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The Large Hadron Collider

Compare with theory predictions!!!

Test the Standard Model 
and search for new physics

(https://physicsworld.com/a/on-the-road-to-discovery)

Measurements on wide range
of final states

How do we interpret experimental 
measurements?



LHC as a precision machine

Run 1+2+3 and HL-LHC ⇒ huge amount of data

→ Small uncertainties on experimental measurements
    (some may reach % level accuracy)
→ Observe rare processes

(https://hilumilhc.web.cern.ch/content/hl-lhc-project)

(arXiv:1902.00134)



Searching for New Physics at the LHC
So far: no clear new physics signal at the current 

energy reach of LHC

looking for deviations from SM predictions
through precision measurements 



Taken from Simone Zoia’s talk at University of Zurich, December 10, 2024
https://www.physik.uzh.ch/dam/jcr:89cf407b-5202-463a-8985-e1947084478e/zoia_UZH_2024.pdf

Theoretical predictions for the LHC

Master formula for pp cross section:
 parton distribution functions (PDF)
  partonic cross section → perturbative   
                                         computation

Pythia,Herwig,Sherpa ...



Perturbative QFT framework
Perturbative calculation of partonic cross sections LO: Leading Order

NLO: Next-to-Leading Order
NNLO: Next-to-Next-to-Leading Order

Large quantum corrections come from strong interaction (QCD) 
Main source of theoretical error ⇒ truncation of perturbative series (scale dependence)
Typical theoretical error on : 

                      LO > 50%         NLO QCD ~20-30%          NNLO QCD ~1-10%

Loop Frontiers Multiplicity  Frontiers

N4LO 2→1 N3LO 2→2 NNLO 2→3 NLO 2→6

this talk



 pp→ jjj 

 pp→ Wbb 

[HBH,Poncelet,Popescu,Zoia(2022)]

[Badger,Czakon,HBH,Moodie,Peraro,
Poncelet,Zoia(2023)]

[Czakon,Mitov,Poncelet(2021)][Chen,Gehrmann,
Glover,Huss,Marcoli(2022)]Alvarez,Cantero,

Czakon,Llorente,Mitov,Poncelet(2023)]

 pp→ γjj 

pp→γγγ, pp→γγj,
pp→Wbb, pp→Zbb

[Buonocore,Devoto,Grazzini,Kallweit,Mazzitelli,Rottoli,Savoini(2022)]
[Catani,Devoto,Grazzini,Kallweit,Mazzitelli,Savoini(2020)] 8

pp→ttW, pp→ttH (using approximated two-loop amplitudes)

[Chawdhry,Czakon,Mitov,Poncelet(2019)]
[Kallweit,Sotnikov,Wiesemann(2020)]

[Czakon,Mitov,Poncelet(2020)]
[Buonocore,Devoto,Kallweit,Mazzitelli,Rottoli,

Savoini(2022)]
[Mazzitelli,Sotnikov,Wiesemann(2024)]

[Buccioni,Chen,Feng,Gehrmann,Huss,Marcolli(2025)]

NNLO QCD phenomenology
with 2→3 scattering process 



NNLO QCD predictions: under the hood

QCD corrections: virtual and real parton (quark & gluon) emissions 
Combining different (separately IR divergent) contributions → subtraction scheme

IR singularities:
➢ Soft: Eg → 0
➢ Collinear: pg = λ pq



Multi-loop amplitude → integrand from Feynman diagrams/recursion relations/trees
                                 → linear combination of Master Integrals via IBP reduction

Dimensional regularization: d=4-2ϵ

Computing master integrals → differential equation method

“canonical” basis basis of special functions

[Gehrmann,Remiddi(1999)][Henn(2013)]

Two-Loop Scattering Amplitudes



Challenges:
● Analytic → obtaining canonical basis
                  → determination of special functions:    fi = ln, Lin, Elliptic
                  → intricate branch cuts
                  → efficient evaluation for physical kinematics

● Algebraic → expression swell in the intermediate stage
                  → high-degree rational functions in ri for multiscale process

Finite remainder → subtract universal UV/IR singularities

⇒ analytic pole cancellation, simplest representation of the amplitude

[Catani][Becher,Neubert][Gardi,Magnea]
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Taming algebraic complexity: analytics from numerics

Illustration by Gaia Fontana

Replace algebraic operations with 
numerical evaluation over finite fields
Reconstruct analytic expressions from 

numerical samples
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Reconstructing the finite remainders (1)

→ helicity amplitudes:  

Momentum conservation:

Schouten identity:

can also use Mandelstam invariants: Aphase-free = ceven(sij) + tr5(1234) codd(sij)

need rational parameterization 
of external kinematics

Ex: massless 5-point parameterization

momentum
twistor

variables



need to reduce the complexity of the rational coefficients!!
● set one of the kinematic variables to one (s12 = 1 or x1 = 1)
● find linear relations among coefficients and reconstruct the simpler ones

we can supply ansatz → 
● guess the denominators → from letters of the alphabet 
● on-the-fly univariate partial fraction → one fewer variables, lower degrees

● factor matching: letters, spinor products/strings
● reconstructed expressions can be further simplifed: MultivariateApart, pfd-parallel

Reconstructing the finite remainders (2)



[Badger,HBH,Poncelet,Wu,Zhang,Zoia;arXiv:2412.06519]
Application: two-loop amplitudes for pp→bbH

bbH: one of the main Higgs production channel, yet to be observed
→ study bottom-Yukawa coupling, background to pp→HH
→ work in 5-flavour scheme: massless b, finite Yukawa coupling
             Amplitude with massive b quark → massification

First analytic result for 
full-colour two-loop five-
point amplitude with an 

external mass



[Badger,HBH,Poncelet,Wu,Zhang,Zoia;arXiv:2412.06519]
Application: two-loop amplitudes for pp→bbH

bbH: one of the main Higgs production channel, yet to be observed
→ study bottom-Yukawa coupling, background to pp→HH
→ work in 5-flavour scheme: massless b, finite Yukawa coupling
             Amplitude with massive b quark → massification

Leading-colour 
approximation



One-loop triangle example

Vitaly Margerya, Mathematical Structure in Feynman Integrals (2023)

full set of
integrals

master 
integrals

[Badger,HBH,Poncelet,Wu,Zhang,Zoia;arXiv:2412.06519]
Application: two-loop amplitudes for pp→bbH

IBP reduction to master integrals: usually the main botteleneck

IBP identity

Syzygy relations 

[Chetyrkin,Tkachov(1981)]

[Gluza,Kajda,Kosower(2011)]

remove doubled 
propagators



[Badger,HBH,Poncelet,Wu,Zhang,Zoia;arXiv:2412.06519]

IBP reduction to master integrals: solving linear system of eqs for all integral families

Application: two-loop amplitudes for pp→bbH

Solve IBP systems numerically over FF, permute the solutions, chain to the next stage of computation



[Badger,HBH,Poncelet,Wu,Zhang,Zoia;arXiv:2412.06519]

Analytic reconstruction data

exploit relations of rational coefficients
among different partial amplitudes

can we use this data to 
construct primitive amplitudes?

Subleading colour terms:
- more complicated rational coeffs

- slower evaluation time 

Application: two-loop amplitudes for pp→bbH

N/D: max polynomial degrees
in the numerator/denominator
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V. Sotnikov, QCD meets Gravity 2023

YES!!
(at the level of bare amplitude)

!!! need to check for other processes !!!

[Badger,HBH,Poncelet,Wu,Zhang,Zoia;arXiv:2412.06519]
Application: two-loop amplitudes for pp→bbH

Analytic structure of the full-colour amplitude



[Badger,HBH,Poncelet,Wu,Zhang,Zoia;arXiv:2412.06519]
Application: two-loop amplitudes for pp→bbH

Analytic expressions & C++ implementation
pp→bbH @NNLO 

in 4FS

[Biello,etal;arXiv:2412.09510)

pp→ttH @NNLO QCD
(high-energy limit)

Chiara Savoini, SM@LHC2025

“data” to study cluster algebras in Feynman integrals & scattering amplitudes



Summary

➢ Can we do better? (reconstruction algorithm, better kinematic variables & ansatz, … )
➢ What’s the limit of analytic calculation?

Jake Bourjaily talk at Amplitudes 2025
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