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— Lect. 2 : Machine Learning in Measurements

Srijit Paul
Maryland Center for Fundamental Physics

Satellite School on Lattice Gauge Theories,
Indian Institute of Science, Bangalore, India
28th October, 2025



The Anatomy of a Lattice Measurement

Simulations

U0 )

<

oY




The Anatomy of a Lattice Measurement

Simulations

Uﬂ( X) | Ops & Props

* g
< i
A A
v —

oY
F
\—




The Anatomy of a Lattice Measurement

Simulations

U ,u(x) Ops & Props Contractions

>

<

oY




The Anatomy of a Lattice Measurement

Simulations

U0 )

<

oY

>

Ops & Props

Contractions

Observables

Hadron Spectrum
Resonance Params

Matrix Elements

Form Factors

T,y € P



The Anatomy of a Lattice Measurement

Simulations

U

<

4
a

_J

>

Ops & Props

Contractions

Observables

Hadron Spectrum
Resonance Params

Matrix Elements

Form Factors

T,y € P

1 T
(0) 4 vn, = EJD[U}V DIyl O(U. . ) e=S( Vo)




Simulation vs Measurement — Two Different Problems

Every ensemble » U1 = T[UW], sampling probability e SV
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Simulation vs Measurement — Two Different Problems

Every ensemble —» U+ = T[U®], sampling probability e~V

" g ory®
(@:i[D[U]@@ —VC § Fo)= >, OlU™]
* | ~ chg

U’s |

The probability measure and the
observable definition need good overlap.
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Simulation vs Measurement — Two Different Problems

I " 1
Reweighting
i Vs Na - (O[UIw(U))4 - —(Sﬂ/—sﬂ>
(0) = §J'|D[U] (O[U]}; Jm)ﬁ’— O, w(lU) =e

. / Scan the neighborhood of parameter
g space of f.

The probability measure and the — J
observable definition are - 1
decoupled. Sign Problem &

N (O[U]e'1Uy
\ (0) =— g

- J




What the Simulation hands off to Measurements ?

valence propagator

Only first

neighbours

D = yﬂgﬂ[U] + my
# non-zero

; ~, | prop. to 4




What’s the issue with D2

1

D= y”S’Z”[U] +m, = Dl o — [High Condition number D' D]

m
-Solve D x=b y

- Most expensive part, usually by iterative method (BiCGStab)
Xr1 = f(D, b, x; ) with x;. — x (true solution)

- Find a preconditioner M such that M ~ D! s.t

(DM) v =>b, v=M'x [Low Condition number]

- Multigrid approximates low mode and high modes.

D= Jln) (nl

seconds per solve

32%x256 aniso clover on 1024 BG/P cores

\ ' " mixed precisio'n BiCGStab =——e—
mixed precision multigrid (old) - AL
\ mixed precision multigrid (NEw) =t l
100
24 .5x
13.9x
x"
10 i \\L'---.x ............................. K SR 2.?:1
m my —
ph)'/s h light Mg, )

-0.088 -0.086 -0.084 -0.082 -0.08 -0.078 -0.076 -0.074

mMass

[Babich et.al.,1011.2775]



What we measure?

Euclidean 2pt Correlation function

C2 (1) = <o 0,(1) 0,(0)] 0>
Tr[ e L7 6, e~ 0] ]

— t >0
Tr[ e~ LH |

-y <o |0,(0)| n,L> <n,L |60)] 0> eFl L - oo




Classification of Lattice Observables

- Quark Propagator based — ( Mesons, Baryons, Form factors)
- Pure Gauge — ( Wilson loops, Glueballs, Polyakov loop)
- Mixed/Hybrid — ( hybrids, extended-light)

- Derived — ( Scattering, Thermodynamics)



Propagator Based : Mesons

Omeson (¥) = Z Gy (Vg Ly, p g2 (0

a,a,

- Flavor Structure: Flavor quantum numbers by ¢, and g,

- Spin & Parity: I’ matrix choice.

- lis scalar (J* = 07 : o [Not sure]

- ysis pseudoscalar (J© = 07): 7%, 7°

- 7, is vector J'=17):p, @

- 7,Vs is axial-vector JE=1M:q

f5(500) 16PC) =0t T

also known as o; was f(600), f(400-1200)

See the review on " Scalar Mesons below 1 GeV."
Mass (T-Matrix Pole 1/s) = (400-550)—i(200-350) MeV
Mass (Breit-Wigner) = 400 to 800 MeV
Full width (Breit-Wigner) = 100 to 800 MeV

fo(500) DECAY MODES Fraction (I';/T) p (MeV/c)
T seen -
0% seen -




Propagator Based : Baryons

O baryon (X) = €gpe P T'p q1(0)° (CIQT (x)” I'p 613(?6)0)

- Spin Selection:

1 .
J=5 — (4 TB) = (1, Cys), (75, C), or (I, iy, Cys)

3
J=Z = (AT = (.Cp

1
_ Parity Selection: P, = 5 (l] + 7’4)

- Charge Conjugation: C is Charge Conjugation matrix. C = iy,y,

- €, €nsures antisymmetry in the color indices.
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Propagator Based : Baryons

Baryon Qutarkt Interpolating field 1 -
conten
P uud €abe (qu’%db) Ue 1/2 +1/2
n udd Entie (dZC%ub) d. 1/2  -1/2
A uds %eabc [2 (uaTC’ysdb) Sc + (uaTC"y5sb) dc — (dz:C%sb) uc] 0 0
7 Al uus Eabe (u:";C’q/g,sb) Ue 1 +1
| uds %eabc [(uaTC"y5sb) de + (d3075sb) uc] 1 0
5 dds €abe (d3 C58p) de 1 -1
=0 uss €abe (sZ:C'yg,ub) Se 1/2 +1/2
= dss €abe (st’de) Se 1/2  -1/2
AT uuu €abe (uZC’yuub) e 3/2 +3/2
AT uud %eabc [2 (qu”yudb) Ue + (uZ;C"yMub) dc] 3/2 +1/2
A° udd Z5€abe [2 (da Cyuup) de + (da Cyuds) uc] 3/2 -1/2
A~ ddd €abe (da Cyuds) de 3/2 -3/2
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Wick Contractions: Structure of Correlators

— - o . —1
<’7i177j1. . -7’]in’7jn>F - = (— 1)” P(lzz )s1gn(P) (D >ile1
NN/

Ty, Y <>x @
52/ b ~No
Lets’ compute for a pion, (//) @\-“\

(02)01.) = (dOrsumayd)) = =T 15 D7 (xsyyys Dy 0.0
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Wick Contractions Explosion: Obstacle

I il
Single Proton @ uud duu @
| |

uaaauu.
||| ‘ ‘

| ‘ I
Deuteron . uﬁ T(leIJ

+ many more!
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Wick Contractions Explosion: Obstacle

Single Proton ’ uud 2
Deuteron . uud ddu 36
Dineutron . ddu ddu 48

AZ Nucleus ’

Nontrivial concern: writing correct Wick contractions!
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Extract energies from two-point functions

Col) = ) 1 Zg, ) 75

10—1.

10—3_

10—5.

1077 4

10—9.
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Extract energies from two-point functions

E(t) = —log =Ey+ O (e
a Co(t—a
0.2 o . I 9
., Why it does not plateau:
0.1k IAAAAARARA A -:::::;;.’.”...”’.’.’
PIOI"I ...’.’0
0 1 é 3
14t * | , 9
- Why do errorc increase:
12 M >
y 0] S R =
= k3 33 I I I :I:
08r 1 C(t)
! E(t)=—-1 _ B4 O (e t/as
%' Nucleon B)=-gk {C(t—a)] ’ <e )
t/a 0.0 0.5 1.0 1.5 2.0
t [fm]



10—1.

10—3_

10—5.

1077 4

10—9.

Extract energies from two-point functions

Cp(?)

1
= E(@)=—log =Ey+ O (e ?)
a Co(t—a)
: — : : : :
0.142 . C'(t) . \A\Q <€—mﬂt 4+ e—mW(T—t))
3
0-140 IIIII!IIIIIIIIII!IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII 4
0138} P'On , , . . ,
0 1 2 3 4 5
L4 M/Ay do :errorc increase?
1.2} & I
;'Z: °°°°°°°°°°°°°°° *33 IIIII]]
| = _l n ( ) — e—(t/a)5 |
| 0'6'1 Nucleon Ee) = all {C(t— )] IE°+O( | ) |
60 0.0 0.5 1.0 15 2.0 25
t [fm]




Signal-to-Noise in Euclidean Correlators

C(t) = <0

ag(t) = <O

o) 6'0)|0)  [Parisi-Lepage]

Var[X] = E[X?] — E[X]?

0(1) 0'(0)0(r) 0'(0)] o> _ <o o) 67(0)| o>2

oc(t) <0 ‘@(t) 6" (0)O(7) @T(o)‘ ()>

-1

c@)

\

<o |6 670 0>2

t>>1\/

|B|2€_tEO’C2
— 1

|A |4e—2lE0,c
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Signal-to-Noise in Euclidean Correlators tail

C(t) = <o 0(1) 0'(0)] o> [Parisi] [Lepage Var[X] = E[X?] — E[X]?

a2 = (0 |00 6'000 6'0)| 0) - (0|00 0'©) 0>2

pion: 2 const g() = et<EO’C 2EO’C2>
. ~ |
IoN. c) (f)
| Ey2 < 2Ey.
Nucleon: 280 . pitm~3m, e G 2 0C
C(1)
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What can be done at early timeslices?

| |
n=0 —M—
n=10 &
2.5 n=20 —&— 7]
n=30 —v—
n=40
2+ n=50 —&— 7

1.5 Faster convergence (arger noise if

l/, to grovnd-ctate over-cmeared

05 éééégéeeaasmﬂ’mﬁgg@%éi%
! >

@ @

Needs tuning 0t | | | [ ! ! 1 ! | [ | | .
0 2 4 6 8 10 12 14 16 18 20 22 24 26

ts/a
HGE.5: Ut) = Z (Uk(x N8:5 gy + UG-, f>5~;+k>
k=1
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Are we done then?

2500

pP 0P PP B

S C

T T 1 T

2000

1500

(MeV)

1000

500

Ll I 1 Ll I 1 1 T 1 I 1 1 T 1 I 1 1 1 T I

| 1 | L

| | 1 1 I 1 1 1 | I 1 1 1 1 | | 1 | 1 I

[PDG Review 2024], n,n’ from HSC, RBC-UKQCD, Michael-Ottnad-Urbach
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Are we done then? &. NOT YET

¢

50— T T T T T 1 —

I I [ [

& QCD Fock space -

ool & ‘*’*Q@
[ @@@M I

500 oo |

(MeV)

0 i | | | | | | | | | | | | | | |
n p K ¢ M n © ¢ N A 2 ) A s = Q

[PDG Review 2024], n,n’ from HSC, RBC-UKQCD, Michael-Ottnad-Urbach
21



Scattering states on the lattice

4 _ /) ["u B

| 1 L | N

)V _‘_‘_*/ '

Finite Volume

Discrete Energy

Infinate Volume

Issues

No Continuum

-No cuts

-No Sheet structure
-No Poles

Physical sheet Im (Eem) |

Im(p*)>0

:Re (Ecm)

22




Elastic (“near” Threshold) Scattering states on the lattice

Lischer Quantization Condition
[Ldscher, Nucl.Phys.B 354 (1991)]

an exact mapping @
“—>

not an extrapolation @

finite volume

two-particle spectrum scattering amphtudeq

NS

%P ME, L) = cotd,

23




Elastic (“near” Threshold) Scattering states on the lattice

Lischer Quantization Condition
[Ldscher, Nucl.Phys.B 354 (1991)]

Fj
Assumptions

Interaction range < L
Two spin 0 particles only
Elastic scattering
Periodic box

Upto Exponential corrections

M 5’A(E, L) = coto,

24




Let’s get into a real LQCD calculation..

Lattice Box : 323 X 96

L : 3.65 fm

a:0.114 fm

m, L :5.86

'Number of configurations: 1000

m,, ~320 MeV

Gauge Action: tree-level Symanzik action®(a?)
Fermion Action: Wilson clover O(a)
‘Boundary: Periodic

Energy Range to probe

using 7z Opsin I = 1
0.64 Mevﬁ1 .0 GeV

25



Ingredients for n > 2, n-point functions

>
stoch ><
>

seq

L.
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Ingredients for n > 2, n-point functions

Bose Symmetry
A < ngq

>
stoch ><Q
>

.
22 el Ny —
P 4 +° Yo —
W, “ —
n
S (]
S - ..
] v/
2 ¥ \ "._._“v“0 - h @

>
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Ingredients for n > 2, n-point functions

AP =
p =
=

(stoch)

X Sequential Source/Propagators (seq): (D‘lriz(ﬁiz) D_l) (x, )25
Stochastic Propagator (stoch): ¢"(x)2 7™ (t, ¥)s = (D‘1 ’ ’T) (x: t, ¥)25

One-end trick (oet): n" stochastic timeslice source ( “full time di-

D;'TyD;' = ¢Tyys ' Iytion"), r=1,..., Nsar?ples,
fixed set of source locations {y}
26



Hadron Spectrum with excited states

Motivated from
the scattering

Experiments

Multihadron Op.
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Hadron Spectrum with excited states

Same Quantum no.?

Multihadron Op.

Motivated from Z
the scattering "
Experiments

But the two hadrons can’t move freely !
on the lattice!
Orbital Angular momentum

constrained!
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Hadron Spectrum with excited states

Multihadron Op. Projection

SUBDUCTION

172 qouble-valued G+

Quantized spin

i ; I 3/2

HHH

single-valued A,

Irrep

[Johnson, Phys.Lett.B 114 (1982) 147-151]

P [2%] | Little Group | Irrep A J 5 dim(A A -
(0,0,0) On T, | 1,37, qc}P(t)ZN (4) Y. XA(R)ROg(1,P),
(0,0,1) | D4y, (Dics) | A; (A1) | 17,37,... LG(P) ReLG(P)
(0,0,1) | Day (Dics) | E-(E) | 1-,37,... dim(A)
0,1,1) | Dy, (Dica) | BT (A7) | 17,37,... AP im 5 . 5o\ 0/, 3 5
Orp| e s D ol =G T an® (w0 P/24 k) 20, P2~ R
(0,1,1) | Dy, (Dics) | By (B | 17,37,... LG(P) ReLG(P)
(1,1,1) | D3g (Dic3) | A; (Ap) | 17,37,... - A o .
(11.1) | Dyy (Dicy | E-(E) | 1-3-... —”O(t,P/2+RP)7‘7+(t,P/2—RP)),
where
P 2
ﬁ=§+f"’m, i€ 73
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Hadron Spectrum with excited states

Motivated from
[ the scattering | €2 = Z vi* 0.
[

Experiments

2
(0120Q1©0)10) = Y [(n]Q1(0)|0)| e~
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Hadron Spectrum with excited states

Motivated from
[ the scattering Q= Z vi* @i
l

Experiments

2
(0120Q1©0)10) = Y [(n]Q1(0)|0)| e~

Minimize (0| Q(HQ'(0)|0) = Z V¥(0] 0,()0(0) | 0)v; = Z VEC(D),
i.j Iy

Z v0]0; (fo) ©(0)|0)v;=N Normalization condition

i’j

28



Hadron Spectrum with excited states

Motivated from
( the scattering | €2 = Z Vl->X< oF
[

Experiments

2
(0120Q1©0)10) = Y [(n]Q1(0)|0)| e~

Minimize (0| Q(NQ1(0)]0) = ¥ v¥(0] O00L0) |0y, = ¥ viCy(t)y;

ij L]
Z v¥0| 0, (7)) ©(0)|0)v;=N Normalization condition
,]
Using Lagrange Multipliers
A (Vl, "t Vn, "',/1) —_ Z Vl*Cl]<t>V] — /1 Z Vl*Cl] (to) Vj — N

l,] I,]
28




Hadron Spectrum with excited states
Multihadron Op.

Projection |

Quantized spin

1/2 double-valued

G,
I Gz
. e
cOo P H
A, 3
Az
E
T2

single-valued

Irrep

oo

>

GEVP: C(t) v(tsto) =|A(t,to)|C(to) V(tsto)

Alt,to) = eBt Eerr(t,t0) = log [A(t,to)/A(t+1,t0)]
28




it Finite Volume Spectrum

Energy spectrum fit C13

0.60 + T KIZ
0.55 - x
* 0.50 -
ufJU T X X
x a
X
———————————— X
0.45 A x
X ————— x
x
0.404 ¢
V(¥4
0.35_ T T T T T T T T
A2 001 A2 111 B1011 B2011 B3011 EO001 E111 T1000

Irrep, P
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7zt Phase Shift / = 1

180

135 A

45

am, = 0.4609(16)(14)
gormm = 569(13)(16)

0.42 048 054  0.60
a\/s

29

Our result
m, = 797.6(6.5) MeV

= 5.69(21)

§ P
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