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AWhat am | doing?

ANonperturbative generalization of the Wilsonian RG theoretical
framework : Given an exact functional renormalization group
differential equation, | reformulate its solution in a path integral

representation.
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Abstract

In this note we present a fully information theoretic approach to renormalization inspired
Bayesian statistical inference, which we refer to as Bayesian renormalization. The main ins:
Bayesian renormalization is that the Fisher metric defines a correlation length that plays tk
an emergent renormalization group (RG) scale quantifying the distinguishability between

points in the space of probability distributions. This RG scale can be interpreted as a proxy
maximum number of unique observations that can be made about a given system during :
statistical inference experiment. The role of the Bayesian renormalization scheme is subsec
to prepare an effective model for a given system up to a precision which is bounded by the
aforementioned scale. In applications of Bayesian renormalization to physical systems, the
emergent information theoretic scale is naturally identified with the maximum energy tha
probed by current experimental apparatus, and thus Bayesian renormalization coincides w
ordinary renormalization. However, Bayesian renormalization is sufficiently general to apj
in circumstances in which an immediate physical scale is absent, and thus provides an idea
approach to renormalization in data science contexts. To this end, we provide insight into

Bayesian renormalization scheme relates to existing methods for data compression and dat
generation such as the information bottleneck and the diffusion learning paradigm. We co
by designing an explicit form of Bayesian renormalization inspired by Wilson’s momentun
renormalization scheme in quantum field theory. We apply this Bayesian renormalization

to a simple neural network and verify the sense in which it organizes the parameters of the
according to a hierarchy of information theoretic importance.
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Abstract: We build on the view of the Exact Renormalization Group (ERG) as an instantiation of
Optimal Transport described by a functional convection—diffusion equation. We provide a new
information-theoretic perspective for understanding the ERG through the intermediary of Bayesian
Statistical Inference. This connection is facilitated by the Dynamical Bayesian Inference scheme,
which encodes Bayesian inference in the form of a one-parameter family of probability distributions
solving an integro-differential equation derived from Bayes’ law. In this note, we demonstrate how
the Dynamical Bayesian Inference equation is, itself, equivalent to a diffusion equation, which we
dub Bayesian Diffusion. By identifying the features that define Bayesian Diffusion and mapping them
onto the features that define the ERG, we obtain a dictionary outlining how renormalization can be
understood as the inverse of statistical inference.

Keywords: Bayesian Inference; Exact Renormalization; Renormalization Group; diffusion; diffusion
learning; Stochastic Differential Equations; Fisher Information; Information Geometry; entropy;
relative entropy; gradient flow; error correction; channels




In Polchinski’s picture, Ky (p?) has a prescribed dependence on A, thus Polchinski’s ERG equation arises
by determining the equation which must be obeyed by Siy 4 [¢] in order to satisfy the principle (2). By a
straightforward computation, one can show that the resulting equation can be put into the form:
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One might recognize (4) aflthe Fokker—Planck equation with diffusion soverned by CE° (p?) and drift|
governed by the potential V!\*"[¢].[This is the first indication of a deep relationship between exact
renormalization and diffusion. Note that the equivalence between (4) and (5) is just a rewriting in terms of

the functional (infinite dimensional) equivalent of vector operators. This is so one can identify (4) as a
functional version of Fokker—Plank.

Specializing to Fokker—Planck ERG schemes, we can expand on this discussion. As was introduced in
detail in [18], a (functional) Fokker—Planck equation of the form (4) is associated with a (functional)
|st0chastic differential equation (SDE):'
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Here, Wy (x) is a function valued Weiner process, and o is the diffusivity kernel defined by the property that
it ‘squares’ to the covariance Cy:

/ dizon (x,2) 0 (2,y) = Ca (x,7). (14)
M



The Fokker—Planck equation corresponds to a bonafide ERG because it satisfies the ERG principle (2). To
see that this is the case, let us now show that we can rewrite (4) in the form Conservation law
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where M is the spacetime manifold on which the theory is defined [12]. Hopefully it is clear that any one
parameter family P [¢] satisfying (7) also satisfies (2). This is because (7) specifies a divergence flow, that is
the right hand side of (7) is a divergence in the space of field configurations. We can therefore employ the
divergence theorem to observe that
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M
as has appeared previously in [12, 16, 17, 41, 45]. Here Cx (x,y) is the ERG kernel appearing in the
Fokker—Planck equation associated to the ERG, and X5 [¢; P ] is called the scheme functional which is e
determined through the ERG potential V via the equation OQI 1066 AbES | Ol we e RID
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Plugging (9) back into (7), we reconcile (4) with the diffusion and drift aspects given by (Cy, V), as desired.
Together (Cy, V) therefore specify a consistent scheme for regulating the high energy degrees of freedom of
the field theory, in analogy with the regulating function Ky ' (p?) appearing in (3).



A The path integral formulation of the functional RG equation gives rise to a non-perturbative

theoretical framework, which can be identified with emergent dual holography.

A The fundamental property of the RG flow is governed by unitarity & KMS (Kubo-Martin-
Schwinger) symmetry, which can be translated into N = 2 BRST symmetries. In other words, the
Ward identitiesf r om t hese symmet r i e s c-fanctiormw odlasvéienwopyion t r

which shows monotonicity.

A This mathematical structure guarantees consistency of the path integral formulation, which can
be reformulated into the Wess-Zumino consistency condition for the Weyl anomaly in the local
RG equation (Hamilton-Jacobi equation for the renormalized on-shell action in the dual

holography).

A We discuss this aspect based on the monotonicity of the RG flow (¢ theorem in 2d & a theorem
In 4d) in the nonequilibrium thermodynamics perspectives, i.e., the Fokker-Planck form of the
FRG equation.



Weyl anomaly inflow from the bulk and
anomaly cancellation In the guantum effective action
A necessary consistency condition

for the RG -based emergent dual holography



Many-body system
without gravity in
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ABSTRACT: Applying recursive renormalization group transformations to a scalar field

theory, we obtain an effective quantum gravity theory with an emergent extra dimension, S [ qj ) . B ( 1)]
described by a dual holographic Einstein-Klein-Gordon type action. Here, the dynamics Us o q'u,y

of both the dual order-parameter field and the metric tensor field originate from density-

density and energy-momentum tensor-tensor effective interactions, respectively, in the re- D j'_LI/ ‘ ; ‘ ' 2 r 2 I 2 u 'u‘y ‘
cursive renormalization group transformation, performed approximately in the Gaussian - / d xr g B g B (d'u (.DO:) (dy (.Dﬂ) _|_ m @{1{ _|_ ERB (.:DQ 5 N ,'J,VT . (2 . 2)

level. This lincar approximation in the recursive renormalization group transformation N

for the gravity sector gives rise to a linearized quantum Einstein-scalar theory along the
z-directional emergent space. In the large N limit, where N is the flavor number of the orig- - -
—_— X \a I L
inal scalar fields, quantum fluctuations of both dynamical metric and dual scalar fields are Z — Zﬂ Dﬁp(mg z)Dglu,y (ﬂ,} Z) C}xp - SUV [guy (3/: U }1 %‘9(3/, I:J }] - SIR [guy (:B, Zf) . (,0 [: m, Zf )]
suppressed, leading to a classical field theory of the Einstein-scalar type in (D+1)-spacetime
dimensions. We show that this emergent background gravity describes the renormalization ° (y “Q uY
eroup flows of coupling tunctions in the UV quantum field theory through the extra dimen- — SB'LIH{ [QMV (aj . Z) . (’Q(:r, Jed )} . LI 00 Q u
sion. More precisely. the IR boundary conditions of the gravity equations correspond to
the renormalization group S-functions of the quantum field theory, where the infinitesimal

(2.4)

distance in the extra-dimensional space is identified with an energy scale for the renormal-
ization group transformation. Finally, we also show that this dual holographic formulation
describes quantum entanglement in a geometrical way, encoding the transter of quantum
entanglement from quantum matter to classical gravity in the large N limit. We claim that
this entanglement transfer serves as a microscopic foundation for the emergent holographic
duality description.

Keyworps: AdS-CFT Correspondence, Renormalization Group, Holography and con-
densed matter physics (AdS/CMT), Resummation
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ABSTRACT: Applying recursive renormalization group transformations to a scalar field
theory, we obtain an effective quantum gravity theory with an emergent extra dimension,
described by a dual holographic Einstein-Klein-Gordon type action. Here, the dynamics
of both the dual order-parameter field and the metric tensor field originate from density-
density and energy-momentum tensor-tensor effective interactions, respectively, in the re-
cursive renormalization group transformation, performed approximately in the Gaussian
level. This lincar approximation in the recursive renormalization group transformation
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sion. More precisely. the IR boundary conditions of the gravity equations correspond to
the renormalization group S-functions of the quantum field theory, where the infinitesimal
distance in the extra-dimensional space is identified with an energy scale for the renormal-
ization group transformation. Finally, we also show that this dual holographic formulation
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As a result, the firsbrder RG flow differential equations at UV are promoted
to be the secondorder ones with UV & IR boundary conditions in the extremized RG

path, selfconsistently determined by the theoretical framework itself.
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Claim: Field theoretic O( N) , O( 1), O( 1/ N)
guantum corrections are resumed and reorganized to form a

holographic dual effective field theory In the large N limit.
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Implementing Wilsonian renormalization group transformations in an iterative way, we develop a
nonperturbative field theoretical framework for strongly coupled quantum theories, which takes into account
all-loop quantum corrections organized in the 1/N expansion. Here, N represents the flavor number of
strongly correlated quantum fields. The resulting classical field theory is given by an effective Landau-
Ginzburg theory for a local order parameter field, which appears in one-dimensional higher spacetime. We
confirm the nonperturbative nature of this field theoretical framework for the Kondo effect. Intriguingly, we
show that the recursive Wilsonian renormalization group method can explain nonperturbative thermodynamic
properties of an impurity, consistent with Bethe ansatz for the whole temperature region.

DOI: 10.1103/PhysRevD.99.105012



An effective Hamiltonian at UV .
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FIG. 1. (a) Linear-log plot of the impurity specific heat
coefficient |Eq. (16)] as a function of temperature. (b) Linear- FIG. 2. (a) Linear-log plot of the impurity specific heat as a
log plot of the impurity spin susceptibility [Eq. (17)] as a function function of temperature. (b) Linear-log plot of the impurity spin
of temperature. The Wilson ratio is plotted in the inset. The susceptubility multuphed by temperature 7. Sohd black (red

vertical dotted line denotes T/Tg = 1. dotted) lines are our (Bethe ansatz) results.



Is there a general prescription  beyond explicit and detailed
Implementations of the Wilsonian RG transformations? More
rigorously, can | put the RG transformation into the
framework of a topological quantum field theory  to manifest
the mathematical structure of RG? This construction should
correspond to the path integral formulation of the Fokker -

Planck type FRG equation.



Key aspects of the derivation or construction

ALocal approximation for the Wilsonian effective action and the RG flows

AbOne |l oop6 |l evel in every step o

ikeonel oop RG transformation. Of <co

ARG flows as a gradient flow of an effective potential (cf. can be
translated into the WZ consistency condition for the Weyl anomaly in
the local RG equation)

ANon-perturbative in nature: Resumed in the albop order of the action leve

AA cohomological type topological field theory construction
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two aspects: The solution of th
the Ward identity involving the
role of the RG p-function in the bulk effective dynamics of the metric tensor near a conformally invariant
fixed point. We claim that this emergent dual gravity theory generalizes the perturbative Wilsonian RG

framework into a nonperturbative way.
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A cohomological -type topological field theory

construction a la Witten
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We study non-equilibrium work relations for a space
stochastic dynamics (model A). Jarzynski’s equality
symmetries of the dynamical action in the path-integr:
derive a set of exact identities that generalize the {
relations to non-stationary and far-from-equilibrium situg
are prone to experimental verification. Furthermore,
studied invariance of the Langevin equation under sup
known to be broken when the external potential is tir
partially restored by adding to the action a term which i
work. The work identities can then be retrieved as
associated Ward-Takahashi identities.

We study dissipative Langevin dynamics in the path integral formulation using the M
formalism. The effective action is supersymmetric and we identify the supercharges. In addi
transformations generated by superderivatives, which were recently included in the cohom
emerging in the dissipative systems. We find that these transformations do not generate Warc
are explicitly broken; however, they lead to universal sum-rule-type identities, which we derive
Dyson equations. We confirm that the above identities hold in an explicit example of the O
process.
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Abstract: Many natural and engineered dynamical systems, including all living objects, exhibit
signatures of what can be called spontaneous dynamical long-range order (DLRO). This order’s
omnipresence has long been recognized by the scientific community, as evidenced by a myriad
of related concepts, theoretical and phenomenological frameworks, and experimental phenomena
such as turbulence, 1/ f noise, dynamical complexity, chaos and the butterfly effect, the Richter
scale for earthquakes and the scale-free statistics of other sudden processes, self-organization
and pattern formation, self-organized criticality, efc. Although several successful approaches to
various realizations of DLRO have been established, the universal theoretical understanding of
this phenomenon remained elusive. The possibility of constructing a unified theory of DLRO
has emerged recently within the approximation-free supersymmetric theory of stochastics (STS).
There, DLRO is the spontaneous breakdown of the topological or de Rahm supersymmetry that
all stochastic differential equations (SDEs) possess. This theory may be interesting to researchers
with very different backgrounds because the ubiquitous DLRO is a truly interdisciplinary entity.
The STS is also an interdisciplinary construction. This theory is based on dynamical systems theory,
cohomological field theories, the theory of pseudo-Hermitian operators, and the conventional theory
of SDEs. Reviewing the literature on all these mathematical disciplines can be time consuming,.
As such, a concise and self-contained introduction to the STS, the goal of this paper, may be useful.

Keywords: supersymmetry; stochastic differential equations; non-equilibrium dynamics;
cohomological field theory; ergodicity; thermodynamic equilibrium; complexity; chaos; butterfly
effect; turbulence; 1/ f noise; self-organization; self-organized criticality
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We investigate the monotonicity of the renormalization group (RG) flow from the perspectives of
nonequilibrium thermodynamics. Applying the Martin-Siggia-Rose formalism to the Wilsonian RG
transformation, we incorporate the RG flow equations manifestly in an effective action, where all coupling
functions are dynamically promoted. As a result, we obtain an emergent holographic dual effective field
theory, where an extra dimension appears from the Wilsonian RG transformation. We observe that Becchi-
Rouet-Stora-Tyutin (BRST)-type transformations play an important role in the bulk effective action, which
give rise to novel Ward identities for correlation functions between the renormalized coupling fields. As
generalized fluctuation-dissipation theorems in the semiclassical nonequilibrium dynamics can be under-
stood from the Ward identities of such BRST symmetries, we find essentially the same principle for the RG
flow in the holographic dual effective field theory. Furthermore, we discuss how these “nonequilibrium work
identities” can be related to the monotonicity of the RG flow, for example, the c-theorem. In particular, we
introduce an entropy functional for the dynamical coupling field and show that the production rate of the
total entropy functional is always positive, indicating the irreversibility of the RG flow.
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A tentative theory of large distance physics

Daniel Friedan
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ABSTRACT: A theoretical mechanism is devised to determine the large distance physics of
spacetime. It is a two dimensional nonlinear model, the lambda model, set to govern the
string worldsurface in an attempt to remedy the failure of string theory, as it stands. The
lambda model is formulated to cancel the infrared divergent effects of handles at short dis-
tance on the worldsurface. The target manifold is the manifold of background spacetimes.
The coupling strength is the spacetime coupling constant. The lambda model operates at
2d distance A~!, very much shorter than the 2d distance p~! where the worldsurface is
seen. A large characteristic spacetime distance L is given by L? = In(A/u). Spacetime
fields of wave number up to 1/L are the local coordinates for the manifold of spacetimes.
The distribution of fluctuations at 2d distances shorter than A ! gives the a priori mea-
sure on the target manifold, the manifold of spacetimes. If this measure concentrates at a
macroscopic spacetime, then, nearby, it is a measure on the spacetime fields. The lambda
model thereby constructs a spacetime quantum field theory, cutoff at ultraviolet distance
L, describing physics at distances larger than L. The lambda model also constructs an
effective string theory with infrared cutoff L, describing physics at distances smaller than
L. The lambda model evolves outward from zero 2d distance, A~! = 0, building spacetime
physics starting from L = oo and proceeding downward in L. L can be taken smaller than
any distance practical for experiments, so the lambda model, if right, gives all actually
observable physics. The harmonic surfaces in the manifold of spacetimes are expected to
have novel nonperturbative effects at large distances.




