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Motivation

• Modern high-energy frameworks (supergravity and string-inspired models) 
predict inflation with multiple fields evolving on non-Euclidean manifolds.


• Field-space curvature modifies effective masses and induces mode mixing.


• Standard techniques rely heavily on slow-roll or assume nearly flat field 
space, limiting their applicability.


• Next-generation observations require theoretical tools capable of capturing 
the full dynamics of these models with high fidelity.



Background equations
Action governing the dynamics of the scalar fields:

Background equation of motion:

where

S = ∫ d4x −g [ 1
2

M2
PlR −

1
2

hAB gμν∂μϕA∂νϕB − V(ϕ)]

𝒟t
·φA + 3H ·φA + hAB𝒟BV = 0

𝒟tXA ≡ ·φB𝒟BXA = ·XA + ΓA
BC

·φCXB ΓA
BC =

1
2

hAD(hDB,C + hDC,B − hBC,D)
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Inflationary trajectories

hAB = δAB + δ2
Aδ2

B

Nb

∑
i=1

Ai exp [−
1
2

(φ1 − xi)2

σ2 ]
V(φ1, φ2) =

λ
4

(φ1)4 +
g
2

(φ2)2(φ1)2

hAB = δAB

V(φ1, φ2) =
1
2

m2
φ[(φ1)2 + (φ2)2]

+λ4
V cos2 [ f1

2
tan−1(φ2/φ1) −

f2
2

sin (f3 (φ1)2 + (φ2)2)]



Perturbation equations
Perturbation action in Fourier space

where ℳ2
AB = V;AB − RACDB

·φC ·φD −
1

a3M2
Pl

𝒟t ( a3

H
·φA

·φB)
Equations of motion for the perturbations:

S(2) =
1
2 ∫ dt d3k a3[hAB 𝒟tΦA𝒟tΦ̄B − (k2

a2
hAB + ℳ2

AB)ΦAΦ̄B]

Φ′￼′￼A + 2(ΓA
BC φ′￼C + ℋδA

B) Φ′￼B + [ΓA
BC φ′￼′￼C + Γ′￼A

BC φ′￼C + 2ℋΓA
BC φ′￼C

+ ΓA
CD ΓC

BE φ′￼Dφ′￼E + (k2δA
B + a2ℳA

B)]ΦB = 0



Parallel transported vielbeins
We introduce the canonically rescaled fields

where      and   𝒟t ΛA
a = ·ΛA

a + ΓA
BC

·φCΛB
a = 0 ΛA

a ΛB
b hAB = δab

va(k, τ) ≡ a Λa
A ΦA(k, τ)

S(2) =
1
2 ∫ dτ d3k (δabv′￼a v̄′￼b − Ω2

abv
a v̄b)

v′￼′￼a + δab Ω2
bc vc = 0

where Ω2
ab ≡ (k2 −

a′￼′￼

a )δab + a2ℳ2
ab

⇓

⇓



Canonical quantization

̂vb(k, τ) =
N

∑̂
α=1

[Ūb
α̂(k, τ) ̂aα̂(k) + Ub

α̂(k, τ) ̂a†
α̂(−k)]

[ ̂aα̂(k), ̂a†
̂β
(k′￼)] = δα̂ ̂β δ3(k − k′￼)

(Ū U
Ū′￼ U′￼

) ( 0 I
−I 0) (Ū U

Ū′￼ U′￼
)

⊺

= i ( 0 I
−I 0)

The symplectic structure of the -dimensional phase space preserves the 
symplectic bilinear form:

2N

[ ̂va(k, τ), ̂πb(k′￼, τ)] = i δab δ3(k + k′￼)

Fourier components in terms of mode functions:

Canonical commutation relations



Amplitude-phase decomposition

Single-field Multi-field

EOM

Decomposition

Symplectic structure 
constraint

Amplitude equation

u′￼′￼+ Ω2u = 0 U′￼′￼+ Ω2U = 0

u = r exp(iθ) U = (r1 exp(iθ1) ⋯ rN exp(iθN))
2θ′￼r2 = 1 2θ′￼α̂ r2

α̂ = 1

r′￼′￼α̂ + (Ω2 − θ′￼2
α̂ I)rα̂ + i(θ′￼′￼α̂ rα̂ + 2θ′￼α̂ r′￼α̂) = 0r′￼′￼+ (Ω2 − θ′￼2)r = 0



Dynamical frequency suppression

Suppressed oscillation scale 
in a mode injected at 

, with .k = e10kphys kphys = 105He
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Curvature and isocurvature perturbations

ℛ̂(k, τ) =
H

| ·φ |
eA

ℛΦ̂A(k, τ)

𝒮̂1(k, τ) =
H

| ·φ |
eA

𝒮1
Φ̂A(k, τ)

𝒮̂2(k, τ) =
H

| ·φ |
eA

𝒮2
Φ̂A(k, τ)

⋮

𝒮̂Nf−1(k, τ) =
H

| ·φ |
eA

𝒮Nf−1
Φ̂A(k, τ)

⟨𝒳̂(k, τ)𝒴̂(k′￼, τ)⟩ =
2π2

k3
δ3(k + k′￼)𝒫𝒳𝒴(k, τ)

𝒫𝒳𝒴 =
k3

2π2 ( H
a | ·φ | )

2

eA
𝒳hABΛB

i (ŪU⊺)ijΛD
j hCDeC

𝒴

⇓
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Inflationary trajectories and power spectra



Inflationary trajectories and power spectra
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Inflationary trajectories and power spectra
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Conclusions

• We presented a geometric framework that casts 
multi-field perturbations into a canonical form 
through parallel-transported vielbeins.


• Our generalized amplitude-phase method 
provides a robust way to separate oscillatory and 
slowly evolving components in the presence of 
field-space curvature.


• Together, these ingredients lead to a numerically 
stable and highly efficient evolution of mode 
functions in fully dynamical, curved field-space 
backgrounds.


