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• Supersymmetric localization: powerful tool to compute supersymmetric 
observables exactly. [Witten '88 ; Nekrasov ‘03,  Pestun ’07,… ]  
- discovery of dualities,  providing topological invariants of manifold  
- precision test of AdS/CFT, applying the method both in field theory and 
gravity 


• Supergravities have many interesting SUSY backgrounds including orbifolds  
  e.g. AdS₄  x   /  ,  ( AdS₂ x S² )/  etc…   


• Recently,  new class of orbifold solutions were discovered in the form of  
AdS x Σ,   where  Σ  referred as spindle geometry.  
-   x Σ    ←   M2, D3, D4, M5 branes  
           [Ferrero, Gauntlett, Ipiña, Martelli, Sparks ’20 ‘ 21] [ Faedo, Martelli, ’21] 
-  AdS₂ x Σ corresponds to the near horizon of accelerating BH in AdS₄  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Introduction

[Cassani, Gauntlett, Martelli, Sparks ’21; Kim, Kim, Lee, Poole ‘23]



• The localization was carried out for the dual field theory, 3d 𝒩=2 on Σ x S¹  
[Inglese-Martelli-Pitteli ’23] 
Large N limit  has shown to provide the microscopic origin the entropy of 
accelerating BH in AdS₄ [Colombo, Hosseini, Martelli, Pittelli, Zafffaroni, ’24]


• This example has led to recent interest in applications to various field 
theories :  
  - 4d 𝒩 =1 on Σ x   [Pittelli ’24], 4d 𝒩=2 on  Σ x Σ  [Ruggeri ’25]  etc.. 


• Our aim is to extend this application to  2d 𝒩 = (2, 2) theory on Σ .  
-  extending  the gauge theory on S²  
 
- N=(2,2) is in connection with the worldsheet string theory, allows us to 
study Calabi-Yau geometry  
  
- Interesting to examine whether such application exist on Σ .

T2

[Jockers-Jumar-Lapan-Morrison-Romo ‘12]
[Gomis-Lee ‘12]

[Benini, Cremonesi ’12;Doroud,Gomis, le Floch, Lee ’12]



• Spindle geometry :  
smooth uplift, Supersymmetry,  Explicit solution from 5d SUGRA 


• 2d 𝒩 = ( 2, 2 ) theories on spindle.  


• Supersymmetric localization  
 
Exact 1-loop determinant  via  index theorem  
     1. Unpaired eigenmode.  
     2. ( Atiyah-Bott fixed point formula )


• Partition function for abelian theory


• Discussion

Outline 



• An example of weighted complex projective space:  
,     and gcd( n₁, n₂ ) =1     

 . 


• ‘Topologically’ 2-sphere but with conical deficit angles,  
at the two poles 
 
 
 
 

• The Euler number is 

Σ = 𝕎ℂℙ1
[n1 ,n2] n1,2 ∈ ℤ (n1 < n2)

(z1 , z2) ∼ (λn1z1 , λn2z2) , λ ∈ ℂ*

2π(1 − 1/n1,2)

Spindles

• ⌃ ⇠= WCP1
[n1,n2]

, more commonly known as a spindle

• n1,2 2 Z (n1 < n2) and are coprime: gcd(n1, n2) = 1
• Orbifold with topology of S

2
except the poles are locally C/Zn1,2

⇠= WCP1
[1,3]

⇠= WCP1
[2,3]

• In order to preserve supersymmetry on ⌃ one needs to satisfy

[Ferrero-Gauntlett-Sparks ‘21]

1

2⇡

Z

⌃
FR =

n2 + �n1

2n1n2
= ��

• � = ±1 are referred to as the twist and anti-twist cases respectively
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F Relation between the parameters of the STU model and 5d minimal

gauged supergravity 40

F.1 Steps to localize in presence of multiple gauge fields: 41

G Regularization 43

1 Introduction

2 Spindle from minimal D = 5

We consider the spindle solution of minimal gauged supergravity in D = 5 [1]. Let us first

consider the solution of the type studied in [2], consisting of AdS3 and spindle as given by

ds2 =
4y

9
ds2

AdS3
+ ds2⌃ (2.1)

ds2(⌃) =
y

q
dy2 +

q

36y2
dz2 (2.2)

q = 4y3 � 9y2 + 6ay � a2 (2.3)

A =
1

4

✓
1�

a

y

◆
dz (2.4)

The parameter a is related to the weight of orbifolding. Assuming a 2 (0, 1), the function

q(y) has three real positive roots yi. Defining y1 < y2 < y3 we take the the range of y to

be y 2 [y1, y2] so that q(y) � 0 and thus the metric on ⌃ to be positive definite. In terms

of the co-prime positive integers {n1, n2} with n1 < n2, the parameter a and the roots y1
and y2 are given by

a =
(n1 � n2)2(2n1 + n2)2(n1 + 2n2)2

4(n2
1 + n1n2 + n2

2)
3

. (2.5)

y1 =
(n1 � n2)2(2n1 + n2)2

4(n2
1 + n1n2 + n2

2)
2

, y2 =
(n1 � n2)2(n1 + 2n2)2

4(n2
1 + n1n2 + n2

2)
2

(2.6)

Then with the choice of periodicity for z given by

�z = 4⇡
n2
1 + n1n2 + n2

2

3n1n2(n1 + n2)
, (2.7)

we have a weighted projective space ⌃ = WCP1
[n1,n2]

having deficit angles 2⇡(1� 1/n1) and

2⇡(1� 1/n2) at y1 and y2 respectively.

We note that the Ricci scalar curvature of ⌃ is found to be

Rspindle =
5a2 � 9ay � 2y3

y3
(2.8)

which gives the Euler number as

1

4⇡

Z

⌃
R⌃ vol⌃ =

1

n1
+

1

n2
= � (2.9)
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• Principal U(1) bundle over the spindle has smooth geometric 
description in higher dimension   
 
 
The ‘orbi-bundle’ has non-trivial holonomy 
 

• An equivalent view is given by  
large gauge transformation of A  
through SL(2,Z) of  such that  
there is no nontrivial holonomy.  
 
Then the  action does not have fixed point. 

(ψ, φ)

Zn

Smooth uplift
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ds2 ⇡ (d +A1,2)
2 + d⇢2 +

⇢2

n2
1,2

d'2
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ei
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n1,2 2 Zn1,2
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• Global description is given by gluing two orbi-bundle patches by 
gauge transformation 


• The resulting total flux is given by  
 
 

• The integer  uniquely specifies the orbi-bundle data up to mod  
and  .  
- We can set   by  or  identification of  or   

- With the dual integer vector  satisfying 
   (.Bezout’s Lemma ) 
   we can set  

𝔪 n1
n2

p = 0 Zn1
Zn2

𝔪1 𝔪2

(𝔞1, 𝔞2)
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Z
dA =

m

n1n2
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m = pn1n2 �m1n2 +m2n1

i.e. the vanishing of all fermions. Putting (4.9) and (4.11) together, we see that the
localisation locus is given by solutions to the BPS equations, and thus we can write

Mloc = {' | fermions = 0 , Qeq(fermions) = 0} , (4.12)

and from here on we will refer to the localisation locus as the BPS locus. We also note that
QeqV|Mloc

= 0, demonstrating explicitly why such a term does not appear in (4.6).
This concludes the description of the general procedure of supersymmetric localisation

which we will apply to our theory (3.41). We will first solve the BPS equations (4.9)
and (4.11), before moving on to tackle the more challenging calculation of the one-loop
determinant in Section 5.

4.2 BPS locus

Before solving (4.9) explicitly, we begin with a discussion of the U(1)G flux through the
spindle, noting that the vector multiplet BPS locus will be characterised by such flux. The
general formula for quantised U(1)G flux is

fG =
1

2⇡

Z

⌃
dA =

m

n1n2
, m 2 Z . (4.13)

We can parameterise our U(1)G gauge field on ⌃ as

A = Az(y)dz , (4.14)

because we can always remove the the component Ay(y) via a gauge transformation. As
discussed in [45, 71] this gauge field is the representative of an O(�m) orbibundle on ⌃,
which gives the values of the singular gauge field at the poles y1,2 to be the following

Az(y1) =
2⇡

�z

m1

n1
, Az(y2) =

2⇡

�z

m2

n2
, m1,2 2 Z , (4.15)

from which one can see that the gauge-flux quantisation condition (4.13) is satisfied and
the relation

m = m2n1 �m1n2 , (4.16)

must hold. As was pointed out in [71], we note that we can further express (m1,m2) in
terms of m and additional integers (a1, a2) as

m1 = ma1 , m2 = ma2 , 1 = a2n1 � a1n2 , (4.17)

where we note that the last equation implies gcd(a1, n1) = gcd(a2, n2) = 1. Furthermore,
given a pair (a1, a2), the pair (a1 + n1�a, a2 + n2�a) for �a 2 Z also solves the constraint.
We expect physical observables to be independent of �a, which we will see in Section 6 to
indeed be the case for our partition function. We can perform a gauge transformation of
the form

A ! A
0 = (Az + �)dz , (4.18)
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• In the standard construction of SUSY background, 
SUSY on a Riemann surface is realized by a “topological twist” [Maldacena-
Nunez ’00] 
 
 

⇒   ,  and Killing spinor is constant along the Riemann surface.


• In contrast, SUSY on spindle can be realized by two ways: [Ferrero, 
Gaultelett, Sparks ’21] 
Regularity condition, on the Killing spinor at both poles requires  
 
 
 
For the twist case, the spinor has the same chirality at both  poles.  
For anti-twist, Killing spinnor has opposite chirality at each pole

1
2π ∫ F = χ

Supersymmetry

0 = Dμϵ ∼ (∂μ + ωμ − Aμ)ϵ

Spindles

• ⌃ ⇠= WCP1
[n1,n2]

, more commonly known as a spindle

• n1,2 2 Z (n1 < n2) and are coprime: gcd(n1, n2) = 1
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2
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2⇡
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σ = ± 1
“twist” 

“anti-twist”



• The supersymmetric solution of  minimal gauged SUGRA [Ferrero et al. ‘20]  
 
 

• Assuming ,  the three roots of    
are positive.  
We  pick  for positive definite metic


• For the choice  
 
 
 

  is the metric of spindle, with deficit angle      at  and  . 

D = 5

a ∈ [0,1] q(y1,2,3) = 0

y ∈ [y1 , y2]

ds2
Σ 2π(1 − 1/n1,2) y1 y2

Supergravity solution

D3-branes on a spindle
• SUSY solutions of D=5 minimal gauged supergravity


• topologically a two-sphere with conical singularities at the north and south 
poles


• There are conical deficit angles                     where      are arbitrary coprime 
positive integers.


• Σ = 𝕎ℂℙ1
[n−,n+]

Ferrero, Gauntlett, Ipina, Martelli, Sparks 20
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F Relation between the parameters of the STU model and 5d minimal
gauged supergravity 40
F.1 Steps to localize in presence of multiple gauge Þelds: 41

G Regularization 43

1 Introduction

2 Spindle from minimal D = 5

We consider the spindle solution of minimal gauged supergravity inD = 5 [1]. Let us Þrst
consider the solution of the type studied in [2], consisting ofAdS3 and spindle as given by

ds2 =
4y
9

ds2
AdS3

+ ds2
! (2.1)

ds2(! ) =
y
q

dy2 +
q

36y2 dz2 (2.2)

q = 4y3 ! 9y2 + 6ay ! a2 (2.3)

A =
1
4

!
1 !

a
y

"
dz (2.4)

The parameter a is related to the weight of orbifolding. Assuming a " (0, 1), the function
q(y) has three real positive rootsyi . DeÞning y1 < y 2 < y 3 we take the the range ofy to
be y " [y1, y2] so that q(y) # 0 and thus the metric on ! to be positive deÞnite. In terms
of the co-prime positive integers{ n1, n2} with n1 < n 2, the parameter a and the roots y1

and y2 are given by

a =
(n1 ! n2)2(2n1 + n2)2(n1 + 2n2)2

4(n2
1 + n1n2 + n2

2)3 . (2.5)

y1 =
(n1 ! n2)2(2n1 + n2)2

4(n2
1 + n1n2 + n2

2)2 , y2 =
(n1 ! n2)2(n1 + 2n2)2

4(n2
1 + n1n2 + n2

2)2 (2.6)

Then with the choice of periodicity for z given by

! z = 4 !
n2

1 + n1n2 + n2
2

3n1n2(n1 + n2)
, (2.7)

we have a weighted projective space! = WCP1
[n1,n2] having deÞcit angles 2! (1 ! 1/n 1) and

2! (1 ! 1/n 2) at y1 and y2 respectively.
We note that the Ricci scalar curvature of ! is found to be

Rspindle =
5a2 ! 9ay ! 2y3

y3 (2.8)

which gives the Euler number as

1
4!

#

!
R! vol! =

1
n1

+
1
n2

= " (2.9)
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• The supersymmetric solution of  minimal gauged SUGRA [Ferrero et al. ‘20]  
 
 

• Assuming ,  the three roots of    
are positive.  
We  pick  for positive definite metic


• Note that the R-symmetry gauge flux :  “Anti-twist” 
 
 
 
   Cf. twist supersymmetry can be realized in STU gauged SUGRA 

D = 5

a ∈ [0,1] q(y1,2,3) = 0

y ∈ [y1 , y2]

Supergravity solution

D3-branes on a spindle
• SUSY solutions of D=5 minimal gauged supergravity


• topologically a two-sphere with conical singularities at the north and south 
poles


• There are conical deficit angles                     where      are arbitrary coprime 
positive integers.


• Σ = 𝕎ℂℙ1
[n−,n+]
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Supergravity solution

To illustrate our computation we consider the D = 5 minimal gauged

SUGRA solution of [Ferrero et al. ‘20]

ds
2 =

4y

9
ds

2
AdS3

+
y

q
dy

2 +
q

36y2
dz

2

| {z }
ds2⌃

, q = 4y3 � 9y2 + 6ay � a
2
.

• q(y1,2,3) = 0 pick y 2 [y1, y2] for a positive definite metric

• Conical singularities at y1,2 cannot be removed by choice of �z
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• The supersymmetric solution of  minimal gauged SUGRA [Ferrero et al. ‘20]  
 
 

• Assuming ,  the three roots of    
are positive.  
We  pick  for positive definite metic


• The gauge field is singular at the poles 
 
 
 
which can lift the geometry to be smooth in higher dimension. 

D = 5

a ∈ [0,1] q(y1,2,3) = 0

y ∈ [y1 , y2]

Supergravity solution

D3-branes on a spindle
• SUSY solutions of D=5 minimal gauged supergravity


• topologically a two-sphere with conical singularities at the north and south 
poles


• There are conical deficit angles                     where      are arbitrary coprime 
positive integers.


• Σ = 𝕎ℂℙ1
[n−,n+]
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Supergravity solution

To illustrate our computation we consider the D = 5 minimal gauged

SUGRA solution of [Ferrero et al. ‘20]

ds
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9
ds
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+
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q
dy

2 +
q

36y2
dz

2

| {z }
ds2⌃

, q = 4y3 � 9y2 + 6ay � a
2
.

• q(y1,2,3) = 0 pick y 2 [y1, y2] for a positive definite metric

• Conical singularities at y1,2 cannot be removed by choice of �z

• Choices of a(n1,2), �z(n1,2) conical defecits 2⇡(1� 1/n1,2)

R-symmetry gauge field

A =
1

4

✓
1�

a

y

◆
dz

singular at the poles A|y1,2 6= 0 - important in localization calculations
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𝒩=( 2, 2 ) theory on Spindle



• One can define a SUSY theory on a curved manifold following the approach 
of [Festucia-Seiberg ’11]


• Performed in detail for 𝒩 = (2,2) by [Closset-Cremonesi ‘14]  
The off-shell Killing spinor equations take the form 
 
 
 
characterized by the value of fields   , and   :  
From the 5D Killing spinor equation of minimal supergravity, we read  

• These values are different from all classes studied so far e.g. : 
- S²  :    (or )  [Closset-Cremonesi ’14] 

-  :       (or ) [Lezcano - IJ - Ray ’23]

G, H AR
μ

H = ± i , AR
μ = G = 0 G ↔ H

ℍ2 H = ± 1 , AR
μ = G = 0 G ↔ H

𝒩 = (2, 2) theory
N = (2 , 2) Killing spinor equations

¥ One can deÞne a SUSY theory on acurved manifoldfollowing the
approach of[Festuccia-Seiberg Ô11]

¥ Performed in detail forN = (2 , 2) [Closset-Cremonesi Ô14]the o! -shell
Killing spinor equations take the form

Dµ! = !
1
2

H " µ! !
1
2

G" µ" 12! , Dµ÷! = !
1
2

H " µ÷! +
1
2

G" µ" 12÷!

¥ Described by two functionsG, H : constrained viaG2 + H 2 = ! 1
2R

From the 5D Killing spinor equation of min.D = 5 , can read o!

G = ! 1, H = iay ! 3/ 2.

These values ofG, H avoid all classes studied thus far e.g:

¥ (squashed)S2: G = 0 [Closset-Cremonesi Ô14], [Hosomichi-Lee-Okuda Ô17]

¥ EAdS2: H = 0 [Lezcano-Jeon-Ray Ô23]

¥ A-twist, ! -deformation: H ± iG = 0 [Closset-Cremonesi Ô14]
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• Among 4 SUSY of generic N=(2,2) theory, 2 supercharges are 
preserved 
 
 
 

• And the corresponding  Killing vector is 
 
 

𝒩 = (2, 2) theory
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where we deÞne

q1(y) = ! a + 2y3/ 2 + 3y , q2(y) = a + 2y3/ 2 ! 3y , (2.14)

that satisfy q1(y)q2(y) = q and q1(y1) = q2(y2) = 0 , and for later use we choose the
normalization factor to be

k0 = L 0
! z
2!

, (2.15)

where L 0 is a reference length scale parameter.Note that this Killing spinor does not
have any dependence on the azimuthal directionz, so the periodicity condition is trivially
satisÞed. This fact is not unrelated to the gauge choice (2.2) which is singular at y = y1

and y2.
We have another Killing spinor equation for the Killing spinor with opposite U(1) R-

charge, which is obtained from (2.9) by taking charge conjugation. With the deÞnition of
conjugate spinor as"c " B ! 1" " , where B is deÞned in (A.2), we have

!
# M !

i
12

"
" M

NP ! 4#N
M " P #

F 5d
NP +

1
2L

" M + i
1
L

A5d
M

$
"c = 0 . (2.16)

This Þve-dimensional equation reduces using the splitting of the gamma matrix (2.10) and
the spinor "c = %$ $ %%to

(# µ + i
1
L

A5d
µ ) %%= s

i
3

F 5d&µ %%! s
1

2L
&µ&12%%, (2.17)

an equation which is solved by

%%=

&
k0

12

'

(
)

i s
*

q1(y)
y*

q2(y)
y

+

,
- . (2.18)

One can check that the Killing spinors (2.13) and (2.18) satisfy

%  = ! i %%T ' 2 , %%  = i %T ' 2 . (2.19)

(AP: If we want to change the scaling of the gauge Þeld in the next section, should we
move this discussion of chirality of the poles into section 3? My reasoning is that we use
quantities such as( etc in later sections so we should have them deÞned using the 2d gauge
Þeld.) (IJ: We shall present this After (3.10) , (3.13) and (3.14).) (AP: I like it before the
analysis of the integrability condition because this discussion establishes the chirality at
the poles. Then the analysis of integrability is written in order to show that the spinors in
both gauge choices satisfy the integrability condition.)(IJ: Okay. I am happy with it.) The
above solutions are expressed in a frame where the gauge Þeld (2.2) is singular at the poles
y = y1,2. However, we can make use of constant gauge transformations such that we work
in frames where the gauge Þeld is regular in each patch, i.e.Aµ vanishes at the poles. The
gauge transformations take the form

A % A# = A + ( dz , (2.20)
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• Vector multiplet  
 
                                                                                                          


• Chiral multiplet 
  
 
with gauge charge   
        
        R-charge 


• R - quantization:  r !  2 Z  for well-defined section on line orbibundle.  

2.2 Equivariant supersymmetry, multiplets and action

On the S2 or AdS2 backgrounds described above, we considerN = (2 , 2) Abelian vec-
tor multiplet including ghost multiplet (and ghost of ghost multiplet for S 2), and chiral
multiplet with gauge charge.

The vector multiplet consists of a vector, two real scalars, two Dirac spinors and an
auxiliary scalar,

Vector : { Aµ , ! , " , # , # , öD} , (2.28)

whoseR-charge assignment is (0, 0, 0, ! 1, 1, 0) and the mass dimension is (0 ,1 ,1 ,32 ,3
2 ,2).

For systematic treatment of gauge Þxing using BRST quantization, we include the ghost
multiplet to the vector multiplet, consiting of ghost, anti-ghost and auxiliary Þeld,

Ghost : { c ,c , b} , (2.29)

Here, the Grassmann odd scalarsc and c are ghost and anti-ghost Þelds and Grassmann
even scalarb is auxiliary Þeld, whoseR-charge and the mass dimension are (0, 2, 2). By
adding this ghost multiplet the vector multiplet now has 6+6 bosonic and fermionic degrees
of freedom respectively. In case there are zero modes of the ghost Þelds, which is for the
case of our theory on S2, to freeze out those zero modes we further include the ghost of
ghost multiplet,

Ghost of ghost : { ! 0 , b0 , c0 , ! 0 , c0} . (2.30)

Here ! 0 , ! 0 , b0 are Grassmann even andc0 , c0 are Grassamnn odd variables, where we in
particular call ! 0 as the Ôghost of ghostÕ. There mass dimension is (0, 2, 2, 4, 4). Those
variables are not deÞned as local Þelds but just deÞned as certain modes: in fact they are
constant modes as the zero modes of ghosts for S2 case are constants. The role of each
vaiable will be clear later in this subsection.

The chiral multiplet consists of two complex scalars, two Dirac spinors and two auxil-
iary Þelds,

Chiral : { $ , $ , %, %, F , F } (2.31)

whoseR-charge assignment is (r , ! r , r ! 1 , ! r + 1 , r ! 2 , ! r + 2), the gauge charge is
(1 , ! 1 , 1 , ! 1 , 1 , ! 1), and the mass dimension is (0 ,0 ,12 ,1

2 ,1 ,1). 1

Note that in Euclidean space, in contrast to the Lorentzian space, the barred Þeld and
unbarred Þeld are not related by complex conjugation. For bosonic Þelds, we will impose
appropriate reality conditions to ensure the kinetic term to be positive. For the barred and
unbarred Dirac fermions, we will treat them to be independent, so the fermion degrees of
freedom are formally doubled [17]. As the formal doubling doesnÕt mean the number of
path integral measures have doubled, we still have 4 + 4 bosonic and fermionic physical
degree of freedom both for vector and chrial multiplet. More detail on the reality condition
will be discussed in the next subsection.

1As a N = (2 , 2) multiplet, the Weyl scaling dimension is ( r
2 , r

2 , r +1
2 , r +1

2 , r +2
2 , r +2

2 ).
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Reality property Let us set complex conjugation of the bosonic Þelds as

! ! = !! , F ! = !F . (3.34)

Then, using the background value ofG = ! 1 and the value of the Killing spinors given in
(2.15) and (2.19), one can Þnd

(Qeq("# ))   = ÷"" !F ! i÷"$µ÷"Dµ !! + ÷"$3÷"
"

%+
r
2

G
#

!! ! ic! ("# )! (3.35)

= Qeq(÷" !# ) ! 2
$
i÷"$µ÷"Dµ ! ÷"$3÷"

"
%+

r
2

G
#%

!! + ic(÷" !# ) ! ic! ("# )!

(Qeq(÷" !# ))   = "÷"F ! i "$µ"Dµ! ! "$3"(%+ r
2G)! + ic! (÷" !# )! (3.36)

= Qeq("# ) ! 2
$
i "$µ"Dµ + "$3"

"
%+

r
2

G
#%

! ! ic("# ) + ic! (÷" !# )! .

Here, we do not specify the reality condition for c, "# and ÷" !# as it is not relevant for the
computation.

4 Vector multiplet and BPS locus

The vector multiplet consists of a vector, two real scalars, two Dirac spinors and an auxil-
liary ÒrealÓ scalar

Vector : {A µ, &, %, ' , ' , öD} (4.1)

we want to write down the supersymmetric Lagrangian for the vector multiplet and study
the BPS conÞgurations. Quoting directly from equation (2.43) in [3], we have the following
form for the bosonic part of the vector multiplet Lagrangian

L bos
v.m. =

1
2

&
(F12 + i( G& ! H %))2 + ( µ&( µ& + ( µ%(µ%+

"
öD ! i (H & + G%)

#2
'

=
1
2

$
(F12 + i (G& ! H %))2 + ( µ&( µ& + ( µ%(µ%+ D 2

% (4.2)

where we used the redeÞnition of the auxilliary ÞeldD = öD ! i (H &+ G%) as in [3]. We now
follow the argument of [4] in noting that as the bosonic Lagrangian is a sum of squares,
the BPS equations which correspond to the vanishing of the above action reduce to

0 = F12 + i (G& ! H %) = ( µ& = ( µ%= D. (4.3)

Solutions to these equations are characterised by the ßux through the spindle
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2)
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!
F =

1
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(

!
F12

"
g! dydz =

m
n1n2

, m # Z (4.4)

with quantisation condition from equation (3.1) of [ 5]. We can parameterise ourU(1) gauge
Þeld on! as

A = A z(y)dz, (4.5)

because we can always remove the the componentA y(y) via a gauge transformation. As
discussed in [6, 5] this gauge Þeld is the representative of anO(m) (AP: ! m?) orbibundle
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𝒩 = (2, 2) multiplets

Now, we explicitly enter the the background value G and H , Þeld strength F and the
expression for the spindle Ricci scalar (2.8) into this equation, we obtain

! =
1

a ! 3y

!
si

"
q" 1 ! 2y3/ 2" 3

"
! , (3.8)

÷! =
1

a ! 3y

!
si

"
q" 1 + 2y3/ 2" 3

"
÷! , (3.9)

which seems non-trivial at Þrst sight. In order to verify the integrability condition, we use
the explicit form of the Killing spinors as given in (2.19) and (2.15). Then, one Þnds that
this condition is indeed satisÞed.3

The bispinors out of the Killing spinors ! and ÷! are given as follows, in the regular
gauge.

i÷!" A ! =
#

0, ! s
"

q
6y

,
3y ! a

6y
,
"

y
3

$
, (3.10)

i!" A ! = e
! i

2

!
a

y1,2
! 1

"
z

#
!

"
y

3
, i

a ! 3y
6y

, ! si
"

q
6y

, 0
$

, (3.11)

i÷!" A ÷! = e
i
2

!
a

y1,2
! 1

"
z

# "
y

3
, i

a ! 3y
6y

, ! si
"

q
6y

, 0
$

. (3.12)

From the above, we Þnd the Killing vector

#µ$µ # i÷!" µ ! $µ = ! s$z . (3.13)

Depending on the sign choice ofs, we have opposite directional Killing vector. From now
on, we chooses = ! 1.

Chiral multiplet Let us consider a chiral multiplet on the spindle with background
U(1)R gauge Þeld (with potential Abelian gauge coupling),

(%, %%, & , %& , F , %F ) , (3.14)

where the R-charge assigned as (r, ! r, r ! 1, ! r + 1 , r ! 2, ! r + 2) and gauge charge is
(1 , ! 1 , 1 , ! 1 , 1 , ! 1).

Let us denote the equivariant superchargeQeq by combining the supercharge with
BRST charge for the U(1) gauge symmetry as

Qeq # Q + Qbrst . (3.15)

3In fact, solving these conditions one obtains ! = ! 0(z)eis ! 1 " / 2 (1 0)T , ÷! = ÷! 0(z)eis ! 1 " / 2 (0 1)T where
" = tan ! 1 ! !

q(a " 3y)! 1"
.
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• We define the equivariant supercharge 
         
 
This charge will be used for SUSY localization.


• Supersymmetry algebra is equivariantly closed.  
 
 
 
 
 
the background values of field dependent gauge parameters.  

Supersymmetry algebra
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are given by

Qeq! = !"# + i c! ,

Qeq!! = " !# ! ic!! ,

Qeq# = i $µ"Dµ! ! i"(%+ r
2H )! + $3"(&+ r

2G)! + !"F + i c# ,

Qeq !# = i $µ!"Dµ !! ! i!"(%+ r
2H ) !! ! $3!"(&+ r

2G) !! + "!F ! ic !# ,

QeqF = i "$µDµ# + i "# (%+ r
2H ) + "$3# (&+ r

2G) ! i"'! + i cF ,

Qeq!F = i !"$µDµ !# + i !" !# (%+ r
2H ) ! !"$3 !# (&+ r

2G) + i !"!' !! ! ic!F .

(3.28)

The supersymmetry algebra is closed to(IJ: I have changed the notation for Killing vector
from ( µ to vµ.)

Q2
eq = L v + )R(! R) + )G(! G

0 ) = L v + i "qR! R + i "qG! G
0 , (3.29)

where the R-symmetry parameter ! R is given by

! R = ! vµAµ !
1
2

(H !"" + i G!"$3") . (3.30)

If we use the gauge choice for theR-symmetry gauge Þeld as given in (3.2), then we Þnd

! R = 0 , (3.31)

where we recall that this computation of ! R uses a choice ofR-symmetry gauge Þeld which
is singular at the poles of the spindle. If instead we perform a gauge transformation of
the form (3.5) with transformation parameter * in (3.6) we obtain a gauge Þeld which is
patchwise regular at the poles as given in (3.7). Using this gauge transformation, we see
that in the regular gauges! R takes the form (AP: * also needs to be scaled)(IJ: Thanks.
I agree.)

! R
#
#
U1,2

= !
k0

L
* |U1,2

= !
L 0

L
1

2n1,2
, (3.32)

where, as highlighted before, the evaluation atU1,2 indicates that this is evaluated in regular
gauges. We will later see similar relations holding for theU(1)G symmetry parameter ! G,
although we postpone this discussion until we have established the form of theU(1)G gauge
Þeld A which must be taken to be on the BPS locus.

3.3 Cohomological variables

It is convenient to reorganise the Þelds into a certain representation of supersymmetry called
Òcohomological variablesÓ, which we will do for the chiral multiplet. The cohomological vari-
ables consist of theQeq-cohomology complex(" , Qeq" , # , Qeq# ), where we call" and #
the elementary boson and elementary fermion, andQeq" and Qeq# are their superpartners.
For this reorganisation, we deÞne the following twisted variables for the spinor Þelds

"# , !" !# , !"# , " !# , (3.33)
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where we denote the supercharge asQ ! Q! + Q!! . Under this equivariant supercharge, the
transformations of the vector multiplet Þelds are given by

QeqA µ = " i 1
2(!!" µ# + !" µ !#) + $µc ,

Qeq% = " 1
2(!!# " ! !#) ,

Qeq& = " i 1
2(!!" 3# + !" 3!#) ,

Qeq# = i " 3!F " "D ! " i" µ ! $µ%" " 3" µ ! $µ&+ (i H " G" 3)! %+ ( H " 3 + i G)! &

= i " 3!F " "D ! " i" µDµ(!%) " " 3" µDµ(!&) ,

Qeq!# = i " 3!!F + "D!! + i " µ!! $µ%" " 3" µ!! $µ&" (iH + G" 3)!! %+ ( H " 3 " iG)!! &

= i " 3!!F + "D!! + i " µDµ(!!%) " " 3" µDµ(!!&) ,

Qeq "D = " i 1
2!!" µDµ# + i 1

2!" µDµ !# " i 1
2! (H + i G" 3)# + i 1

2! (H " iG" 3)!#

= " i 1
2Dµ(!!" µ#) + i 1

2Dµ(!" µ !#) ,

(3.24)

where F = 1
2! µ" Fµ" = ! µ" $µA " and c is an additional ghost Þeld required for systematic

treatment of gauge Þxing using BRST quantisation [10].
The transformation of the ghost c is

Qeqc = " ! G + ! G
0 , ! G ! " i!!" µ !A µ " !!!% " i!!" 3!& , (3.25)

where ! G
0 is the constant part of the Þeld dependent parameter! G. Here, the covariant

derivative on each Þeld is summarised as

Dµ = # µ " i "qRAµ " i "qGA µ (3.26)

where "qR is the R-charge and"qG is the gauge charge of the Þeld upon whichDµ acts.

3.2.2 Chiral multiplet

The chiral multiplet consists of two complex scalars, two Dirac fermions and two auxiliary
bosonic Þelds

Chiral : { ' , !' , ( , !( , F , !F} , (3.27)

where the R-charge assignment is(r, " r, r " 1, " r + 1 , r " 2, " r + 2) . We also consider
abelian gauge coupling via theU(1)G gauge ÞeldA in (3.22), with gauge charge assignment
(1 , " 1, 1, " 1 , 1, " 1).6 The supersymmetry transformations of the chiral multiplet Þelds

6In later sections we will take the charge of the chiral multiplet to be the more generic qG. Such a choice
modiÞes the supersymmetry transformations (3.28) by rescaling the coupling between vector multiplet and
chiral multiplet Þelds by qG.
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where, as highlighted before, the evaluation atU1,2 indicates that this is evaluated in regular
gauges. We will later see similar relations holding for theU(1)G symmetry parameter ! G,
although we postpone this discussion until we have established the form of theU(1)G gauge
Þeld A which must be taken to be on the BPS locus.
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• Using the reality condition  
BPS equations are solved by


• The gauge flux is quantized  
 
 
 

• BPS configuration is parametrized by  and one constant . m σ0

BPS background (Coulomb branch)

Reality property Let us set complex conjugation of the bosonic Þelds as

! ! = !! , F ! = !F . (3.34)

Then, using the background value ofG = ! 1 and the value of the Killing spinors given in
(2.15) and (2.19), one can Þnd

(Qeq("# ))   = ÷"" !F ! i÷"$µ÷"Dµ !! + ÷"$3÷"
"

%+
r
2

G
#

!! ! ic! ("# )! (3.35)

= Qeq(÷" !# ) ! 2
$
i÷"$µ÷"Dµ ! ÷"$3÷"

"
%+

r
2

G
#%

!! + ic(÷" !# ) ! ic! ("# )!

(Qeq(÷" !# ))   = "÷"F ! i "$µ"Dµ! ! "$3"(%+ r
2G)! + ic! (÷" !# )! (3.36)

= Qeq("# ) ! 2
$
i "$µ"Dµ + "$3"

"
%+

r
2

G
#%

! ! ic("# ) + ic! (÷" !# )! .

Here, we do not specify the reality condition for c, "# and ÷" !# as it is not relevant for the
computation.

4 Vector multiplet and BPS locus

The vector multiplet consists of a vector, two real scalars, two Dirac spinors and an auxil-
liary ÒrealÓ scalar

Vector : {A µ, &, %, ' , ' , öD} (4.1)

we want to write down the supersymmetric Lagrangian for the vector multiplet and study
the BPS conÞgurations. Quoting directly from equation (2.43) in [3], we have the following
form for the bosonic part of the vector multiplet Lagrangian

L bos
v.m. =

1
2

&
(F12 + i( G& ! H %))2 + ( µ&( µ& + ( µ%(µ%+

"
öD ! i (H & + G%)

#2
'

=
1
2

$
(F12 + i (G& ! H %))2 + ( µ&( µ& + ( µ%(µ%+ D 2

% (4.2)

where we used the redeÞnition of the auxilliary ÞeldD = öD ! i (H &+ G%) as in [3]. We now
follow the argument of [4] in noting that as the bosonic Lagrangian is a sum of squares,
the BPS equations which correspond to the vanishing of the above action reduce to

0 = F12 + i (G& ! H %) = ( µ& = ( µ%= D. (4.3)

Solutions to these equations are characterised by the ßux through the spindle

1
2)

(

!
F =

1
2)

(

!
F12

"
g! dydz =

m
n1n2

, m # Z (4.4)

with quantisation condition from equation (3.1) of [ 5]. We can parameterise ourU(1) gauge
Þeld on! as

A = A z(y)dz, (4.5)

because we can always remove the the componentA y(y) via a gauge transformation. As
discussed in [6, 5] this gauge Þeld is the representative of anO(m) (AP: ! m?) orbibundle
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which is positive deÞnite for the values ofG, H for the spindle, assuming real Þelds i.e.

! = ! ! , " = " ! , A µ = A !
µ , D = D ! . (3.52)

In order to determine the BPS locus, we will want to solve the equations of motion
(BPS equations) obtained by extremising (3.51). Before doing this explicitly, we note that
solutions to these equations are characterised by the ßux through the spindle

fG =
1

2#

!

!
F =

m
n1n2

, m ! Z . (3.53)

We can parameterise ourU(1) gauge Þeld on! as

A = A z(y)dz , (3.54)

because we can always remove the the componentA y(y) via a gauge transformation. As
discussed in [3, 7] this gauge Þeld is the representative of anO(" m) orbibundle on ! , which
gives the values of the singular gauge Þeld at the polesy1,2 to be the following

A z(y1) =
2#
! z

m1

n1
, A z(y2) =

2#
! z

m2

n2
, m1,2 ! Z, (3.55)

from which one can see that the gauge-ßux quantisation condition (3.53) is satisÞed and
the relation

m = m2n1 " m1n2 (3.56)

must hold. As was pointed out in [7], we note that we can further express (m1, m2) in terms
of m and additional integers (a1, a2) as

m1 = ma1, m2 = ma2, 1 = a2n1 " a1n2, (3.57)

where we note that the last equation implies gcd(a1, n1) = gcd( a2, n2) = 1 4 and furthermore,
given a pair (a1, a2) the pair ( a1 + n1$a, a2 + n2$a) for $a ! Z also solves the constraint.
We expect physical observables to be independent of$a, which we will see to indeed be the
case for our partition function in Section 8. We can perform a gauge transformation of the
form

A # A " = ( A z + %)dz, (3.58)

with %a constant in each patch. We thus obtain a regular gauge Þeld at each pole if we
choose

%|U1,2
= "

2#
! z

m1,2

n1,2
. (3.59)

We solve the equations of motion arising from the action (3.51). Since this is a sum
of squares, the equations of motion require that each quantity inside the squared brackets
vanishes. Solving these equations using the Killing spinor&given in (2.21) and recalling
G = " 1, H = i ay# 3/ 2 from (3.1), we Þnd the solution

" = " 0, F12 = " " 0
a

y3/ 2
, ! = ! 0

3
$

y
2#
! z

, D = 3 ! 0
3y " a

2y2

2#
! z

, (3.60)

4We prove this claim later while deriving ( 8.120). This relation has been used to derive our full partition
function in Section 8.3.
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with ! a constant in each patch. We thus obtain a regular gauge Þeld at each pole if we
choose

! |U1,2
= !

2"
! z

m1,2

n1,2
. (4.19)

Note that this discussion somewhat parallels the discussion around (3.5) where we consid-
ered the gauge transformations of theU(1)R Þeld to similar e! ect.

We now proceed to solve the BPS equations (4.9), recalling that these equations arose
using the ÔcanonicalÕ choice of theQeq-exact deformation (AP: Corrected some notation
regarding bars and tildes below. Do we prefer widetilde i.e.!# over tilde ÷#? We are mixing
the two notations and should be consistent. I prefer widetilde so have changed for now.)
(AR: I prefer widetilde too. )

QeqV = QeqVv.m. + QeqVc.m.

=
1
2

"

!
d2x

"
g! Qeq

#$
(Qeq#)  # + !#(Qeq!#) 

%
+

$
(Qeq$ )  $ + !$ (Qeq !$ ) 

%&
.

(4.20)

We focus Þrst on the vector multiplet part. Following [10], we can write the bosonic term
as

QeqVv.m.
'
'
'
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bos.
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g! %  %

#
(F ! iH &)2 +

(
D + G'

%  ( 3%
%  %
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%  ( 3( µ%
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+ ( Dµ&)2
&

,

(4.21)

which is positive deÞnite for the values ofG, H for the spindle, assuming real Þelds as we
do in (3.38). Before we solve these equations, we note that unlike the case ofS2 [8Ð10] the
deformation term is not equivalent to the vector multiplet Lagrangian (3.43). This action
is clearly not suitable to be used as the deformation term on the spindle as it is not positive
deÞnite for the values of the functionsG, H together with the reality conditions ( 3.38).

We solve the equations of motion arising from the action (4.21). Since this is a sum
of squares, the equations of motion require that each quantity inside the squared brackets
vanishes. Solving these equations using the Killing spinor%= !) given in (2.18) and recalling
G = ! L ! 1, H = i ay! 3/ 2L ! 1 from (3.1a), we Þnd the solution

&= &0 , F = !
&0

L
a

y3/ 2
, ' = ' 0

3
"

y
2"
! z

, D = 3
' 0

L
3y ! a

2y2

2"
! z

, (4.22)

where &0 and ' 0 are constants. We can immediately Þx the value of the constant&0 using
the gauge ßux quantisation condition (4.13), obtaining

&0L =
3m

n1 ! n2
, (4.23)

leaving us with one undetermined constant' 0 and the integerm which together parameterise
the vector multiplet contribution to the full BPS locus. When we compute the partition
function (4.6) we will integrate over ' 0 # R and sum overm # Z.

Ð 19 Ð

with ! a constant in each patch. We thus obtain a regular gauge Þeld at each pole if we
choose

! |U1,2
= !

2"
! z

m1,2

n1,2
. (4.19)

Note that this discussion somewhat parallels the discussion around (3.5) where we consid-
ered the gauge transformations of theU(1)R Þeld to similar e! ect.

We now proceed to solve the BPS equations (4.9), recalling that these equations arose
using the ÔcanonicalÕ choice of theQeq-exact deformation (AP: Corrected some notation
regarding bars and tildes below. Do we prefer widetilde i.e.!# over tilde ÷#? We are mixing
the two notations and should be consistent. I prefer widetilde so have changed for now.)
(AR: I prefer widetilde too. )

QeqV = QeqVv.m. + QeqVc.m.
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which is positive deÞnite for the values ofG, H for the spindle, assuming real Þelds as we
do in (3.38). Before we solve these equations, we note that unlike the case ofS2 [8Ð10] the
deformation term is not equivalent to the vector multiplet Lagrangian (3.43). This action
is clearly not suitable to be used as the deformation term on the spindle as it is not positive
deÞnite for the values of the functionsG, H together with the reality conditions ( 3.38).

We solve the equations of motion arising from the action (4.21). Since this is a sum
of squares, the equations of motion require that each quantity inside the squared brackets
vanishes. Solving these equations using the Killing spinor%= !) given in (2.18) and recalling
G = ! L ! 1, H = i ay! 3/ 2L ! 1 from (3.1a), we Þnd the solution
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where &0 and ' 0 are constants. We can immediately Þx the value of the constant&0 using
the gauge ßux quantisation condition (4.13), obtaining

&0L =
3m

n1 ! n2
, (4.23)

leaving us with one undetermined constant' 0 and the integerm which together parameterise
the vector multiplet contribution to the full BPS locus. When we compute the partition
function (4.6) we will integrate over ' 0 # R and sum overm # Z.
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• The corresponding gauge field  is given by  
 
 
 
which has singular non-trivial flat connection at north and south poles, 
 
 
 
 
The flux is                                     


•  The flux  charaterizes uniquely the  orbibundle.  
 

m 𝒪(m)

on ! , which means that the values of the singular gauge Þeld at the polesy1,2 are the
following

A z(y1) =
2!
! z

m1

n1
, A z(y2) =

2!
! z

m2

n2
, m1,2 ! Z, (4.6)

from which one can see that the gauge-ßux quantisation condition (4.4) is satisÞed and the
relation

m = m2n1 " m1n2, (4.7)

must hold. We also note that we can perform a gauge transformation of the form

A # A ! = ( A z + " )dz, (4.8)

with " a constant in each patch. We thus obtain a regular gauge Þeld at each pole if we
choose

" |U1,2
= "

2!
! z

m1,2

n1,2
(4.9)

We now return to analyse the vector multiplet BPS equations, the solutions of which
are

D = 0 , # = #0, $ = $0, F12 = " i (G#0 " H $0) = i (#0 + iay " 3/ 2$0), (4.10)

where #0, $0 are constants. and we constrain$0, #0 using the quantisation condition (4.4).
The result of this is

m =
1
9

(n1 " n2)
!

3$0 + i
#0(n1 " n2)
(n1 + n2)

"
, (4.11)

and thus

A z(y) = i
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3
(y1/ 2 " y1/ 2

1 ) +
a$0

6

!
1
y

"
1
y1

"
+

2!
! z

m1

n1
. (4.12)

In computing the BPS value of the abelian gauge Þeld we are also able to identify the
parameter " G through (3.17). Computing explicitly on the BPS locus we have

" G
#
#
BPS = " %µA µ " ÷&&#" i÷&'3&$

= i
#0

3
y1/ 2

1 + $0

!
a

6y1
"

1
2

"
"

2!
! z

m1

n1
= " G

0

#
#
BPS ,

(4.13)

where the Þnal equality arises from the fact that the non-constant part of" G vanishes on
the BPS locus. This quantity will be crucial in the supersymmetric localization calculations
as the equivariant squared SUSY operator takes the form

Q2
eqX = L ! X + i rX " RX + i qX " G

0 X, (4.14)

on an arbitrary Þeld X where (rX , qX ) denote the R and gauge charges respectively.
Finally, we note that the chiral multiplet BPS equations will give [ 3]

( = ÷( = 0 . (4.15)
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BPS background (Coulomb branch)
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In computing the BPS value of the abelian gauge Þeld we are also able to identify the
parameter " G through (3.17). Computing explicitly on the BPS locus we have
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where the Þnal equality arises from the fact that the non-constant part of" G vanishes on
the BPS locus. This quantity will be crucial in the supersymmetric localization calculations
as the equivariant squared SUSY operator takes the form

Q2
eqX = L ! X + i rX " RX + i qX " G

0 X, (4.14)

on an arbitrary Þeld X where (rX , qX ) denote the R and gauge charges respectively.
Finally, we note that the chiral multiplet BPS equations will give [ 3]

( = ÷( = 0 . (4.15)
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Given the explicit form of the Þeld strength in (4.22) we can compute the value of
the gauge ÞeldA by integrating and using the boundary conditions (4.15). We Þnd two
equivalent forms of the gauge Þeld as7

A z(y) =
m

n1 ! n2

a
2

!
1
y

!
1
y1

"
+

2!
! z

m1

n1
=

m
n1 ! n2

a
2

!
1
y

!
1
y2

"
+

2!
! z

m2

n2
, (4.25)

where we note that this is a gauge choice which allows for a single patch description on
the entire spindle, except for the poles aty1,2 where the gauge Þeld is singular. Due to the
positions of these singularities, we refer to this as the singular gauge. In order to move into
a regular gauge at one of the poles, we perform gauge transformations of the form (4.18) at
each pole, with the choice of transformation parameters given in (4.19). We thus Þnd that
the values of the gauge Þeld in the regular gauges

A z
#
#
U1,2

=
m

n1 ! n2

a
2

!
1
y

!
1

y1,2

"
. (4.26)

In computing the BPS value of the abelian gauge Þeld we are also able to identify the
parameter " G through (3.25). Explicitly on the BPS locus, we have8

" G =
L 0

L

$
i" 0L !

m
3(n1 + n2)

!
1
n1

+
2
n2

"
!

m1

n1

%

=
L 0

L

$
i" 0L +

m
3(n1 + n2)

!
2
n1

+
1
n2

"
!

m2

n2

%
" " G

0 ,
(4.28)

(AP: k0 = L 0! z/ 2! )(IJ: Yes. So we can write the above and below asL 0
L [i" 0L ! á á á])

where the second equality uses the relationm = m2n1 ! m1n2 and the Þnal equality arises
from the fact that the non-constant part of " G vanishes on the BPS locus. We also note
that for the regular gauges we have

" G
#
#
U1

=
L 0

L

$
i" 0L !

m
3(n1 + n2)

!
1
n1

+
2
n2

"%
, (4.29)

and

" G
#
#
U2

=
L 0

L

$
i" 0L +

m
3(n1 + n2)

!
2
n1

+
1
n2

"%
, (4.30)

which will be useful when computing the one-loop determinant via the orbifold index the-
orem.

7The singular gauge Þeld (4.25) can also be expressed as

A z =
m

n2 ! n1

1
2

!
1 !

a
y

"
+

2!
! z

m2 ! m1

n2 ! n1
. (4.24)

8The gauge parameter (4.28) can also be expressed as

" G =
L 0

L

#
i" 0L +

1
3

!
m1 + m2

n1 + n2
!

2m1

n1
!

2m2

n2

"$
. (4.27)
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Supersymmetric localization



• Adding the - exact term does not change the partition function.


• Since the partition function is independent of  ,  we can take the 
limit  . 


• Then, the new saddle point appears at    “localisation 
saddle’


• Around the new localization saddle, the method of saddle point 
evaluation  gives exact answer.

Qeq

λ
! ! "

QeqV = 0

SUSY localization
<latexit sha1_base64="5uCyziAci7CZqqVOmGDPHIyrMsY="></latexit>

Z =
!

D ! e! S =
!

D ! e! S! ! Q eq V !"
!

[d! loc ]eS(" loc ) Z Q eq V
1-loop<latexit sha1_base64="NbKwm5ghZag/uLYA8NAZ6DeTv5c=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokUdVl047KCfUATymQyaYdOJmHmRgmh4MZfceNCEbf+hDv/xuljoa0HBg7nnMude4JUcA2O820tLa+srq2XNsqbW9s7u/befksnmaKsSRORqE5ANBNcsiZwEKyTKkbiQLB2MLwe++17pjRP5B3kKfNj0pc84pSAkXr2oSdMOCTYU7w/AKJU8oA9LiPIe3bFqToT4EXizkgFzdDo2V9emNAsZhKoIFp3XScFvyAKOBVsVPYyzVJCh6TPuoZKEjPtF5MbRvjEKCGOEmWeBDxRf08UJNY6jwOTjAkM9Lw3Fv/zuhlEl37BZZoBk3S6KMoEhgSPC8EhV4yCyA0hVHHzV0wHRBEKprayKcGdP3mRtM6q7nm1dlur1K9mdZTQETpGp8hFF6iOblADNRFFj+gZvaI368l6sd6tj2l0yZrNHKA/sD5/ACsIl+A=</latexit>

! ! "



• The choice of the QV can be arbitrary since it doesn’t change the result.


• There is a canonical choice, 
 

• the localization locus                      is given by the BPS equation 


• The functional integration reduces to  the BPS configuration as  
 
 

SUSY localization
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• The action on the localization saddle  is only from the FI term and 
topological term: 
 
 
 
 
 
 

• Aim is now to evaluate the    .  
→  We use index theory. We don’t need to know full spectrum..

S(ϕloc)

Z1−loop = SDet( . . . )

SUSY localization
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4.3 Action on the BPS locus

In order to compute the full partition function, we need to evaluate the action (3.41) on
the BPS locus. The Þrst term in (3.41) is the vector multiplet action. Evaluation of the
vector multiplet Lagrangian (3.43) on the BPS locus using (4.11) and (4.22) yields

L bulk
v.m.

!
!
BPS = 0 , (4.33)

and hence the vector multiplet action vanishes on the BPS locus, a result which could also
be observed from theQeq-exactness of the vector multiplet action [10].

The next (and most straightforward) term to evaluate on the BPS locus is the chiral
multiplet action ( 3.45). Evaluation of the chiral multiplet Lagrangian ( 3.46) on the BPS
locus using (4.11) and (4.32) yields

L bulk
c.m.

!
!
BPS = 0 , (4.34)

and hence the chiral multiplet action also vanishes on the BPS locus. As in the vector
multiplet case, such a result can also be obtained from theQeq-exactness of the chiral
multiplet action [ 10].

These results demonstrate that the only classical terms which contribute to the exact
partition function are those generated by the FI and topological terms. We recall that these
terms take the form (3.48) which we want to evaluate on the BPS locus (4.22). We Þrst
note that on the BPS locus the auxillary Þeld "D takes the form

"D
!
!
!
BPS

= D + i( H ! + G" )|BPS =
! 0

L
9(y ! a)

2y2

2#
! z

!
1

L 2

3im
n1 ! n2

, (4.35)

and thus
SFI |BPS = ! i$

#

!
d2x

"
g! "D = 4#$%G , (4.36)

where we deÞne

%G #
L
L 0

" G +
1
2

$
m1

n1
+

m2

n2

%
= i ! 0L +

m(n2 ! n1)
6n1n2(n1 + n2)

. (4.37)

(AP: In light of recent discussions, I think we should now usek0 = ( ! z/ 2#)L 0) (IJ: Yes.)
The topological ÒthetaÓ term can be straightforwardly analysed using (4.13),

Stop |BPS = i &fG = i &
m

n1n2
, (4.38)

and thus we see that the combination of FI and topological terms yields

ZFI + top |BPS = e! SFI ! Stop |BPS = e! 4!"# G! i$fG , (4.39)

which will go into the classical part of the partition function ( 4.6). Recalling that our theory
consists of a single chiral multiplet and a single abelian vector multiplet we have

Z! =
&

m" Z

# #

!#

d(! 0L )
2#

Zclass(! 0L , m) Z Qeq Vc.m.
1-loop (! 0L , m)

!
!
!
r =2 ,RU (1) = adjU (1)

Z Qeq Vc.m.
1-loop (! 0L , m) ,

(4.40)
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that is related to the BPS value of the gauge parameter! G given in (4.28). (AP: In light of
recent discussions, I think we should now usek0 = ( " z/ 2#)L 0) (IJ: Yes.) The topological
ÒthetaÓ term can be straightforwardly analysed using (4.13),
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#
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! i$fG , (4.38)

and thus we see that the combination of FI and topological terms yields

ZFI + top |BPS = e! SFI ! Stop |BPS = e! 4!"# G! i$fG , (4.39)

which will go into the classical part of the partition function ( 4.6). Recalling that our theory
consists of a single chiral multiplet and a single abelian vector multiplet we have
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(4.40)
where in this section we have computed the classical contribution

Zclass(" 0L , m) = ZFI + top |BPS = e! SFI ! Stop |BPS = e! 4!"# G! i$fG . (4.41)

Here, the scale factor in the measured(" 0L ) is determined to make the measure dimension-
less. It could also be determined using FujikawaÕs ultra local argument as discussed in [10].
It remains to compute the chiral multiplet one-loop determinant Z Qeq Vc.m.

1-loop , which we will
do in the next section.

5 One-loop determinants

5.1 One-loop determinant from equivariant index

We begin by reviewing how the computation of the index relates to the one-loop deter-
minant. In the localisation formulation, the exact one-loop determinant is obtained by
computing one-loop for the quadratic action of a choice ofQeq-exact action. We Þrst focus
on the chiral multiplet and recall the canonical choice for theQeq-exact action given by

QeqVc.m. =
#

!
d2x

#
g! Qeq

&
(Qeq%)  %+ ( Qeq '%)  '%

(
. (5.1)

Let us Þrst illustrate how the one-loop determinant is related to a choice of aQeqVc.m.

action. We formally rewrite the functional Vc.m. in terms of the cohomological variables
given in (3.3) as

Vc.m. =
#

d2x
#

g!

)
*

Qeq# $
+
,

D00 D01

D10 D11

-,
#

Qeq$

-.

, (5.2)
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1-loop via computing index



• For 1-loop determinant, we use index formulation 
 
We organise all the variables into the cohomological variables,  
 
 
i.e. representation of the cohomological chain 
 
 
 

• Field redefinition  should not have singular Jacobian.  [IJ, Murthy ‘18] 
For chiral multiplet:  
 

The number a0 receives contributions from each multiplet of the N = 2 supergravity
theory:

a0 = agrav
0 + ( nv + 1) avec

0 + nh ahyp
0 , (4.9)

where (nv + 1), nh are the number of vector and hyper multiplets in the o! -shell theory,
respectively.13 When all the electric and magnetic charges of the black hole scale equally
to be very large, we can do a saddle-point analysis of the integral (4.7) to obtain
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+ a0 logAH + á á á. (4.10)

The number a0 was calculated for vector and hyper multiplets in [27, 28] to be

avec
0 = ! ahyp

0 = ! 1/ 12. (4.11)

We now move on to compute the numbera0 for the Weyl multiplet, after Þrst reviewing
the Þxed-point formula for the computation of the determinant.

4.2 Functional determinants from a Þxed point formula

An elegant formalism to compute the one-loop determinant was given in [20, 25, 41, 42].
The idea is to Þrst organize all the ßuctuating Þelds of the theory into cohomological
variables, i.e. representations of the form (" , Qeq" , # , Qeq# ) of the equivariant alge-
bra Q2

eq = H . This is exactly what we achieved in Section3 for the case of supergravity,
where we arranged all the Þelds as elementary bosons" and fermions# and their respec-
tive Qeq-partners.

The superchargeQeq pairs up the Þelds algebraically at each point in space, and
therefore all the contribution to the superdeterminant can be understood as a mismatch
between the elementary bosons and elementary fermions, which is kept track by the oper-
ator D10 : " " # . This follows from an algebraic analysis which we repeat below because
there are subtleties when we apply it to our problem. We begin by writing theQeqV action
as follows,
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13 Any other multiplets like spin 3 / 2 multiplets will also contribute linearly.
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One-loop determinants

We want to evaluate the 1-loop determinantZ1-loop
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¥ Result of the one-loop determinant reduces to
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det! (Q2

eq)

det" (Q2
eq)

¥ Ratio of quadratic ßuctuations between thebosons and fermions
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13 Any other multiplets like spin 3 / 2 multiplets will also contribute linearly.
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It is clear from these expressions that

!
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and therefore the ratio of determinants of the fermionic and bosonic kinetic operators
in QeqVeq reduces, up to a sign, to the ratio14

Z QeqV
1-loop =

#
det K f

det K b
=

$
det! H
det" H

. (4.17)

Now, the operator D10 pairs up the elementary bosons and fermions, and therefore any
mode which is not in the kernel or cokernel ofD10 does not contribute to this ratio. Thus
the ratio of determinants on the right-hand side can thus be computed from the knowledge
of the index

ind(D10)( t) := Tr Ker D 10 etH ! Tr CokerD 10 etH . (4.18)

Writing the index as a series,

ind(D10)( t) =
%

n

a(n) ei! n t , (4.19)

we can read o! the eigenvalues! n of H , as well as their indexed degeneraciesa(n), and
the ratio of determinants in (4.17) is

Z1-loop =
&

n

!
! 1

2 a(n)
n , (4.20)

where the inÞnite product is regulated in a suitable manner.
Our computation thus reduces to the computation of the equivariant index (4.18), with

respect to the action ofH . This can be done in an elegant manner using the Atiyah-Bott
Þxed-point formula [43], which says that it reduces to the quantum-mechanical modes at the
Þxed points of the manifold under the action ofH . Denoting this action by x "# 'x = etH x
we have

ind(D10) =
%

{ x|!x= x}

Tr " etH ! Tr ! etH

det(1 ! " 'x/ " x)
. (4.21)

We therefore simply need to compute the charges of the various modes under this rotation,
which can be read o! from our presentation of the twisted variables in Section3.

Our goal now is to compute the one-loop determinant in (4.7) and, in particular, the
number a0 deÞned in (4.9) for the Weyl multiplet. We will do so using the Þxed-point for-
mula outlined above, but before doing so we remind the reader that there are some caveats

14 The last ratio is well-deÞned in that the modes with zero eigenvalue of H do not contribute to it. As
can be seen from Equations (4.14), ( 4.15), the determinant of the kinetic operator on H = 0 modes is the
square of determinant of D 10 equally for both bosons and fermions. Further, this determinant is non-zero
as the modes under consideration are orthogonal to the localisation locus. Therefore the determinant for
those modes is completely cancelled between bosons and fermions.
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eq = H . This is exactly what we achieved in Section3 for the case of supergravity,
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13 Any other multiplets like spin 3 / 2 multiplets will also contribute linearly.
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in QeqVeq reduces, up to a sign, to the ratio14

Z QeqV
1-loop =

#
det K f

det K b
=

$
det! H
det" H

. (4.17)

Now, the operator D10 pairs up the elementary bosons and fermions, and therefore any
mode which is not in the kernel or cokernel ofD10 does not contribute to this ratio. Thus
the ratio of determinants on the right-hand side can thus be computed from the knowledge
of the index
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where the inÞnite product is regulated in a suitable manner.
Our computation thus reduces to the computation of the equivariant index (4.18), with

respect to the action ofH . This can be done in an elegant manner using the Atiyah-Bott
Þxed-point formula [43], which says that it reduces to the quantum-mechanical modes at the
Þxed points of the manifold under the action ofH . Denoting this action by x "# 'x = etH x
we have
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We therefore simply need to compute the charges of the various modes under this rotation,
which can be read o! from our presentation of the twisted variables in Section3.

Our goal now is to compute the one-loop determinant in (4.7) and, in particular, the
number a0 deÞned in (4.9) for the Weyl multiplet. We will do so using the Þxed-point for-
mula outlined above, but before doing so we remind the reader that there are some caveats

14 The last ratio is well-deÞned in that the modes with zero eigenvalue of H do not contribute to it. As
can be seen from Equations (4.14), ( 4.15), the determinant of the kinetic operator on H = 0 modes is the
square of determinant of D 10 equally for both bosons and fermions. Further, this determinant is non-zero
as the modes under consideration are orthogonal to the localisation locus. Therefore the determinant for
those modes is completely cancelled between bosons and fermions.
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We therefore simply need to compute the charges of the various modes under this rotation,
which can be read o! from our presentation of the twisted variables in Section3.

Our goal now is to compute the one-loop determinant in (4.7) and, in particular, the
number a0 deÞned in (4.9) for the Weyl multiplet. We will do so using the Þxed-point for-
mula outlined above, but before doing so we remind the reader that there are some caveats
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(ignoring inÞnite constants):

Z1-loop(! I ) = exp
!
! a0 K(! I + ipI )

"
. (4.13)

The number a0 receives contributions from each multiplet of the N = 2 supergravity
theory:

a0 = agrav
0 + ( nv + 1) avec

0 + nh ahyp
0 , (4.14)

where (nv + 1), nh are the number of vector and hyper multiplets in the o! -shell theory,
respectively12. When all the electric and magnetic charges of the black hole scale equally
to be very large, we can do a saddle-point analysis of the integral (4.12) to obtain:

Squ
BH =

AH

4
+ a0 logAH + á á á, (4.15)

where the number a0 is precisely the coe" cient deÞned in (4.14). This was calculated to
be avec

0 = ! ahyp
0 = ! 1/ 12 for vector and hyper multiplets in REFs. In the following section

we shall compute this numbera0 for the Weyl multiplet.

5 Equivariant cohomology and black hole functional determinants

In this section we compute the one-loop determinants of the non-BPS ßuctuations of the
Weyl and vector multiplets in the localization formula ZZZ (prev section). In REF this
o! -shell one-loop determinant was computed for vector and hyper multiplets using index
theory. The symmetries of the problem combined with consistency of the localization
formula ZZZ with the on-shell computations at large charges REF also pinned down the
determinant for the graviton multiplet. Here we give a Þrst-principles calculation for the o! -
shell graviton multiplet, using the covariant formalism developed in the previous sections.

An elegant formalism to compute the one-loop determinant was given in [? ? ? ?
]. The idea is to Þrst organize all the ßuctuating Þelds of the theory into representations
of the equivariant algebra Q2

eq = H , i.e. elementary bosons and fermions and their re-
spective Qeq-partners. For our case of supergravity, this is exactly what we achieved in
Section REF where we organized all the Þelds of the theory into cohomological variables
of the form (# , Qeq# , $ , Qeq$ ).

The superchargeQeq pairs up the Þelds algebraically at each point in space, and
therefore all the contribution to the superdeterminant can be understood as a mismatch
between the elementary bosons and fermions, which is kept track by an operatorD10 :
# " $ . An algebraic analysis then shows that the ratio of determinants of the fermionic
and bosonic kinetic operators inQeqVeq then reduces to the ratio:

Z1-loop =
det! H
det" H

. (5.1)

Any mode which is not in the kernel or cokernel ofD10 does not contribute to this ratio.
Thus the ratio of determinants on the right-hand side can thus be computed from the
knowledge of the index

ind(D10)( t) := Tr Ker D 10 e! iHt ! Tr CokerD 10 e! iHt . (5.2)
12 Any other multiplets like spin 3 / 2 multiplets will also contribute linearly.
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Writing the index as a series:

ind(D10)( t) =
!

n

a(n) e! i ! n t , (5.3)

we can read o! the eigenvalues! n of H , as well as their indexed degeneraciesa(n), and
the ratio of determinants in (5.1) is:

Z1-loop =
"

n

! ! a(n)
n , (5.4)

where the inÞnite product is regulated in a suitable manner.
Our computation thus reduces to the computation of the equivariant index (5.2), with

respect to the action ofH . This can be done in an elegant manner using the Atiyah-Bott
Þxed-point formula [? ], which says that it reduces to the quantum-mechanical modes at the
Þxed points of the manifold under the action ofH . Denoting this action by x !" #x = e! iHt x
CHECK, we have:

ind(D10) =
!

{ x|!x= x}

Tr ! e! itH # Tr " e! itH

det(1 # " #x/ " x)
. (5.5)

We therefore simply need to compute the charges of the various modes under this rotation,
which can be read o! from our presentation of the twisted variables in the previous sections.

5.1 Computation of the black hole determinant in supergravity

Our goal here is to compute the one-loop determinant EQref and, in particular, the num-
ber a0 deÞned in EqREF for the Weyl multiplet. We do so using the Þxed-point formula
outlined in the previous section, but before doing so we mention that there are some
caveats in applying the formula to the black hole problem, as discussed in REF. The main
issue is that we are in a non-compact space and we should be careful about the boundary
conditions on the various Þelds. These issues have been addressed in similar contexts in
REFsNarain-Gupta, Martelli-Murthy. ZZZ There is another technical caveat that we need
to show that the D10 operator in the black hole context is transversally elliptic with respect
to the action of H . We postpone the details of this to a future publication REF. Can we
do this here? ZZZ

From the index theory point of view, the construction of the complex is a local phenom-
ena and holds point-by-point in spacetime. One consequence is that any calculation based
on this formalism is manifestly covariant. The only exception to the locality comes from
the so-called boundary modes REF. These are normalizable modes of gauge Þelds that are
formally pure gauge but whose gauge parameters are not normalizable. In our formalism
they appear because we have assumed a normalizable boundary condition on all the quan-
tum Þelds including the ghosts. The boundary modes appear precisely from non-compact
ghost modes. This means that our pairing with respect toQeq breaks down precisely for
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= Tr ! e! iHt ! Tr " e! iHt

• This determinant can be reproduced by computing the equivariant 
index of  with respect to U(1) by .  
 
 
 
 
 

• We compute the index using two methods:  
 
1. Direct solving the unpaired eigenmodes  
    (  and   ) 
2. Index theorem (Atiyah-Bott fixed point formula)

D10 H

Ker(D10) CoKer(D10)



Evaluation of 1-loop



• Directly solve the index by identifying the kernel and cockerel of   
operator and their spectrum with respect to the  respectively on  

and  space. 


• What is the  ? It  is not unique as the choice of  the localizing 
action not unique.  
 
Solve the 1st order differential equation:  
 
 
 
 
where 

D10
Q2

eq Φ
Ψ

D10

Method 1: unpaired eigenvalues
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D10! !

then from the Þrst two terms we can read o! the D10 operator. Using the reality prop-
erty ( 3.35) and comparing with the formal expression of (5.2), we Þnd the operator D10

as
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2

G)#$3#
"

! (5.13)
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#! (5.14)

and by taking integration by part, we Þnd the dual operator D  
10 as
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" + (
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! 2)G
%

#$3#
"

(÷##%) . (5.16)

where we have deÞned the covariant di! erential operators

P+ #! = i÷#$µ÷#Dµ #! , P! ! = i #$µ#Dµ! , (5.17)

and for the dual operator D  
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Here by the subscript in P± we indicate that their action raise and lower the R-charge by
1 respectively. We note that &
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The kernel and cokernel ofD10 is obtained by by solving the equations,D10" = 0 and
D  

10# = 0. However, we will shortly see from the (5.30) that the second terms proportional
to the #$3# and ÷#$3÷# in the operators do not a! ect the spectrum of the kernel with respect
to the Q2

eq as theose terms are regular at the polesy = y1 and y = y2. Thus, the relevant
part of the equations will respectively be
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and the computation of the index (5.9) is equivalent to computing the following index,
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This is the index that was computed for the 1-loop instead of (5.9) in the literature
[REF??][8]

Spectrum of the unpaired eigenmodes: Let us Þrst Þnd a kernel in the scalar Þeld
! by solving

P! ! = 0 , (5.22)

among the (5.20). We note that since the equation is covariant, we can take any gauge
choice for the U(1)R symmetry, but the periodicity of the Þeld ! should be appropriately
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• Separation of variables + boundary condition 
 
 

• Eigenvalue   is integer by the periodic condition.  
Each orbifold in general can have twisted boundary conditions by the orbifold 
action. However the consistent gluing condition with integer gauge 
transformation only allows the periodic boundary condition.


• By the regularity at the both poles,   
 
         


• 1-loop can be obtained by taking  the product over all allowed  eigenvalues of  

n

! y − y1,2 !# ≠ ∞ → # ≥ 0

and the computation of the index (5.9) is equivalent to computing the following index,

ind = Tr ker(P+ )e
tQ 2

eq
!
!

!! + Tr ker(P! )e
tQ 2

eq
!
!
! ! Tr ker(P+ )e

tQ 2
eq

!
!
"# ! Tr ker(P! )e

tQ 2
eq

!
!
!" !#

= Tr
ker(P ( !! )

+ )
etQ 2

eq + Tr
ker(P ( ! )

! )
etQ 2

eq ! Tr
ker(P ( !" !# )

+ )
etQ 2

eq ! Tr
ker(P ( "# )

! )
etQ 2

eq . (5.20)

This is the index that was computed for the one-loop instead of (5.9) in the literature [ 72].

5.2.1 Spectrum of the unpaired eigenmodes

Let us Þrst Þnd the kernel ofP(! )
! in the scalar Þeld! by solving the Þrst order di! erential

equation
P(! )

! ! = 0 . (5.21)

For ease of the calculation, we take the singular gauge where theU(1)R gauge ÞeldA and
the U(1)G gauge ÞeldA are globally given as (3.2) and (4.25), respectively. These gauge
choices cover the entire spindle geometry but are singular at the two poles, having non-zero
values at y = y1,2.

In this gauge, the scalar Þeld! takes the separable form

! (y, z) = exp
"

! 2" in
z

! z

#
! n (y) , n " Z , (5.22)

where we note that the separable form and exponentialz-dependence is forced as we want
! to be an eigenfunction ofQ2

eq (3.29). It satisÞes the periodic boundary condition

! (z + ! z, y) = ! (z, y) . (5.23)

Note that near an orbifold singularity a scalar Þeld in general can have a twisted sector, and
thus the scalar could have non-trivial monodromy! (z+ ! z, y) = exp

"
2" i k1,2

n1,2

#
! (z, y) with

k1,2 = 0 , 1, . . . , n1,2 ! 1 near two orbifold singular points y1 and y2 respectively [87, 88].
However, given that we are choosing in the singular gauge where the single chart covers
the entire spindle geometry except they1 and y2 points, k1 = k2 = 0 is the only consistent
choice asn1 and n2 are co-prime integers.

Then the kernel equation (5.21) becomes

#y! (y, z) =
$

3i(a ! 3y)
q

(#z ! irA z ! iqGA z)
%

! (y, z) , (5.24)

where we note that we have reinstated a generic gauge chargeqG for the chiral multiplet
(in Sections 3 and 4 we usedqG = 1 ). Upon use of (5.22) as well as explicit values of the
gauge Þelds via (3.2) and (4.25) we obtain
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m
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a
2

&
1
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!
1
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'
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! z

m1

n1

''
, (5.25)

which we Þnd to be exactly soluble, with solution given by

! n (y) = c(y ! y1)
3
4

a! 3y1
( y2 ! y1 )( y3 ! y1 ) (

2$ n
! z + rA z (y1)+ qGA z (y1))

# (y2 ! y)
3
4

3y2 ! a
( y2 ! y1 )( y3 ! y2 ) (

2$ n
! z + rA z (y2)+ qGA z (y2)) (5.26)

# (y3 ! y)! 3
4

3y3 ! a
( y3 ! y1 )( y3 ! y2 ) (

2$ n
! z + rA z (y3)+ qGA z (y3))y

1
4 (3r ! 2$0qG) ,
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where c is a constant of integration. As y1 ! y ! y2 < y 3, the third line is regular, but
from the Þrst and second line we have to restrict the range of the quantum numbern by
imposing regularity. We note that near the north pole y = y1, the solution to this equation
takes the form

! n(y) " (y # y1)
3
4

2!
! z

a ! 3y1
( y2 ! y1 )( y3 ! y1 )

!
n! r

2n 1
+

m1qG
n 1

"

, (5.27)

and near the south poley = y2,

! n (y) " (y # y2)
3
4

2!
! z

3y2 ! a
( y2 ! y1 )( y3 ! y2 )

!
n! r

2n 2
+

m2qG
n 2

"

. (5.28)

In order to avoid the singular conÞgurations neary = y1 and y = y2, the exponents in
both (5.27) and (5.28) must be greater than or equal to zero. We Þrst introduce the
notation

p1,2 =
r
2

# qGm1,2 , (5.29)

By noting that 3y2 > a > 3y1, we obtain the following condition for the quantum number

n $ max
!

p1

n1
,

p2

n2

"
. (5.30)

Before solving the spectrum of the kernel for the other Þelds, let us comment about the
equivalence between the ind(D10) in (5.9) and the ind in (5.20). For this, we demonstrate
that the regularity conditions imposed by the equation D10! = 0 are the same as those of
P! ! = 0 . All of the kernels for #! , "# , #" ## follow via identical arguments. From the relation
of D10 and P! as in (5.13a), we start by writing

D10! =
$

P! +
r
2

G"$3"
%

! =
!

P! #
r k0

12L

%
q

y

"
! = 0 , (5.31)

where we have setG = # L ! 1 and neglect the coupling with%. Denoting ! (D 10 ) & Ker(D10)
and recalling that the P! ! = 0 is solved by! , we immediately reach the result(IJ: Check
if the k0/L should appear becauseP! operator also hask0/L factor.)

! (D 10 ) = y! k0
r

4L ! , (5.32)

where the power ofy is regular at both y1,2 and thus the analysis of regularity at the
poles of ! is unchanged from theP! case. As the regularity is the only possible reason
for discrepancy between indD10(t) and ind, we conclude that they are equivalent. In fact
such a result is expected on general grounds as[D10 , Q2

eq] = [ P± , Q2
eq] = 0 and both D10

and P± map between elementary boson and fermion (similarlyD  
10 and P 

± map elementary
fermion to boson).

Now we turn to Þnd the kernel of #! by solving

P+ #! = 0 , (5.33)

among (5.19). Again, the eigenfunction requirement together with the periodicity condition
for singular gauge Þelds (5.23) implies

#! (y, z) = exp
$

2&im
z

! z

%
#! m (y) , (5.34)
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where c is a constant of integration. As y1 ! y ! y2 < y 3, the third line is regular, but
from the Þrst and second line we have to restrict the range of the quantum numbern by
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where we note that the separable form and exponentialz-dependence is forced as we want
! to be an eigenfunction ofQ2

eq (3.29). It satisÞes the periodic boundary condition

! (z + ! z, y) = ! (z, y) . (5.23)

Note that near an orbifold singularity a scalar Þeld in general can have a twisted sector, and
thus the scalar could have non-trivial monodromy! (z+ ! z, y) = exp
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n1,2
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! (z, y) with

k1,2 = 0 , 1, . . . , n1,2 ! 1 near two orbifold singular points y1 and y2 respectively [87, 88].
However, given that we are choosing in the singular gauge where the single chart covers
the entire spindle geometry except they1 and y2 points, k1 = k2 = 0 is the only consistent
choice asn1 and n2 are co-prime integers.

Then the kernel equation (5.21) becomes
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where we note that we have reinstated a generic gauge chargeqG for the chiral multiplet
(in Sections 3 and 4 we usedqG = 1 ). Upon use of (5.22) as well as explicit values of the
gauge Þelds via (3.2) and (4.25) we obtain
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which we Þnd to be exactly soluble, with solution given by
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where c is a constant of integration. As y1 # y # y2 < y 3, the third line is regular, but
from the Þrst and second line we have to restrict the range of the quantum numbern by
imposing regularity. We note that near the north pole y = y1, the solution to this equation
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In order to avoid the singular conÞgurations neary = y1 and y = y2, the exponents in
both (5.27) and (5.28) must be greater than or equal to zero. We Þrst introduce the
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• Introduce the ceiling function,  
 
 

• Zeta function regularization 
 
 
 
 
the phase from the product of i are canceled from chiral and anti-chiral 
contributions 

using the the product ranges (5.39) and eigenvalues (5.40), we see that the one-loop deter-
minant can be written as (AP: I donÕt like the factors of2! / ! z which enter below. Can
we remove these before performing Zeta function regularisation?)(IJ: This is related to
the size of the manifold. We can denote" as was commented in (5.71). )(AP: Probably
we should keep it then, and change the scaling ofg in the next section to match.) (IJ: I
was hesitating to suggest this as it would be tedious. But I think the best way would be

renormalizing the Killing spinor by rescaling # !
!

! z
2! and we keep the size factorL of

the manifold explicitly. Then in the computation later the w will be replaced byL ! 1 since
eigen values becomenL . )

Z Qeq V
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"#
#
#
#
#
$

"%

p=0
i
&2!

! z (p + pmin ) + qG" G
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" i
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'
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n=0
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' , (5.58)
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where we deÞne

nmin = mmin = max
*+

p1

n1

,
,
+

p2

n2

,-
, pmin = lmin = max

*+
1 " p1

n1

,
,
+

1 " p2

n2

,-
, (5.60)

and the ceiling function #x$ is introduced sincenmin and pmin are integers. We note that the
product over n and p and the product over l and m are from the chiral and anti-chiral parts
of the multiplet respectively. We use Zeta function regularisation of inÞnite products [89]
and in particular we make use of the regularisation(AP: Now that we have introduced the
size factorL , should we change the notation below? A suggestion)

".

n=0

*
n + x

Y

-
=

Y ! 1
2 + x

#(x)
, (5.61)

and see that the phase factor from the product overi is exactly cancelled. Up to an overall
numerical factor we Þnd(AP: Including the numerical factor in red) (IJ: We can now replace
! z/ 2! by L/L 0.)
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product over n and p and the product over l and m are from the chiral and anti-chiral parts
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and in particular we make use of the regularisation(AP: Now that we have introduced the
size factorL , should we change the notation below? A suggestion)

".
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*
n + x

Y

-
=

Y ! 1
2 + x

#(x)
, (5.61)

and see that the phase factor from the product overi is exactly cancelled. Up to an overall
numerical factor we Þnd(AP: Including the numerical factor in red) (IJ: We can now replace
! z/ 2! by L/L 0.)
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• Redefining the variables, we have 
 
 

• where we have defined  
 
 
 
 

• The scaling anomaly will renormalize the FI parameter  . ξ

(AP: where do we introduceL 0?) (AR: If we had started with k0 = L 0
L á2!

! z , instead of
k0 = 2!

! z , could we obtain the following instead ? )

Z Qeq V
1-loop =

!
! (nmin ! qGL" G)2

! (pmin + qGL" G)2 . (5.65)

where the unusual appearance of a square root of a square is dealt with next. To proceed
further, we use

max(x, y) =
1
2

(x + y + |x ! y|) , (5.66)

and the following properties of the ceiling and ßoor function
"

x
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#
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%
+ 1 for x, y " Z and x #= 0 , $a%= !&! a' , (5.67)

and introduce the notation !¥"! to denote the remainder after dividing ¥ by ( such that
$

¥
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%
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!
!¥"n1,2

n1,2
. (5.68)

Then the result of the one-loop
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4! + qG" G

, 2 , (5.69)

where we recall! is the Euler number of the spindle (2.7), " G is deÞned in (4.37) and we
also introduced the following notation, in order to facilitate comparison with [67, 71],

b = 1 +
$

!
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%
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%
, c =

! ! p2"n2
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. (5.70)

Finally, we note that due to EulerÕs reßection formula:! (z)! (1! z) = #/ sin(#z) , for z /" Z,
we can substitute

|b ! 1| ) b ! 1, (5.71)

and obtain the result of 1-loop partition function as (IJ: We can replace# z/ 2# by L/L 0.)
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We now provide a careful comparison with the notation of Inglese, Martelli, and Pittelli
(IMP) [ 71] in order to demonstrate that our results are consistent. The dictionary between
our notation and theirs is

n1 = n(IMP)
+ , n2 = n(IMP)

" , m1 = ! m(IMP)
+ , m2 = ! m(IMP)

" , " G = L 0$(IMP)
G ,

(5.73)
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• Full partition function for abelian theory 
 
 
 
 
 
 
 
FI -parameter gets renormalized by the anomaly  
 

• Contour integration over  →  summation of the residue →  using Bessel 
function representation of the first kind  ,  Poisson resumption for the 
summation over m, we finally obtain  
 

σ0
Jμ

(AP: where do we introduceL 0?) (AR: If we had started with k0 = L 0
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6 Partition function

6.1 U(1) gauge theory with a charged chiral multiplet

Recalling (4.40), the partition function for a U(1) gauge theory on! takes the form (IJ:
The ! will be L/L 0.) (AP: L 0/L ?)(IJ: Yes, you are right.)

Z! =
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e
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3n 1n 2 ( n 1+ n 2 ) + i#
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L
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d" 0
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L 0

L

" ! 2iqG" 0

e! 4#i$" 0
!

%b! 1
2 + c

2 + r
4$ ! qG%G

&

!
%
1 + b! 1

2 !
%c

2 + r
4$ ! qG%G

&&,(6.1)

where the vector multiplet one-loop determinant is trivial for abelian theory and hence the
partition function is determined by the classical contributions and the chiral multiplet one-
loop determinant. We note again that our Þeld conÞguration on the BPS locus is entirely
real and thus we are not integrating over the real part of a complex moduli space, in contrast
with [ 71]. We also note that the FI parameter & gets renormalised as

&ren = &+
qG

2#
log ! &ren = &!

qG

2#
ln

L
L 0

(6.2)

which allows us to absorb several of the! factors which appear in the integral above.
To keep the expressions compact, let us write the above as

Z! =
#

m" Z

e
! m

!
2( n 2 ! n 1 ) !" ren
3n 1n 2 ( n 1+ n 2 ) + i#

n 1n 2

" $ #

!#

d(" 0L )
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e! 4#i$" 0 Z Qeq V
1-loop

Z! =
!

L 0

L

" r
2 ! ! 1 #

m" Z

e
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3n 1n 2 ( n 1+ n 2 ) + i#
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" !
L 0
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" c $ #

!#

d" 0

2#
e! 4#i$ren " 0

! (' + (" 0 + ))
! (1 + ' ! ((" 0 + )))

,

with

( = ! iqG , ) =
c
2

+
r
4

$ !
m(n2 ! n1)

6(n1 + n2)n1n2
qG , ' =

1
2

(b ! 1) . (6.3)

Note that ( is imaginary whereas) and ' are real. The coe! cients { ( , ), ' } in the above
equation can be calculated from the respective values of the parameters given in (5.70).

We will evaluate the above line integral by a contour integral in the complex" 0 plane.
Therefore, the integral we are interested in instead is(IJ: Do we keep c and $ even after
the redeÞnition above?)(AP: yes, these do not get absorbed by the renomalisation of the
FI parameter. They do get nicely reabsorbed in equation (6.41))

Z! =
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L 0
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e
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3n 1n 2 ( n 1+ n 2 ) + i#

n 1n 2

" !
L 0

L

" c '

C
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e! 4#i$ren " 0

! (' + (" 0 + ))
! (1 + ' ! ((" 0 + )))

,(6.4)

with the contour C being closed in the upper or lower half plane. We note the integral
has the symmetry property Z! (qG, &ren, * ) = Z! (! qG, ! &ren, ! * ), similar to the partition
function for S2 given in [8]. To see this, we use)(qG, m) = )(! qG, ! m) (same for' ) and ßip
the signs of the dummy variables in both the summation and integration. To evaluate the
above integral, let us recall that
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DeÞning

! !
2"#ren

qG
, (6.21)

we can directly evaluate the contour integral, noting that we have to deform the contour
in order to include all of the poles for$" 0. We obtain (IJ: IsnÕt it 2" /qG instead of |qG|?)
(AP: I think the 2" is accounted for by the1/ 2" factor in (6.1). The appearance of the
modulus takes into account the contour being clockwise or anti-clockiwse depending on the
sign of qG)
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(6.22)
In order to proceed, we follow [8] in noting that the Bessel function of the Þrst kind Jµ may
be expressed as
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( %
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e! iµy eix sin y dy , (6.23)

which is produced via the sum overk in (6.4). We readily identify µ = 2 |%|, x = 2e! # and
upon use ofJ! n (x) = ( # 1)nJn(x) for n $ Z we obtain
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which can be further simpliÞed using the deÞnition (6.3) to obtain
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where we note that both c and % depend explicitly on m and so will be important in
performing the summation overm. Focusing on this sum Þrst, we have
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(6.26)

where we recall&! = 1 /n 1 # 1/n 2. Note that the Þrst term in the sum on the RHS is all
that contributes to the S2 partition function, and the other terms are novel contributions
arising for ! . We also note that the partition function is manifestly invariant under the
shift ai % ai + ni ' a for i $ { 1, 2} , ' a $ Z. Physical observables should be invariant under
such a shift, a property which was originally discussed below (4.17). We need to perform
the sum overm and a useful technique in doing this is Poisson resummation [8]:

#

m" Z

f (m) =
#

n" Z

)f (n) , (6.27)
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6 Partition function
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where the vector multiplet one-loop determinant is trivial for abelian theory and hence the
partition function is determined by the classical contributions and the chiral multiplet one-
loop determinant. We note again that our Þeld conÞguration on the BPS locus is entirely
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which allows us to absorb several of the! factors which appear in the integral above.
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Note that ( is imaginary whereas) and ' are real. The coe! cients { ( , ), ' } in the above
equation can be calculated from the respective values of the parameters given in (5.70).

We will evaluate the above line integral by a contour integral in the complex" 0 plane.
Therefore, the integral we are interested in instead is(IJ: Do we keep c and $ even after
the redeÞnition above?)(AP: yes, these do not get absorbed by the renomalisation of the
FI parameter. They do get nicely reabsorbed in equation (6.41))
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with the contour C being closed in the upper or lower half plane. We note the integral
has the symmetry property Z! (qG, &ren, * ) = Z! (! qG, ! &ren, ! * ), similar to the partition
function for S2 given in [8]. To see this, we use)(qG, m) = )(! qG, ! m) (same for' ) and ßip
the signs of the dummy variables in both the summation and integration. To evaluate the
above integral, let us recall that
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where   we have set              


• As a consistency check, we note that setting  reduces the S² 
partition function.  
 

• In the case when action on BPS locus vanishes by setting                      
 
 
 
This seems to count some vacuum degeneracies  on the spindle.  

n1 = n2 = 1

In order to make some progress in evaluating this term,henceforth we set qG = 1 . This
brings the partition function into the form
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and then we use the following decomposition

l = l"n1 + o, l" ! { 0, 1, . . . , n2 " 1} , o ! { 0, 1, . . . , n1 " 1} , (6.36)

under which we see
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where we again made use of (4.17). We notice that the double sum above factorises as
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where in evaluating the summation overo we made use of

{ !oa1"n1 |o = 0 , . . . n1 " 1} = { !o"n1 |o = 0 , . . . n1 " 1} , (6.39)

which is true due to the fact that gcd(a1, n1) = 1 which can be seen immediately from
(4.17) together with BŽzoutÕs identity. Using the summation of geometric progressions we
arrive at the Þnal result
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(AP: which we can also write in terms of the unrenormalised FI parameter as)
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As a consistency check, we note that settingn1 = n2 = 1 in (6.40) above reduces to

ZS2 = Z!
&
&
n1= n2=1 = e! " r e! 2ie! ! sin # , (6.42)

which matches [8] up to ! # " ! , a sign change which arises from our convention ofm =
" m(IMP ) (5.74).
(IJ: I wonder if the scaling behavior can reproduce the central charge in the literature.)
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DeÞning

! !
2"#ren

qG
, (6.21)

we can directly evaluate the contour integral, noting that we have to deform the contour
in order to include all of the poles for$" 0. We obtain (IJ: IsnÕt it 2" /qG instead of |qG|?)
(AP: I think the 2" is accounted for by the1/ 2" factor in (6.1). The appearance of the
modulus takes into account the contour being clockwise or anti-clockiwse depending on the
sign of qG)
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In order to proceed, we follow [8] in noting that the Bessel function of the Þrst kind Jµ may
be expressed as
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which is produced via the sum overk in (6.4). We readily identify µ = 2 |%|, x = 2e! # and
upon use ofJ! n (x) = ( # 1)nJn(x) for n $ Z we obtain
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which can be further simpliÞed using the deÞnition (6.3) to obtain
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where we note that both c and % depend explicitly on m and so will be important in
performing the summation overm. Focusing on this sum Þrst, we have
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where we recall&! = 1 /n 1 # 1/n 2. Note that the Þrst term in the sum on the RHS is all
that contributes to the S2 partition function, and the other terms are novel contributions
arising for ! . We also note that the partition function is manifestly invariant under the
shift ai % ai + ni ' a for i $ { 1, 2} , ' a $ Z. Physical observables should be invariant under
such a shift, a property which was originally discussed below (4.17). We need to perform
the sum overm and a useful technique in doing this is Poisson resummation [8]:

#
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r ! 2Z

In order to make some progress in evaluating this term,henceforth we set qG = 1 . This
brings the partition function into the form
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and then we use the following decomposition

l = l"n1 + o, l" ! { 0, 1, . . . , n2 " 1} , o ! { 0, 1, . . . , n1 " 1} , (6.36)

under which we see
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where we again made use of (4.17). We notice that the double sum above factorises as
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where in evaluating the summation overo we made use of

{ !oa1"n1 |o = 0 , . . . n1 " 1} = { !o"n1 |o = 0 , . . . n1 " 1} , (6.39)

which is true due to the fact that gcd(a1, n1) = 1 which can be seen immediately from
(4.17) together with BŽzoutÕs identity. Using the summation of geometric progressions we
arrive at the Þnal result
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(AP: which we can also write in terms of the unrenormalised FI parameter as)
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As a consistency check, we note that settingn1 = n2 = 1 in (6.40) above reduces to

ZS2 = Z!
&
&
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which matches [8] up to ! # " ! , a sign change which arises from our convention ofm =
" m(IMP ) (5.74).
(IJ: I wonder if the scaling behavior can reproduce the central charge in the literature.)
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We note that the dependence on the ratio of scalesL/L 0 does not appear as an overall factor
in (6.42) as it also appears non-trivially in the term on the second line. As a consistency
check, we note that settingn1 = n2 = 1 in reduces (6.42) to

ZS2 = Z!
!
!
n1= n2=1 =

"
L
L 0

# 1! r

e! ! r e! 2ie! ! sin " , (6.43)

which, up to an unimportant numerical factor, matches [8] up to ! ! " ! , a sign change
which arises from our convention ofm = " m(IMP ) (5.70). Note that the L/L 0 does appear
as an overall factor for this case, providing a contrast between the partition functions for
S2 and ! .

6.2 Vanishing classical contribution and vacuum degeneracy

Our spindle partition function ( 6.42) allows us to compute some simple subcases, one of
which is the S2 limit of n1,2 ! 1 as discussed in (6.43). Another simple case is that of
vanishing action on the BPS locus
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which can be obtained directly from (6.3) by setting ' ren = ! = 0 . Note that we switch
the renormalised FI parameter o! , rather than the bare parameter ' . Even though we
introduced the classical FI Lagrangian (3.48) with parameter ' , the renormalisation of
' which results from factors in the one-loop determinant means that vanishing classical
contribution is taken to be ' ren = 0 , see related discussion in [78]. We can obtain the result
of this partition function directly from ( 6.42), obtaining

Z! |#ren = " =0 =
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L
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# 1! r
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) 2
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1 "

( L 0
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) 1/n 1
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where an interesting limit of the above formula is that of L ! L 0, where we Þnd

lim
L $ L 0

Z! |#ren = " =0 = n1n2 , (6.46)

from which we can observe an increase in vacuum degeneracy relative to the unit round
S2 case ofn1 = n2 = 1 [8, 10], and is reminiscent of similar features found for the three-
dimensional ! # S1 partition functions computed in [71].

6.3 Comment on the structure of the partition function

A brief comment is in order about the nature of localisation we have performed here. Clearly,
the solutions of the BPS equations, especially as seen from that of the chiral matter in
(4.32), suggest that we are doing localisation in the Coulomb branch. Yet, the full partition
function in ( 6.42) separates nicely into the product of two contributions coming from the
north and the south pole respectively. This is reminiscent of a similar phenomenon that
occurs in N = (2 , 2) theory on the round 2-sphereS2 [8, 9] as well as for theN = 2
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• The full partition function nicely separates into the Product of two 
contributions from north and south poles with anti- and holomorphic 
parameters. 


• Although we have performed only the coulomb branch localization, this 
factorization is suggestive of the mechanism of vortex and anti-vortex 
contributions in Higgs branch localization. 


• It would also be interesting to see if one can reproduce the result by gluing 
two partition function on the singular discs along with their boundary effects.   
 

In order to make some progress in evaluating this term,henceforth we set qG = 1 . This
brings the partition function into the form
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and then we use the following decomposition
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under which we see

Z! =
!

L 0

L

" r
2 ! ! 1

e! r
2 ("! ! i#! ! )e! 2ie! ! sin #

n2! 1#

l"=0

n1! 1#

o=0

e! (" ! i#)
! oa1 ! r

2 " n 1
n 1

! (" +i #)
! l "+ oa2 ! r

2 " n 2
n 2

!
L 0

L

" ! l "+ oa2 ! r
2 " n 2

n 2
+

! oa1 ! r
2 " n 1

n 1
,(6.37)

where we again made use of (4.17). We notice that the double sum above factorises as
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where in evaluating the summation overo we made use of

{ !oa1"n1 |o = 0 , . . . n1 " 1} = { !o"n1 |o = 0 , . . . n1 " 1} , (6.39)

which is true due to the fact that gcd(a1, n1) = 1 which can be seen immediately from
(4.17) together with BŽzoutÕs identity. Using the summation of geometric progressions we
arrive at the Þnal result
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(AP: which we can also write in terms of the unrenormalised FI parameter as)

Z! =
!

L 0

L

" ! 1

e
! r

2

!
2#$ ! i "

n 1
+ 2#$ +i "

n 2

"

e
! 2i

!
L 0
L

"
! 1e! 2#$ sin # (1 " e! (2$%! i#) )(1 " e! (2$%+i #) )

(1 " e! (2$%! i#)/n 1 )(1 " e! (2$%+i #)/n 2 )
.

(6.41)
As a consistency check, we note that settingn1 = n2 = 1 in (6.40) above reduces to

ZS2 = Z!
&
&
n1= n2=1 = e! " r e! 2ie! ! sin # , (6.42)

which matches [8] up to ! # " ! , a sign change which arises from our convention ofm =
" m(IMP ) (5.74).
(IJ: I wonder if the scaling behavior can reproduce the central charge in the literature.)
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• We have computed exact partition function of 𝒩 = (2, 2) 

theories on  spindle  in untwisted 
supersymmetry. 


• We computed the 1-loop determinant using two methods: 
unpaired eigenvalues and fixed point formula !
and obtained full partition function for abelian theory.


• The result is confirmed by S² limit, and matching with the 
dimensional reduction of the result of [Inglese-Martell-Pitteli ’23] 
for 𝒩 =2  on Σ x S¹ 

Σ = 𝕎ℂℙ1
[n1 ,n2]

Summary



• Spindle with twisted supersymmetry (from the solution of 5D STU supergravity )


• Non-abelian theories with generic gauge group. 


• Relation to the world sheet string theory?  
  provides the instant corrections, and computes the exact  Kähler  potential 

on the quantum Kähler moduli space of Calabi-Yau manifolds [Gomis-Lee ‘12] 
[Jockers-Jumar-Lapan-Morrison-Romo ‘12].  
What about    ?


• Mirror symmetry via equivalence with Landau-Ginzburg theory with some 
twisted superpotential?  [Hori-Vafa ‘00]


• Dualities?   Seiberg-like duality in 2d ?

ZS2

ZΣ

Future directions

function of N = (2 , 2) gauge theories onS2 (see also [7]). The partition function admits
two alternative descriptions, either as an integral over the Coulomb branch or as sum over
vortex and anti-vortex conÞgurations on the Higgs vacua of the theory. Each represen-
tation yields complementary insights into the dynamics of these gauge theories. These
results o! er a new window into the exact dynamics of nonlinear sigma models on K¬ahler
manifolds. SpeciÞcally on Calabi-Yau manifolds, since two dimensionalN = (2 , 2) gauge
theories which ßow to anN = (2 , 2) superconformal Þeld theory in the infrared provide
an elegant framework to study Calabi-Yau sigma models [1] (see also [8]).

In [6] these exact results were applied to the study of worldsheet instantons in Calabi-
Yau sigma models. The representation of theS2 partition function as a sum over vortices
at the north pole and anti-vortices at the south pole was used to explicitly conÞrm that
the non-perturbative worldsheet instanton corrections to the K¬ahler moduli space de-
singularize the quantum dynamics across the topology-changing ßop transition [1, 9].1 We
further speculated that the exact partition function of N = (2 , 2) gauge theories onS2

may provide a novel approach to the computation of worldsheet instantons in Calabi-Yau
sigma models.

More recently, these speculations became a conjecture in an interesting paper by Jock-
ers et al. [10]. These authors conjectured that the exactS2 partition function Z [6, 7] of
an N = (2 , 2) gauge theory ßowing to a sigma model on a Calabi-Yau computes the exact
K¬ahler potential K on the quantum K¬ahler moduli spaceM of the Calabi-Yau

Z(! a, ø! a) = e! K (! a ,ø! a ) . (1.1)

Here, ! a are coordinates inM parametrizing the K¬ahler moduli of the Calabi-Yau, which
correspond to the complexiÞed Fayet-Iliopoulos parameters in the GLSM. Evidence for
this conjecture was presented in [10] by extracting the Gromov-Witten invariants from
the exact K¬ahler potential K via (1.1) and matching them with those computed in the
literature using di! erent methods. Remarkably, the partition function onS2 [6, 7] was also
used in [10] to predict new Gromov-Witten invariants, which pass all consistency checks.

In this paper we provide two alternative proofs of the conjecture (1.1). One derivation
uses the gauge theory approach to Calabi-Yau sigma models provided by GLSMÕs. We
demonstrate that path integral on the squashedtwo-sphere in the limit in which the
two-sphere is inÞnitely squashed describes a very speciÞc overlap of ground states of the
infrared conformal Þeld theory, which is known from the work of Cecotti and Vafa [11] to
compute the exact K¬ahler potentialK. By explicitly proving that the partition function on
the squashed two-sphere does not depend on the squashing parameter, we arrive to (1.1).
This chain of reasoning ends up relating the partition function on the round two-sphere
with the exact K¬ahler potential in the quantum K¬ahler moduli space of the Calabi-Yau
that emerges in the infrared.

We also compute the exact two-sphere partition function ofN = (2 , 2) Landau-
Ginzburg models with an arbitrary twisted superpotentialW. The partition function
takes the simple form

Z =
!

dY dY e! 4" irW (Y )! 4" ir W (Y ) , (1.2)

1The ßop transition was shown to correspond to crossing symmetry in a dual Toda CFT correlator,
which computes theS2 partition function for a class of two dimensional theories.
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