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C. M. Carloni Calame 17, M. Cè 14,15, V. Cirigliano 20,21, D. A. Clarke 22, G. Colangelo †18, L. Cotrozzi 23,
M. Cottini 18, I. Danilkin 1,2, M. Davier †24, M. Della Morte 25, A. Denig 1,2,26, C. DeTar 22,

V. Druzhinin 27, G. Eichmann 28, A. X. El-Khadra †8,9, E. Estrada 29, X. Feng 30,31,32, C. S. Fischer 33,34,
R. Frezzotti 35, G. Gagliardi 36, A. Gérardin 37, M. Ghilardi 16,17, D. Giusti 38,39, M. Golterman 40,
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P. Masjuan 67,68, H. B. Meyer 1,2,26, T. Mibe †69, N. Miller 26, A. Miramontes 70,71, A. Miranda 67,
G. Montagna 16,17, S. E. Müller 72, E. T. Neil 73, A. V. Nesterenko 27, O. Nicrosini 17, M. Nio 50,74,

D. Nomura 75, J. Paltrinieri 23, L. Parato 44, J. Parrino 39, V. Pascalutsa 1,2, M. Passera 5,76, S. Peris 67,68,
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S. Kollatzsch 81,59, A. S. Kronfeld 84, T. Lenz 1,2, G. Levati 18, Q. M. Li 100, Y. P. Liao 100, J. Libby 104,

K. F. Liu 95, V. Lubicz 36, M. T. Lynch 8,9, A. T. Lytle 8,9, J. L. Ma 100, K. Miura 96, K. Möhling 82,
J. Muskalla 1,2, F. Noël 18, K. Ottnad 1,2, P. Paradisi 4,5, C. T. Peterson 105, A. Pich 71, S. Pitelis 1,
S. Plura 1,2, A. Price 106, D. Radic 81,59, A. Radzhabov 27, A. Risch 107, S. Romiti 18, S. Sahoo 108,
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The magnetic moment and quantum corrections

1

Theory Overview: 
First results from the Muon g-2 

experiment at Fermilab

The Muon g-2 Theory Initiative

Special Joint Experimental and 
Theoretical Physics Seminar 

Fermilab, 07 April 2021

Aida X. El-Khadra 
University of Illinois

The g -factor in µ⃗ = g
(

e
2m

)
S⃗ describes the strength of coupling to a magnetic field,

which can be measured and computed from theory very precisely.
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Anomalous Magnetic Moment

5

The magnetic moment of charged leptons (e, µ, τ): ~µ = g
e

2m
~S

Dirac:

quantum effects

Quantum corrections change how a muon interacts with a magnetic 
field.     ➠                            
The contributions to the anomalous magnetic moment can be 
calculated within the Standard Model of Particle Physics. All known 
particles contribute … 

g = 2
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g > 2
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g = 2 + 2a
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Anomalous magnetic moment

a = (g − 2)/2

The quantum effects arise from virtual particle contributions from all known and
unknown particles.

By comparing high-precision experiments and theory, we have the potential to learn
about such contributions of new particles.
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▶ Constrain new physics as

aTheory
µ = aSMµ + aBSM

µ = aExperiment
µ

With spectacular new result from Fermilab just seen in previous talk!

▶ Contributions of the Standard Model (SM):

aSMµ = aQED
µ + aEW

µ + aHVP
µ + aHLbL

µ

Contributions from known particles: The Standard Model

aµ(SM) = aµ(QED) + aµ(Weak) + aµ(Hadronic)

A. El-Khadra JETP 07 April 2021

Muon g-2: SM contributions

8

aµ = aµ(QED) + aµ(Weak) + aµ(Hadronic)
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Hadronic…

α2

…Light-by-Light (HLbL)

aEW
µ = 153.6 (1.0) ⇥ 10�11
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6845 (40) × 10−11

92 (18) × 10−11

…Vacuum Polarization (HVP)

+…

+…

aQED
µ (↵(Cs)) = 116 584 718.9 (1) ⇥ 10�11
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+…

+…
QED

Weak

α3

0.01 ppm

0.001 ppm

0.37 ppm

0.15 ppm

[0.6%]

[20%]

Numbers from Theory Initiative Whitepaper

Uncertainty dominated by hadronic contributions
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Contributions from known particles: The Standard Model

aµ(SM) = aµ(QED) + aµ(Weak) + aµ(Hadronic)
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Muon g-2: SM contributions
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What has happened in the last five years since WP20?

Contributions to aSM
µ × 1011

Contribution WP25 WP20

HVP LO (lattice) 7132(61) 7116(184)
HVP LO (e+e→, ω) Table 5 6931(40)↑

HVP NLO (e+e→) →99.6(1.3) →98.3(7)
HVP NNLO (e+e→) 12.4(1) 12.4(1)
HLbL (phenomenology) 103.3(8.8) 92(19)
HLbL NLO (phenomenology) 2.6(6) 2(1)
HLbL (lattice) 122.5(9.0) 82(35)
HLbL (phenomenology + lattice) 112.6(9.6) 90(17)

QED 116 584 718.8(2) 116 584 718.931(104)
EW 154.4(4) 153.6(1.0)
HVP (LO + NLO + NNLO) 7045(61) 6845(40)
HLbL (phenomenology + lattice + NLO) 115.5(9.9) 92(18)
Total SM Value 116 592 033(62) 116 591 810(43)

Table 33: Comparison of the key results from this work (WP25), as given in Table 1, to the corresponding numbers from WP20 [1] (in units of
10→11). Note that the “HLbL (lattice)” result from WP20 has been adapted to include the charm-loop contribution. The entry “HVP (LO + NLO
+ NNLO)” derives from HVP LO (lattice) [WP25] and HVP LO (e+e→) [WP20], respectively. The asterisk indicates that the LO HVP value from
WP20 was based on e+e→ data only, while in Table 5 we also include the current status for ω-based evaluations.

9. Conclusions and outlook

In this second edition of the White Paper on the muon g → 2, we have charted the progress that has been achieved
since 2020 in evaluating the contributions from the electromagnetic (QED), electroweak (EW), and strong (QCD)
interactions to aµ.

Both the QED and EW contributions have changed very slightly since the first edition, as can be seen from Ta-
ble 33. A discrepancy in the evaluation of a sub-class of the 10th-order QED contribution has been resolved [65–67],
leading to a tiny shift in the central value of aQED

µ . At the same time, the current tension in the experimental deter-
mination of the fine-structure constant ε is reflected in an increase of the error and a change in the last decimal. The
quoted uncertainty for the EW contribution has more than halved since WP20, thanks to a more precise determination
of hadronic effects in the two-loop EW contributions [746], while also the precision in input parameters such as the
top-quark and Higgs-boson masses has increased. Contributions to aµ from QCD are still by far the dominant sources
of uncertainty. Here, much of the current debate is centered on hadronic vacuum polarization (HVP). Significant
developments in both data-driven, dispersive and lattice-QCD determinations of the HVP contribution to aµ have fun-
damentally changed the picture since WP20. This is reflected by the updated SM estimate, in which the result for the
LO HVP contribution is now based on lattice-QCD calculations rather than the data-driven dispersive method.

For the data-driven approach, the CMD-3 measurements of the e+e→ ↓ ϑ+ϑ→ cross section [95, 96] are higher
than those of all other data sets. Despite substantial efforts, see the detailed discussions in Sec. 2, the emerged discrep-
ancies in this dominant channel are so far not understood and, unlike in WP20, cannot be accommodated any longer
through any reasonable inflation of uncertainties in data combinations. The current situation is summarized in Fig. 26.
Resolving the puzzles will require new measurements, together with an improved understanding of higher-order ra-
diative corrections and their implementation in MC generators. For the former, new data analyses, in particular for
the two-pion channel, are expected from several experiments. For the latter, efforts are underway by several groups,
coordinated by the RadioMonteCarLow 2 initiative. However, at this moment, the situation regarding the ϑ+ϑ→ data
remains unresolved and prevents us from providing a common average for the data-driven dispersive estimate of
aHVP, LO
µ . In addition, we re-examined the role of isospin-breaking corrections to hadronic ω spectral-function data,

providing a detailed assessment of our current understanding thereof, of promising work in progress and avenues for
future improvements. We are confident that the latter will allow the use of hadronic ω decays as additional input for
the critical two-pion channel in the future. At the time of WP20 the precision of lattice-QCD calculations was not
yet sufficient to impact the SM prediction, and the value quoted for HVP in the SM prediction of WP20 is entirely

170

Entire story in a nutshell
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coordinated by the RadioMonteCarLow 2 initiative. However, at this moment, the situation regarding the ϑ+ϑ→ data
remains unresolved and prevents us from providing a common average for the data-driven dispersive estimate of
aHVP, LO
µ . In addition, we re-examined the role of isospin-breaking corrections to hadronic ω spectral-function data,

providing a detailed assessment of our current understanding thereof, of promising work in progress and avenues for
future improvements. We are confident that the latter will allow the use of hadronic ω decays as additional input for
the critical two-pion channel in the future. At the time of WP20 the precision of lattice-QCD calculations was not
yet sufficient to impact the SM prediction, and the value quoted for HVP in the SM prediction of WP20 is entirely
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Entire story in a nutshell
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. . .

▶ QED and EW contributions already had been determined in WP20 with sufficient precision to match
FNAL E989. Nevertheless important progress:

▷ Discrepancy in 5-loop QED contribution has been resolved (S. Volkov; Aoyama, Hayakawa,
Hirayama, Nio) ⇒ small shift and increased uncertainty due to tensions in fine-structure constant
measurements

▷ EW contributions more precise due to better knowledge of input parameters and hadronic effects in
two-loop EW contributions (Hoferichter, Stoffer, Zillinger)

▶ HLbL has improved from both data-driven and lattice QCD side (see next slide)

▶ HVP . . . a story in three acts (see most of the talk)
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Status of HLbL
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Figure 82: Summary of HLbL evaluations, from data-driven methods (green), lattice QCD (blue), and combinations (black). The averages are from
WP20 [1] and WP25, respectively, the other points refer to HSZ-24 [55, 595], RBC/UKQCD-19 [59], Mainz/CLS-21+22 [60, 61], RBC/UKQCD-
23 [62], and BMW-24 [63].

based on data-driven analyses of hadronic e+e→ cross-section data. In the meantime lattice-QCD calculations have ma-
tured significantly, allowing for a precise and robust first-principles calculation of the HVP contribution. Two aspects
are particularly important to achieve this. First, the introduction of window observables has proved instrumental for
cross-checking and benchmarking lattice calculations of sub-contributions to HVP with a high level of precision. The
individual windows isolate and separate the different technical challenges for lattice calculations and allow for tailored
approaches for each window. A diverse set of methods with complementary systematic advantages and disadvantages
employed by the different lattice-QCD collaborations has led to the consolidation of the individual window contri-
butions one by one. While this process highlights the consistency of the lattice approaches, significant tensions are
observed between lattice and data-driven estimates for the intermediate and long-distance window observables. These
tensions appear to originate from the dominant ω+ω→ channel, and would disappear if only CMD-3 data were used.
A second very important development in the lattice community is the broad adoption of blinding procedures to avoid
confirmation bias. This is instrumental in establishing the reliability of the observed consolidation when comparing
independent lattice-QCD results. The review of lattice-QCD results in WP25 is based on seventeen different papers
from eight independent lattice-QCD collaborations [14–30], including three almost complete lattice calculations of
the entire LO HVP contribution [16, 26, 27]. All available results are combined in various ways, yielding consistent
averages for aHVP, LO

µ —as our final SM prediction of the latter we take the average that includes the maximum num-
ber of independent lattice results from Refs. [14–30]. In summary, our consolidated average of lattice-QCD results
provides a reliable determination of the LO HVP contribution to the SM prediction of aµ.

The hadronic light-by-light (HLbL) contribution was already provided as an average of data-driven and lattice
QCD results in WP20. Since then both data-driven and lattice evaluations have been developed further such that in
this White Paper an update with reduced uncertainty can be provided. At the current level of precision the different
lattice results as well as the lattice and data-driven average are consistent with each other (the latter two at the level of
1.5ε), see Fig. 82.

Adding the LO HVP average from lattice QCD, given in Eq. (3.37), to the NLO and NNLO iterations from e+e→

data, given in Eqs. (2.47) and (2.48), we obtain for the total HVP contribution

aHVP
µ = 7045(61) ↑ 10→11 . (9.1)

Averaging the data-driven and lattice-QCD evaluations of the HLbL contribution, given in Eqs. (5.69) and (6.34), we
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▶ Agreement between lattice QCD and dispersive method

▶ Uncertainty halved since WP20

▶ WP25 consistent with WP20 result

▶ Uncertainty now already smaller than final Fermilab E989 experimental uncertainty
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Major change from WP20 for HVP contribution. The story in a nutshell:
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Figure 83: Summary of the current SM prediction for aµ in comparison to experiment (red band and data points). The final WP25 prediction is
denoted in black and via the blue band, it derives from the LO HVP result defined by the lattice-QCD “Avg. 1” shown in blue, see Eq. (3.37). The
gray band indicates the WP20 result, based on the e+e→ experiments above the first dashed line. These experimental ranges, as well as the ones for
SND20 and CMD-3 that appeared after WP20, are produced as in Fig. 27; they are meant to illustrate the current situation, but cannot be interpreted
as uncertainties with a proper statistical meaning. The ω point refers to Eq. (2.23), the numerical results are collected in Table 5. In all cases except
for the gray WP20 band the LO HVP results are combined with WP25 values for the remaining contributions, as summarized in Table 1. The figure
has been updated after the announcement of the final results from the Fermilab experiment, including the corrections to the previous experimental
points as detailed in Ref. [8].

obtain
aHLbL
µ = 112.6(9.6) ↑ 10→11 , (9.2)

where the uncertainty includes a scale factor S = 1.5. With this average, the NLO contribution in Eq. (5.70) slightly
changes to aHLbL, NLO

µ = 2.8(6) ↑ 10→11, and the total HLbL contribution becomes

aHLbL
µ + aHLbL, NLO

µ = 115.5(9.9) ↑ 10→11 . (9.3)

Combining Eqs. (9.1) and (9.3) with the QED and EW contributions from Eqs. (7.27) and (8.12), we obtain for the
final SM prediction

aSM
µ = 116 592 033(62) ↑ 10→11 , (9.4)

which can be compared to the current experimental average [5–8, 10–13]44

aexp
µ = 116 592 071.5(14.5) ↑ 10→11 . (9.5)

At the current level of precision there is no tension between the SM prediction and the experimental world average:

∆aµ ↓ aexp
µ → aSM

µ = 38(63) ↑ 10→11 . (9.6)

This marks a significant shift from the conclusions of WP20, which is driven by the developments relating to the HVP
LO contribution, as can be seen in Table 33 and Fig. 83.

44This paper was posted on arXiv on May 28, 2025. The text and all numbers pertaining to the SM prediction have remained unchanged, but the
experimental world average has been updated according to the E989 announcement on June 3, 2025. The experimental results in abstract, Table 1,
Figs. 27, 40, and 83, and this section have been updated accordingly.
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▶ WP20 result based on hadronic e+e−

decays

▶ Since CMD-3 experiment no reasonable
average can be provided

▶ τ has been scrutinized again, critical: IB
corrections

▶ Lattice QCD has substantially matured
and can provide a robust estimate

▶ With lattice QCD the SM is consistent
with Fermilab E989
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Entire story in three acts:

1. HVP from hadronic e+e− decays

2. HVP from τ decays

3. HVP from lattice QCD
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Act 1: HVP from hadronic e+e− decays

Where did the g-2 tension go?
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HVP from hadronic e+e− decays - method
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Figure 1: Left: Published measurements of e+e→ ↑ hadrons cross sections by the CMD-3 experiment [95–108]. Right: Status of the e+e→ ↑ ω+ω→
cross-section measurement with different experiments contributing over the years [95, 96, 109–140].

trigger system. The main goals of experiments at VEPP-2000 include the high-precision measurement of cross sec-
tions of various modes of e+e→ ↑ hadrons at low energies. All major channels are under analysis with final states of
up to 7 pions, or two kaons and three pions [94]. Many results have already been published by CMD-3 as shown in
Fig. 1(left), where e+e→ ↑ KS KS ω

+ω→ [106], KS K±ω↓ω+ω→ [105], and ω+ω→ [95, 96] have appeared since WP20, and
many more channels are still being analyzed.

The most crucial channel for evaluation of aHVP, LO
µ is the simplest e+e→ ↑ ω+ω→ production. The study of this

process has a long history since the first e+e→ colliders, with numerous experiments that have contributed over the
years, as shown in Fig. 1(right). This enormous effort is still not sufficient; to match the expected precision of the g→2
experiments, this channel should be known with a precision better than 0.2%. The latest, and one of the most precise
measurements, was provided by the CMD-3 experiment [95, 96]. This new measurement was intensely scrutinized
and reviewed by the community within a specially organized series of seminars [141, 142], where a comprehensive
list of questions covering all aspects of the analysis was asked by a panel of experts nominated by the g→2 TI Steering
Committee. No pitfalls were found.

The e+e→ ↑ ω+ω→ CMD-3 analysis is based on the largest ever data set of 34 ↔ 106 selected ω+ω→ events at↗
s < 1 GeV, which is an order of magnitude larger statistics compared to most of the previous measurements. The

large statistics were crucial to study various systematic effects in detail and to obtain a sharper view of possible
detector effects. It would be impossible to apply the analysis procedure, developed for the CMD-3 measurement, to
the data collected by the predecessor CMD-2 experiment, as many of the systematic effects would be hidden under
statistical fluctuations. The estimation of the possible systematic effects in the CMD-3 analysis is done in the most
conservative way, with the goal to achieve a high confidence in the final declared precision even at the expense of
possible increase in error.

One of the key features of the analysis, in contrast to other measurements, is the use of three independent sources
of information for measuring the number of detected ω+ω→ events: using momentum distributions of two particles
measured in the tracking system, using detected energy depositions in the LXe calorimeter, or using the polar angular
distribution. All three methods are consistent within 0.2%.

Another important aspect of the performed analysis by CMD-3 was a comprehensive study of the detector accep-
tance systematic uncertainty due to the determination of the polar angle. As a by-product of this investigation, the
forward–backward charge asymmetry of ω+ω→ was measured with an integrated statistical precision of about 0.025%.
A strong 1% deviation was observed from the prediction based on the conventional scalar QED (sQED) approach
used for the calculation of radiative corrections, as shown in Fig. 2(left), which was never noted before. The im-
proved generalized-vector-meson-dominance (GVMD) model was proposed in Ref. [143], which gives remarkable
agreement with the experimental data. This was later confirmed by a calculation in the dispersive formalism [144],
see Sec. 2.7.4. At first the dispersive approach prediction still displayed some visible deviation from the data, but a
subsequent identification of an incorrect treatment of endpoint singularities in the dispersive calculation integrals led
to an astonishing consistency with the experimental ω+ω→ asymmetry and the GVMD prediction, see Refs. [144, 145]
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2. Data-driven calculations of HVP
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2.1. Introduction

The calculation of the LO HVP contribution in terms of hadronic cross sections proceeds via the master for-
mula [85–88]

aHVP, LO
µ =

(ωmµ
3ε

)2 ∫ →

sthr

ds
K̂(s)

s2 Rhad(s) , (2.1)

with muon mass mµ, fine-structure constant ω = e2/(4ε), and kernel function

K̂(s) =
3s
m2
µ

K(s) , x =
1 ↑ ϑµ
1 + ϑµ

, ϑµ =

√

1 ↑ 4m2
µ

s
,

K(s) =
x2

2
(2 ↑ x2) +

(1 + x2)(1 + x)2

x2

(
log(1 + x) ↑ x +

x2

2

)
+

1 + x
1 ↑ x

x2 log x . (2.2)

Here, the hadronic R-ratio,

Rhad(s) =
3s

4εω2ϖ
[
e+e↑ ↓ hadrons(+ϱ)

]
, (2.3)

is defined photon-inclusively, so that the integration starts at the threshold sthr = M2
ε0 due to the e+e↑ ↓ ε0ϱ channel.

The challenge in evaluating aHVP, LO
µ at sub-percent level thus lies in the extraordinary precision requirements for the

measurement of e+e↑ ↓ hadrons cross sections, especially, for the crucial e+e↑ ↓ ε+ε↑ channel. In this section,
various aspects of this program are discussed, including reports from the e+e↑ experiments (Sec. 2.2), indirect cross-
section measurements via ς decays (Sec. 2.3), Monte-Carlo (MC) tools (Sec. 2.4), global data combinations (Sec. 2.5),
theory developments (Secs. 2.6 to 2.8), higher orders (Sec. 2.9), and the MUonE project (Sec. 2.10). A summary of
the current situation together with an outlook to future prospects is provided in Secs. 2.11 and 2.12.

Throughout, in addition to the total LO HVP contribution as defined in Eq. (2.1), also so-called Euclidean-window
observables will be considered. First introduced by RBC/UKQCD [14], weight functions in Euclidean time are in-
troduced that separate the entire integral into a short-distance (SD), intermediate (W), and long-distance (LD) com-
ponent, see Sec. 3.4 for the precise definitions. Importantly, as detailed in Sec. 4.1, these weight functions can be
translated into center-of-mass (CM) energy

↔
s, to be inserted into Eq. (2.1), so that data-driven evaluations of the

same quantities become possible, a connection that is addressed in more detail in Sec. 4.

2.2. Status and perspectives of e+e↑ experiments

2.2.1. CMD-3
The CMD-3 [89, 90] and SND [91] experiments have been in operation at the electron–positron collider VEPP-

2000 [92, 93] since 2010. The collider provides an instantaneous luminosity of up to 1032cm↑2s↑1 at the maximum CM
energy

↔
s = 2 GeV, a world record for single-bunch luminosity. Overall, more than 1 fb↑1 of data has already been

collected by each experiment across the entire available CM energy range from 0.32 to 2.007 GeV. Today, VEPP-2000
is the only collider operating at these energies.

The new generation CMD-3 detector was designed and constructed with a major upgrade of all subsystems com-
pared to its predecessor CMD-2 experiment. In particular, a new drift chamber provided higher efficiency and more
than twice better momentum resolution, and a new liquid-xenon (LXe) calorimeter added multi-layer tracking capa-
bilities and shower profile measurement. The detector also has completely new up-to-date electronics and an elaborate
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HVP from hadronic e+e− decays - tensions between the data sets
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Figure 14: Significance of the difference between pairs of the three most precise e+e→ ↑ ω+ω→ cross section measure-
ments (BaBar [139, 176], CMD-3 [96], KLOE [132–135]) for narrow energy intervals of 50 MeV or less (left) and larger energy
intervals (right) indicated by the horizontal lines. Figures taken from Ref. [168].

into account the correlations of the uncertainties, see Fig. 14. The largest observed tensions are between CMD-3 and
KLOE, going beyond 5ε on the ϑ peak [168]. The impact of these tensions on the comparison of the experimental
result to the SM expectation for aµ is displayed in the Fig. 5 from Ref. [168] (see more detailed discussion below).

The presence of these tensions among experimental measurements represents a clear indication of underestimated
uncertainties. This calls for a conservative uncertainty treatment in combination fits and in the determination of
the averaging weights, as implemented in the DHMZ approach [1, 265]. These systematic tensions go well beyond
the effects accounted through the local ϖ2/dof rescaling. This had already motivated the inclusion of the dominant
BaBar–KLOE systematic by DHMZ, since the studies reported in Ref. [265]. However, the tensions are larger now
and therefore require one to understand their actual source.

Impact of higher-order photon emissions: the implications of a unique “(N)NLO” BaBar study. As discussed in
Sec. 2.2.4, the higher-order photon emissions (i.e., in addition to the hard ISR photon), were studied in-situ with
BaBar data [178], for the first time at NLO and NNLO, in the e+e→ ↑ µ+µ→ϱ and e+e→ ↑ ω+ω→ϱ channels. This
allows one to test the most frequently used MC generators, Phokhara and AfkQed. The “(N)NLO” order counting
in data and simulations is performed based on the number of additional photons in the final state, having the energy
above some given threshold.

It is found that the rate of “NLO” small-angle ISR in Phokhara is higher than in data, while the data/MC ratios for
large-angle photon emissions are consistent with unity [178]. An independent confirmation of the Phokhara problem
has been provided by the measurement of the ω+ω→ω0 channel performed by the Belle-II Collaboration [187]. The
“NNLO” contributions are also clearly observed in data, while they are missing in Phokhara. At the same time,
AfkQed provides a reasonable description of the rate and energy distributions for “(N)NLO” data.

The discrepancies observed between BABAR and Phokhara in the energy distributions of additional ISR photons
reveal Phokhara shortcomings that cannot be fully interpreted due to the absence of complete NNLO MC generators.
A full range of scenarios with extremes labeled 1 and 2, has been considered according to presently unknown NNLO
calculations [168]. Scenario 1 questions the validity of Phokhara at the NLO level in addition to missing NNLO,
while in scenario 2 the discrepancy observed by BABAR would originate solely from missing NNLO. The realistic
situation is expected to lie between these two extremes. These findings have triggered further studies performed by
BESIII and KLOE. Tests of MC generators regarding the µµ/ωω mass distributions are now available (see Secs. 2.2.3,
2.2.5, and 2.4) which confirm the validity of NLO Phokhara at the 1% level (where the uncertainties of the other
generators employed in the comparisons are relevant too). This is to be compared with a systematic uncertainty of
0.5% for Phokhara as quoted in the KLOE/BESIII publications. However, similar comparisons should be done for

38

▶ Tensions are highly statistically significant

▶ TI organized dedicated workshops to scrutinize these tensions

▶ Intensified studies of event generators

▶ Origin of tensions is not understood at this point

▶ No averaging of results attempted for WP25!
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Act 2: HVP from hadronic τ decays

Didn’t the τ data say there is no new physics all along?
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HVP from hadronic τ decays - methodology
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Figure 11: Virtual (a) and real (b) + (c) contributions to the radiative corrections to ω→ ↑ ε→ε0ϑω in the dispersive framework at first order in IB.
Light-blue blobs indicate the pion VFF. Diagram (c) includes bremsstrahlung off the charged pion, but the blue blob represents the general matrix
element [231]. A rescattering correction is shown in (d), where the light-red blob refers to the εε scattering amplitude.

Since the use of an unsubtracted dispersion relation for the pion VFF introduces sensitivity to its high-energy
behavior, a matching procedure to the low-energy behavior calculable in ChPT is essential to mitigate this effect.
Taking the virtual corrections in ChPT including virtual photons and leptons [164, 232–235] at O(e2 p2) [197, 198],
denoted by f loop, ChPT

elm , the matched virtual contribution can be expressed as

f loop, match
elm (s, t) = f loop, VFF

elm (s, t) → f loop, VFF
elm (0, 0) + f loop, ChPT

elm (0, 0) , (2.18)

where f loop, VFF
elm (s, t) refers to the dispersive result based on the unsubtracted dispersion relation. While f loop, VFF

elm (s, t)
carries an IR divergence canceled by the interference of ISR and FSR, the term f loop, ChPT

elm (0, 0) covers the IR diver-
gences of the remaining contributions, e.g., self-energy corrections, which are canceled by real-photon emission of
either the initial or final state. The matching to ChPT in Eq. (2.18) entails several further advantages: first, the chiral
logarithms only partially captured by the low-energy limit of the dispersive calculation of Fig. 11(a) are fully restored.
Second, the chiral LECs define a convenient bridge to the short-distance amplitude, as their scale dependence needs
to cancel in physical observables. While previously only resonance estimates of their finite parts were available, the
matching to lattice-QCD calculation [236–238] and incorporation of RG corrections [204, 206] now presents the op-
portunity to define a consistent set of correction factors S EW and GEM(s), such that the scale dependence disappears
up to a given order in the perturbative expansion.

Work along these lines is ongoing and should provide improved results for the combination of S EW and GEM(s)
with controlled uncertainties. Corrections include higher intermediate states and εε rescattering corrections as shown
in Fig. 11(d), which will also be addressed in a dispersive approach. For a complete estimate of IB corrections two
main classes of additional corrections need to be considered:

1. FSR in e+e→ ↑ ε+ε→ and ϖ–ϱ mixing: these corrections can be determined from dispersive analyses of e+e→ ↑
ε+ε→ and are therefore already under reasonable control [228, 239];

2. 2ε matrix element in charged and neutral current: these corrections can be expressed as a ratio of form factors
| f+(s)/FV

ε (s)|, where f+(s) refers to ε→ε0 system and FV
ε (s) to the ε+ε→ one.

29

▶ Relate τ → ντπ0π− decays to γ∗ → π+π− amplitudes

▶ This requires consistent experimental data sets for the τ decays and

▶ precise control of isospin-breaking corrections including

▷ a consistent renormalization scheme from the EW scale to the effective theory (or lattice QCD)
within which one computes the IB corrections

▷ Control of long-distance QED effects
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HVP from hadronic τ decays - data situation

Figure 10: Measured values of the branching ratio for ω → εε0(ϑ)ϖω. Good consistency is observed among the different experiments. Figure
adapted from Ref. [196].

has been precisely measured by several experiments [190–194] under very different conditions at LEP and the B
factories. Here mω is the ω lepton mass, |Vud | the CKM matrix element, Bεε0 and Be are the branching fractions of
ω↑ → ε↑ε0ϖω(ϑ) (FSR is implied) and of ω↑ → e↑ϖ̄eϖω, and dNεε0/Nεε0 ds is the normalized invariant mass spectrum
of the hadronic final state. The precision achieved in the experiments for the branching fractions (0.4%) and the
agreement between the different results, as seen in Fig. 10, provide a highly precise normalization of the spectral
functions, even superior to that obtained in e+e↑ data. There is also good agreement between the spectral function
results as shown in Ref. [191]. These measured spectral functions have been widely used (see, e.g., Ref. [195])
for a number of applications including in particular the evaluation of aHVP, LO

µ and ∆ϱ(5)
had as originally proposed in

Ref. [189]. The evaluation of aHVP, LO
µ using the ω hadronic decay has been valuable in earlier years when the e+e↑

data were not yet precise enough and in recent years given the large discrepancy among the most precise measurements
from BaBar [139, 176], CMD-3 [95, 96], and KLOE [132–135]. In order to achieve the required precision in the ω-
based evaluation of aHVP, LO

µ , IB corrections have to be understood and applied—a topic that we discuss in Secs. 2.3.2
to 2.3.6.

2.3.2. Theoretical input for the HVP analysis based on ω data: generalities
We focus on the dominant ω → εεϖω(ϑ) channel and denote with s the εε invariant mass squared. The photon-

inclusive differential decay spectrum dΓεε(ϑ)/ds can be used to evaluate aHVP, LO
µ [εε] according to the following dis-

persive formula [196–198] (with threshold sthr = 4M2
ε± )

aHVP, LO
µ [εε, ω] =

1
4ε3

∫ ↓

sthr

ds K(s)
[

Kς(s)
KΓ(s)

dΓεε[ϑ]

ds

]
↔ RIB(s)

S εε
EW
, (2.8)

where K(s) is the QED kernel [85–88], see Eq. (2.2) for the explicit expression,

Kς(s) =
εϱ2

3s
, KΓ(s) =

Γe|Vud |2
2m2

ω

(
1 ↑ s

m2
ω

)2 (
1 +

2s
m2
ω

)
, (2.9)

and the IB corrections are encoded in the product of several s-dependent factors

RIB(s) =
FSR(s)
GEM(s)

φ3
ε+ε↑ (s)

φ3
ε±ε0 (s)

∣∣∣∣∣∣
FV
ε (s)

f+(s)

∣∣∣∣∣∣
2

. (2.10)

25

▶ Available data sets are consistent

▶ Precision suffices for a competitive result
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HVP from hadronic τ decays - isospin breaking corrections

Refs. [168, 196] Ref. [211] Refs. [239, 249] Our estimate

Phase space →7.88 →7.52 – →7.7(2)
S EW →12.21(15) →12.16(15) – →12.2(1.3)
GEM →1.92(90) →1.67+0.60

→1.39 – →2.0(1.4)
FSR 4.67(47) 4.62(46) 4.42(4) 4.5(3)
ω–ε mixing 4.0(4) 2.87(8) 3.79(19) 3.9(3)

∆Mω 0.20(+27
→19)(9) 1.95+1.56

→1.55 –
∆Γω(∆Mϑ) 4.09(0)(7) 3.37 –

FV
ϑ

f+
(w/o ω–ε) ∆Γω(ϑϑϖ) →5.91(59)(48) →6.66(73) –

∆Γω(gωϑϑ) – – –
Total →1.62(65)(63) (→1.34)+1.72

→1.71 – →1.5(4.7)

Sum →14.9(1.9) (→15.20)+2.26
→2.63 – →15.0(5.1)

Table 2: Summary of the different classes of IB corrections contributing to ∆aHVP, LO
µ [ϑϑ, ϱ] (in units of 10→10). For Refs. [168, 196], the second

errors due to the difference between the GS and KS models are added linearly to the quadratic sum of all other uncertainties. For Ref. [211], the
total uncertainty includes an estimate of the systematic uncertainty arising from using different dispersive parameterizations. An additional 2%
uncertainty is added linearly to account for the difference between the result based on the dispersive and the GS parameterizations. The entries in
the last column are discussed in the main text.

a direct estimate of the 2ϑ IB effects alone, since in practice one would have to account and remove the IB effects of
the three-pion channel, and neglect the effects of even higher multiplicity channels.

The remaining term that could be ideally addressed in a lattice calculation is the GEM function. The current
strategy so far pursued in Ref. [247] consists of borrowing the available knowledge on GEM from ChPT [197, 198],
since a complete lattice calculation would require a study of the necessary triangle diagrams, see Fig. 12(right), from
Euclidean space-time, where problems with analytic continuation are present. Developments in this direction are
currently being pursued for simpler quantities, but progress is certainly to be expected as these methods become more
and more mature. From the short-distance perspective performing the entire calculation using the lattice regulator
would presumably simplify the renormalization pattern, leaving only the matching with S EW as the open question.

In summary, while an exclusive study of IB effects for the 2ϑ channel remains a challenging problem for a lattice
calculation, an inclusive approach is currently being developed and intermediate quantities, such as the difference of
isovector charged and neutral correlators may turn out to be useful, in the short term, to constrain model-dependent
parameters.

2.3.6. Summary on isospin-breaking corrections and ϱ-based HVP result
In this section we summarize the theoretical IB corrections needed for a ϱ-based analysis of HVP, discuss the

robustness of the associated uncertainties, and provide recommended values. Table 2 compiles results for various IB
effects from recent state-of-the-art analyses, as discussed in previous subsections, and includes in the last column “our
estimate,” based on our assessment of the uncertainties.

Before discussing each line in Table 2, we observe that estimating uncertainties in this mostly nonperturbative
regime is not a simple exercise, due to the ensuing model-dependence of most results. The current main analy-
ses [168, 211] address this issue by assigning systematic uncertainties associated with the spread of results obtained
with different models. We will not repeat this exercise. Rather, we adopt this approach: (i) for most IB corrections,
we combine the results from Refs. [168, 196, 211, 239, 249]; (ii) where appropriate, we identify uncertainties not
included in current analyses and provide recommended numerical values for them.

• Phase space: The small differences reflect the use of different form-factor parameterizations. We adopt the
midpoint of the results shown in the second and third column of Table 2, assigning an uncertainty to cover the
full range. Also note that higher-order IB corrections could play a role here, depending on whether one uses the
spectra from ϱ decay or e+e→ data.

31

▶ IB corrections still make the τ -based evaluation of the HVP model dependent

▶ In future lattice QCD and dispersive approaches could provide first-principle results

▶ Difficult to quantify how well we know the IB breaking corrections at this point! Quoted uncertainty was
a compromise reached during the WP25 process. Larger than previous uncertainties.

13 / 25



HVP from hadronic τ decays - summary

510 515 520 525

1010 ⇥ aHVP, LO
µ [⇡⇡, � ]

WP25

LMR-24

DHLMZ-23

Figure 13: Summary of evaluation of aHVP, LO
µ [ωω] from ε decays. The points refer to DHLMZ-23 [168], LMR-24 [211], and Eq. (2.22), respec-

tively. The inner error bar reflects the current experimental uncertainties, while the outer error represents the combination of experimental and
theoretical uncertainties.

In summary, there are two consistent evaluations of HVP based on ε data [168, 211], corresponding to the first
two columns in Table 2. They lead to aHVP, LO

µ [ωω, ε] = 517.3(1.9)stat(2.2)syst(1.9)th →10↑10 [168] and aHVP, LO
µ [ωω, ε] =

517.0(2.8)exp
(+2.3
↑2.6

)
th → 10↑10 [211]. Based on our conservative estimate of the IB uncertainties, larger than the ones

quoted in the individual analyses, we arrive at

aHVP, LO
µ [ωω, ε] = 517.2(2.8)exp(5.1)th → 10↑10 (our estimate) , (2.22)

see Fig. 13 for a summary. Adding the offset 187.3(2.2) → 10↑10 from WP20 for the remainder of the LO HVP
contribution, one arrives at a total LO HVP value of

aHVP, LO
µ [(ωω, ε) +WP20] = 704.5(6.2) → 10↑10 . (2.23)

The above offset from WP20 is not updated in this work, we instead focus on the major tensions in the 2ω channel.
However, we emphasize that relevant new information on the subleading channels has become available, e.g., new
measurements for e+e↑ ↓ 3ω [151, 187], e+e↑ ↓ KS KL [149], and the inclusive R-ratio [181]. As described in
Secs. 2.2.6 and 2.6.2, tensions between the Belle-II 3ω data and previous measurements are now visible, other tensions
are present in the K+K↑ channel and in the comparison of the BESIII inclusive R-ratio measurement with pQCD.
While the overall effect is minor compared to the tension seen in the 2ω channel, these effects will need to be carefully
studied for a new, complete data-driven evaluation of aHVP, LO

µ , for which continued progress in the overall Rhad(s)
measurement program is essential.

2.4. Monte-Carlo generators and radiative corrections
The RadioMonteCarLow 2 community effort, which started in 2022 [146, 254–256], is dedicated to improving the

theoretical predictions for hadron and lepton production at low-energy e+e↑ colliders. In Phase I, whose results are
documented in Ref. [147], the focus was on 2 ↓ 2 and 2 ↓ 3 processes e+ e↑ ↓ X+ X↑(+ϑ) for

↔
s = (1–10) GeV

with X ↗ {e, µ, ω}. This concerns scan-based measurements (no hard photon required) and radiative return measure-
ments (hard photon required).

The long-term goal of the project is to preserve the well-established codes; to provide canonical versions of codes;
and to further develop and improve codes. An important aspect is the inclusion of new ideas and approaches. This
includes exploiting the technical progress since the last systematic review of low-energy MC tools in 2010 [165],
which is leading to new codes getting developed or extended to cover the processes of interest.

RadioMonteCarLow 2 is committed to open science and has released all codes, input data, and output together
with a report as part of a living review at

https://radiomontecarlow2.gitlab.io

Phase I was mostly a theoretical exercise in which seven codes (AfkQed, BabaYaga@NLO, KKMC, MCGPJ, Mc-
Mule, Phokhara, and Sherpa) were used in five scenarios inspired by former and current experiments. It should be

34
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Act 3: HVP from lattice QCD + QED

Why should one trust lattice QCD?
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HVP from lattice QCD + QED - method

▶ First-principles calculation with QCD + QED Lagrangian

▶ Discretized Euclidean 4d space-time (finite volume, nonzero lattice spacing)

▶ Continuum limit of different discretizations give universal result

▶ Peturbative expansion in αQED but non-perturbative in αs , organized in Feynman diagrams without
gluons

▶ Uses leadership-class supercomputers (exascale machines) to perform gluonic path-integral calculations as
statistical samples from a Markov chain, therefore has statistical uncertainties as well
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Diagrams – Isospin limit 2

with C(t) = 1
3

P
~x

P
j=0,1,2hJj(~x, t)Jj(0)i. With appro-

priate definition of wt, we can therefore write

aµ =
X

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the ⇡0, ⇡+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the �� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C
(1)
QED(t) +

X

f

�mfC
(1)
�mf

(t)

+ O(↵2, ↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e�ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e�ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the �� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e�ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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Figure 6: Displacement probability for 48c run 1.

(a) V (b) S (c) T (d) D1 (e) D2

(f) F (g) D3

Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.

8

FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-

x

x

x

(a) M

x

x

x

(b) R

x

x

x

(c) O

Figure 8: Mass-counterterm diagrams for mass-splitting and HVP 1-photon
diagrams. Diagram M gives the valence, diagram R the sea quark mass shift
e�ects to the meson masses. Diagram O would yield a correction to the HVP
disconnected contribution (that likely is very small).

9

FIG. 3. Strong isospin-breaking correction diagrams. The
crosses denote the insertion of a scalar operator.

Diagrams – QED corrections

and fit d�.
red For the finite-volume errors, the two-pion states in d are identical to the

I = 1 contributions of c and can be calculated using the GSL estimate which
we use for c. For the omega-related finite-volume errors, I will take the fitted
d� and E� and use this as the full result at finite-volume and compare it to
a GS model with omega mass from the fitted E� and width from the PDG
in infinite-volume. I should also compare this to R-ratio results for the I = 0
channel.

Do this entire exercise for 24ID and 32ID to estimate discretization errors.

4 QED and SIB diagrams

We will perform a full first-principles calculation of all O(↵) and O(mu � md)
corrections. The corresponding list of diagrams is given in Figs. 1 and 2.
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Figure 2: SIB corrections
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HVP from lattice QCD + QED - isospin and flavor decomposition

▶ Typically organized as an expansion around isospin symmetric world

3.2. Breakdown of the total HVP contribution to aHVP, LO
µ into its various contributions

IB corrections to aHVP, LO
µ due to the mass difference between up and down quarks, as well as EM effects, are

expected to be an O(1%) correction relative to the total aHVP, LO
µ . Therefore, it is desirable to write

aHVP, LO
µ = aHVP, LO

µ (iso) + ωaHVP, LO
µ , (3.8)

where aHVP, LO
µ (iso) denotes the isospin-symmetric component and ωaHVP, LO

µ the first-order IB corrections, which are
sufficient in the present context. However, the separation above is not prescription independent. Indeed, since all
quarks interact strongly and electromagnetically, any experimental input used to renormalize QCD and QED will only
define the sum of the two terms above. Defining the individual terms requires additional conditions which define what
physics is kept constant while taking ε to zero. This issue was discussed in the most recent FLAG review (cf. Sec. 3 in
Ref. [425]), where a prescription referred to as the Edinburgh Consensus was agreed upon after consultation with the
community. This scheme is the recommended prescription for future calculations. However, most calculations in the
present review were initiated before the Edinburgh Consensus was agreed upon, and we will use a slightly modified
prescription. We define isospin-symmetric QCD (isoQCD) to be the ε = 0 theory where quark masses are tuned to
reproduce the following complete set of inputs

Mϑ+ = 135.0 MeV , MK0 = MK+ = 494.6 MeV , MD+s = 1967 MeV , and w0 = 0.17236 fm , (3.9)

where w0 is the Wilson flow scale introduced in Ref. [426]. We call this prescription the WP25 scheme. The only
difference between the WP25 scheme and the Edinburgh Consensus is the use of w0 to set the QCD scale instead of
the pion decay constant. Recent results estimated that this change does not generate significant deviations within the
current level of uncertainty (cf. comparison in Sec. 3.4.4), although the matching between the two prescriptions will
require more scrutiny in the future. Additionally, the variables used in the prescription above can be changed to other
hadronic inputs while keeping the scheme fixed, although this change will generate an additional matching uncertainty
in actual numerical calculations. Another set of variables introduced originally by the BMW collaboration [16] are the
connected meson masses Mqq, where for a quark flavor q, Mqq is the mass of the pseudoscalar meson q̄q considering
only quark-connected contributions. These masses, although purely theoretical, are well-defined quantities that can
be matched to the physical inputs above. The scheme employed in BMW-20 [16] resulted in isoQCD defined by

Muu = Mdd = MPDG
ϑ0 , Mss = 689.89(49) MeV , MD+s = 1967 MeV , and w0 = 0.17236(70) fm , (3.10)

where MPDG
ϑ0 = 134.9768(5) MeV is the current world average of the ϑ0 mass experimental measurements [227]. It

was shown in BMW/DMZ-24 [24] that Eq. (3.10) matches Eq. (3.9) up to uncertainties small enough to be discarded
in the context of the present review. Because of this, Eq. (3.9), or Eq. (3.10) with discarded uncertainties, may be
referred to in the literature as BMW-20 or BMW scheme. In summary, we consider that it is well motivated to average
results produced with either prescription, and that propagation of matching uncertainties is unnecessary at the current
level of precision.

Furthermore, it is convenient to decompose aHVP, LO
µ (iso) into quark-disconnected and single-flavor quark con-

nected contributions:

aHVP, LO
µ (iso) = aHVP, LO

µ (ud) + aHVP, LO
µ (s) + aHVP, LO

µ (c) + aHVP, LO
µ (b) + aHVP, LO

µ (disc) . (3.11)

For a quark flavor q, aHVP, LO
µ (q) in the equation above is obtained from Eq. (3.5) by considering only the quark-

connected contribution for flavor q in the current–current correlator Cµϖ, and aHVP, LO
µ (disc) is the sum for all flavors

of the remaining quark-disconnected contributions. We now discuss standard methodologies to predict the quantities
defined in this introduction from lattice simulations.

3.3. Methodology

Here, we briefly discuss some of the methodology that is common to the lattice-HVP calculations presented in
more detail below.
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▶ Definition of isospin symmetric point adopted for WP25:
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HVP from lattice QCD + QED - time-momentum representation
Symmetries allow for the reduction of the HVP leading-order diagram to an integral

• Time-momentum representation (TMR): The TMR has become the standard method for estimating the LO HVP
contribution using lattice methods [427]. In this approach, Eq. (3.5) is re-written

aHVP, LO
µ =

(
ω

ε

)2 ∫ →

0
dx0 C(x0) f̃ (x0) , (3.12)

with the zero-momentum time correlator

C(x0) = ↑1
3

3∑

k=1

∫
d3x Ckk(x0, x) , (3.13)

and the kernel function

f̃ (x0) = 8ε2
∫ →

0

dϑ
ϑ

f (ϑ2)
[
ϑ2x2

0 ↑ 4 sin2
(
ϑx0

2

)]
. (3.14)

In the equations above, Cµϖ and f are defined in Sec. 3.1. The function f̃ can be expressed in terms of a modified
Bessel function of the second kind and Meijer’s G function [421] as

f̃ (x0) =
2ε2

m2
µ

[
↑2 + 8ϱE +

4
t̂2 + t̂2 ↑ 8

t̂
K1(2t̂) + 8 log t̂ +G2,1

1,3

( 3
2

0, 1, 1
2

∣∣∣∣∣∣ t̂
2
)]
, (3.15)

where t̂ = mµx0. The nonperturbative input computed on the lattice is the time correlator C. Other approaches,
based on a direct evaluation of the HVP tensor, Πµϖ(Q), or on the method of time moments introduced in
Ref. [428] have been superseded by the TMR.

• Error treatment in HVP calculations: Lattice-QCD calculations yield ab initio theoretical predictions that are
systematically improvable. Since lattice QCD is a MC method, statistical analysis is a crucial part of producing
physical results. In addition to statistical errors from the MC process, systematic errors can enter in a variety of
forms, for example, through truncating the functional form that guides continuum limit extrapolations of lattice
data obtained at finite sets of lattice spacings. While the details may vary from group to group, all lattice analy-
ses described below include estimates of systematic errors based on studies of variations of the functional forms
of the underlying EFT expansions, e.g., consideration of various functional forms for continuum extrapolation,
that allow the assessment of systematic errors associated with the respective extrapolation (or interpolation).
More detailed discussions of specific types of systematic errors, for which the dominant uncertainties may be
different for different windows, will be provided in context below.

• Blinding: Most of the HVP results presented below, including (for example) all three calculations discussed for
the dominant LD light-quark connected contribution [26, 27, 30], are based on blinded analyses. Blinding has
been used widely in lattice QCD for many years, to prevent the introduction of bias in calculations of quantities
whose values are known either from experiment or from previous calculations. To conduct a blind analysis, a
small but unknown blinding factor is introduced into the analysis, modifying the final HVP result. Different
lattice groups introduce the blinding in different places, but most commonly the blinding is applied as part of
the analysis code, which has the advantage that different blinding factors can be easily applied for different
windows. As the precision of lattice calculations improves, the importance of blinding will only increase, and
we encourage all groups to adopt blind analyses going forward.

• Treatment of correlations using FLAG procedure: Except where explicitly noted otherwise, to combine results
from different lattice calculations, we adopt the procedure used by the FLAG group for averaging [425]. Central
values in this procedure amount to uncorrelated weighted averages of individual central values, with statistical
and systematic errors added in quadrature. Error bars for averages are constructed using a procedure by which
100% correlation can be assumed between specific contributions to individual error estimates, as described in
Eqs. (7)–(10) of the reference. In cases where the overall ς2 per degree of freedom implied by the average over
individual results is poor (i.e., ς2/dof > 1), a rescaling to increase the error bars by

√
ς2/dof is performed to

compensate.
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lattice groups introduce the blinding in different places, but most commonly the blinding is applied as part of
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of two vector currents

3. Lattice-QCD calculations of HVP

T. Blum, M. Bruno, M. Cè, D. Clarke, M. Della Morte, C. DeTar, A. X. El-Khadra, R. Frezzotti, G. Gagliardi,
A. Gérardin, D. Giusti, S. Gottlieb, V. Gülpers, S. Kuberski, S. Lahert, C. Lehner, L. Lellouch, M. K. Marinković,
H. Meyer, E. Neil, J. Parrino, A. Portelli, J. Sitison, J. T. Tsang, R. Van de Water, G. Wang, H. Wittig

3.1. Introduction
This section reviews lattice calculations of the HVP contributions to the muon g→2. We start with an introduction

summarizing standard definitions and the outcome of WP20. We adopt a Euclidean metric, which is the appropriate
setup for lattice formulations. The position-space HVP tensor is given by the QCD and QED expectation value

Cµω(x) = ↑ jµ(x) jω(0)↓ , (3.1)

where jµ is the quark EM current

jµ(x) =
N f∑

f=1

Qf q̄ f (x)εµq f (x) , (3.2)

where, for a flavor f , q f is the quark field and Qf is the electric charge in units of the elementary charge. The
current above is conserved in continuous space-time, and its implementation on a discrete space-time might differ in
lattice-QCD calculations. The momentum-space HVP tensor is then given by the Fourier transform

Πµω(Q) =
∫

d4x Cµω(x) e→iQ·x . (3.3)

The tensor above is known to be transverse as a consequence of gauge invariance and Ward–Takahashi identities, and
can be described through a single form factor Π(Q2):

Πµω(Q) = (QµQω → ϑµωQ2)Π(Q2) . (3.4)

The function Π(Q2) is known to be UV divergent, and is conventionally regularized by using the subtracted function
Π̂(Q2) = 4ϖ2[Π(Q2) → Π(0)], which fixes the residue of the photon propagator to one. Finally, with the definitions
above, the LO HVP contribution to the muon g → 2 is given by

aHVP, LO
µ =

(
ϱ

ϖ

)2 ∫ ↔

0
dQ2 f (Q2)Π̂(Q2) , (3.5)

where the kernel function f (s) is defined by

f (s) =
r
[
Z(r)

]3

m2
µ

1 → rZ(r)

1 + r
[
Z(r)

]2 , with Z(r) = → r →
↗

r2 + 4r
2r

and r =
s

m2
µ

. (3.6)

Equation (3.5) gives the spacelike analog of the timelike master formula Eq. (2.1), see also Sec. 4.1. In practice, it
has become more standard in lattice calculations to evaluate the integral above on the time variable, for zero spatial
momentum, as summarized below in Sec. 3.3. Furthermore, we define the LO HVP contribution, denoted by aHVP, LO

µ

in Eq. (3.5), in terms of the current–current correlator Cµω restricted to one-photon-irreducible contributions.
We conclude this introduction by reviewing the status of lattice-QCD calculations of the LO HVP contribution

to the anomalous magnetic moment of the muon at the time of WP20. Further details can be found in WP20 and
references therein. Additionally, the definitions of the various components of aHVP, LO

µ are summarized in the next
section. In WP20, six groups quoted complete results for the total LO HVP and were included in a world lattice aver-
age. Notice, however, that the disconnected contribution was computed on the lattice by only three groups, and some
groups used phenomenological inputs in order to estimate the strong and QED isospin-breaking (IB) contributions.
There was a relatively large spread among lattice results, but all calculations were in agreement, at the 1.5ς level. The
final estimate was

aHVP, LO
µ (WP20) = 711.6(18.4) ↘ 10→10 , (3.7)
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HVP from lattice QCD + QED - Euclidean time windows

▶ RBC/UKQCD-18 PRL 121, 022003 (2018) introduced Euclidean time windows

In some cases, results for certain quantities from lattice groups have been superseded by updated calculations.
Such superseded results are shown in tables and figures below, but are excluded from averages. Depending on
the quantity considered, different sources of uncertainty are taken to conservatively be 100% correlated. This
may include statistical uncertainties in cases where the two calculations share the same gauge configurations,
or systematic uncertainties for shared FV correction schemes, valence quark discretization, or other sources of
error as described below.

3.4. Window contributions
Dividing the Euclidean time integral into different ranges has proved to be a very valuable tool in comparing

the results of various collaborations and also for comparison with calculations of HVP based on dispersion relations
(where time ranges correspond to energy ranges). After defining the three windows most commonly used, we consider
details of the results for each window.

3.4.1. Definitions
Breaking the time integral Eq. (3.12) into three components allows for a better separation of the different sources

of uncertainty [14]. The window contributions are defined by

aHVP, LO
µ = aSD

µ + aW
µ + aLD

µ , (3.16)

aSD
µ =

(
ω

ε

)2 ∫ →

0
dx0 C(x0) f̃ (x0)[1 ↑ Θ(x0, t0,∆)] , (3.17)

aW
µ =

(
ω

ε

)2 ∫ →

0
dx0 C(x0) f̃ (x0)[Θ(x0, t0,∆) ↑ Θ(x0, t1,∆)] , (3.18)

aLD
µ =

(
ω

ε

)2 ∫ →

0
dx0 C(x0) f̃ (x0)Θ(x0, t1,∆) , (3.19)

where

Θ(t, t↓,∆) =
1
2
+

1
2

tanh
(

t ↑ t↓

∆

)
, (3.20)

defines the window as a smooth function in Euclidean time. The width parameter ∆, in particular, smooths out the
window on both sides of the interval. The community advocated the use of the widely studied choice ∆ = 0.15 fm,
t0 = 0.4 fm, and t1 = 1.0 fm [14] as benchmark parameters. Each window can then be treated independently and
extrapolated to the continuum and infinite-volume limits. With this choice, the intermediate window (W) aW

µ is less
sensitive to discretization effects than the short-distance (SD) window aSD

µ . It is also designed to be less sensitive to
LD effects than the long-distance window aLD

µ and hence much less affected by the signal-to-noise problems at large
x0.

Finally, it is understood that all the window quantities can be decomposed as per Eqs. (3.8) and (3.11), using the
same definitions and conventions as in the case of aHVP, LO

µ . We now turn to results for each of the windows.

3.4.2. Short-distance window
We begin by reviewing the SD window observable, denoted as aSD

µ and defined in Eq. (3.17). As in the case of the
total LO HVP correction, also in the SD window region the most important hadronic contribution is the one due to the
light u- and d-quark-connected contractions, aSD

µ (ud), representing ↔ 70% of aSD
µ (iso), while the strange- and charm-

quark-connected terms, aSD
µ (s) and aSD

µ (c), constitute ↔ 13% and ↔ 17% of the total SD contribution, respectively.
In Table 6 and Fig. 28, we collect results for the flavor-specific contributions, namely, aSD

µ (ud), aSD
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In some cases, results for certain quantities from lattice groups have been superseded by updated calculations.
Such superseded results are shown in tables and figures below, but are excluded from averages. Depending on
the quantity considered, different sources of uncertainty are taken to conservatively be 100% correlated. This
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or systematic uncertainties for shared FV correction schemes, valence quark discretization, or other sources of
error as described below.
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aHVP, LO
µ = aSD

µ + aW
µ + aLD

µ , (3.16)

aSD
µ =

(
ω

ε

)2 ∫ →

0
dx0 C(x0) f̃ (x0)[1 ↑ Θ(x0, t0,∆)] , (3.17)

aW
µ =

(
ω

ε

)2 ∫ →

0
dx0 C(x0) f̃ (x0)[Θ(x0, t0,∆) ↑ Θ(x0, t1,∆)] , (3.18)

aLD
µ =

(
ω

ε

)2 ∫ →

0
dx0 C(x0) f̃ (x0)Θ(x0, t1,∆) , (3.19)

where

Θ(t, t↓,∆) =
1
2
+

1
2

tanh
(

t ↑ t↓

∆

)
, (3.20)

defines the window as a smooth function in Euclidean time. The width parameter ∆, in particular, smooths out the
window on both sides of the interval. The community advocated the use of the widely studied choice ∆ = 0.15 fm,
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same definitions and conventions as in the case of aHVP, LO
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µ and defined in Eq. (3.17). As in the case of the
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µ (ud), representing ↔ 70% of aSD
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quark-connected terms, aSD
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µ (c), constitute ↔ 13% and ↔ 17% of the total SD contribution, respectively.
In Table 6 and Fig. 28, we collect results for the flavor-specific contributions, namely, aSD

µ (ud), aSD
µ (s), and aSD

µ (c), as
well as for the subleading correction aSD

µ (disc) reported by the various lattice QCD groups.
The calculations in BMW/DMZ-24 [24], Fermilab/HPQCD/MILC-24 [29], and ETM-22/24 [21, 28] were per-

formed on Nf = 2 + 1 + 1 ensembles. Those in Mainz/CLS-24 [23] and SL-24 [25] are based on Nf = 2 + 1
ensembles. The former allow SD matching to the full SM at renormalization scales equal to mb, up to 1/m2

b cor-
rections, while that scale is mc and corrections are of order 1/m2

c for calculations based on Nf = 2 + 1 ensembles.
The Mainz/CLS-24 [23] determination of aSD

µ , however, includes the leading correction due to the quenching of sea-
charm quarks, estimating it to be at the level of 0.02 ↗ 10↑10 based on perturbation theory [430]. The RBC/UKQCD
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▶ Allow for taylored approach since each Euclidean time window has specific challenges (short-distance ↔
discretization errors, long-distance ↔ statistics, finite-volume errors)

▶ Each window well-defined irrespective of regulator, can take some windows from, e.g., hadronic e+e−

decays. This was proposed already in RBC/UKQCD-18 and recently picked up by BMW/DHMZ-24 for
distances beyond t1 = 2.8 fm. Tensions of e+e− data need to be negligible in this window.
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Figure 38: Data-driven results for the light-quark connected (ud) components of the RBC/UKQCD windows compared with isospin-symmetric
lattice-QCD determinations of the same quantities. The label “BBGKMP-24(23)” refers to Refs. [359–362]. The bands show averages for these
quantities taken from Sec. 3. Upper-Left: Data-driven aSD

µ (ud) compared with results from Refs. [18, 21–25, 29]. Upper-Right: Data-driven
aW
µ (ud) compared with results from Refs. [17–22, 24, 29]. Lower-Left: Data-driven aLD

µ (ud) compared with the recent results of Refs. [26, 27, 30].
Lower-Right: Data-driven aHVP, LO

µ (ud) compared with results from Refs. [16, 17, 19, 26, 27, 30, 448, 449, 452]. Entries marked with “CMD-3” in
each figure show the exploration of the impact of the replacement of KNT 2ω data for energies between 0.33 and 1.2 GeV with CMD-3 data (see
main text).

the statistical noise of light-quark contributions increases rapidly with distance when present-day lattice methods are
utilized. The same is true for effects associated with the finite volume of the lattice. However, those challenges are
circumvented when the measured spectra are used to determine LD contributions instead. The authors find that for
the choice of t1 considered in Ref. [24], the resulting uncertainty on this LD part becomes a negligible contribution
to the one on the final result. It is worth noting that investigations of the dependence of aHVP, LO

µ on t1 have been
performed in Refs. [14, 500]. The result of Ref. [24] for aHVP, LO

µ is not yet published and the authors plan to complete

95

▶ Windows allowed for high-precision consolidation
over last years

▶ Different lattice groups use different
discretizations

▶ Challenging long-distance window results just
arrived in 2024

▶ Blinding procedures are now standard for all
recent lattice results!

▶ Strong tensions in particular in intermediate and
long-distance windows (projecting to lower
energies) with data-driven hadronic e+e− results
(pre CMD-3)
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Figure 33: Compilation of lattice results for aLD
µ (ud) as listed in Table 10. The light blue band corresponds to the average given in

Eq. (3.27). Error ticks and plotting symbols and colors have the same meaning as in Fig. 28.

studies explicitly validate these corrections through measurements in multiple volumes with identical Lagrangian pa-
rameters. Fermilab/HPQCD/MILC-24, on the other hand, perform a model average over three different approaches to
account for FV effects, including the MLL method. RBC/UKQCD-24, Mainz/CLS-24, and Fermilab/HPQCD/MILC-
24 estimate the uncertainty for the light-connected contribution aLD

µ (ud) arising from FV corrections to be 0.8, 1.7,
and 1.4 units of 10→10, respectively. To ensure a conservative assessment, we adopt these values as a correlated
contribution to the systematic uncertainty across all three results.

When averaging according to the FLAG procedure, we apply a slight
√
ω2/dof rescaling of 1.6 to account for the

fact that the result from Fermilab/HPQCD/MILC-24 is significantly smaller than the other two. The p-value of the
average is 0.2. The outcome of the partly correlated average, combined with the additional systematic uncertainty of
3.1 ↑ 10→10, is

aLD
µ (ud) = 406.0(4.9) ↑ 10→10 , (3.27)

where the contribution of the uncertainty of w0 that is part of the scheme definition is not included. This uncertainty
originates from the determination of the physical value of the gradient flow scale w0 = 0.17236(70) fm, based on MΩ
in Ref. [16]. The average is displayed as a blue band alongside the three inputs in Fig. 33.

To compute the full LD window observable, the averaged result for the isovector contribution can be combined
with the Mainz/CLS-24 determination of the isoscalar contribution within the WP25 scheme. The strange-connected
contribution is included in the isoscalar part. Its determination in Mainz/CLS-24 is slightly larger than, but statistically
compatible with, the result from ETM-24, where the two employed schemes are similar but not identical. The charm-
connected contribution, computed in Mainz/CLS-24 and ETM-24, is numerically negligible at the current level of
precision and has not been obtained in the WP25 scheme in either work. We note that this procedure uses the LD
disconnected and strange contributions from only Mainz/CLS-24.

By adding the averaged isovector contribution, aLD
µ (I1) = 9

10 aLD
µ (ud), to the isoscalar contribution, aLD

µ (I0) =
42.5(1.8)stat(1.5)syst [27], one obtains

aLD
µ (iso) = 407.9(5.0) ↑ 10→10 , (3.28)

for the LD window observable in isoQCD within the WP25 scheme, again without scale uncertainty.

3.5. Flavor decomposition
In this section, we summarize the results for flavor specific contributions to aHVP, LO

µ . Following the breakdown
in Eq. (3.11), we consider the light-, strange-, and charm-quark connected contributions, followed by a discussion of
the disconnected contribution. These results are obtained by considering the individual flavor contributions over the
entire integration range. In principle, this corresponds to performing the integral of Eq. (3.12). However, in practice,

sufficiently high-energy two-pion states [446].
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2

distance region, and the current paper which focuses on
the dominant light-quark connected contribution is a first
step in this direction. The results reported in the follow-
ing are unchanged compared to our unblinding presenta-
tion at Lattice 2024 [43].

In future work, we will improve our previous results
[29] on the quark disconnected contributions, strong-
isospin-breaking (SIB) and QED corrections and improve
our lattice spacing determinations to complete the calcu-
lation of aµ at the next precision frontier. We note that
a combination of lattice and data-driven methodology is
also an interesting approach as suggested in Ref. [29] and
recently demonstrated in Ref. [40].

METHODOLOGY

We address the particular challenges of the long-
distance window by building on ideas of the improved
bounding method [44] and finite-volume exclusive state
reconstruction [45]. These methods are expressed in
terms of the time-momentum representation [46]

aHVP LO
µ =

→∑

t=0

wtC(t) (1)

with C(t) = 1
3

∑
ωx

∑
j=0,1,2→Jj(ωx, t)Jj(0)↑, vector current

Jµ(x) = i
∑

f Qf !f (x)εµ!f (x) with fractional electric
charge Qf , and sum over quark flavors f . The correlator
C(t) at zero temperature admits a spectral representation

C(t) =
1

3

∑

j=0,1,2

∑

n

|→n|Ĵj |0↑|2e↑Ent (2)

with zero-momentum vector operator Ĵj , Hamiltonian
eigenstate |n↑, and energy En for the discrete finite-
volume spectrum. The weights wt can be discretized
in di”erent ways. We use the two approaches de-
scribed in Ref. [31]. We drop the HVP LO la-
bel in the following and separate the window con-
tributions as in Ref. [29] into aµ = aSD

µ + aW
µ +

aLD
µ . We have aSD

µ (t0, #) =
∑→

t=0 C(t)wt[1 ↓
$(t, t0, #)], aW

µ (t0, t1, #) =
∑→

t=0 C(t)wt[$(t, t0, #) ↓
$(t, t1, #)], and aLD

µ (t1, #) =
∑→

t=0 C(t)wt$(t, t1, #)
with $(t, t↓, #) = [1 + tanh [(t ↓ t↓)/#]] /2. We select
t0 = 0.4 fm, t1 = 1.0 fm, and # = 0.15 fm as suggested
in Ref. [29].

The correlators C(t) are computed with a hierarchical
approximation scheme [29, 47, 48] using locally-coherent
low-modes with exact eigenvalues [49]. In addition, as
described in Ref. [44], we use exact distillation [50, 51]
and have made our code publicly available [52].

In Tab. I we provide a list of all lattice gauge ensem-
bles used in this study. For the physical pion mass en-
sembles with mεL ↔ 5 (96I and C) we use 200 Laplace

ID a→1/GeV L3 → T → Ls/a5 mω/MeV mK/MeV mωL
96I 2.6920(67) 963 → 192 → 12 131.29(66) 484.5(2.3) 4.7
64I 2.3549(49) 643 → 128 → 12 138.98(43) 507.5(1.5) 3.8
48I 1.7312(28) 483 → 96 → 24 139.32(30) 499.44(88) 3.9
C 1.7312(28) 643 → 96 → 24 139.32(30) 499.44(88) 5.2
4 1.7312(28) 243 → 48 → 24 274.8(2.5) 530.1(3.1) 3.8
D 1.7312(28) 323 → 48 → 24 274.8(2.5) 530.1(3.1) 3.8
1 1.7312(28) 323 → 64 → 24 208.1(1.1) 514.0(1.8) 3.8
3 1.7312(28) 323 → 64 → 24 211.3(2.3) 603.8(6.1) 3.9
9 2.3549(49) 323 → 64 → 12 278.9(0.6) 531.2(0.7) 3.8
L 2.3549(49) 643 → 128 → 12 278.9(0.6) 531.2(0.7) 7.6

TABLE I. List of Nf = 2 + 1 ensembles with parameters
determined in the RBC/UKQCD18 isospin symmetric world
defined in Eq. 3. The ensembles have Iwasaki gauge action
and Möbius [53] domain-wall [54, 55] fermion sea quarks with
b = 1.5 and c = 0.5. The parameters b and c are defined
in Ref. [56]. The scripts generating the new ensembles are
publicly available [52].
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FIG. 1. Reconstruction of the lowest N states CN (t)
compared to the inclusive C(t) for the 96I ensemble with
wLD

t = wt!(t, t1,”). The exponential growth of statistical
noise in C(t) is absent in the reconstruction.

eigenmodes and for all other ensembles we use 60. We
use an operator basis including a local vector current, a
distillation-smeared vector current, and two-pion opera-
tors up to a relative momentum of p = (2, 0, 0)(2ϑ/L) for
the case of 60 Laplace eigenmodes and p = (2, 2, 0)(2ϑ/L)
for the case of 200 Laplace eigenmodes. All operators are
in the Tu

1 , I = 1 irreducible representation since we focus
on the dominant light-quark connected contribution.

In Fig. 1, we demonstrate the reconstruc-
tion of the first N states via CN (t) =

(1/3)
∑

j=0,1,2

∑N
n=1 |→n|Ĵj |0↑|2e↑Ent compared to

the full C(t). The figure shows the result of using only
distillation smeared operators (vector and two-pion)
in a generalized eigenvalue problem (GEVP) study
[57, 58] to find the En and optimal operators to project

▶ Uncertainty of HVP dominated by long-distance window uncertainty

▶ New technology: exclusive state reconstruction, right figure from RBC/UKQCD-24 (PRL 134, 201901
(2025))

▶ Other challenge: long-distance of QED corrections is currently not well constrained, added entire
phenomenological estimate as added uncertainty for WP25
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Figure 37: Weighted averages of the total HVP contribution to aµ for the various averaging procedures described in the text, see Ta-
ble 18 for more details. The final quoted value for aHVP, LO

µ is denoted by the black, filled circle; results for the other averaging
procedures are shown as blue, unfilled symbols.

virtually identical result to Avg. 1. Incidentally, the Avg. 1 central value and error are close to being medians for the
five results listed in Table 18. In summary, we take aHVP, LO

µ

∣∣∣lat
Avg. 1 as our final result for the WP25 consolidated lattice

HVP average. Hence, quoting Eq. (3.31), we obtain

aHVP, LO
µ

∣∣∣∣
lat

WP25
= 713.2(6.1) → 10↑10 , (3.37)

which has a precision of 0.9%. This result is a testimony to the significant progress accomplished by lattice computa-
tions of aHVP, LO

µ since WP20 [1].

3.7. Other observables

3.7.1. Isospin-breaking corrections for ω data
Dispersive determinations of aHVP, LO

µ based on ω data, specifically on vector-mediated decays of the ω lepton into
final hadronic states, have been proposed long ago [189]. In the limit of exact isospin symmetry the underlying charged
spectral density agrees with the corresponding neutral one, obtained from e+e↑ data, but given the high-precision target
of aHVP, LO

µ , accurate experimental determinations of the differential rates together with a precise control of IB effects
are necessary. These aspects are discussed, from a phenomenological point of view, in Sec. 2.3 with a specific focus
on the dominant 2ε channel. In this problem, lattice QCD+QED simulations can play an important role in providing
solid first-principle results as proposed in Ref. [247], where the difference of the (fully) inclusive spectral densities in
the charged and neutral channels has been first examined, see also Sec. 2.3.5.

Contrary to the calculation of IB effects for HVP, the presence of electric charge in initial and final states severely
complicates the problem. Setting aside the technicalities on the definition of QED on a torus, an important challenge
arising here is in the IR divergences. By studying the contributions to the decay rate, rather than the individual
Feynman diagrams, it is possible to isolate three classes of IR safe contributions, as reported in Ref. [473], amounting
to factorized initial- and final-state effects, and mixed nonfactorizable contributions (where a photon is exchanged
between the lepton and the hadronic system). For the first, thanks to the perturbative nature of QED, pure analytic
control is achieved [197, 198], see also Sec. 2.3, and progress in defining a factorized correction has been recently
reported [474].

The focus of Ref. [247] was instead on the final-state effects, with the intent to study them in a fully inclusive
manner by re-using QED and SIB correlation functions, already generated for the study of IB effects of the (Euclidean
lattice) HVP contribution. By splitting the ud EM current jµ into its two isospin components, jI

k (with I = 0, 1 and
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▶ Consolidation of individual components has led to stability, independent of how averages are performed

▶ Average 1: For each flavor, average windows first; takes most modern information into account

▶ Average 2A: Average results for the total flavor contributions

▶ Average 2B: Average results for total flavor contributions constructed from each collaboration’s window
results

▶ Average 3: Average isospin-symmetric total and isospin-breaking corrections separately (BMW, Mainz,
RBC/UKQCD enter)

▶ Average 4: Average total results of each collaboration (BWM, Mainz, RBC/UKQCD enter)
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Figure 83: Summary of the current SM prediction for aµ in comparison to experiment (red band and data points). The final WP25 prediction is
denoted in black and via the blue band, it derives from the LO HVP result defined by the lattice-QCD “Avg. 1” shown in blue, see Eq. (3.37). The
gray band indicates the WP20 result, based on the e+e→ experiments above the first dashed line. These experimental ranges, as well as the ones for
SND20 and CMD-3 that appeared after WP20, are produced as in Fig. 27; they are meant to illustrate the current situation, but cannot be interpreted
as uncertainties with a proper statistical meaning. The ω point refers to Eq. (2.23), the numerical results are collected in Table 5. In all cases except
for the gray WP20 band the LO HVP results are combined with WP25 values for the remaining contributions, as summarized in Table 1. The figure
has been updated after the announcement of the final results from the Fermilab experiment, including the corrections to the previous experimental
points as detailed in Ref. [8].

obtain
aHLbL
µ = 112.6(9.6) ↑ 10→11 , (9.2)

where the uncertainty includes a scale factor S = 1.5. With this average, the NLO contribution in Eq. (5.70) slightly
changes to aHLbL, NLO

µ = 2.8(6) ↑ 10→11, and the total HLbL contribution becomes

aHLbL
µ + aHLbL, NLO

µ = 115.5(9.9) ↑ 10→11 . (9.3)

Combining Eqs. (9.1) and (9.3) with the QED and EW contributions from Eqs. (7.27) and (8.12), we obtain for the
final SM prediction

aSM
µ = 116 592 033(62) ↑ 10→11 , (9.4)

which can be compared to the current experimental average [5–8, 10–13]44

aexp
µ = 116 592 071.5(14.5) ↑ 10→11 . (9.5)

At the current level of precision there is no tension between the SM prediction and the experimental world average:

∆aµ ↓ aexp
µ → aSM

µ = 38(63) ↑ 10→11 . (9.6)

This marks a significant shift from the conclusions of WP20, which is driven by the developments relating to the HVP
LO contribution, as can be seen in Table 33 and Fig. 83.

44This paper was posted on arXiv on May 28, 2025. The text and all numbers pertaining to the SM prediction have remained unchanged, but the
experimental world average has been updated according to the E989 announcement on June 3, 2025. The experimental results in abstract, Table 1,
Figs. 27, 40, and 83, and this section have been updated accordingly.
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Contribution WP25 WP20

HVP LO (lattice) 7132(61) 7116(184)
HVP LO (e+e→, ω) Table 5 6931(40)↑

HVP NLO (e+e→) →99.6(1.3) →98.3(7)
HVP NNLO (e+e→) 12.4(1) 12.4(1)
HLbL (phenomenology) 103.3(8.8) 92(19)
HLbL NLO (phenomenology) 2.6(6) 2(1)
HLbL (lattice) 122.5(9.0) 82(35)
HLbL (phenomenology + lattice) 112.6(9.6) 90(17)

QED 116 584 718.8(2) 116 584 718.931(104)
EW 154.4(4) 153.6(1.0)
HVP (LO + NLO + NNLO) 7045(61) 6845(40)
HLbL (phenomenology + lattice + NLO) 115.5(9.9) 92(18)
Total SM Value 116 592 033(62) 116 591 810(43)

Table 33: Comparison of the key results from this work (WP25), as given in Table 1, to the corresponding numbers from WP20 [1] (in units of
10→11). Note that the “HLbL (lattice)” result from WP20 has been adapted to include the charm-loop contribution. The entry “HVP (LO + NLO
+ NNLO)” derives from HVP LO (lattice) [WP25] and HVP LO (e+e→) [WP20], respectively. The asterisk indicates that the LO HVP value from
WP20 was based on e+e→ data only, while in Table 5 we also include the current status for ω-based evaluations.

9. Conclusions and outlook

In this second edition of the White Paper on the muon g → 2, we have charted the progress that has been achieved
since 2020 in evaluating the contributions from the electromagnetic (QED), electroweak (EW), and strong (QCD)
interactions to aµ.

Both the QED and EW contributions have changed very slightly since the first edition, as can be seen from Ta-
ble 33. A discrepancy in the evaluation of a sub-class of the 10th-order QED contribution has been resolved [65–67],
leading to a tiny shift in the central value of aQED

µ . At the same time, the current tension in the experimental deter-
mination of the fine-structure constant ε is reflected in an increase of the error and a change in the last decimal. The
quoted uncertainty for the EW contribution has more than halved since WP20, thanks to a more precise determination
of hadronic effects in the two-loop EW contributions [746], while also the precision in input parameters such as the
top-quark and Higgs-boson masses has increased. Contributions to aµ from QCD are still by far the dominant sources
of uncertainty. Here, much of the current debate is centered on hadronic vacuum polarization (HVP). Significant
developments in both data-driven, dispersive and lattice-QCD determinations of the HVP contribution to aµ have fun-
damentally changed the picture since WP20. This is reflected by the updated SM estimate, in which the result for the
LO HVP contribution is now based on lattice-QCD calculations rather than the data-driven dispersive method.

For the data-driven approach, the CMD-3 measurements of the e+e→ ↓ ϑ+ϑ→ cross section [95, 96] are higher
than those of all other data sets. Despite substantial efforts, see the detailed discussions in Sec. 2, the emerged discrep-
ancies in this dominant channel are so far not understood and, unlike in WP20, cannot be accommodated any longer
through any reasonable inflation of uncertainties in data combinations. The current situation is summarized in Fig. 26.
Resolving the puzzles will require new measurements, together with an improved understanding of higher-order ra-
diative corrections and their implementation in MC generators. For the former, new data analyses, in particular for
the two-pion channel, are expected from several experiments. For the latter, efforts are underway by several groups,
coordinated by the RadioMonteCarLow 2 initiative. However, at this moment, the situation regarding the ϑ+ϑ→ data
remains unresolved and prevents us from providing a common average for the data-driven dispersive estimate of
aHVP, LO
µ . In addition, we re-examined the role of isospin-breaking corrections to hadronic ω spectral-function data,

providing a detailed assessment of our current understanding thereof, of promising work in progress and avenues for
future improvements. We are confident that the latter will allow the use of hadronic ω decays as additional input for
the critical two-pion channel in the future. At the time of WP20 the precision of lattice-QCD calculations was not
yet sufficient to impact the SM prediction, and the value quoted for HVP in the SM prediction of WP20 is entirely
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Outlook

▶ Lattice QCD will continue until exp. precision is matched; no blockers identified so far

▶ Further scrutiny of hadronic e+e− tensions is needed and on-going

▶ Including hadronic τ decays after IB corrections available without modelling (LQCD, dispersive approach)

▶ Other approaches to extract the HVP (such as MUonE) are followed as well
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