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Non-Lorentzian Geometry
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Aristotelian Field Theory

(source: Road to Reality. R. Penrose)

o Naturalness [Horava (2016)]

o Lifshitz field theory [Kachru, Liu, Mulligan (2018)]
b > bx', t— bt

o Bimetric theory for the fractional quantum Hall effect [Gromov, Son (2017)]

o Hydrodynamics [Armas, Jain (2021)], [Pinzani-Fokeeva, Yarom (2022)]

o Field theories for fractons [Pretko (2016)], [Bidussi, Hartong, Have, Musaeus, Prohazka (2021)],
[Grosvenor, Hoyos, Pena-Benitez, Surbwka (2021)]

(source: 2001.01722)



o Quantum error correction [Haah (2011)], [Vijay, Haah, Fu (2016)], [Shirley, Slagle, Chen (2018)]
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Fracton Disclination
+

Higher-rank gauge theory [Pretko (2016)] Q;0;EY = p e* e 0,0upe = s
Duality with Carroll symmetry [Figueroa-O’Farrill,
Peréz, Prohazka (2023)], [Marsot, Zhang, Chrenodub, .
Horvathy (2022)] Dipole

Fracton-elasticity duality [Pretko, Radzihovski (2017)]

FQHE [Du, Mehta, Nguyen, Son (2024)]

Gauge Modes
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o Field theories with fractonic behavior introduce conservation of higher moment charges
[Pretko (2016)]

Qz/dD:cp Da:/dDa:a;ap
[Jaba ch: — _45[a[c<]d]b] [Pcw ch: — _250,[ch]
[Daa ch: — _25a[ch] [Paa Db — 5abQ
o Extension to higher moment charges: multipole algebra [Gromov (2018)]
o Continuity equation Oop + 0y0p J** =0
o Scalar field theory with dipole symmetry X, = aaq) abq) ) aa 619(:[)

5= / APz (0" — k Xy X) 50 = (iAp(r) + iM%, 7, ) @

o Gauging the U(1) symmetry requires to introduce a higher rank gauge field
Oy — Oy — 1 Ag 0Ag = (9O>\U(1)
Xap — Xab — iAab(I)z 5Aab — aa,ab)\U(l)

o Scalar charge theory

1 5 o : FOab = aoAab — aaabfélO
SSC: §/d £I:.(becﬁj C_Fab,cFa ’C) Fabczaa,Abc_abAaC



o p-brane Aristotelian geometry
o Conformal extension
o Matter coupled Aristotelian gravity

o Aristotelian geometry for multi-Weyl semimetals



p-brane Aristotelian geometry

o Aristotelian G structure G =S0(p,1) x SO(D —p—1) 0<p<D-2
o Connection QM — 2w“ Map + Qw” Jab
o Geometry TA A20717°'°7p

e a=p+1,....,.D—1
o The veilbeine and the “inverse” veilbeine satisfy the orthogonality and completeness relations

Tate,* =0 e ', =0

B _ B A
AT, " =04 e, eyt = 0y 7. 0TA” +eued” =0

o They define the spacetime metric

A _B a b
Juv = NABT, T, + 0ab€ €,



p-brane Aristotelian geometry

o Transformations
5wMAB — QL)\AB + 2)\[A|C|wMCB] 5wuab — 8,)\“1’ + 2)\[“|C|wucb]

A B b

a

_ 1A _\a
01, = A" BTy, oe,” = A"pe,,

o Curvature

RILWAB (M) — 28[NWV]AB — QW[MAC(U,/]CB ijab(J) — 28[Mwy]“b — Qw[ﬂa’cwy]cb

o Torsion

TM,/A — 28[MT,/]A — QM[MABT,/]B E,u,/a — 28[’u6,/]a — Qw[uabey]b

o Vectors and tensors can be decomposed into longitudinal and transverse components

V,=1,Va+e, "V, Vi = 1AMV, Vo = e"V,



p-brane Aristotelian geometry

o Intrinsic torsion: no dependence on spin connection components
A AB A a ab a
T TP T,%4 Eag® EAUYY Ex%

o EXxtrinsic torsion

Ta [AB] TAB C EA lab] Eabc
o The vanishing of the extrinsic torsion allows to solve the spin connection in terms of the metric
variables
A A a a
Tu' = 20,7y euv” = 20),6,)
o Solution: 1
WA,BC(Ta 6) — §TBC,A — TA[B,C]
Wa,AB (7_7 6) — —Ta[A,B]
1
wa,bc(Ta 6) — §€bc,a — €alb,c]
wA,ab(Ta 6) — —CAla,b]



Conformal extension

o A conformal extension of the Aristotelian structure group is

s0(2,p+1) ®so(l,D — p)

longitudinal translations Py longitudinal Lorentz transformations M 4p
longitudinal special conformal transformations K 4 longitudinal dilatation Dy

(Mag, Mcp) = —4n1a1c Mp gy [Pa, Mpc] = —2n418Fc

(K4, Mpc) = —2naip K¢y \Pa, K| =2napD1 4+ 2M 45
D1, Pa] = —Pa D1, Ka]l = Ka

transversal translations P, transversal rotations J,;
transversal special conformal transformations K, transversal dilatation Do

[Jabs Jea] = —401acTapp) [Pa, Jbe] = =204 P

[Kaa ch: — _25a[ch] [Paa Kb — 26abD2 + 2Jab

[D27Pa: S [D27Ka: = K,



Conformal extension

o We will restrict the analysis to the following anisotropic sub algebra

{MABajab7PA7Pa7D = ZDl +D2}

Map, Mcp| = —4nia1c MpB P, Mpc| = —2n4;3Pc
[ Jabs Jed| = —401a(cTapp) P, Joe] = =204 P
D, Pa] = —2Pa D,P,] = —P,

o Apart from the vielbeine and the spin connections, we introduce dilatation gauge field ) 1

o Gauge transformations
oty = M TP + zZhp 7t 5e,® = N%e,° + Apg,® dby, = Ao

600“AB — ll)\AB + 2)\[A|C|wuc Bl 60\)uab — au)\ab + 2)\[a|c|wucb]

o The torsion is modified as

Tl.l!A:Tp_!A! Zun!!]A El-l!a: EH!a! une!]a



Conformal extension

o Intrinsic torsion: no dependence on the spin connection or the dilatation gauge field components
A A,B a = {a,b
Tab Ta' A8 Eas Ea 2P

o EXxtrinsic torsion
A A,B C
Ta" A T, B TaB

Er%a E, [P Eap®

o Solution:
Lagc (",e,D=Tagc (",€)! 2Zbg#cia

lass ("8, ="ans (", €)
Labc(" 8,0 = apc(" €)! 2bp%ya

laab (" &D =1 aan (", €)

o Furthermore, from E %, =0 = TaAA , we find

1 A 1

—_ a
by = Z(p+1)TaA ba = Eaa




Matter coupled Aristotelian gravity

1 ¥
o Example: Real scalar field S, = 5 d°x ¢ A" A"+ ! o'l 2"
. . . . 11 11 1
o Global invariance under dilatations " = w#p z=1 W = 5(2 I D)
o Local invariance: coupling to the conformal Aristotelian gauge fields
Dal = "aAF#! ! why! Dyl = eM#, ! ! why!
C — 1 Dy | | A | aj " — A a
o Gauge fixing | = 1] leads to a gravity action of electric type [Henneaux, Salgado-Rebolledo (2021)]
1 D 2 2 i
Selectric | AG = lz d-x! cpwba b + Co We by b°
! 1] #
— dDX! ! TaAATaBB 3+ " EAaaEAbb
| 2 | 2
C]_(D . 2) C2(D . 2)

g(D! p! 1) ~ 8(p+1)2




Matter coupled Aristotelian gravity

o There are more Aristotelian gravity actions of this type that can be generated in a similar way

T7

Selectric | AG = d®x! | TaAATaB g+ " EAaaEAbb
- y ,
Smagnetic 1 A = d°X! ! Rag *® (M) + " Rap®*(J)
, . ;
Sel.mag.! AG = d°x! | EAaaEAbb+ " Rabab(J)
¥

Smag.el.! AG — dDX! ! RAB AB (M)+ " TaAATaB 5



Matter coupled Aristotelian gravity

o Complex scalar field

1 . "
S =3 d°x cilal 1A+ gplt12r’
1l = "y +W'p !

o Coupling to conformal Aristotelian geometry

C 1 | D ) 1 All I 1] an |;

S!ZE d“x! ¢ DA"D™*™ " + D" D"
o Gauge fixing the dilatations
Re(l )=1 1! | =¢"

o Aristotelian gravity coupled to the real scalar field |

—_ C
S = Selectric! AG T S!

" f

St = dox! ! AN # N HF cete, N H#

NI =



o Furthermore, we can introduce a U(1) gauge field Ap — ( An, Aa) and consider the action

1 . # AP . .
S= 3 d°x! c1(Da! iAa)" DA+IAA "'+ p(Da! iAg)" (DE+IAZ)"
b, b 41 D
L™ 2 S Fas FA® 4 b Fag FA + S Fgp B | = ——
2 2 W
o Field strength components
Fag = A"l Fui, Faa = 'ate’ Fu Fan = €6y Fu Foo = "vAr ! " AL

o Now we gauge fix both the U(1) and the dilatation symmetry

=1

o This leads to Aristotelian gravity coupled to a massive vector field

1 ) ,

S = Selectric 1 A6 T Sag + > d°x! ¢ ApA” + cp A AR
X .

Ssg = > d°x! %FAB FA® + by Faa F™ + %FabFab



Matter coupled Aristotelian gravity

o Inspired by fracton field theory models we would like to generalize the previous construction to
the case of the following type of action

) )
S0 = 2 dPx clal 1217 + ¢ XgpX 2 Xap=lal Tp! I 110!

1 m a "
u@ 1M gp Xat W'p !

o Global symmetries =

_pl 3I'D _p! 3+D
Z p! 3 W= p! 3

o Local U(1) symmetry requires to introduce two gauge fields, A5 and A 4p, transforming as
lAa = "aAfu) ! Z#D An, 'Aab = "a ' bfu@) ! 2#pAab

o Field strength
Faab = 'aAap! al bAa, |:ab,c = aApc! TphAac

o Generalized “scalar charge” theory

. .. ;
Ssc = 5 d”X by Fapc F™° + by Fapc F™°



Matter coupled Aristotelian gravity

o Curved space generalization is problematic [Slagle, Pretko (2016)]

o It requires the addition of extra field content [Bidussi, Hartong, Have, Musaeus, Prohazka
(2021)],[Pena-Benitez (2021)], [Jain, Jensen (2021)], [Pena-Benitez, Salgado-Rebolledo (2023)]

. . |1 2 a .
o In our case, we can use the imaginary partof | = | €° and consider the gauge invariant
curvatures

Faab ! DaAap " DaDpAa " DaD@E!y" + D@Dpy!a”
Fabc ! DaApc” DpAac” DaDp! )" + DpDa! "

o The final action has the form

1 _ 1t _ d . Lo Y
S= 3 d®x! c; (Da! iAa)" DA+ AR "' + ¢, X X3
Y
+ b_l. |ml ! |! 1/ 2 F:-AbC I'_-;-AbC + bZ |lm ! |! of 2 F;-ab,c [_-;-ab,c
Xap = Da! Dp! | ! D(aDpy! + iAgp!
. _.3p! 9+D . _.3pl 9l 2D
7% p1 3+D 27 % p1 3+D



Matter coupled Aristotelian gravity

o Gauge fixing

o Resulting system

S = Sypac T Skin + Swmass

o Higher derivative gravitational action

_1 5 , ) 2 b A ab’ - c
Stoac = 5 d'x! G wWTbaD" + G YarY Yab = W Deaby +2buby ! 1aphcb
_ 1 A _ 1 a
b, = Z(p+1)TaA bA—,D! o 1EAa
o Massive gauge fields
1 . £
Skn = 5 d°Xx! by Fape F% + b Fap e F7°
|
1 b ) A ab#



Aristotelian geometry for multi-Weyl semimetals

o Multi-well semimetals: topological materials with
anisotropic energy dispersion and higher-order
topological charge at Weyl nodes

o Higher order dispersion in certain directions
2 2 2N
121 k2 + ki

o Reduced spacetime symmetry

(SO(1,1)! SO(2)! R*

(source: 1905.02189)

o This corresponds to an Aristotelian p-brane structure with P = 1 (string foliation)

N - 2 AB 2 — unab
o Casimir invariants E<=11 Pa P Pc= Pa Po

o Without loss of generality we can choose P, = (! E, 0,0,P)

o First law of thermodynamics dE = TdS+ ! dP + pdQ! PdV



Aristotelian geometry for multi-Weyl semimetals

o Effective action [Dantas, Pena-Benitez, Roy, Suréwka (2020)]

S=  d* Re!ﬂ"i'/! + mt n(i'/#)”#!
=1 "0 = Oty e =2+ B "R = ($1,80,108%,11%2)
o Curved space generalization S = | d*x | Re!ﬂ"im! + mb I“(im#)”#!
o Covariant derivative D! = d+ iA + %("AB #58 4+ in " p#P)$3 |
D,! ="A"#"D,! D. = e,"#°D,!

o Energy-momentum, spin, angular, and U(1) currents

1S = " AL HTA + 1621 #T, + %!$AB | #Spp + %!ﬂsab! #lap+ A #]



Aristotelian geometry for multi-Weyl semimetals

o Generating functional = effective action for the hydrostatic regime

n A a | AB | ab A]

Z[1A,e*1AB 13 Al=1 log D*D"' Sel®!.""e

o Diffeomorphism and gauge invariance constrain the Ward identities and the gauge fields entering
the effective action

1 Z 1 1 Z 1 1 Z 'z .
||A'_ = AB - ab (Q)
. AT gm R w98

N = Talf+ 28" "% + 200"+ 37 (@

o Hydrostatic equilibrium: Killing parameters associated to steady regime

! K :(IIQ,HE,#QB ’#ab’#E(Q)) Z — P T,! ,IJ.AB ’uab’u(Q) dV
o Inverse temperature and chemical potentials
$2
2 — nAn I _ |
2= () e =5 = (&lea) H

llAB " O/QB llab " o/&b H(Q) " o/&Q)



o Conformal extensions of p-brane Aristotelian symmetries allow to construct Aristotelian
gravity models

o By gauging the conformal Aristotelian symmetries in matter field theories leads to matter
coupled Aristotelian gravity

o The method can be generalized to include higher-derivative models of fractonic type

o p-brane Aristotelian geometry for p = 1 is suitable for defining an effective description of
multi-Weyl semimetals

o Future direction: to consider linearized version of Aristotelian gravity actions and higher-
spin extensions in relation to the FQHE

o Future direction: study gravitational anomalies in multi-Weyl semimetals
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