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ALl gravitational waves, ho matter how strong or wealk, can be completely
characterized by a set of multipole moments of the source.

asia pacific center for
apc theoretical physics [Thorne (19%0)]



Outline

+

+

Introduction and Motivation

Multipolar Post-Minkowskian Expansion (MPM Formalism)

Classical Perturbiner Techniques in solving Gravity perturbatively
Applications to Perturbiner in MPM expansions for Stationary Sources

Summary and Outlook



Music of the spheres to Gravitational waves ...
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The Sound of Two Black holes colliding (On September 14, 2015)
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SEu,djng gravitational mu&iyoi&s gives us the langquage to
connect source c&jv\amics wikth Ehe rigapi.&s we debeck sgaae&ime.

Far-field simplification: Einstein equations are nonlinear, but in the weak-field wave zone the field can be written as a

superposition of multipole moments (spherical harmonics).

Source-radiation connection: Links source dynamics to the radiation detected at infinity.

Universality: Any isolated system (binaries, neutron stars, supernovae) can be described by its multipole moments { M, , S; }.

Observational relevance: The detector-frame strain 4, (), h, (¢) is a sum of (£, m) modes, with higher multipoles encoding

spins-induced moments, tidal deformations, and asymmetries, motivating their inclusion in LIGO/Virgo/KAGRA analyses

and future LISA detectors.
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[Blanchet, Damour, lyer (1980-90)]

+  Gravitational waveform is derived in expansion based on successive approximations in powers of Gy,
namely post-Minkowskian (PM) expansion.
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Mass and current as mu.&ipaie momenks

x TH (S&ress-we.mergj tensor of matter)

Exact Field Equation:
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Pseudo tensor for Gravikational field

.«.solve ik per&urba&vetv i G
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4+  PMexpansion: h* = Z G" h(n) [ML, SL] , P =T + Z G"t’ (an)’ 1% = Z G"t, (nPM)

n=1 n=1

4+  Expand the EOM in powers of G and solve iteratively:
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WM;,S;} = const

4+  1PM Solution in terms of multipoles of Stationary Sources:
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7 owill be initial conditions for Recursions
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[Rosly, Selivanov(1996-98)]

...l search of approximate methods to solve Einstein Equation by means of power series expansion

Due to the complexity of gravitational Feynman rules, deriving recursion relations from diagrams is impractical; instead, the
Perturbiner expansion provides a powerful framework for constructing off-shell recursions (Berends Giele Recursion).

Sum over ordered seb [Berends, Giele (1988)]
of external particles

OYx) = Y JAP) e kp= ) K, Perturbiner Ansatz
P

iepP

Says, how particles combine through interactions
to behave Like one off-shell particle carrying

nmomenbum kp

Plug in the ansatz in the EOM: K, ,®% = 4 ,(®) — K, 5(ikp)J?(P) = Z V p.5,..5 Kp - Kp ) JO(P))-+-TPn(P,)
P=P,UP,---UP,

Momeinkbum space vertex

Inverting K gives recursion:  JA(P) = [K(ikp)] ™1 4# Z V p.5,..5 Kp - Kp ) JO(P))-+-TPn(P,)

P=P1UP2"'UPm
Propagator
38



+ Perturbiner fits well with the PM expansion in gravity. Complexity arises in expanding the

Einstein-Hilbert action beyond leading order in coupling Gy

Recent state—of-the-art
shows the SPM 1SF resull

A A : ) which boole several
@ Gn = uwPM - Ehousand «r::ompu&ing hours
( ) =n . cee i clusters...

i shorl, we need to compute Lloops eﬁmiehﬁv!

+ The overwhelming complexity of perturbative gravity is solved using the iterative systematics of perturbiner expansions
of gravitational EOM combined with the recursive structure of iterative loop integrals.

- Perturbiner approach provides a natural framework for EMRIs (Extreme
Mass Ratio Inspirals)-key source for LISA.

- Simplification for the relativistic two-body problem.




Classical Perburbiner solves classical Einstein equation of motion recursively to all orders in per&urba&iov\ Eheorvf

[Damgaard, Lee (PRL 2024)]

Classical Perturbiner mMethod Metric for a source of matter with the
full multipole structure

Solutions of classical EOM

h(n) [M ; SL] = I'f l"oxf .y M,, SL] Perturbiner Ansatz

Off-shell Graviton Current

(classical) Loop integrations have to be performed when we calculate the J-currents!

4+ Metric perturbation for one body at rest with full multipole structure in harmonic coordinates at 1PM is given by,
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owill be nitial conditions for Recursions
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+ 1PM : The initial condition for the recursion is given by the rank-1 current.
. . ap . a
Here, we consider expansions to the mass quadrupole term & = 0,2 ("> M, = 0), hitpwy = = 16T

GM  a°GM,, A " ( GM GM . M M k%" ’

: - T kP 21kp )
| sb _ 8aGS"k*
h(l)Ol — = 2G€labn ) — j(lﬂ—k = 7 iav 2
» k|
l6r
. af _ ap af
+ 2PM EOM: h(sz) o4 < tapmn T t(lPM))

Recursive E0OM in

7 S 1 3 terms of currents
21,00 00 OO 00 327,00 05 0 05 0] 0i 27,00
0 h(z) " alh(l)alh(l) 1 h(l)ﬁ h(l) > alh(l)alh(l) > 6lh(1)0 h(l) h(l)d h(l)

| L /1 , 3 )
|k1 |2 . _gklz k2 L |k2| j(l)l—kuj(l)lkz <5k12°k2 - |k2| ) f(1)|_k12j(1)|k2 T k k] j(l)l—kuj(mkz
Jk, L

00
)k —

11



Results: Mulitpoles at 2PM and higher

rank-1 : : :
+ current _ 2PMEOMin _Recursion  rankcurrent Fourier  2PM Metric With full structures
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Long expressiong of Mass quadrupole terms
[Blanchet (1998)]
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" . CaRn be promoted to higher M orders!



Towards Fully Multipolar Post-Minkowskian Gravity ~\_"\_~

New Recursive Formalism Applications

+ Lays foundation for a fully time-

+ Solves Classical EOMs recursively dependent MPM expansion

+ MPM using this formalism incorporates
Current-multipole structures at 2PM
completely

+ Matching to all-order perturbed Kerr
metric in harmonic gauge™

+ Building a complete and systematic

+ Valid up to all orders of multipoles
radiation zone metric

+ Spin effects handled cleanly and

systematically + Matching to EFT Wilson

Coefhcients.
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