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. Motivation



. Motivation Gravity is the theory with least known quantum properties.
Modified Gravity beyond Einstein - Is it needed? e
I-1. Theoretical Aspect: Gravity beyond Einstein?

e GR is an effective theory :
Va||d be|OW MUVNMPIN 101966V

Ex) String theory P Ynso(~R)"

Conformal fields Hot radiation
ALFRED T. KAMAJIAN

Z g [¢0 (x)] — fdJn D¢ exp(_5[¢: g,uv])

Einstein Grav (~R): linear in R, the simplest, but incomplete

® Holography:
Needs Anti deSitter (AdS) space A < 0 as the dual — | Zl$po(x)] = <eXp Sy gy A% Do 0>
(beyond Einstein) geometry

. . . > 200f @
5dim. classical gravity < ¢ "facep e X
4dim. strongly interacting theory = |2 7 ciipone
5 % " ," e(‘o,,
Ex) AdS/QCD & AdS/CMT: c l Hadrons%%"’ : Strange metal
& 100} 2 s, 2 §
Phases, etc? 3 : g ]
= % 2 Ele
a @B
Black Holes are thermal system. Nu}: “oh ysics > Ik
e < superconductor

0 &
! Nuclei Net Baryon Density

Hole doping



|-2. Observational ASpeCt: 30! + 1} CMB measurements
Are alternatives to A CDM, the Standard Model for 7. B t  Local distance ladder
Cosmology, needed? 6 T
® Some challenging observations gm- [ 1 l l ] ” H
: _ J. Kochappan, L. Yin, B-HL, > 1211 ]
Ho tension (~5.80) 1 e print 24080952 £70 l l
etc. Colgaine, B-HL, W. Lee, Sheikh-Jabbari, 568- I ¥
Thakur, JCAP 04 (2022) 66 I I
Hy, = 73.5 £ 1.4 (SN & Cepheids)
641 ©  H, = 67.4 + 0.5 (CMB,BAO+BBN)
I-3. Extended Grawty beyond Einstein 2|  nups/mww.mdpicomz218-1997/9/2/04
. . : 2000 2005 2010 2015 2020
Q: Any guide for higher curvature corrections, etc? Publication year

A: Yes, Black Hole and Cosmology !

Black Holes : the simplest objects only with gravity,

cf) H-atom: a guide for the discovery for the = We investigate

Quantum Physics, mainly due to its simplicity 1) the Black Hole properties &

Cosmology : Any extra d.o.f. (such as higher 2) the implication to the cosmology
curvature, scalar, etc.) will give deviation from ACDM | | in the Gravity theory beyond Einstein




ll. Gravity with
Gauss-Bonnet (G-B) term



Il. Gravity with Gauss-Bonnet (G-B) term

I1-1. Lovelock theory (dim. D = 2t + 1 or 2t)
Lagrangian with only 1) metric 2)2"9 order e.o.m (for no ghosts and instabilities)
will be in the following form

t . .
r z In L": Lovelock term, topological in 2n D
=/ o
p=NTI [, B) L' =R X
: n=0 Einstein-Hilbert term topol in 2 D
EX) D_dlm 2 2 ab abcd
L,=1'=,~=g R topological L7 =R - 4Rap R™" + RapcaR .
1 = R¢p Gauss-Bonnet term. topol in 4 D
‘CS =L = v —9 R X
_ H1ViUaVa - UmV 1y Uz HmV
Ly=1L'+1%==g(R+Rgp) ~ V=g R L™ = m8aib,as0,ambm Rasby  Ragpy " Ragby
Ls=L'+12 = J=g(R + R%p) Euler characteristic of dim 2m topol in 2m D
Lo =L'+1?+1° ==g(R+Rip + Ric) ~ y=g(R + Rigp) 8t bt = (2M)V8( 8yl - SIS,

Ly=L'+12+13=,/~g(R+Ré;+R;:,)

Lovelock’s theorem (in dim =4 (& 3)
The Einstein eqns (w/ c.c.) are the only possible 2nd-order eqns derived in 4 dim. solely from the metric.

Metric Modification of GR - only by G-B (E.C.)
Further modification needs to add a new degree of freedom (such as scalars).




Il -2. Einstein Gauss-Bonnet Gravity higher derivative theories may have
ghosts and Ostrogradsky instability :

1) The general theory w/ quadratic curvature terms in d > 4

Squaa = [ d%% =7 |5= (R = 2+ GR? + bR,y R¥Y + CRyy p s R¥VET) + L]

2nd order e.om. only if b = —4a & ¢ = a |R¢p=R? — 4R,,R*"+R,,-R*'P? Gauss-Bonnet term

2) the Einstein-Gauss-Bonnet (EGB)- A Gravity (GB-AdS) in d > 4 Note - A = — @=D@=2)
' 242
Seep-n = [ A% =7 |- (R — 21 + aRZ;) + L] k= 8mG, g = detg,,
3)in d=7 [a]= [length]?
Saz7 = [ d7xy=g|5- (R — 2A + aRZ, + aR ;) + L]
= qeV?®
4) the Dilaton-Einstein-Gauss-Bonnet (DEGB) Gravity in d = 4 f(qgglynoc()emial

Sagce = [ d*x =g [ﬁ (R —20e*® + f(§)RZ5) + 9" 8,00, — V() + Lmatt] etc.

Horndeski Theory - the most general scalar-tensor theory w/ 2nd-order field egn in 4D

L= Go(hX) —Ga(d, X)Ob +Gy(d, X)R +Gux[(Ob)? — Vi Dilaton-Einstein-Gauss-
2(,X) —G3($, X)0P +Ga(d, X)R +Gax[(OP)" — Puy ™| Bonnet (DEGB) Gravity

+Gs5(, X)GHV ) — G%X [(Op)? — 30¢¢,, dVF + 2¢,,0V ¢, ] belongs to Horndeski Theory



I1l. Black Holes

-Formation & Discovery



A e STELLAR LIFE CYCLE ai ISl
ll. Black Hole » | G ©'ack Hole RS

: 0‘*
M. Volonterl SCIENCE2012 e N S . L gy
- Formation & Dlscovery Y. U JE ., I
é » a,, * ’ ‘ 7‘ i3 q = : © X-ruEmlssmn
A FOI‘matIOn 3y Muivﬂfm .' ' ‘ : _ A . : I o y p/
- By Stellar Evolution (2 — 150M@) | - S0 Cempa il e g

’ N b NeutronStar Zg)
- Primordial BH (no mass limit) ‘ ol N g T

A-1) By Stellar Evolution [
‘Death Body’ of heavy stars .

An upper bound to the e e i

mass of WD and NS G R Brown Dwarf [[SSEE .' e

- The Chandrasekhar limit . Birth Main Sequencel Old Age Death | Remnant
~1.44 M, (the max M of a white dwarf star (WD)

- The Tolman-Oppenheimer-Volkoff (TOV) limit: (for M of NSs) ‘¥ Ry
1.5 — 3M; (original mass of 15 — 20M ) ~

@
Cf) GW170817 : 2.01 — 2.17M; the merging NSs (into a BH) qm%\efﬂ‘c’v)“‘QOC
(LOYOO [0) 20
‘-\\Orﬂ' U‘O not
. . . Supe S
cannot be by the stellar evolution |
. : | log(a)
> PrlmOrdlaI BH Inflation MDi RD Ml?g




DID BLACK HOLES FORM IMMEDIATELY AFTER THE BIG BANG?
x Stars

F.\r\%_s‘ stars

s @ (6 e W JENLETL

Kepler

History

' ' . Standard
‘ : ' _ € history of

the Universe

Webb might observe

stars that were formed

during the dark ages near
* primordial black holes

* Histor
Mprn/M- LISA might pick up . — . y
o P B H M a SS gravitational waves from : . 38 0 Wlth

merging black holes : N <
in the early Universe . . . ‘ PBH
N . Galaxies form & ! History of
. : around black holes the Universe

, with primordial
£ St ¢ . \ black holes

Primordial (‘ -
black holes First stars

1] 380 000 years  300-500 million years Billions of years

BH Formation Masses of BHs
- By Stellar Evolution (2 — 150M) 1, Stellar BH (2 — 150M)
- Primordial BH (no mass limit) 2. Intermediate mass BHs (IMBHs) (10% — 10°M,)
3. Supermassive BHs (SMBHs) (10° — 10°M ) : Inside Galaxies

Black Holes are affecting the evolution of the Universe.
Question : How much do they depend on the gravity theories?



Quasi-circular Plunge Ringdown

B. Observational Evidences s inspia and merger
B-1. Stellar-Mass Black Holes (2 — 150M ;) 2 <. '>( )'/j
- 100 Millions of stellar mass BHSs in each galaxy. ~ /

- Observation as
1) Black hole X-ray binaries (BHXRBs)

- The 1%t stellar-mass BH was Cyg X-1
- Total # observed BHXRBs=~ 20

W),\ G /\/\VI\I\I\AMI\AM. ,
e R R \;V\lu JVVV.Hme

o Black hole
W Post-Newtonian Numerical perturbation
Z)G observed by techniques relativity methods

LIGO, VIRGO, KAGRA

Sources:
BBH & NSBH binaries

Ex) GW150914




B-2. Supermassive Black Holes Q : What if the theory is beyond Einstein Gravity?
(SMBHs) (10° —10°M)

1) Tracing the ellipses 2) Event Horizon Telescope Collab
Right Ascension difference from 17h 45m 40.045s * .
+Hi.5 +0.4 H0.3 H.2 H1 00 —-01 -0Z M87 Aprll 11’ 2017
+0.5° — =
| 512 /> T\S1

+0.4 f ;;”
40,3 Byﬁmglee Own VYOI‘I(
2402 | |
2 |
£+0.1 f
G /
0o
E—0.1 Lo April 5 April 6 April 10
'E y 50 pas ~ 109
§-0.2
E l- | w
E—D.a' T O O

S13 | :
—0.4 fait ( 5)
Orhits of 5-:-me |:u:ué|e5 -:gthe Snlur: S{tstem] | Br 15_)}1’(11(5\ T(.IIl])(ldtlllL (1() I& B] 12, ]tﬂ(‘@% TCIT1I)OI ‘]tUY(“ ]0 K
05 :rtt i: sarme scnlli:c'lf-:-r c-:-mp:lns-:-n APJL, 2019 Aprll 10 APJL 2022 May 10



3) the Stochastic GW Backgrounds

S 0.80 - ]
& . 28 June, 2023 Sources :
v 0.60 Predlcted SM BHS,
G n o
2 0.40 SR . PBHs,
o —
% 0.20 1 0\ °_ é - T S S - o ,,:"" - etC.
2 N r%
N GWB
: gEX> 2
S$-0.20 LI -
© 11 1
©-0.40
8 0° 30° 60° 90° 120° 150° 180°

Angular separation between pulsars, &ab

NanoGrav; EPTA: CPTA
Parkes Observatory;

(at z=~ 10.3 behind
the cluster lens Abell 2744)

In summary,
1. Stellar BH (2 —150M;) Yes, Observed!

2. IMBHSs (107
MBHs (10° —

3.5

10°

—105Mg) No, Not Yet!

M) Yes, Observed!

‘Iﬂ_

Black Holes DO exist with many puzzles, yet!

107

Stellar black holes

10°3

BHs with mass below the TOV may be PBHs

107 3

Q Primordial black holes

M

— ri, Habouzit, Colpi,
Cosmic string loops
. Nature Reviews Physics (2021)
First star
remnants Runaway and
hierarchical
mergers
Massive black holes
: M87
Direct *
GW190521 collapse @l
NGC 205
| | | | |
10° 10° 10* 10° 10° 101

BH( O



https://www.nature.com/natrevphys

V. Black Holes
Thermodynamics

- Schwarzschild BH, AdS BH, RN AdS BH,
- RN Gauss-Bonnet AdS BH
- dEGB BH




Review: Dimensional Analysis Dimensions :[M], [L], [T]

0) Classical, relativistic, w/o gravity effect Physical constants:
- Time is “identified” with Length - (units with c): c: relativistic (nonrel if - —0)
[c][Time] = [Length] or [Time| < [Length] h: quantum (classical if A —=0)

Gy Gravit if G 0
1) Classical (w/o #) General Relativity - (units with ¢ & Gy) v- Gravity (no gravif Gy — 0)

- Mass is “identified” with Length (as well as Time), Gravitational Constant Gy
[Length] & [Mass] [Time] < [Length]

. . =6.674 x 10" m’kg~1s72
ex) ry = Zi—’Z"M@ = 2.953km Schwarzschild radius of © g s

L , M® y = _GNm_M
cf) quantum, relativistic, w/o gravity effect m r
[c= [L]/[T] or [Time] < [Length] T [MI[c?] = [Gy]IMIP[L]!
hc| = L Length
el = [EIL [ = -ty = 0 oy

2) General Relativity w/ Quantum Effect - (units with ¢, Gy & h):
- “Characteristic” (M| [L] | T]

19
Planck Mass mp = |2<=1.221x 2 = 2.176 x 10~8kg
Gy c Note: SN — e_P(_ 2.953 km)
L] 2 — —
Planck length ¢p = /hﬂ =1.616 X 1073%m © me Mo .
¢ (mpc)tp =1 Or£p=m
P

Planck time tp = /hf” 5.391 x 10 %45



BH & Charges
A

A >
/ SSBH (M) = AdS BH(M, A)
o

a RN BH (M, Q) RN AdS BH(M, Q, /)
c(:r:Jl?\?aettrJres) VM’ Q;] Black Holes (BHs) (in Einstein Gravity)

M : Schwarzschild Black Hole (SSBH)

M & ] : Kerr Black Hole (KBH)

M & Q : Reissner-Nordstrom Black Hole (RN BH)
M & ] & Q : Kerr-Newman Black Hole (KN BH)

Question:
What are the BH thermodynamic phase diagrams?



Schwarzschild(SS) BH



l1l. Black Holes (BHs) (in d-dim)
1) Einstein theory — Schwarzschild(SS) BH

Action (d-dim) k = 8nG, g = detg,,

- . U
singularity ¢ r

1
= — | d4 vV—9R
S e X 7]

Note: Scale inv — no phase Tr.

Einstein Egns (vacuum Eq.) becomes
R/,Lv_%guvR =kl =0 >7rf'—=(d—=3)k—f) :9

Black Hole solution Ansatz

2
ds?= - f(r) dt? + o7~ ++72dz{
Black Hole solution : Metric Function f(r)
d=4;k=1 26M
f) =k —fgm——1=0=1="= > 0),
BH Horizon ry: f(ry) = 0 (r = ry null hypersurf) & Z—f lp=ry >0
d=4;k=1
fy)=0- ﬁ_gzk »—=1(u>0); ry = 2GM
TH TH

af
;lr:rH = (d —3) -

>0 only foru>0

Note: BH exists only for k = +1 & p = kr§~3 > 0 (No minimum mass)

Note: 1) One-parameter (M) BH solution.
2) If M = 0, then Minkowski. space-time.




Schwarzschild(SS) BH in d-dim.
f(r) =k — =
Horizon ry: (f(ry) = 0) & d—f ly=ry, >0

f(rH)_O_)rdg_k
d=4k=1
=1(u>0); ry =2GM

TH

d
d_flr:TH =(d —3) r;—z > 0 only for u >0

fl) = 2t = —k(d - 3)

Classical rel Grav - (units ¢ & Gy)
[L] & [M]; [T] < [L]
ex) Mo = 2.953km SSBH rad of O

In d-dim. (c=1), U = —GN rd - [GM] = L8-3 = [u];
£ [MI[c?] = [GN]IMIP[L]~“—3)  [S] = ML;
r
VAN AR

| DegH InH——BHH CosH

»2-2: Einstein mfld curvature = k

d-3
"H (Rij « h;j), codim.2 dzd-2 = hij (x) dxidx)
. 2, —
Note: 1) far region r > ry — Ex)Z: (d = 4) 2872 = [d9 2, [|hy]
2 _ 42 2 2102 M;i i i 2 _ 2. v2 — 72.yv2  _ p2
ds dt° + dr* + r=dQ> Minkowski spacetime 2r=8%%=T%22,=H d0%_, fork = +1

2) Near horizon r = 1y + 6r - AdS2 x S?

Singularity at r = ry : coordinate singularity

Singularity at r = 0 physical

The Kretschmann invariant  (spacelike
2 ) singularity)

1= RuypoR7 = 0 (Sl
the tortoise coord r* = [ dr f~1 finite

$1=2m; 25 =4m; 23 =2n% d32={Tdx? for k=0
dH5_, fork = —1

ADM mass M:
d-1
H= (d- 12)z;d z GM; 2{" 272 21 Ex)
Curface =71y =26M (d = 4);
urface Gravity kg _ 8 _

f'tr) _ d=3 1 H= 37 GM (d =5)

Kse = 2 r
H



BHs are Thermodynamical Systems [ (-1 _[ ] :

. 1
Hawking Temperature Ty flw) = 1
kBTH_ KSG . 1 _ 1 1 (d—S)[J, . :c'-m;wmture::]’
- on et ) = kse =L Surface Gravity o e
NS particle
= Er_ (d —3)k Hawking radiated Particle (m = 0) at infinity
d=4;k=1 1 ¢\ kp6x1078 Wavelength~ ry; ppac . _
" 8mGM ( 87TGM)  h Mg energy~1/ ry ; )
Hawking Radiation # evaporated ys~ M/Ty ~GM® '
- ~107° for M
Radiation Rate C;—AZ 0'e AT;}~# T ( ®) Future Null Infinity

Horizon

life time 7 = [dt~ [ M*dM~M?3;

3
1010y — (1012kg) F To~1077yr

Bekenstein Entropy
S/ky = Area _ Ac? — A _ 4mry?c’ g = fT"ld,u _ f(:‘H 7-1 (6_/1) dry,

2
4‘2£P2 G 2 4G G I Past Null Infinity
4nG2M% _ 4amGM? _ 1 1 = [TH 4ty (d=3) 1..d-3 q,.
 hG 2_ h 16mhG T2 0 (a- 3)k ry A . H
r T —
es ~ef”  (ry=2GM) = 4m [ " rf3dry = 7n z)rd 2 -

Ex) SBH(MQ) = 1077 = 1018S(M®) ¢ = (d- 2)2% ZS (d-2)247% an d-2 zd-2,0-2 __ Area
167G 166 (d-2) H 4G 4G




Note
- No length scales in the Einstein Gravity (except the overall Gy) “scale-invariance”

- As a result, there exists only “single” phase
- No minimum mass of BH : there is no lower bound on ry = 2GM

11, Note: For a nonextremal stationary BH, with the metric
F(T) =M —TS =0 = TemeT ds? = —f(r) dt? +f~1(r) dr? +r2d5i-2

dF = —SdT, [Chase, CMR 19,276 (1970)] Near the horizon, (Hor r = ry collapses to a pt p = 0)
f)=f'rg)(r —1y) = 256 (r — 1)

Hence, get the Euclidean BH metric after "Wick rotation”

2 _ _ 2 1 2 2 3vd-2
ds® = 2kgo(r — ry)dT +2KSG(T—TH)dr +redXy

=dp? + k2;p%dr?+r2dzi 2, p = glG\/ZKSG (r—1y)

Heat Capacity

c dM 11
V="ar =~ T sncr?

Unstable (thermal)

For no conical singularity at the origin,

. 2T 41T 1
-period = =p ==
t-pe od KsG f (rw) =P Th

A BH in asymptotically flat space is thermodynamically unstable (Hawking Radiation)..

Question: How to make the BH thermally stable?

1) Place the BH inside a finite spherical cavity. T: fixed at the surface of the cavity, a heat hath. Or
2) Put the BH in AdS space (A < 0), which stabilizes BH by acting as a reflecting box.




Black Hole Thermodynamics

1st law
dM = TydS + QdJ + &dQ (

(dM=TdS+ wd)J+®dQ (+VdA))

+VdA)(Mass<:> Energy\

Area < Entropy

Thermodynamics

(1s%) Law

Microcanonical Ensemble
dE = TdS — pdV + pdN

Temperature i Surf Canonical Ensemble
_ hksg _ ' . Ve _ Ty _ 1 1 _
kTh= 2T 4nf (1) KGraW:) Temp ) F(T)=M—TS = 46~ 16mGT' dF = —SdT
_h@3 _ _h Temperature
AT TH 8mGM 1_as E‘ ________
Ty = 2GM Horizon Thermal Variables rodE S
d .
2" Law : Potential «=Charge ar La;N ' :
A(Area) = 0 ! N AS =20 -
Entropy (ry= 2GM) ® Q Entropy -
¢ = Area  Ac®  amry?c3 W L eS= # of states
48p” ARG 4G S~1In (# of states)
4MG2M?% _ 4mGM 1 1
= =T S Tiorz cf) BH charges (M,J,Q)
oS ~ E? dM=TdS + wdJ+2dQ(+VdA)

(Generalized 2Md) Law

ds
;ten >0 Sgen = Spn +

Sout



0°F

Thermodynamic Stability oxay = 0 et

________ _ . das . _h
Ex) Heat Capacity C = Z—i ______ AM = TpdS = g KTu _2 8TGM
D [ ds = 8nGMdM; ci(éme )
C=d—E~L n S=4TCGM2= GH =4G

dT 1-n —

Unstable if n > 1 (C < 0) : oM
Note: - ' SSBH (n=2)

nstable
(C <0)

es ~E€, then S~InE K E? (n=10,)
n>1 n<

es> ~ef then, S~ FE «KE? (n=1) \/

eS~E~EF 5 S~EInE KE?*’(n=1,)

Questions > E

What are the states for the BH entropy? etc.

The no-hair theorem (a hypothesis) "black holes have no hair*

All stationary BH solutions of the Einstein—-Maxwell egns of general relativity with electromagnetism
can be completely characterized by only three independent observables :

Mass M; Angular momentum J and Charge Q. “Macroscopic thermal equilibrium states”

Other characteristics are uniquely determined by these three parameters, and all other information
("hair") about the matter that formed a BH "disappears" behind the BH event horizon and is
therefore permanently inaccessible to external observers after the BH "settles down”.







2. Schwarz AdS Black Holes Note: Dimension (c=1) A~ _@-D@-2)
' [S] = ML; [GM] = 143 = [p]; 203

Action Birmingham 1999 CQG [£2] = L? A= _% (d = 4);
1 (d-1)(d-2) _ 16mG o
S = fddx v —9 [2_K (R + 72 )]+ Smatter U = (d—Z)Z%_Z M; M:ADM mass A= _{)_62 (d =5)
Note: \ k= 8mG, g = detgy,; . .
— Note: BH(Horizon geo) exists for
The only length scale is ¢7, k = +1(sphere), 0(plane), —1 (hyperbolic)
which governs the phase structure.

Singularity (spacelike) atr=0 ,
Black Hole (BH) Ansatz The Kretschmann invariant [ = Ry, ,cR¥P? = 0 (rzé‘l))
ds? = —f(r) dt? +f71(r) dr? +r?dzi? the tortoise coordinate 7* = [ dr f~1 finite

Metric Function f(r) - BH solution

fo) =k—5+n S

Horizon: f(ry) =0 ;
u i
- = = (k + {)—2)

Ty

Fri) 20 frg) = 5| (d = 3) s + 7
=i[(d—3)k+(d—1)z_§ >0

-~y
S

27’1?1]

Note: Horizon exists for all k (k = +1,0,—1)



Schwarz AdS Black Holes

Hawking Temperature T
T =—f i) = — ((d — 3=+ 2’;—’;)
. 1 k(d—3) Ty
o 4n( ry +(d - 1)1{’_2)

Note: Natural reference scale :
¢ (in addition to p).

Canonical Ensemble
Energy

Small BH:
C<0, unstable Stable,

Entropy

4 d aIEuc

E = ——1 Z = — F — d—

o5 "4 = 35 PT = "o S=pE—]=2azti” _ A
_(@-2)zh (A M 4G 4G

16TG

Large BH :

Note :

1) Two branches:
Small BH (ry « #): unstable
Large BH (ry > ¢) : stable.

2) Horizon geometry can be
sphere (k = +1),
plane (k = 01),
or hyperbolic (k = —-1).

3) For k = +1, (Schw. AdS BH)

T >Ty= L

'

- Hawking-Page Tr.

Note :ADM mass M

d-1
__ 167nG el L 2m2
M= a2zl Mi2a— = ri)




Remark Gravitational Partition function) (the Euclidean path integral) : Canonical Ensemble

Z|B] = f[dg] [dDmatter] e lbuc = ¢ FF _InzZ = Igye = BF (1-parameter)
Witten (9803131)

Hawking-page Transition
Hawking-page’83

Action (k = +1) (for X, = AdS SS BH wrt X; = AdS;/Z) A = _ [@-D@-2)
52
Igue = — @fdd V=9[R —24] —mf d%x = [—ZA] V = [d% =g Volume

(a— 1)

B ay 2 (dl)(dz) L @-1) ¢ g
__167TGfd Vo [ (=D ]_Sncfzfd XN~ _87TG€2

For boundary manifold 9X% = M9 1 = Sd 2 x S, two solutions
= AdS,/Z (thermal AdS) and X¢ = AdS BH

1) X, = AdS,/Z (Thermal Ade)

: g : Topology :
Here, tis a periodic variable
2 _ r’ 2 4 2 ’ d—1 1 d-1 1
ds ( _) at 1+_2 +r2dEc of arbitrary period. . B,,z o S‘?rMR x §%)
— d
2) X, = Schwarzschild AdS, BH f)=1-g5+57;=1--3 "‘ 7z
WdM 2 dr? 2 167G _ 167TG
ds* = ( - )dt 1- Zadlgh; i H= G M =Wall Wa = 5=

1 (d 1)
Igue = Ipn — IAds =——[d%y=g[R—24] > (Va(R) = V1(R))

1 _ , B zd 2 p2pd-2_.d
- 87IG{’2 ('BO(Rd ' rg 2)_'8 (Rd 1)) Y. (d—l)r§+(dil3)£’2




Hawking-page Transition Hawking-page’83  The Hawking-Page phase trans btwn stable large BHs and

T > T, » two AdS4 BHs thermal gas in AdS space, explain
'§Ln_a_ll_l_3ﬂ__gr_|s_tgl_ol_e __________ the confinement/deconfinement phase trans of gauge field
T(} o A — — i
:Unstabﬂglistabile e
'Large BH THawking = T ,
thermal AdS : BH Geometry © Finite T system p
stable stable unstable
" thermal
0008 Radiation
F  ForT>T, two AdS4 BHs A
large BH : stable arge BH
LaroeB

\\small BH : unstable

N Phase Transitions are realized
< Toe smarLn | @S the geometrical transition. p

0.50

0.01 0.02 0.03 0.04 0.05 006 0.07 i

(3) For

.| thermal \AdS4 RN )
() For T, <T <Typ=—, ==~ "l
F >0 : BH evaporate into thermal AdS
RADIATION THP T T

1 1
0 050 0.075 0.100 0.001 -

&To |Typ ()
(2) | LARGEBH (1) For T > Typ, F < 0 (large BH):
thermal AdS tunnels into BH




RN AdS BH




(d-1)(d-2)

3. RNAdS Black Holes 2A=-——
d=4 6 d=5 12
Action A== "7
S = fddx\/ [ (R o ZA) ]"' Smatter
4 . Kk = 8nG,
Smatter = — 47_[92 d®x a) Fqu g = detgﬂv;
Note: \
The length scale is #?and [g*](or g?)

which governs the phase structure.

Eqgns of motion
1
Ruv — EguvR + Aguv = KTMV; Ty =

1
41Tg?

V,F* =0 Maxwell Eq.

Black Hole solution
2 2

_ U d-3 q
f(r) _k_rd—3+ 5 r2(d- 3)+_

A= (—%rf_g + CD) dt  (gauge choice) A(ry) =0

c= |22 and 0 =1-L

(Electric field) E(r) =

Note: Dimension (c—1)

[S] = ML;[6] =57 [u] = 1973 [42] =

Note: mass M & charge Q [Q—Z] ML*3,
167G 2 ___8m0__ [[gG]QZ]
K= apzi ~ 2(d-2)mg? o = [42]
9

Ex) ¢ = GQ(d = 4),

2G
Metric Ansatz 73 )
ds?= —f(r) dt? +f~1(r) dr? +r2dzd2

(FWFV“ - %g,quocBFaﬁ) Einstein Eq.

Singularity (timelike) atr=0
The Kretschmann invariant

I = RyypoRHPO = 0( a- )

r4(d-2)

f(r) >0 (r~0) coord r* = [ drf~ 1< o

(d 2)



RNAdS Black Holes oA = _ @-D@-2)

P2
. . ] N d=4 6 d=5 12
Metric Function f(r) BH solution f(r) M= e

d-3 g2 r?

f) =k -+ Sas + e \ /

Horizon f(1ry) =0

n=ris3 <k+d;3 1

2(d—3)
TH

2 2 2 Td_l

"M\ _ 1,..d=3 ; 43 ¢ H
+£2)—er + S

=0 Xf

Extremal solution f(7,) = % .
i-3 q% InH=BHH
f(rH) =0= rclli—s =k + 5 z(qd—z) (1) A
" ¢ fr)
! U d-3  ¢* ’
ffry) =0=> rd-3 =2 2 ré(d—3) (2)
- (d—Z)Ter —
Loy = 21373 (k n _(d_g){)z) Note u > pu,, (k= +1) ‘
- here are extreme solns r
2 _ 2r2{%7 r(a-1)r2, t
Gex = (d-3)2 ( 2 T (d - 3)k) only if A<0and/ork = 1.

Extremal black hole is non-supersymmetric

d_
U= ue(q,€) > usysy(q, ) = 2\17361



RN AdS BH

_ U d—3 qZ 2
f(T) =k — rd=3 + > r2(d-3) + 72
2
f'r)=0 - 3)2 —d=s
Temperature
1 L, 1
TH:Ef(TH):E(( _3)d2_(d_3)22d5
_ 1 ((@-3)k (d-3)" q° _
B 4ﬂ( TH 2 td=1) {’2) 1/T
_ (d-3)>  ¢? r . 4> Gerit
= Er_ ((d —3)k — IS +(d—-1) 7‘;’) crt
_____ Ty
Note

U(1) charge allows the extremal BH.

1/T

1

q < Acrit




Free Energy (fixed potential)

EFuclidean Action

1 d (d-1)(d-2)
IE_16ntdeV_g[R+ 02

1 -
+ — [ AT V=K Tguper

g=u-Ts—¢pq=f—dq

rd=3 (d-3)(2d-5) q? 5 q?

- ﬁ (k T 2(d=3) g_Z —(d = 3) F B = fT[TH
H

:rg__g , @3 @ k(d—3)—7¢2+(d—1)

d—2 2 2473 g2 Chamblin Emparan Johnson

Myers 19991 Pf
| 1/T 1/153 1/12: Ty = pr (d —3)k —
> 1 § , < 1 _ d—3 k + d—3 q2 +
¢ = / C | qb / C 151 gb 2 Ty 2(d-3) 2

n=4, Gz1 =10 and ¢ = 1,07, 0

ry | Tn
4 16 18 20 O 2774 & & 10 12 14 16 18 20 O

1 2

1 _ _(@-3%* ¢  N\TH
TH T 4 ry ((d 3)k 2 r;(d—s) + (d 1) 1gz)

1

1 1 r
- ME((d ~ 3Dk —-p* +(d-1)A

1/T vs. ry, at fixed potential
For ¢ = 1/c, BH is extremal at div (Ty = 0 re=4.08)
For ¢ < 1/c, divergence goes away, in general,

For ¢ = 0, similar to that of AdS BH.



RNAS : Thermodynamics dM =TdS+®dQ  yyp .
s k=+1
/T T 1T J
< Qerie - =0
q > Ycrit 1 Derit 1 o - '\\
Maxwell construgtion TH
| (similar to Van dgr Waals gas)
0 2 i [3 rHa
0 1'1H o PR erH 002 w0 5 0 1'1!'1' 20 25 l\\
T ” ” |
| . 081 AR |
4> crit 1= Herie| - |
| | Note: Natural reference scales ; ¢, g (in addition to p).
F F (relative magnitude is imp

Chamblin Emparan Johnson Myers 1999 PRD




the fixed charge ensemble

d=5,G=1¢="54q=1,25

E measures the energy above the
ground state, which is the
extremal black hole.

three branches

For low T can only be one
solution (“branch 1”) for the BH
radius.

At some T1=1/B1, the origin of
two new branches (“branches 2
and 3”) of solutions appears.
Above this T (below B1), there
are therefore three distinct
branches of solution until

at T2=1/B2, two of the branches
(1 and 2) coalesce and disappear,
leaving again only a single
branch (3), which persists for all
higher temperatures.

in a canonical ensemble the BH system has a SBH/LBH ph tr.

' 002 0.04 006 g'a 01 012 0.J4 0.6 1‘_ '1
L. .02 oM Q-QTG Z; Il!'-l U'TU12TDDO U | 12—/ ’Tb 1
branch 1 'TE o] \ e
PP A EX R
Al 100+ \ / \
crlt | \ F i | li br 2 \,\
b | o 1/Ty " ora \\C 3
L branch 3 ’ '\"\
| ) _ [ __250_- L 0 j_ _ rHrA:r [3 _ 8
: {T2=0.105, B2=9.55 in the plot)
br 1 | .
: T
T.:
SBH: | SBH: ; LBH v BH
stable ' stable stable stable
LBH SBH :
unstable unstable

With the increasing of the charge, such phase transition
terminates at a critical point.



Thermodynamics RN AdS BH

Evaluate other thermodynamic quantities, such as energy, entropy, etc.

5D gauge symmetry & Charge <
(global symmetry Charge e.g., Baryon Number),
conjugate variable is the chemical potential

0

Extremal
black holes critical
/ point
crit | \
II",I
II'.
Non-extremal \H Non-extremal
black holes black holes
|1
(™ \ 3)

AdS T

Thermodynamics are
ensemble dependant.

mblin Emparan Johnson

Q)

Extremal
black holes
(unstable)

e

Non-extremal black holes




BH in G-B Gravity
1) G-B AdS BH



AdS Gauss-Bonnet BH 5'\/(/6\'/\%\( F_’)FzDu(jogég (Téongri)i' H.Maeda (2005) | 53uss-Bonnet term
WV, A ’ RCZ;B:RZ _ 4RHVRHV+RHVPO_RMVPO'

Action
1 d—1)(d—2 _ _
SGBAdS= fddx\/—g [%(R‘l'( zg )+aGBRéB)]+Sm+Sb 2A=—(d_1zgd_2)d %_19_62; d_)s_%
S = _4:92 x V=g F,F" K =8nG, g=detg,,; Note: Dimension (Z:d=_1)
|S] = ML; [G] = 0 [42] = L* = [ag3];
Eqgns of motion [u] = L973; [¢?] = 1243,

1 _ _ F2
Ry =5 9uwR + A g,y + aggH,, = kT, = 0 (Einstein Eq.) EX) d =4 > %2 = Z—F";z,% = S2,T? H?
1 , EX) d =5 — similarto d = 4
29wRes By 4> 5 >2-2:rich structure e.g,
Vo F® =0 (Maxwell Eq.) nonconst curv. etc.
Ansatz for Vac (T, = 0) solutions X ~“: Einstein mfld (codim 2) (R;; = (d — 3)kh;))
ds?= —f(r) dt* +f71(r) dr? +r?dggi™? sd-2 = [gd-2y |h;;]; Volume R = (d —2)(d — 3)k const curv

H,, =2 (RRMV - ZR/mRav - ZRaﬁRlﬂ/Ofﬁ + RMaByRV“ﬁV) B

d=2 _ p.. i o) -

: : . drd 2 ={Y924 x2 = 402 + d¢p? + dx? k=0 pl
Equation for the metric function f(r) K dzl;—zl fldez '+h2¢9; Zxd—4 2 40 ) hp a”eb j
d=a=(d—-3)d- 4)“(;3 d-2 = + sin ¢“ + cos 2_,— 1 hyperbo

rf = (d=3)k—f)—r2+ 5 k- Herf = ([d -5k -} = - 4(d_§)‘irzd_6



RN GB AdS BH solution

Horizon f(ry) = 0 & (u—rpg) relation
At Horizon ry, f(ry) =0

a o — 2 2
i(1+2:‘—2k)= 1+4‘§‘[“ _@3)_a "_H]

H rh |Th A
ak* [ w  (@-3)¢* 1f
k + rI?I - (rg—s ZTI?I(d_g) 22
Mass
— a3 )@@ (g @)
H=Ty 2 2@ 2 72
d—3 ) (d-3) ¢? ak? Th
= rd { : r;<d—3>+r£1+k+%’2
_(@-3) q*? d—3 ak rg_l
= > r(d 3) + TH k 1 + E + ~B2
" d—-1
(d-3)_q* ~1.2..d=5 d-3 | TH_
=5 @D + akcrg> + krg~° + 2
H

d=a=(d—-3)(d—-4)a;p

___4a 2a(d — 3)
SR T e
£2 1—W

40k | 40%k*\ _ 47 i g2

(1 i rf + T ) - (1 N {’_2) (1 T rd-1 rz(d—Z))

) 4a\ [ B 4 (1 ak , 4 672 4

— p2 | pd-1 " r,? T r,? T _ £2 | y2(d-2) T P2
ak

_ 1+— _, ,

M _ .d-3 < TH) 1 q T

= TH |k i Taagay T
2ak

— > —1; 1y < —2ak (Upper sign + branch)
H

—Zrazk < —1; 54 > —2ak (Lower sign — branch)
H



a‘ | =12 2 Th
,u=g+ak +er+{)—2 (d = 5)

At horizon, f k=0,
2 ~ 2 ~

N T — dal pu (d—3)q? g R A — a4 u (d-3)q%2 14

fy) =0=k+~| 1+ [1+ 7z (Tg—s 2r2@3 g2 fy) =0=_—(1+ [1+ A T T
2ak) _ 4 p  (d-3)q® rf 4@ u  (d-3)q% Th

T (1 + % ) = |1+ % (rﬁ_3 27,ltzl(d—3) 22 T1= |1+ E =3 — 2Tlel(d—s) P2

s awe L sa( u @-ag 7 Lower (—) branch doesn't exist.

T e ri \ i3 2r§(d‘3) £2

7'13_3 £2




. R. -G. Cai, PRD (2002).
Hawking Temperature Ty ai, PRD (2002)

_ r2 — U (d—3)q? T2
o
’(T' ) — _ + rH . 2 _ 2 2
P " <1+ﬂ> Horizon p = =3 1k + ak T zgi—s) +4
TH H 2 Ty ¢
- )
1 4 k2
— - <—2k_ ‘ +(d_1) d3_(d_3)(d_2) Z(d 3)>
T'H<1+L2> \ H
TH 3\
" ak _(@-3)?* q* h
= ( 2&k>< (d —3)k + (d — 5) 2 2@ + (d — 1){)—12>
Ty 1+—2 H
TH
Ty = —f'(ry)
H= 4nf Ty
1 1 _ (@d-3)* ¢* a_kz _ B
T 4m ( 20 ){ 2 p2@=3) +(d=5) Th t(d=3)k+(d 1) }
Ty 1+1‘_ H

2
H
1 1 (d-3)2 g2 ak?  (d-3)k r
- {_ 2(d-3)+1 + (d - 5) r3 + e + (d — 1) f_g}




3-2) RNAdS in Einstein-Gauss-Bonnet : Phases

r? — 4a U q?
05k - __ . —
Q=0 | stable phase | \\
0.4} [ LA
[ f | I
[ S / [ |'-.II
0.3F Lo m(d-2)(d-3)(1-2%
- / | \ . 2
| o Note : Q2 = ( ")qz
0.2 | | 2Ga
= unstable phase | |
f SN
0.1} L '|
Fer | ra :
0.0 —— e
0.0 0.6 0.8

Wei & Liu, PRD (2013) mass
(d — 1?8 + 2mr24(d — 3) ((d2 —3d + 2)(krZ + k%a) — 2Ar;;)

, 8m2(d? — 4d + 3)rd*s d-2
Hawking Temperature ,
Near Extremal behavior etc.

. N2.-8 2d _ _ 2 _ — 4
T=t fi(ry) = 2T ((a-2k((a=3)ri+(@-5)ia) -2 . Jeon, BHL, W. Lee, M. Mishra,
H™ 4n H 3212(d-2)rE " 2ka+r?) (2025)




BH in G-B Gravity
2) dEGB BH



Guo,Ohta & Torii, Prog.Theor.Phys. (2008); (2009); (2010);
4. dEGB theory - BIaCk HOIeS Maeda,Ohta Sasagawa, PRD(2009);(2011) Ohta Torii, PRD (2013).
Surce = fd4x\/__g[i (R + ae—yc,b(r)RéB) +%guvaﬂ¢av¢ _|_Lmatt BHL, W. Lee, D. Rho, PRD(2019)

#Hr)

10 100 1000 10* 10°

New Properties of BHs

1) Scalar Hair -BH hairNy as M 7 e
- All DEGB BHs have hairs.

- If ® = 0, e.o.m. impose R:g = 0.

M (o< 0)

=04

=0.61

-0.8"

- (consistent with the no hair theorem).
- Hair Charge is dependent : 2"dary charge

2) Minimum Mass
BH mass M > M,,,;, New Phase?

The BH properties strongly depends on
the sign of the G-B term (as well as A\).

Mpin 7 then N asy 7)
0.5 (max. Of Mmin at V:VTrE;ax)

=)
=
=
[m]

L Il 1 L i |
0.5 1.0 1.5 2.0 2.5 )y

Soliton Star?  Black Holes N @’/ o | = “repulsive”
e 0 05 1 j 15 2 2.5 o o = 1
M_O Mmin — O o (o >10)
J
J min 7 asy ”/
s

GB term — makes gravity “less attractive”
(for a >0 ) (making the black hole “smaller”) !!!

Y

0.5 1.0 1.5 2.0 25 3.0 7




3)(In)stability of the DEGB Blackholes under fragmentatlon B. Gwak & BHL, PRD (2013).

ot wasngon o) ngton. sans B,,Gwak, BHL, D. Rho, PL.B (2016)

’NWW”““‘ O

A) Merglng ;u;s N\/w\f\f 1T M
B) fragmentationt‘ + Gravitational Wave ::Ez ”" MNW\ |

? ‘ Observed!

Fragmentation Process : one BHs — two BH ? 0%
Schwarzschild BHs are marginally stable | sy mZ+m2 (5rh)2+((1 8)rp)? = 524+ (1-6)2<1
under the fragmentation of shooting off | s; ~ +M)? — r2 -

the infinitesimal mass BH . (equality only if § - 0) )

fn

'lrl'a Pl r-JIN

These phenomena could happen in the theory with the higher order of curvature term with
appropriate parameters.

DEGB Cosmology

* New Phases exists at high enough temperature A. Biswas, A. Kar, BHL, H. Lee, W. Lee,

S. Scopel, Velasco-Sevilla, L. Yin JCAPOS8
NEW PHASEs— | <—Rad Dom— | «— Matt — | < A(DE) — (2023) 023

Biswas, Kar, BHL,H.Lee, W.Lee, Scopel|,
e Fffects at each stage of ACDM Velasco-Sevilla, L. Yin JCAP (2024)



V. Summary



V.Summary

Ex) The String theory at low Energy

Modified Gravity beyond Einstein needed? — Einstein Grav + higher curvature terms
Theoretical Aspec

- an effective theory below UV cut-off, Mp;~101°GeV— Einstein Grav + higher curvature terms
- Standard Cosmology (ACDM) : extremely fine-tuned (A = 2,888x10~122¢52)
- Holography

Observational Aspect - H, tension, Cosmological Birefringence etc.

Modification of GR - needs to introduce additional d.o.f.
Ex) higher derivatives : Generically, ghosts & Ostrogradsky instability :

In dim=4 the Dilaton-Einstein-Gauss-Bonnet (dEGB) Gravity (belongs to Horndeski theory)

1 1
* hairy Black Hole : minimum mass. Solito.n:'S‘:t_ar? Black Holes
M=0 Mmin —

In dim>4, GB term allows 2" order e.o.m.
consider the Einstein-Gauss-Bonnet (EGB)- A Gravity (GB-AdS)

@-D@-2)

1 A
Spep-n = [ A% =7 5= (R — 2A + aRZ,) + Lo | 20
x = 8nG, g = detg,,




[V.Summary (continued)

We briefly introduced the black hole solutions, thermodynamics, and phases:
- Schwarzschild BH
- AdS Schwarzchild BH,
- RN AdS BH,

- AdS GB Black Holes

- charged GB AdS BH.

- dEGB BH, , etc

Q: What is the phase diagrams of “realistic” gravity systems,
and the properties of the corresponding quantum systems?

Q: How to deal with the system of BH + DM/DE ?
Parts of this directional research has been done and in progress



Thank you!
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