,
implying that ⌦T(z) ⇡ 0. This indicates a recovery of
the matter-dominated universe, similar to the behavior
in ⇤CDM. For z & 8, much like the �+ case, the �� case
also becomes indistinguishable from the standard ⇤CDM
model. As seen from the bottom panel of Fig. 5, the onset
of accelerated expansion occurs quite earlier in this model
at ztr ⇡ 1.50—much different than ztr ⇡ 0.63 in ⇤CDM
and ztr ⇡ 0.73 in phantom model—, as a consequence
of the torsional DE taking large negative energy density
values in the past. The deceleration parameter takes
the value q0 = �0.61 today (compared to q0 = �0.53 in
⇤CDM), while it reaches values larger than q = 0.5 at
z = 2.6, with a maximum of q ⇡ 0.64 at z ⇡ 3.7 due
to the negative torsional DE density, and then decreases
with increasing redshift, ultimately settling into the usual
matter-dominated era, as in ⇤CDM (q = 0.5), for z & 10.
Specifically, q > 0.5 at redshifts higher than z ⇡ 2.5,
where the energy density parameter of torsional DE also
approaches its minimum values, up until z ⇡ 10. In the
far future limit (z ! �1), we have q ! �1 as H ! 0.
Hence, the universe was initially sourced by an AdS-like
torsional DE, transitions to a dS-like one today, and in
the far future arrives at a Minkowskian fixed point (see
Sec. III for details). Due to the sign-changing nature of
the effective DE, deviations in H(z) relative to ⇤CDM
begin at higher redshifts compared to the phantom model.
Specifically, H(z) is significantly lower than H⇤CDM(z)
for z & 1, but then becomes much higher than H⇤CDM(z)
for z . 1, ensuring that DM (z⇤) remains consistent with
the value obtained from Planck-⇤CDM. Consequently,
this deviation implies an over enhanced value of H0 com-
pared to the Planck-⇤CDM prediction. In particular,
the transition of the torsional DE from large negative to
positive values at low redshifts leads to a higher value of
H0, with the model predicting H0 = 84.54 km s�1Mpc�1,
indicating an augmented accelerated expansion of the
Universe. It is also worth noting that, correlated with the
enhancement in the Hubble constant, the sign-changing
DE model conflicts with the BAO Ly-↵ data in a different
way compared to ⇤CDM, preferring lower H(z) values
than the lower limits at z > z†.

The insight gained from this section is that the partic-
ular f(T ) model under consideration offers a promising
mechanism to alleviate major cosmological tensions. Our
findings highlight the potential of f(T ) gravity in ad-
dressing these tensions and call for further investigation,
either by exploring new functionals or re-examining exist-
ing models, as we have done for the exponential infrared
teleparallel model. The possibility of effective DE den-
sities assuming negative values in the past might have
been overlooked in previous studies, as the relevance of
such dynamics has only recently been recognized in con-

nection with cosmological tensions, despite f(T ) gravity
being studied long before these tensions became a central
discussion in cosmology.

V. INCLUSION OF COSMOLOGICAL

CONSTANT ⇤: EXTENDED VIABLE

COSMOLOGIES

In this section, we extend the exponential infrared
cosmological model from the previous section by in-
corporating a cosmological constant, modifying it as
f(T ) ! f(T ) + 2⇤ with f(T ) = Te

�T0/T , where the
� = 0 limit corresponds to TEGR with a cosmological
constant, thereby recovering the standard ⇤CDM model.
We will explicitly demonstrate that, with this extension,
model families consistent with the CMB power spectra
and in strong agreement with the SH0ES H0 measure-
ment are broadened, leading to richer phenomenological
possibilities. This extension introduces one additional
free parameter compared to both the exponential infrared
cosmological model and the standard ⇤CDM model. We
will show that even this simplest modification to the
original model significantly expands the range of viable
cosmologies.

We generalize the f(T ) action given in Eq. (6) by in-
troducing a cosmological constant (⇤):

S =

Z
d4x ||e||

⇢
�

1

2
[f(T ) + 2⇤] + Lm

�
, (33)

from which the modified Friedmann equations (10)-(11)
are extended due to the cosmological constant, as follows:

3H2 = ⇢+ ⇢T + ⇤, (34)

�2Ḣ � 3H2 = p+ pT � ⇤, (35)

where ⇢T and pT are as given by Eqs. (12) and (13), respec-
tively. To investigate extensions of the viable cosmologies
discussed in Section IV, we retain the exponential infrared
teleparallel model described by Eq. (14) along with the as-
sumption of pressureless matter. Thus, Eqs. (15) and (16)
are modified as:
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= ⌦m0(�,⇤) (1 + z)3 + ⌦⇤0, (36)

⌦m0(�,⇤) = (1� 2�)e� � ⌦⇤0, (37)

where the present-day density parameter of the cosmo-
logical constant is defined as ⌦⇤0 = ⇤/(3H2

0 ). We note
that the field equations were derived by extending the
f(T ) = Te

�T0/T model with the addition of a cosmo-
logical constant, ⇤; however, they can also be equiva-
lently interpreted as a one-parameter exponential infrared
teleparallel extension of the standard ⇤CDM, which is
recovered when � = 0. As can be seen by comparing
Eq. (37) with Eq. (16), the inclusion of a positive or
negative cosmological constant shifts the curve in Fig. 1
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present-day values are ⌦m0 = 0.202 for matter (dashed
curve) and ⌦T0 = 0.798 for torsional DE (solid curve).
We note that ⌦m(z) > 1 in the pre-transition era due
to the negative values of the torsional DE in this epoch.
Nevertheless, ⌦m(z) decreases monotonically for z & 2.5,
and at large redshifts, say for z & 8, we find ⌦m(z) ⇡ 1,
implying that ⌦T(z) ⇡ 0. This indicates a recovery of
the matter-dominated universe, similar to the behavior
in ⇤CDM. For z & 8, much like the �+ case, the �� case
also becomes indistinguishable from the standard ⇤CDM
model. As seen from the bottom panel of Fig. 5, the onset
of accelerated expansion occurs quite earlier in this model
at ztr ⇡ 1.50—much different than ztr ⇡ 0.63 in ⇤CDM
and ztr ⇡ 0.73 in phantom model—, as a consequence
of the torsional DE taking large negative energy density
values in the past. The deceleration parameter takes
the value q0 = �0.61 today (compared to q0 = �0.53 in
⇤CDM), while it reaches values larger than q = 0.5 at
z = 2.6, with a maximum of q ⇡ 0.64 at z ⇡ 3.7 due
to the negative torsional DE density, and then decreases
with increasing redshift, ultimately settling into the usual
matter-dominated era, as in ⇤CDM (q = 0.5), for z & 10.
Specifically, q > 0.5 at redshifts higher than z ⇡ 2.5,
where the energy density parameter of torsional DE also
approaches its minimum values, up until z ⇡ 10. In the
far future limit (z ! �1), we have q ! �1 as H ! 0.
Hence, the universe was initially sourced by an AdS-like
torsional DE, transitions to a dS-like one today, and in
the far future arrives at a Minkowskian fixed point (see
Sec. III for details). Due to the sign-changing nature of
the effective DE, deviations in H(z) relative to ⇤CDM
begin at higher redshifts compared to the phantom model.
Specifically, H(z) is significantly lower than H⇤CDM(z)
for z & 1, but then becomes much higher than H⇤CDM(z)
for z . 1, ensuring that DM (z⇤) remains consistent with
the value obtained from Planck-⇤CDM. Consequently,
this deviation implies an over enhanced value of H0 com-
pared to the Planck-⇤CDM prediction. In particular,
the transition of the torsional DE from large negative to
positive values at low redshifts leads to a higher value of
H0, with the model predicting H0 = 84.54 km s�1Mpc�1,
indicating an augmented accelerated expansion of the
Universe. It is also worth noting that, correlated with the
enhancement in the Hubble constant, the sign-changing
DE model conflicts with the BAO Ly-↵ data in a different
way compared to ⇤CDM, preferring lower H(z) values
than the lower limits at z > z†.

The insight gained from this section is that the partic-
ular f(T ) model under consideration offers a promising
mechanism to alleviate major cosmological tensions. Our
findings highlight the potential of f(T ) gravity in ad-
dressing these tensions and call for further investigation,
either by exploring new functionals or re-examining exist-
ing models, as we have done for the exponential infrared
teleparallel model. The possibility of effective DE den-
sities assuming negative values in the past might have
been overlooked in previous studies, as the relevance of
such dynamics has only recently been recognized in con-

nection with cosmological tensions, despite f(T ) gravity
being studied long before these tensions became a central
discussion in cosmology.

V. INCLUSION OF COSMOLOGICAL

CONSTANT ⇤: EXTENDED VIABLE

COSMOLOGIES

In this section, we extend the exponential infrared
cosmological model from the previous section by in-
corporating a cosmological constant, modifying it as
f(T ) ! f(T ) + 2⇤ with f(T ) = Te

�T0/T , where the
� = 0 limit corresponds to TEGR with a cosmological
constant, thereby recovering the standard ⇤CDM model.
We will explicitly demonstrate that, with this extension,
model families consistent with the CMB power spectra
and in strong agreement with the SH0ES H0 measure-
ment are broadened, leading to richer phenomenological
possibilities. This extension introduces one additional
free parameter compared to both the exponential infrared
cosmological model and the standard ⇤CDM model. We
will show that even this simplest modification to the
original model significantly expands the range of viable
cosmologies.

We generalize the f(T ) action given in Eq. (6) by in-
troducing a cosmological constant (⇤):

S =

Z
d4x ||e||

⇢
�

1

2
[f(T ) + 2⇤] + Lm

�
, (33)

from which the modified Friedmann equations (10)-(11)
are extended due to the cosmological constant, as follows:

3H2 = ⇢+ ⇢T + ⇤, (34)

�2Ḣ � 3H2 = p+ pT � ⇤, (35)

where ⇢T and pT are as given by Eqs. (12) and (13), respec-
tively. To investigate extensions of the viable cosmologies
discussed in Section IV, we retain the exponential infrared
teleparallel model described by Eq. (14) along with the as-
sumption of pressureless matter. Thus, Eqs. (15) and (16)
are modified as:
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where the present-day density parameter of the cosmo-
logical constant is defined as ⌦⇤0 = ⇤/(3H2

0 ). We note
that the field equations were derived by extending the
f(T ) = Te

�T0/T model with the addition of a cosmo-
logical constant, ⇤; however, they can also be equiva-
lently interpreted as a one-parameter exponential infrared
teleparallel extension of the standard ⇤CDM, which is
recovered when � = 0. As can be seen by comparing
Eq. (37) with Eq. (16), the inclusion of a positive or
negative cosmological constant shifts the curve in Fig. 1
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present-day values are ⌦m0 = 0.202 for matter (dashed
curve) and ⌦T0 = 0.798 for torsional DE (solid curve).
We note that ⌦m(z) > 1 in the pre-transition era due
to the negative values of the torsional DE in this epoch.
Nevertheless, ⌦m(z) decreases monotonically for z & 2.5,
and at large redshifts, say for z & 8, we find ⌦m(z) ⇡ 1,
implying that ⌦T(z) ⇡ 0. This indicates a recovery of
the matter-dominated universe, similar to the behavior
in ⇤CDM. For z & 8, much like the �+ case, the �� case
also becomes indistinguishable from the standard ⇤CDM
model. As seen from the bottom panel of Fig. 5, the onset
of accelerated expansion occurs quite earlier in this model
at ztr ⇡ 1.50—much different than ztr ⇡ 0.63 in ⇤CDM
and ztr ⇡ 0.73 in phantom model—, as a consequence
of the torsional DE taking large negative energy density
values in the past. The deceleration parameter takes
the value q0 = �0.61 today (compared to q0 = �0.53 in
⇤CDM), while it reaches values larger than q = 0.5 at
z = 2.6, with a maximum of q ⇡ 0.64 at z ⇡ 3.7 due
to the negative torsional DE density, and then decreases
with increasing redshift, ultimately settling into the usual
matter-dominated era, as in ⇤CDM (q = 0.5), for z & 10.
Specifically, q > 0.5 at redshifts higher than z ⇡ 2.5,
where the energy density parameter of torsional DE also
approaches its minimum values, up until z ⇡ 10. In the
far future limit (z ! �1), we have q ! �1 as H ! 0.
Hence, the universe was initially sourced by an AdS-like
torsional DE, transitions to a dS-like one today, and in
the far future arrives at a Minkowskian fixed point (see
Sec. III for details). Due to the sign-changing nature of
the effective DE, deviations in H(z) relative to ⇤CDM
begin at higher redshifts compared to the phantom model.
Specifically, H(z) is significantly lower than H⇤CDM(z)
for z & 1, but then becomes much higher than H⇤CDM(z)
for z . 1, ensuring that DM (z⇤) remains consistent with
the value obtained from Planck-⇤CDM. Consequently,
this deviation implies an over enhanced value of H0 com-
pared to the Planck-⇤CDM prediction. In particular,
the transition of the torsional DE from large negative to
positive values at low redshifts leads to a higher value of
H0, with the model predicting H0 = 84.54 km s�1Mpc�1,
indicating an augmented accelerated expansion of the
Universe. It is also worth noting that, correlated with the
enhancement in the Hubble constant, the sign-changing
DE model conflicts with the BAO Ly-↵ data in a different
way compared to ⇤CDM, preferring lower H(z) values
than the lower limits at z > z†.

The insight gained from this section is that the partic-
ular f(T ) model under consideration offers a promising
mechanism to alleviate major cosmological tensions. Our
findings highlight the potential of f(T ) gravity in ad-
dressing these tensions and call for further investigation,
either by exploring new functionals or re-examining exist-
ing models, as we have done for the exponential infrared
teleparallel model. The possibility of effective DE den-
sities assuming negative values in the past might have
been overlooked in previous studies, as the relevance of
such dynamics has only recently been recognized in con-

nection with cosmological tensions, despite f(T ) gravity
being studied long before these tensions became a central
discussion in cosmology.

V. INCLUSION OF COSMOLOGICAL

CONSTANT ⇤: EXTENDED VIABLE

COSMOLOGIES

In this section, we extend the exponential infrared
cosmological model from the previous section by in-
corporating a cosmological constant, modifying it as
f(T ) ! f(T ) + 2⇤ with f(T ) = Te

�T0/T , where the
� = 0 limit corresponds to TEGR with a cosmological
constant, thereby recovering the standard ⇤CDM model.
We will explicitly demonstrate that, with this extension,
model families consistent with the CMB power spectra
and in strong agreement with the SH0ES H0 measure-
ment are broadened, leading to richer phenomenological
possibilities. This extension introduces one additional
free parameter compared to both the exponential infrared
cosmological model and the standard ⇤CDM model. We
will show that even this simplest modification to the
original model significantly expands the range of viable
cosmologies.

We generalize the f(T ) action given in Eq. (6) by in-
troducing a cosmological constant (⇤):

S =

Z
d4x ||e||

⇢
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1

2
[f(T ) + 2⇤] + Lm

�
, (33)

from which the modified Friedmann equations (10)-(11)
are extended due to the cosmological constant, as follows:

3H2 = ⇢+ ⇢T + ⇤, (34)

�2Ḣ � 3H2 = p+ pT � ⇤, (35)

where ⇢T and pT are as given by Eqs. (12) and (13), respec-
tively. To investigate extensions of the viable cosmologies
discussed in Section IV, we retain the exponential infrared
teleparallel model described by Eq. (14) along with the as-
sumption of pressureless matter. Thus, Eqs. (15) and (16)
are modified as:
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= ⌦m0(�,⇤) (1 + z)3 + ⌦⇤0, (36)

⌦m0(�,⇤) = (1� 2�)e� � ⌦⇤0, (37)

where the present-day density parameter of the cosmo-
logical constant is defined as ⌦⇤0 = ⇤/(3H2

0 ). We note
that the field equations were derived by extending the
f(T ) = Te

�T0/T model with the addition of a cosmo-
logical constant, ⇤; however, they can also be equiva-
lently interpreted as a one-parameter exponential infrared
teleparallel extension of the standard ⇤CDM, which is
recovered when � = 0. As can be seen by comparing
Eq. (37) with Eq. (16), the inclusion of a positive or
negative cosmological constant shifts the curve in Fig. 1

ΛCDM: Turning point

SH0ES collaboration measurement H0 = 73.04 ± 1.04 km s−1Mpc−1
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the effect of the large negative is moderated 
by the negative value of  

MODELS Should be compared  with bayesıan analysıs 

The points correspond to models having parameter 
sets {H0, Ωm0, ΩΛ0, β} that satisfy DM(z∗) = 13872.83 
Mpc constrained strictly and almost model 
independently through the measurement of θ∗ 
(100θ∗ = 1.041085) and the CMB-based constraint 
Ωm0h2 = 0.14314 on the physical energy density. 

The dotted purple line in the right panel represents 
Ωm0 + ΩΛ0 = 1. 

ΩΛ0 < 0 

Remark I : Purple plus sign represents the model in 
line with findings from DESI paper given in 
Calderon, et al. 2405.04216 that adds an extensive 
class of model-agnostic reconstructions with 
acceptable fits to the data, including models where 
cosmic acceleration slows down at low redshifts. 

Remark II: standard ΛCDM model (red plus) 
corresponds to a very special point, namely, to a 
local minimum in the left and middle panels. 



Concluding remarks 
✓  Sign switching Λ can be generated by geometrical extensions of GR.

✓ effectively negative energy densities ARE NOT PROBLEMATIC, EVEN PROMISING.

✓ the change of gravitational constant can be used to a smoking gun for ΛsCDM models realized through 
extra dımensions.

✓Along the way, we made unexpected signatures about the nature of dark energy cosmic slowing down at low 
redshifts. 

✓CPL parametrization can not attain negative energy densities, therefore its succees is based on the sign 
changing its inertial mass density (IMD), is it fake or side effect due to not having negative energy densities? 

✓ Vacuum energy density may not be fundamental, what about inertial mass density? Relativistic 
generalized inertia, Capozziello, Nazari & Katırcı, ongoing work


✓ If DE energy density changes its sign, w does not say anything, we should focus on IMD 

Null energy condition boundary crossing,  2602.21169, 2602.08928, 2603.15868

✓ Phantom/quintessence with positive/negative energy density ??? 

✓ G4 terms may contribute to negative DE density in Horndenski gravity, yet should be checked from stability 
point of view.


% = ⇢+ p


