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WHAT [ WANT TO CONVEY IN THIS TALK

1. Observers, Volume as time and its dual: the cosmological
constant

2. Near Horizon BH, the rise of JT gravity and its Time.
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A MASSIVE PARTICLE AS AN OBSERVER

» Start with a relativistic particle:
S, = —m/dr vV—hr, hrr = guux"x".
» Promote the mass to an off-shell variable Q(7) with conjugate momentum Pg:

Sobs = /dT (Q\/TTT - QatPQ) .

» Equations of motion:

Po measures accumulated proper length along the worldline.
Q is the observer total energy.
Quantum Mechanically they are related by [Q, Pg] = i.

Witten, A Background-Independent Algebra in Quantum Gravity, [2308.03663].



WHAT IS THE GRAVITATIONAL ANALOGUE?

» A particle has a fixed parameter: mass.
» Gravity has a fixed parameter: cosmological constant.

» The cosmological constant is special:
Sp = —/ dx/|g|A, Z ~ exp(--- ANVol(M)).
M

» So A is naturally conjugate to spacetime volume.



VOLUME TIME IS GRAVITY

We can add a clock and promote A to be a function off shell:

Sur = %/M d"x[\/ER — 27 (Vg - aJ“)], (1)
S = / dr [ Lo — Q (Vher —0.Po) ] 2)

» Equations in the clock sector:
Ol =0, Vgl =0u.T".

» Define the volume clock on a slice X:

TA(Y) := /ZdZTO, {Tan,A}ps. = 1.

» The Einstein equations are unchanged on shell.

This is the Henneaux—Teitelboim form of unimodular gravity. [Henneaux—Teitelboim
1989]



VOLUME TIME IS LITERALLY ACCUMULATED VOLUME

4-Volume

Integrating the HT condition between two
slices gives

Vigl=0.T"
pars pay
/ ddx\/|g|:/ dix 8, T".
o pxi}
:/ de..T°— [ d5oT°
b o

Vol(Zo — X+) = Ta(X:) — Ta(Xo).

This is why | will call it volume time.



WHY IT MATTERS: THE PROBLEM OF TIME

» In canonical GR the Hamiltonian constraint freezes the wavefunction:
CarV = 0.
» With the volume time clock pair, the constraint becomes
Cobs = Car + p1, = 0.

» Upon quantisation:

0T, W(Th) = (?GRYW(T/\)- (3)

p1, is the momentum conjugate to the volume clock, i.e. the cosmological constant
sector. pry = 0L/OTA = A



TOP FORMS AND THE COSMOLOGICAL CONSTANT
Hawking's observation in four dimensions:

H[,LVpU - he,uupo'
so that )
_ 1 4 nrpo h 4
Su=- | d*xVEHuwpeH"" =L [ d'x/g.
241/, 2 Ju

> A top-rank antisymmetric tensor has no local propagating degrees of freedom.

» Its on-shell value contributes like a vacuum cosmological constant.

Kaloper found a field redefinition that makes the volume-time structure explicit:

1 / d*x /g Huwpo H*?® = / d*xN(yg — 9, TH). (4)
2.4 [, ™

» In two dimensions, Maxwell theory is already a top-rank antisymmetric tensor
theory.

[Hawking 1984; Duff 1989; Kaloper 2023]
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FrROM 4D TO 2D IN BLACK HOLES

For 4d Reissner-Nordstrom near horizon:

ds® = i [(1 — 47’ T?¢%) d7° + ¢ ] +ridQ3 (5)
¢ (1—am272(?)] T
EAdS,
This is exactly AdS> x S? at extremal (T = 0) or near extremal.
Asymptotically M* EAdS,

AN

AdS, x S2 = /_/v

Horizon
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SKETCH FROM 4D TO 2D: WHAT WE GET

» Start from 4d Euclidean Einstein—Maxwell, schematically

1
St ~ a/d‘lx\/ﬂ(_l?(‘l)""‘:ﬁ/{/’:(%lv).

v

Near-horizon Euclidean RN:

2
ds? = R? <p2d7'2 + OL—’;) + RPd2,

v

Dimensional reduction on the S? gives a 2d Euclidean dilaton gravity:

S~ /dQX\/E[CDR—&— (dilaton kinetic) — @ F)FLY — V(®; Qe Qm)],

v

In the strict near-horizon limit we can take ¢ ~ @, constant.

v

Similar structure for AdSs x S°.
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WHILE BROWSING IN THE LITERATURE...

FIGURE: Paper by Afshar, Gonzélez, Grumiller, and Vassilevich on 2d flat holography and the
complex SYK , [1911.05739] [2205.02240].

This structures are found and used in JT gravity unrecognized by the authors!
How do they found this formulation? = [2501.17213]
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JT GRAVITY AND VOLUME TIME

The second-order action is

Sur, = % / dx[VEH(R — 20) — 20 (/" — 9,4")]. (6)

» Clock equations:
AN =0, v—g =0,A".
> With A" =¢HA,,
TA(Z) = / dr A° = —/ dX A;.
b b

In BF language this sector is the extra abelian generator in the centrally extended JT
algebra.
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RADIAL SLICING AND VOLUME TIME

T F >

Ta(p)

Constant-p slices give a geometric way to read the bulk clock.

15/32



HoLOGRAPHY IN JT AND ITS VACUUM OBSERVER

The bulk action reads:
1 mixe
o=~ [ &x[VEOR+2) ~ 2A(VE - 0,4")] + R ™)
The useful holographic ensemble relates the boundary gauge field and the boundary
value of A:

Aulgpg = (—reNs + 1)V h.

This follows from the boundary action

et = duv'hpp(K — 1)—/ duNs(A, — Vh) — % duvhNA;.
oM oM oM

This is the boundary condition that lets the U(1) clock become dynamical.
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THE DUAL THEORY

Focus on the U(1) part of the boundary theory:

hyay O —/ du Ao(As — Vh) — € duvhA;.
oM 2

oM

Now plug in the solution for the gauge field A, = 1/¢ + i¢'(u) <> /g = A"

oay D—/aMdu(l/\bgp +f/\ \f) (8)

Integrating out A, gives

du .
26 Jam

Ibdy D —

This is the universal low-energy action of complex SYK:
Schwarzian mode + particle on U(1).

[Davison et al.; Mertens et al.]
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THE BOUNDARY KALOPER TRICK

Lets restart with:

lyay O —/ du (i/\b o+ E/\%,ﬁ) 7
oM 2

Now repeat the top-form field redefinition in one lower dimension:

w(u) = — £ o(u) = _ rehi(u).

 kelp(u)’ 2

Then the U(1) particle becomes a boundary HT action:

p B
/bdya—/ du O (W' — Vh) - iew| .
0 0

This is the observer action that we started.
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BOUNDARY VOLUME TIME

The boundary HT constraint is
Vh=iv.
Integrating around the thermal circle gives
B
/ duv'h = iV(B) — iv(0).
0

So define
To(u) := iW(u),  Vol(S3) = ATe.

To is the boundary volume time; © is its intrinsic boundary vacuum energy.
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RELATING BULK AND BOUNDARY CLOCKS

TA TA(TOO)

Figure 3: the thermal boundary clock is read at r.
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MAIN LESSONS

Ll

The cosmological constant is naturally conjugate to volume.
We can promote the CC giving a physical volume clock.
Holographically, the clock becomes the U(1) particle of complex SYK.

After a boundary field redefinition, this is Witten's observer action.



Thank you!

Questions?



HOLOGRAPHY IN JT GRAVITY

We integrate the bulk away enforcing R = —2:

1 2
Iyr :fE/Md X\/§¢(R+2)f/a duv'h u(K — 1)

M

=0

The only remaining mode is the way the cutoff curve sits in the disk:
X" (u) = (t(u), z(v)).

Fix the induced metric at the boundary:

2 dt2+d22 2 .
ds"=——3—, ds load =

du?
€

The metric equation fixes the dilaton profile, behaves near z = 0 as:

q)(t’z)N@J'_ ()bb:ﬂ

— = z(u) =et'(u) +--.

(9)

(11)
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How THE SCHWARZIAN APPEARS

The boundary mode enters through the extrinsic curvature of the cutoff curve:
K —1=¢*Sch{t(u), u} + O(e*). (12)
Since the bulk term vanishes on shell, the renormalized GHY term gives:
Isen = —qu/du Sch{t(u), u}. (13)

The Schwarzian derivative is:
" / 1 £ 2
=(—] —=(—] . 14
st = () 5 (%) (14)

The Schwarzian is the effective action for wiggling the boundary curve while the bulk
stays AdS,.
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THE CLOCK SHOWS UP AT THE ASYMPTOTIC BOUNDARY

In Poincare coordinates,

_dt? 4 dZ?

2
ds 5
V4

1
L VE= = duAn

Solving the HT constraint in axial gauge:

On the boundary curve (t(u), z(u)),

t. 1 .
Av=—Figu) = Ay = i ().

» The divergent piece is the volume; the finite piece is the boundary phase.

» The HT constraint fixes the electric-field sector: xF = 1.



BOUNDARY DYNAMICS: SCHWARZIAN PLUS A PARTICLE

Using )
K —1=¢&Sch{t,u} +O("),  A,==+iy,
€

the on-shell action becomes

hbay = —E,/ duSch{t,u} — S du .
oM 26 Jom

This is the universal low-energy action of complex SYK:
Schwarzian mode + particle on U(1).

[Davison et al.; Mertens et al.]
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POINCARE DISK VERSUS THERMAL DISK

e >
(a) (b)
Poincare coordinates are natural at zero temperature;
thermal coordinates make the disk a cigar.

2 2
» Poincare: ds?® = w
z
2 2 12 2 2 27
» Thermal: ds® = r,sinh” pd7 +dp°, = R

» Boundary map: t€ (—oco,00) = f€ (—g?)
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THERMAL COMPLEX SYK ACTION IN STANDARD LITERATURE

At finite temperature, the boundary time is

™

t(u) = tan(ﬁ

W) k) =)+ 5.
The thermal on-shell action is

5 7 rﬁ 12 1 A i . N2
lbay = —qbr/ du (Ef + Sch{f, u}) — 2—/ du(<p + lr,,f) .
0 K Jo
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A VOLUME CLOCK AT THE BOUNDARY

Take the constant slice & to be the asymptotic boundary:

TaOM) = [ duA
oM

For the Poincare boundary,
A
Ta(z) = /dt A = 7t + iAp.
At z = € and trivial winding,

TA(OM) = é — Vol(M).

The bulk volume clock can be read as a boundary flux.

29/32



THREE BOUNDARY FORMS: RECAP

1. Zero temperature and Finite temperature:

Hto = /dus(h{t u}fi/d @2

.8 ) 2 1 /8
I§T2 = —p, / du <S(:h{f, u}+ %f2> — ﬂ/ du (qb' + irhf/)2.
Jo

0
2. Boundary A2 form

he = v/ du <Sch{f~U} - %f/2> —/ du [i/\b (¢ + irf') + %\/ﬁ/\i] ‘
JO 0

3. Boundary HT; form

B v Y r}? 2 A ! f . B
lgr, = —¢r du | Sch{f,u} + 57[ — du®© (I\U — h) — IG)\IJ’ .
Jo 0 0
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WE HAVE RETURNED TO THE OBSERVER

Worldline observer Boundary observer
Sobs = /dr (PQQ - Qx/—hw) : logy O —/du o(iv' — Vh).
PO: —h-r. i\Ul:\m.

The boundary phase mode is not just a spectator.
It is the clock of a (0 + 1)-dimensional HT observer.
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Thank you!

Questions?



BF-THEORY FOR JT GRAVITY

A first-order formulation of JT gravity goes through a gauge-theoretic construction. This
is achieved by taking the isometry group of (A)dS; spacetime and defining a BF-theory.

» JT gravity is based on the Lie algebra s((2,R):

[Pa, Po] = 2M\Jap = —Aeapd,  [Pa, J] = —€,°Ps. (15)

We further define a gauge connection and its associated curvature two-form:

A=e’P,+@J and F=TP,+(R-X¥)J. (16)

» Dynamics is obtained by considering a BF-like action with Lagrange multipliers
B = (B’ ¢):

S= tr(BF):/ B, T +¢(R— %) === SJT:/ o(R—AX).
Mo Mo Mo

We have on-shell

R=XX and DB=dB+ [A,B]=0. (17)
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EXTENDED DE SITTER ALGEBRA AND HT)
We consider a central extension of the de Sitter group by U(1). The corresponding
algebra sl(2,R) 2 s[(2,R) @ u(1) is:
[Pa, Po] = —Neasd +€anl,  [PayJ] = =€, P, [J,J] =0, (18)
» We can then consider a connection and curvature valued in the extended de Sitter
algebra:
A=eP,+@J+Al and F=TP,+ (R-AT)J+ (F+ %)l (19)
Here, we used the abelian connection A with associated curvature F = dA.

» Dynamics is obtained via Lagrange multiplier fields (B?, ¢, \) to give a BF-like
action:

S= /[ B.T+(R-AD)-AF+3)) ==% Sur,= | &(R-AZ)—A(F + ).
Mo Mo

Using Einstein-Cartan variables and going to 2"¢-order formalism gives the HT>

action: )
Sur, = 5/ d*x /=g [¢(R —2X\) —2A(1 - f'“‘a,,A,,)]. (20)
Mo
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CLOSED UNIVERSES IN DE SITTER HT»

We consider the mini-superspace approximation (MSS), where all the fields depend on
global time coordinate t. The metric reads:

ds® = —N*(t)dt* + a°(t)do>.

The HT; action in mini-superspace becomes

SHT2 = —/dt (% + Na(q5+/\) —/\TA> = SJT+/dt /\-i_/\ (21)

T/\:/ A
sl

For global de Sitter we have this metric:

= —Ag (22)

sl

ds® = —dt® + cosh®(t)d6°.

Geometrically, this describes a contracting closed universe at early times and an
expanding closed universe at later times, with a minimal length a(0) = 1 reached at
t=0.



UNIMODULAR TIME IN HT», MSS
We can see that on-shell, we have:

VEg=T° = a(t)=Ta, (23)
That is unimodular time simply is
Ta(t) = | dt a(t) =sinh(t), VteR. (24)
s

Here a schematic drawing for the on-shell unitary time-evolution for global de Sitter
geometry in unimodular time:
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LORENTZIAN COBORDISM AND MORSE FUNCTION

o

FIGURE: A cobordism between two manifold that have different genus, where the critical point is
in the bulk manifold and is marked in the morse function direction.

Definition: Let M be a smooth n-manifold. A smooth map f: M — R is a Morse
function if every critical point p € M (i.e. df, = 0) is non-degenerate, meaning that
the Hessian quadratic form at p is nonsingular:

det(Hess, f) # 0. (25)
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REMARK ON CLASSICAL TOPOLOGY CHANGE AND Tj

As an example consider a milne dS closed universe which such metric:
ds®> = —dt* + sinh?(t)d6’.

Therefore in this case unimodular time is:

a(t)=Tn == Ta = cosh(t) (26)
n [ Tx
. . M
< T > T, t

It is clear that unimodular time is storing topology change information, in this case
lorentzian cobordism where Th can seen as a Morse function.
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HAMILTONIAN FOR CANONICAL QUANTISATION

The mini-superspace variables being a, ¢ and Tj have associated conjugate momenta:

__3a __9 _
Po=—3 Pa=—7 pry =N\

We can find the Hamiltonian for mini-superspace HT>:

H=Y it
= Na(—ps(a~")ps + Ap + pr7,)
= Na(CJT + PT,\) = Na C’HT2

the Wheeler-DeWitt equation emerges as following:

5Sut,
N

quantisation

= Cut, =0 é\HTzw =0
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CANONICAL QUANTISATION

We promote the phase space variables to quantum operators

g —p ——ig — Py = —i 4
a¢7 P&' pa_ aa pT/\ pT/\_

- P, =—i . 0
Po Py ! oty

The Wheeler-DeWitt equation transforms into a Schrodinger-like equation, that is

{@(1 )+¢—:#} W(a, ¢ Ta) = 0 (31)
[cn—/ O‘H W(a, 6 Th) =0 (32)
/d—;_\ll( L6 Ta) = CyrV(a, ¢; Ta). (33)

Next we want to find the wavefunction that governs this model universe.
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QUANTUM INTERFERENCE

Here we illustrate |\U(a, ®; T/\)|2, plotted against a, the size of the universe:

T
0.20 — P(aTy=0) 0054 ! —— P(a, Ty = 100)
i
|
0.15 Zoomed on a € [0,2] 0.047 1§
o0 :
!
!
o !
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QUANTUM INTERFERENCE
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