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The Anatomy of a Lattice Measurement
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Simulation vs Measurement — Two Different Problems
Every ensemble  , sampling probability → U(k+1 = T[U(k)] e−S[U]

⟨𝒪⟩ = 1
𝒵 ∫ 𝔻[U] 𝒪[U] e−S[U] MCMC

E[𝒪] =
∑k 𝒪[U(k)]

Ncfg
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Simulation vs Measurement — Two Different Problems
Every ensemble  , sampling probability → U(k+1 = T[U(k)] e−S[U]

MCMC

Var[𝒪] = τint
2σ2

NP

U’s

⟨𝒪⟩ = 1
𝒵 ∫ 𝔻[U] 𝒪[U] e−S[U] E[𝒪] =

∑k 𝒪[U(k)]
Ncfg

The probability measure and the 
observable definition need good overlap.
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Simulation vs Measurement — Two Different Problems

The probability measure and the 
observable definition are 

decoupled.

⟨𝒪⟩ = 1
𝒵 ∫ 𝔻[U] 𝒪[U] e−S[U]

Reweighting !





Scan the neighborhood of parameter 
space of .                                          

⟨𝒪⟩β′ 
=

⟨𝒪[U]w(U)⟩β

⟨w(U)⟩β
, w(U) = e−(Sβ′ − Sβ)

β

Sign Problem "


      


                                   
⟨𝒪⟩ = ⟨𝒪[U]eiϕ[U]⟩P

⟨eiϕ[U]⟩P

4



What the Simulation hands off to Measurements ?

D ≡ γμ𝒟μ[U] + mf

⟨ψjψ̄i⟩
nf=1

= 1
𝒵 ∫ [𝔻U] D−1

ji [U]

valence propagator

det D[U] e−SYM[U]

sea weight

⟨𝒪⟩nf
= 1

𝒵 ∫ 𝔻[U] 𝔻[ψψ̄] 𝒪(U, ψ, ψ̄) e−S(U, ψ, ψ̄)
#

i j

t
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What’s the issue with ?D−1

#D ≡ γμ𝒟μ[U] + mf ⟹ D−1 ∝ 1
mf

-  Solve  


-Most expensive part, usually by iterative method (BiCGStab) 
 
       with  (true solution)  
 
       with 


-  Find a preconditioner  such that  s.t 
 
      ,      [Low Condition number] 

-   Multigrid approximates low mode and high modes. 

         

D x = b

xk+1 = f( D, b, xk ) xk → x

rk = b − D xk rk → 0

M M ≈ D−1

(DM) v = b v = M−1x

D = ∑
n

λn |n⟩ ⟨n |

[High Condition number ]D†DAdaptive Smooth Aggregation Algebraic Multigrid

“Adaptive*multigrid*algorithm*for*the*lattice*Wilson7Dirac*operator”*R.*Babich,*J.*Brannick,*R.*C.*
Brower,*M.*A.*Clark,*T.*Manteuffel,*S.*McCormick,*J.*C.*Osborn,*and*C.*Rebbi,**PRL.**(2010).*

6

[Babich et.al.,1011.2775]



What we measure?

Euclidean  Correlation function2pt

C2pt.
ab (t) ≡ ⟨0 𝒪b(t) 𝒪†

a(0) 0⟩
= Tr[ e−(Lt−t)H 𝒪b e−tH 𝒪†

a ]
Tr[ e−LtH ] t > 0

= ∑
n

⟨0 𝒪b(0) n, L⟩ ⟨n, L 𝒪†
a(0) 0⟩ e−Ent Lt → ∞

= ∑
n

Zb,nZ†
a,ne−Ent
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Classification of Lattice Observables

- Quark Propagator based   ( Mesons, Baryons, Form factors)


- Pure Gauge                       ( Wilson loops, Glueballs, Polyakov loop)


- Mixed/Hybrid                    ( hybrids, extended-light)


- Derived                             ( Scattering, Thermodynamics) 

→
→
→
→
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Propagator Based : Mesons
𝒪meson (x) = ∑

a, α, β
q̄1 (x)a

α Γα, β q2 (x)a
β

-  Flavor Structure: Flavor quantum numbers by  and 


-  Spin & Parity:        matrix choice.


-  is scalar ( ) :  [Not sure]


-  is pseudoscalar ( ) :  


-  is vector ( ) : 


-  is axial-vector ( ) : 

q1 q2

Γ

𝕀 JP = 0+ σ

γ5 JP = 0− π±, π0

γμ JP = 1− ρ, ω

γμγ5 JP = 1+ a1
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Propagator Based : Baryons

𝒪baryon (x) = ϵabc P± ΓA q1(x)a ( qT
2 (x)b ΓB q3(x)c)

-  Spin Selection: 
  
      or  
 
      


-  Parity Selection:  


-  Charge Conjugation:  C is Charge Conjugation matrix. 


-   ensures antisymmetry in the color indices. 

J = 1
2 → (ΓA, ΓB) = (𝕀, Cγ5), (γ5, C), (𝕀, iγ4 C γ5)

J = 3
2 → (ΓA, ΓB) = (𝕀, Cγi)

P± = 1
2 (𝕀 ± γ4)

C ≡ iγ2γ4

ϵabc
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Propagator Based : Baryons
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Wick Contractions: Structure of Correlators

⟨ηi1η̄j1…ηinη̄jn⟩F
= = (−1)n ∑

P(1,2,…,n)
sign(P)(D−1)i1jP1

(D−1)i2 jP2
…(D−1)in jPn

Lets’ compute for a pion,

⟨𝒪π+(y)𝒪†
π+(x)⟩ = ⟨d̄(y)γ5u(y)ū(x)γ5d(x)⟩ = − Tr [γ5 D−1

d (x; y)γ5 D−1
u (y; x)]
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Wick Contractions Explosion: Obstacle
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Wick Contractions Explosion: Obstacle
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Extract energies from two-point functions

C𝒪(t) = ∑
n

|Z𝒪,n |2 e−Ent
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Extract energies from two-point functions

C𝒪(t) = ∑
n

|Z𝒪,n |2 e−Ent ⟹ E(t) ≡ 1
a

log [ C𝒪(t)
C𝒪(t − a) ] = E0 + O (e−(t/a)δ)
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Extract energies from two-point functions

C𝒪(t) = ∑
n

|Z𝒪,n |2 e−Ent ⟹ E(t) ≡ 1
a

log [ C𝒪(t)
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Signal-to-Noise in Euclidean Correlators

C(t) ≡ ⟨0 𝒪(t) 𝒪†(0) 0⟩
σ2

C(t) ≡ ⟨0 𝒪(t) 𝒪†(0)𝒪(t) 𝒪†(0) 0⟩ − ⟨0 𝒪(t) 𝒪†(0) 0⟩
2

Var[X] = E[X2] − E[X]2

σC(t)
C(t) = ⟨0 𝒪(t) 𝒪†(0)𝒪(t) 𝒪†(0) 0⟩

⟨0 𝒪(t) 𝒪†(0) 0⟩
2 − 1

≈ |B |2 e−t E0,C2

|A |4 e−2t E0,C
− 1

t > > 1




       

σC(t)
C(t) ∝ et (E0,C − 1

2 E0,C2)

E0,C2 ≤ 2 E0,C

[Parisi-Lepage]
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Signal-to-Noise in Euclidean Correlators tail

C(t) ≡ ⟨0 𝒪(t) 𝒪†(0) 0⟩
σ2

C(t) ≡ ⟨0 𝒪(t) 𝒪†(0)𝒪(t) 𝒪†(0) 0⟩ − ⟨0 𝒪(t) 𝒪†(0) 0⟩
2

Var[X] = E[X2] − E[X]2[Parisi.]

Pion: 
σC(t)
C(t) ∝ const

σC(t)
C(t) ∝ et(mN− 3

2 mπ)Nucleon:




       

σC(t)
C(t) ∝ et (E0,C − 1

2 E0,C2)

E0,C2 ≤ 2 E0,C

18
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What can be done at early timeslices?

𝒪̃aα( ⃗x, t) = ∑
y

Sab( ⃗x, ⃗y) 𝒪bα( ⃗y, t)

= ∑
y

(𝕀 + α H( ⃗x, ⃗y; U(t))n 𝒪( ⃗y, t)

H( ⃗x, ⃗y; U(t)) =
3

∑
k=1

(Uk( ⃗x, t)δ ⃗x, ⃗y− ̂k + U†
k ( ⃗x − ̂k, t)δ ⃗x, ⃗y+ ̂k)

Smearing

Needs tuning
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[PDG Review 2024], ,  from HSC, RBC-UKQCD, Michael-Ottnad-Urbachη η′ 

Ground state spectrum from lattice QCD

PDG review (2024) [Results from MILC, PACS-CS, BMW, QCDSF, ETMC]

ω → ω↑ results from RBC-UKQCD, HSC, and Michael-Ottnad-Urbach

Heavy-light meson results from Fermilab-MILC, HPQCD, Mohler-Woloshyn

Hadron spectrum from lattice QCD simulations M. Padmanath IMSc Chennai (9 of 65)

Are we done then?
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[PDG Review 2024], ,  from HSC, RBC-UKQCD, Michael-Ottnad-Urbachη η′ 

Ground state spectrum from lattice QCD

PDG review (2024) [Results from MILC, PACS-CS, BMW, QCDSF, ETMC]

ω → ω↑ results from RBC-UKQCD, HSC, and Michael-Ottnad-Urbach

Heavy-light meson results from Fermilab-MILC, HPQCD, Mohler-Woloshyn

Hadron spectrum from lattice QCD simulations M. Padmanath IMSc Chennai (9 of 65)

Are we done then?   ☹. NOT YET
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Scattering states on the lattice

Discrete Energy 

Finite Volume

m m1 2 (m + m )1 2

Scattering continuum 

mR

Infinite Volume

Issues 
No Continuum
-No cuts
-No Sheet structure
-No Poles

Physical sheet
Unphysical sheet

Im(Ecm)

Re(Ecm)

Im(p*)>0

Im(p*)<0
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Elastic (“near” Threshold) Scattering states on the lattice

Lüscher Quantization Condition

ℳℓ(E, L) = cot δℓ(E)ℳ ⃗P ,Λ
ℓ (E, L) = cot δℓ

[Lüscher, Nucl.Phys.B 354 (1991)]
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Elastic (“near” Threshold) Scattering states on the lattice

Lüscher Quantization Condition

ℳℓ(E, L) = cot δℓ(E)ℳ ⃗P ,Λ
ℓ (E, L) = cot δℓ

[Lüscher, Nucl.Phys.B 354 (1991)]

Assumptions
• Interaction range  

• Two spin 0 particles only 

• Elastic scattering 

• Periodic box 

• Upto Exponential corrections 

< L
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Lattice Box :  
L : 3.65 fm

a : 0.114 fm


 : 5.86

Number of configurations: 1000


 ~320 MeV

323 × 96

mπ L

mπ

Gauge Action: tree-level Symanzik action  

Fermion Action: Wilson clover  

Boundary: Periodic

𝒪(a2)
𝒪(a)

Energy Range to probe 
using  Ops in ππ I = 1

0.64 MeV 1.0 GeV

π π

π π
ρ

Let’s get into a real LQCD calculation..

I = 1 , JP = 1+
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Ingredients for , -point functionsn > 2 n

π π

π π
ρ

seq

stoch≡
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Ingredients for , -point functionsn > 2 n

π π

π π
ρ

seq

stoch≡

Bose Symmetry
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Ingredients for , -point functionsn > 2 n

π π

π π
ρ

Sequential Source/Propagators (seq):

(seq)

Stochastic Propagator (stoch):

(stoch)≡

One-end trick (oet):
D−1

u ΓX D−1
d ≈ ϕΓXγ5 ϕ†

(oet)
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Multihadron Op.
Hadron Spectrum with excited states

Motivated from 
the scattering 
Experiments

Same Quantum no.?
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Multihadron Op.
Hadron Spectrum with excited states

Motivated from 
the scattering 
Experiments

Same Quantum no.? 
But the two hadrons can’t move freely 

on the lattice! 
Orbital Angular momentum 

constrained! 

27



Hadron Spectrum with excited states

OSU(2)

Quantized spin 
1/2
3/2
.

..

.
G
G
H

1

t
e
a
a1

2

2

1
2

D

SUBDUCTION

single-valued

double-valued

Irrep

Irrep

Multihadron Op. Projection

27
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Hadron Spectrum with excited states

Motivated from 
the scattering 
Experiments

⟨0 |Ω(t)Ω†(0) |0⟩ = ∑ ⟨n |Ω†(0) |0⟩
2

e−Ent

Ω ≡ ∑
i

v*i 𝒪i
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Hadron Spectrum with excited states

Motivated from 
the scattering 
Experiments

⟨0 |Ω(t)Ω†(0) |0⟩ = ∑ ⟨n |Ω†(0) |0⟩
2

e−Ent

Ω ≡ ∑
i

v*i 𝒪i

⟨0 |Ω(t)Ω†(0) |0⟩ = ∑
i,j

v*i ⟨0 |𝒪i(t)𝒪j(0) |0⟩vj = ∑
i,j

v*i Cij(t)vjMinimize

∑
i,j

v*i ⟨0 |𝒪i (t0) 𝒪j(0) |0⟩vj = N Normalization condition
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Hadron Spectrum with excited states

Motivated from 
the scattering 
Experiments

⟨0 |Ω(t)Ω†(0) |0⟩ = ∑ ⟨n |Ω†(0) |0⟩
2

e−Ent

Ω ≡ ∑
i

v*i 𝒪i

⟨0 |Ω(t)Ω†(0) |0⟩ = ∑
i,j

v*i ⟨0 |𝒪i(t)𝒪j(0) |0⟩vj = ∑
i,j

v*i Cij(t)vjMinimize

∑
i,j

v*i ⟨0 |𝒪i (t0) 𝒪j(0) |0⟩vj = N Normalization condition

Using Lagrange Multipliers
Λ (v1, ⋯, vn, ⋯, λ) = ∑

i,j
v*i Cij(t)vj − λ ∑

i,j
v*i Cij (t0) vj − N
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Hadron Spectrum with excited states

OSU(2)

Quantized spin 
1/2
3/2
.

..

.
G
G
H

1

t
e
a
a1

2

2

1
2

D

SUBDUCTION

single-valued

double-valued

Irrep

Irrep

= λ

GEVP:

Eeff(t,t0) = log[λ(t,t0)/λ(t+1,t0)]

Multihadron Op. Projection

λ(t,t0) ~ e-Et

C(t) v(t,t0) C(t0)λ(t,t0)= v(t,t0)
t
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 Finite Volume Spectrumππ

π π

π π
ρ

29



 Phase Shift ππ I = 1

Our result

 MeV
mρ = 797.6(6.5)

gρππ = 5.69(21)

π π

π π
ρ
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