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Relativistic Love number
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Polar/Electric 
even 

Axial/Magnetic 
odd 

Now the perturbation is metric, not a scalar, so 
it splits by parity



Relativistic Love number

gtt = − 1 +
2M
r

+ ∑
ℓ≥2,m

( 1
rℓ+1

𝒬ℓm + rℓℰℓm) Yℓm

Thorne, Rev. Mod. Phys. 52, 299 (1980)
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Polar/Electric 
even 

Axial/Magnetic 
odd 

Now the perturbation is metric, not a scalar, so 
it splits by parity

Asymptotically-mass-
centered (ACMC)

Far from the source, the field must settles into the ACMC structure, where 

internal (  ) and tidal (  ) multipoles are read off without coordinate ambiguity.𝒬ℓm ℰℓm



ψtidal ∝ λ2 v5 + λ2 v6 + σ2 v6 + …

5PN 6PN

Polar Axial

Andrés-Carcasona & Caneva Santoro, arXiv:2512.01918

BBH GW250114

with the values reported in Ref. [3], which also used the
TaylorF2 model. However, here we use a lower starting
frequency of 23 Hz instead of 30 Hz, resulting in upper
bounds on Λ1 and Λ2 that are about 10% (for the high-spin
prior) and about 20% (for the low-spin prior) smaller than
in Ref. [3]. This improvement occurs because, although
most of the tidal effects occur above several hundred Hz as
shown in Fig. 2, the tidal parameters still have a weak
correlation with the other parameters. Using more low-
frequency information improves the measurement of the
other parameters and thus decreases correlated uncertain-
ties in the tidal parameters.
The three waveform models that use the same NRTidal

prescription produce nearly identical 90% upper limits that
are about 10% smaller than those of TaylorF2. The reason
for this result is that the tidal effect for these models is

larger than for TaylorF2, as shown in Fig. 2, so the tidal
parameters that best fit the data will be smaller in order to
compensate. Including precession and the spin-induced
quadrupole moment in the PhenomPNRT model does not
noticeably change the results for the tidal parameters
compared to the other two models with the NRTidal
prescription. Overall, as already found in Ref. [3] the
NRTidal models have 90% upper limits that are about
20%–30% lower than the TaylorF2 results presented.

FIG. 9. Inferred spin parameters using the PhenomPNRT
model as in Fig. 8, but in the low-spin case where the
dimensionless component spin magnitudes χ < 0.05. The pos-
terior probability densities for the dimensionless spin compo-
nents and for χp are plotted at the reference gravitational-wave
frequency of f ¼ 100 Hz.

FIG. 10. PDFs for the tidal deformability parameters Λ1 and Λ2

using the high-spin (top panel) and low-spin (bottom panel)
priors. The blue shading is the PDF for the precessing waveform
PhenomPNRT. The 50% (dashed lines) and 90% (solid lines)
credible regions are shown for the four waveform models. The
seven black curves are the tidal parameters for the seven
representative EOS models using the masses estimated with
the PhenomPNRT model, ending at the Λ1 ¼ Λ2 boundary.

PROPERTIES OF THE BINARY NEUTRON STAR MERGER … PHYS. REV. X 9, 011001 (2019)

011001-11

BNS GW170817
LVK, arXiv:1805.11579

Tides are measurable
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Black Holes in dark matter halos
Einstein Cluster 
anisotropic fluid with no radial pressure

Hernquist

NFW

Einasto
10-37

10-33

10-29

10-25

10-21

10-17

10-13

10 1000 105 107 109
1

5
10

50

ρ(r) = (1 −
2MBH

r ) ρDM(r)

Simone D’Onofrio | PASCOS 2026 4



The framework
Valid for axial perturbations of any anisotropic 
fluids in a spherically symmetric background.

Tμν = (ρ + pt)uμuν + ptgμν + (pr − pt)kμkν δgμν = ∑
ℓ,m

0 0 hℓm
0 (r, t)Sℓm

θ hℓm
0 (r, t)Sℓm

ϕ

* 0 hℓm
1 (r, t)Sℓm

θ hℓm
1 (r, t)Sℓm

ϕ

* * 0 0
* * * 0

Axial/Magnetic

D’Onofrio, Datta & Maselli, arXiv:2605.02633

e−ν ·h0 − e−λh′￼1 −
1
r2 (2m − 4πr3(ρ̄ − p̄r))h1 = 0

e−ν( ·h′￼0 − ··h1) −
2e−ν

r
·h0 − ( (ℓ − 1)(ℓ + 2)

r2
+ 16π(p̄t − p̄r)) h1 = −

4(p̄t − p̄r)
ρ̄ + p̄t

Uk

e−λ(h′￼′￼0 − ·h′￼1) − 4πr(ρ̄ + p̄r)(h′￼0 − ·h1) −
2
r

e−λ ·h1 −
1
r2 (ℓ(ℓ + 1) −

4m
r

+ 8πr2(ρ̄ + 2p̄t − p̄r)) h0 = − 4eνU
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Coupled time-dependent axial equations



The framework

e−λh′￼′￼0 − 4πr(ρ̄ + p̄r)h′￼0 −
1
r2 (ℓ(ℓ + 1) −

4m
r

− 8πr2(ρ̄ + p̄r)) h0 = 0

Irrotational master equation

D’Onofrio, Datta & Maselli, arXiv:2605.02633

(1 −
2m
r ) h′￼′￼0 −

m′￼

r
h′￼0 − ( ℓ(ℓ + 1)

r2
−

4m
r3

−
2m′￼

r2 ) h0 = 0

In the case of an Einstein cluster,   :pr = 0
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Case study: Dark matter environment 

D’Onofrio, Datta & Maselli, arXiv:2605.02633

Analytical Numerical 

1. Small compactness expansion  

2. Solving analytically  up to first order in   

3. Compute the asymptotic behavior of the 
solution and extract Love numbers

C = M/a0

h0 C

1. Integrate the master equation up to  

2. Link it to the vacuum solution up to  

3. Use the Hinderer formula for compact 
objects

R99

Rext

Hinderer, arXiv:0711.2420

Must agree!
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Hernquist profile

Asymptotic solution different from ACMC : h0(r) ∼
3

∑
i=−∞

airi + log ( r
Rs )

∞

∑
i=2

bir−i

ACMC

Extra terms is an  arbitrary length scale introduced to render 
the argument of the logarithm dimensionless

Rs Cardoso & Duque, arXiv:1912.07616
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Hernquist profile

Cardoso et al. , arXiv:2109.00005 
Chakraborty et al. , arXiv:2412.14831

Asymptotic solution different from ACMC : h0(r) ∼
3

∑
i=−∞

airi + log ( r
Rs )

∞

∑
i=2

bir−i

ACMC

Extra terms

Ignoring these terms :        kB
2 ∼

4 a4
0M (1 − 4 log(a0/Rs))

(M + MBH)5

 is an  arbitrary length scale introduced to render 
the argument of the logarithm dimensionless

Rs Cardoso & Duque, arXiv:1912.07616
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Hernquist
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The analytic Love number fails
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NFW profile

For NFW we must include a cut-off for the profile because its total mass diverges
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NFW profile

For NFW we must include a cut-off for the profile because its total mass diverges

Asymptotic solution is consistent with the  ACMC : h0(r) ∼
3

∑
i=−∞

airi

D’Onofrio, Datta & Maselli, arXiv:2605.02633

kB
2 ∼ −

4a4
0M

(M + MBH)5
+

Mr2
c (3r3

c − 5a0r2
c + 10a2

0rc − 30a3
0)

15(M + MBH)5[rc + (a0 + rc)log a0

a0 + rc ]
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D’Onofrio, Datta & Maselli, arXiv:2605.02633

NFW: analytic and numerical agree
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The fix: give the halo an edge
Analytically we never recover the vacuum for Hernquist and Einasto 

We impose a cut-of for these profiles at  and compute the 
analytical solution 

ro = R99
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The fix: give the halo an edge
Analytically we never recover the vacuum for Hernquist and Einasto 

We impose a cut-of for these profiles at  and compute the 
analytical solution 

No more logs in the asymptotic expansion! 

For Hernquist:

ro = R99

kB
2 ∼ −

4Ma0(60a4
0 + 90a3

0ro + 20a2
0r2

o − 5a0r3
o + 2r4

o)
15(M + MBH)5ro

+
16Ma4

0(a0 + ro)2log ( a0 + ro

a0 )
15(M + MBH)5r2

o

D’Onofrio, Datta & Maselli, arXiv:2605.02633

h0(r) ∼
3

∑
i=−∞

airi

ACMC
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D’Onofrio, Datta & Maselli, arXiv:2605.02633

With a cutoff: agreement restored
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Conclusions
• We developed the framework of axial perturbations of 

anisotropic fluids in a spherically symmetric background. 

• We computed the tidal Love number of a BH surrounded by 
different DM profiles. 

• We gave a physical interpretation and a solution to the 
logarithm problem in the asymptotic solution. 

• We proved that DM halos give BHs large axial tidal 
deformability, a potential environmental signature for future 
detectors.
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Relativistic Love number

g0ϕ = ∑
ℓ≥2

( 1
rℓ

Sℓm + rℓ+1Hℓm) sin θ∂θYℓm

Polar/Electric 
even 

Axial/Magnetic 
odd 

Now the perturbation is metric, not a scalar, so it splits by parity into the 
asymptotically-mass-centered (ACMC) form:

gtt = − 1 +
2M
r

+ ∑
ℓ≥2,m

( 1
rℓ+1

𝒬ℓm + rℓℰℓm) Yℓm

𝒬ℓm = λℓℰℓm kE
ℓ ∝

λℓ

R2ℓ+1
Sℓm = σℓHℓm kB

ℓ ∝
σℓ

R2ℓ+1

Thorne, Rev. Mod. Phys. 52, 299 (1980)



gtt = − 1 +
2M
r

+ ∑
ℓ≥2,m

( 2(2ℓ − 1)!!
ℓ!

1
rℓ+1

𝒬ℓm +
2
ℓ!

rℓℰℓm) Yℓm

g0ϕ = ∑
ℓ≥2

( 4(2ℓ − 1)!!
(ℓ + 1)!

1
rℓ

Sℓm −
1

(ℓ + 1)!
rℓ+1Hℓm) sin θ∂θYℓm

Polar/Electric 
even 

Axial/Magnetic 
odd 



Andrés-Carcasona & Caneva Santoro, arXiv:2512.01918
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e−ν ·h0 − e−λh′￼1 −
1
r2 (2m − 4πr3(ρ̄ − p̄r))h1 = 0

e−ν( ·h′￼0 − ··h1) −
2e−ν

r
·h0 − ( (ℓ − 1)(ℓ + 2)

r2
+ 16π(p̄t − p̄r)) h1 = −

4(p̄t − p̄r)
ρ̄ + p̄t

Uk

e−λ(h′￼′￼0 − ·h′￼1) − 4πr(ρ̄ + p̄r)(h′￼0 − ·h1) −
2
r

e−λ ·h1 −
1
r2 (ℓ(ℓ + 1) −

4m
r

+ 8πr2(ρ̄ + 2p̄t − p̄r)) h0 = − 4eνU

∂t(U − 4πe−ν(ρ̄ + p̄t)h0) +
p̄r − p̄t

eλ(ρ̄ + p̄t) [∂r(Uk − 4π(p̄t + ρ̄)h1) + ℱ(r)(Uk − 4π(p̄t + ρ̄)h1)] = 0

Anisotropic fluid dynamic

e−ν ·h0 − e−λh′￼1 −
1
r2 (2m − 4πr3(ρ̄ − p̄r))h1 = 0

e−ν( ·h′￼0 − ··h1) −
2e−ν

r
·h0 −

(ℓ − 1)(ℓ + 2)
r2

h1 = 0

e−λ(h′￼′￼0 − ·h′￼1) − 4πr(ρ̄ + p̄r)(h′￼0 − ·h1) −
2
r

e−λ ·h1 −
1
r2 (ℓ(ℓ + 1) −

4m
r

− 8πr2(ρ̄ + p̄r)) h0 = 0

Irrotational

General



kB
2 =

96
5 ( Mtot

M + MBH )
5 2ξ(y − 2) − y + 3

𝒟(ξ, y)

Numerical formula 

𝒟(ξ, y) = 2ξ[2ξ3(y + 1) + 2ξ2y + 3ξ(y − 1) − 3y + 9] + 3[2ξ(y − 2) − y + 3]log(1 − 2ξ)

y = y(Rext) = Rexth′￼0
(ext)(Rext)/h(ext)

0 (Rext)

ξ = Mtot /Rext

d2ψ
dr2

⋆
+ (ω2 − eν ( ℓ(ℓ + 1)

r2
−

6m
r3

+ 4π(ρ̄ − p̄r)))ψ = 0
Equivalent Ragge-
Wheeler equation for the 
irrotational fluid



h(1)
0 (r) = Ψ+(r)∫

r

2MBH

dr′￼

𝒮(r′￼)Ψ−(r′￼)
W(r′￼)

+ Ψ−(r)∫
∞

r
dr′￼

𝒮(r′￼)Ψ+(r′￼)
W(r′￼)

Analytical method

Ψ− = A1r3 (1 −
2MBH

r )
Ψ+ = −

A2

24M5
BHr [2MBH (3r3 − 3MBHr2 − 2M2

BHr − 2M3
BH) + 3r4 (1 −

2MBH

r ) log ( r
r − 2MBH )]


