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Ultimate motivation: Roper
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N(1440) 1/2+ I (JP ) = 1
2 (

1
2
+) Status: →→→→

Older and obsolete values are listed and referenced in the 2014 edi-
tion, Chinese Physics C38C38C38C38 070001 (2014).

N(1440) POLE POSITIONN(1440) POLE POSITIONN(1440) POLE POSITIONN(1440) POLE POSITION

REAL PARTREAL PARTREAL PARTREAL PART
VALUE (MeV) DOCUMENT ID TECN COMMENT

1360 to 1380 (→ 1370) OUR ESTIMATE1360 to 1380 (→ 1370) OUR ESTIMATE1360 to 1380 (→ 1370) OUR ESTIMATE1360 to 1380 (→ 1370) OUR ESTIMATE

1374± 3±4 1 HOFERICHT... 24 RVUE πN → πN

1353± 1 ROENCHEN 22 DPWA Multichannel
1369± 3 SOKHOYAN 15A DPWA Multichannel
1363± 2±2 2 SVARC 14 L+P πN → πN

1375±30 CUTKOSKY 80 IPWA πN → πN

• • • We do not use the following data for averages, fits, limits, etc. • • •

1360 HUNT 19 DPWA Multichannel
1355 ROENCHEN 15A DPWA Multichannel
1386 SHKLYAR 13 DPWA Multichannel
1370± 4 ANISOVICH 12A DPWA Multichannel
1363±11 BATINIC 10 DPWA πN → N π, N η
1359 ARNDT 06 DPWA πN → πN, ηN
1383 VRANA 00 DPWA Multichannel
1385 HOEHLER 93 SPED πN → πN

1Roy-Steiner equations and Pade methods applied to πN scattering amplitudes and pionic
atom data.

2 Fit to the amplitudes of HOEHLER 79.

−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART
VALUE (MeV) DOCUMENT ID TECN COMMENT

180 to 205 (→ 190) OUR ESTIMATE180 to 205 (→ 190) OUR ESTIMATE180 to 205 (→ 190) OUR ESTIMATE180 to 205 (→ 190) OUR ESTIMATE

215±18±8 1 HOFERICHT... 24 RVUE πN → πN

203± 2 ROENCHEN 22 DPWA Multichannel
189± 5 SOKHOYAN 15A DPWA Multichannel
180± 4±5 2 SVARC 14 L+P πN → πN

180±40 CUTKOSKY 80 IPWA πN → πN

• • • We do not use the following data for averages, fits, limits, etc. • • •

186 HUNT 19 DPWA Multichannel
215 ROENCHEN 15A DPWA Multichannel
277 SHKLYAR 13 DPWA Multichannel
190± 7 ANISOVICH 12A DPWA Multichannel
151±13 BATINIC 10 DPWA πN → N π, N η
162 ARNDT 06 DPWA πN → πN, ηN
316 VRANA 00 DPWA Multichannel
164 HOEHLER 93 SPED πN → πN

1Roy-Steiner equations and Pade methods applied to πN scattering amplitudes and pionic
atom data.

2 Fit to the amplitudes of HOEHLER 79.
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• • • We do not use the following data for averages, fits, limits, etc. • • •

365± 35 ANISOVICH 12A DPWA Multichannel
248± 5 1 SHRESTHA 12A DPWA Multichannel
437±141 BATINIC 10 DPWA πN → N π, N η
668± 41 PENNER 02C DPWA Multichannel
490±120 VRANA 00 DPWA Multichannel

1 Statistical error only.

N(1440) DECAY MODESN(1440) DECAY MODESN(1440) DECAY MODESN(1440) DECAY MODES

The following branching fractions are our estimates, not fits or averages.

Mode Fraction (Γi /Γ)

Γ1 N π 55–75 %

Γ2 N η <1 %

Γ3 N ππ 17–50 %

Γ4 ∆(1232)π , P-wave 6–27 %

Γ5 N σ 11–23 %

Γ6 pγ , helicity=1/2 0.035–0.048 %

Γ7 nγ , helicity=1/2 0.02–0.04 %

N(1440) BRANCHING RATIOSN(1440) BRANCHING RATIOSN(1440) BRANCHING RATIOSN(1440) BRANCHING RATIOS

Γ
(

N π
)

/Γtotal Γ1/ΓΓ
(

N π
)

/Γtotal Γ1/ΓΓ
(

N π
)

/Γtotal Γ1/ΓΓ
(

N π
)

/Γtotal Γ1/Γ
VALUE (%) DOCUMENT ID TECN COMMENT

55 to 75 (≈ 65) OUR ESTIMATE55 to 75 (≈ 65) OUR ESTIMATE55 to 75 (≈ 65) OUR ESTIMATE55 to 75 (≈ 65) OUR ESTIMATE

59 ±2 1 HUNT 19 DPWA Multichannel
63 ±2 SOKHOYAN 15A DPWA Multichannel
56 ±2 1 SHKLYAR 13 DPWA Multichannel
78.7±1.6 1 ARNDT 06 DPWA πN → πN, ηN
68 ±4 CUTKOSKY 80 IPWA πN → πN

51 ±5 HOEHLER 79 IPWA πN → πN

• • • We do not use the following data for averages, fits, limits, etc. • • •

62 ±3 ANISOVICH 12A DPWA Multichannel
64.8±0.9 1 SHRESTHA 12A DPWA Multichannel
62 ±4 BATINIC 10 DPWA πN → N π, N η
57 ±1 PENNER 02C DPWA Multichannel
72 ±5 VRANA 00 DPWA Multichannel

1 Statistical error only.

Γ
(

N η
)

/Γtotal Γ2/ΓΓ
(

N η
)

/Γtotal Γ2/ΓΓ
(

N η
)

/Γtotal Γ2/ΓΓ
(

N η
)

/Γtotal Γ2/Γ
VALUE (%) DOCUMENT ID TECN COMMENT

• • • We do not use the following data for averages, fits, limits, etc. • • •

0±1 VRANA 00 DPWA Multichannel
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Discovered in 1963!

Breit-Wigner parameters: M = 1410 − 1470 MeV, Γ = 250 − 450 MeV

Decays to both 2- and 
3-particle channels

A copy of the proton with 50% greater mass: 

• Can we understand using LQCD?

• No methodology exists at present
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Theoretical challenges
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• Decays into three-particle channels ( )

• Work in RFT approach [Hansen & SRS, 2014, …]

• Dealing with nondegenerate particles with spin

• Combine nondegenerate formalism of [Blanton & SRS, 2020] with an adaptation of 
inclusion of spin in three-neutron system [Draper, Hansen, Romero-López, SRS, 2023]

• Incorporating flavor structure for different total isospins 

•

• In each case can have either a nucleon or pion spectator

• Understanding singularities of 3-particle amplitudes if one pair is below threshold

• Dealing with the presence of both 2- and 3-particle channels ( )

Nππ

1
2 ⊗ 1 ⊗ 1 = 1

2 ⊗ (0 ⊕ 1 ⊕ 2) = 1
2 ⊕ 1

2 ⊕ 3
2 ⊕ 3

2 ⊕ 5
2

Nπ + Nππ
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• Decays into three-particle channels ( )

• Use QC3—work in RFT approach [Hansen & SRS, 2014, …]

• Dealing with nondegenerate particles with spin

• Combine nondegenerate formalism of [Blanton & SRS, 2020] with an adaptation of 
inclusion of spin in three-neutron system [Draper, Hansen, Romero-López, SRS, 2023]

• Incorporating flavor structure for different total isospins 

•

• In each case can have either a nucleon or pion spectator

• Understanding singularities of 3-particle amplitudes if one pair is below threshold

• Dealing with the presence of both 2- and 3-particle channels ( )

Nππ

1
2 ⊗ 1 ⊗ 1 = 1

2 ⊗ (0 ⊕ 1 ⊕ 2) = 1
2 ⊕ 1

2 ⊕ 3
2 ⊕ 3

2 ⊕ 5
2

Nπ + Nππ

• Formalism only complete for , where mixing with  is forbidden

• Have partial formalism for , ignoring mixing with 

I = 5/2 Nπ
I = 1/2, 3/2 Nπ

Status

4



S.R.Sharpe, “Finite-volume formalism for  at maximal isospin…,” LATTICE 2025Nππ /10

Sketch of result
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E0(L)

E1(L)

E2(L)

M3

Infinite-volume 
integral eqs.

Quantization 
Conditions 

(QC2 & QC3)2- and 3-particle 
spectra  

(Nπ, ππ, Nππ)

ℳ2

• Result takes standard form
ℳ2𝒦2

𝒦2

Kdf,3

N
π
π

Matrix indices are:
channel, spectator momentum, 

pair angular momentum, 
lab frame nucleon spin

dimensional flavor basis,
{

|(ωω)2N→ , |(Nω)3/2ω→

}
. (2.2)

Here, the first two entries in each triplet form the pair, with isospin denoted by the sub-
script. The first element of each pair is the primary member, the significance of which is
discussed in section A.

Our first main result, a relation between the finite-volume spectrum and intermediate K
matrices, takes the standard RFT form [17]. Up to exponentially suppressed finite-volume
e!ects, the quantization condition

det
ipωmms

(
1 + K̂df,3(Eε)F̂3(E,P , L)

)
= 0 , (2.3)

determines the interacting finite-volume energies En(L).
Solutions are valid provide that the corresponding CMF energy, given in terms of the

finite-volume energy E by
Eε =

√
E2 ↑ P 2 , (2.4)

lies within the range
√

M2
N

+ 2M2
ϑ + Mϑ < Eε < MN + 3Mϑ , (2.5)

i.e., above nonanalyticities induced by left-hand cuts, and below the inelastic threshold.
We emphasize that K̂df,3 depends on the CMF energy Eε whereas F̂3 depends separately on
the finite-volume-frame energy E, the total three-momentum in that frame P (an integer
three-vector multiple of 2ω/L), and the box length L. Suppressing these coordinates going
forward, the two key objects are defined as

F̂3 ↓
F̂

3 + F̂
1

1 ↑ M̂2,LĜ
M̂2,LF̂ , M̂2,L ↓

1
[K̂2,L]→1 ↑ F̂

. (2.6)

Each quantity with a caret is a matrix in the tensor-product space labeled by several
indices: the spectator-flavor index i, running over the two choices in eq. (2.2); the spectator
momentum p, running over allowed finite-volume momenta; the spin ε and z-component
m of the pair; and, finally, the z component of the spin of the nucleon, taking values
ms = ±1/2. The set of allowed p is truncated by a cuto! function that is built into the
formalism: see eq. (2.14) and surrounding discussion. The sum over ε is truncated by hand
in a manner to be discussed below (see, in particular, section 2.1). The net result is that, in
practical applications, the matrices are finite dimensional, and numerical implementation
is straightforward.

The derivation sketched in section A yields the following results for the component
matrices of the quantization condition. The F matrix is

F̂ =
(

FN 0
0 Fϑ

)

, (2.7)

– 4 –

QC3:

J
H
E
P
0
1
(
2
0
2
5
)
0
6
0

truncate in s in the same manner as for the integral equations — see the end of section 2.1.
In the following, we describe the building blocks of the above equation in detail.

First, the matrix F̂3 is given in terms of three components, F̂ , Ĝ and K̂2, as,

F̂3 → F̂

3 − F̂
1

1 + M̂2,LĜ
M̂2,LF̂ , M̂2,L → 1

K̂→1
2,L + F̂

. (3.7)

The first component is,

F̂ = diag
(
F̃D, F̃ π

)
, (3.8)

where flavor indices are displayed explicitly, and

[
F̃ (i)

]

p′s′m′;psm
=ωp′p

H(i)(p)
2ω(i)

p L3








 1
L3

UV∑

a

−p.v.
UV∫

d3a

(2ϑ)3





×



Ys′m′(a"
p′)


q"
p′
s′

1
4ω(j)

a ω(k)
b


E−ω(i)

p −ω(j)
a −ω(k)

b


Y∗
sm(a"

p)
q"
p

s



+ 1

8ϑ


σ(i)
p

c(i)PV,s

(q"
p)2s





.

(3.9)

Much of the notation is as for F2 above — see eq. (3.4)—while the cPV coefficients have
been introduced in eq. (2.34). Here, however, there are three particles: the initial spectator
with momentum p and flavor i, and the corresponding pair, consisting of a primary with
momentum a and flavor j, and a secondary with momentum b = P − p − a and flavor k.
The momentum a"

p is the result of boosting a = (ω(j)
a ,a) to the c.m. frame of the pair, while

q"
p is defined in eq. (2.20). We have kept flavor indices explicit, as there is an ambiguity
as to which member of the pair is primary if i = D. Our choice in this case is j = D,
k = ϑ. If i = ϑ, then we have j = k = D.

The flavor structure of Ĝ is given as,

Ĝ =


G̃DD −
↔
2P (s) G̃Dπ

−
↔
2 G̃πDP (s) 0



, (3.10)

where the entries are defined by,
[
G̃(ij)

]

ps′m′;rsm
= 1

2ω(i)
p L3

Ys′m′(r"
p)


q"
p

s′
Hi(p)Hj(r)
b2pr − m2

ij

Y∗
sm(p"

r)
q"
r

s
1

2ω(j)
r L3

, (3.11)

and,
[P (s)]ps′m′;rsm = ωpr ωs′sωm′m (−1)s . (3.12)

We note that eq. (3.11) is closely related to eq. (2.27), with two main differences: an overall
2ωpL3 factor, and the fact that the spherical harmonics in eq. (2.26) are defined with respect
to the azimuthal component, and not in the spin-helicity basis.

The final component of F̂3 is K̂2,L, given by

K̂2,L = diag
(
KDπ,I=1/2

2,L , 12 K
DD,I=1
2,L

)
, (3.13)

– 19 –

 and  and known kinematic 
matrices

̂F ̂G
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Dealing with nucleon spin

6

• Use nucleon spin component in lab frame

• Complication arises when incorporating  for  scattering

• Then want nucleon spin defined in pair CM frame, so it can be combined with 

• Relating spin components in two frames requires Wigner rotations

𝒦2 Nπ

ℓ

The quantities entering zX(p) depend on the spectator. ωX(p), defined in eq. (A.14), is
the squared invariant mass of the nonspectator pair for a spectator of flavor X having
momentum p. The value of ωX at the pair threshold is denoted ωth

X
, while ωmin

X
is the

subthreshold value of the squared invariant mass at which the cuto! function vanishes.
For X = N , we have

ωmin
N = 0 , ωth

N = 4M2
ω , (2.15)

chosen such that zN (p) vanishes at the left-hand cut corresponding to two-pion exchange.
Finally, εH is a small positive quantity, which ensures that the HX(p) reaches unity slightly
below the subchannel threshold.

Now we turn to the more complicated and interesting case in which the pion is the
spectator. We first remove the trivial L dependence following eq. (A.24),

[K2,L(Nϑ, I)]p→ε→m→m→
s;pεmms = 2ϖω(p)L3ϱp→p [KNω,I

2 (qϑ

ω(p))]ε→m→m→
s;εmms , (2.16)

with K
Nω,I

2 being an infinite-volume quantity, depending on qϑ
ω(p), which we denote as

simply q in the following. Nϑ scattering is described most naturally in terms of angular
momentum variables in the pair CMF. While ς, m are defined in this frame, ms is not, and
our first task is to connect spin variables in these two frames.

To do so, we recall results from ref. [47], itself based largely on ref. [52]. The lab-frame
nucleon state with momentum a and spin-component ms is defined by

|a, ms(a)→ ↑ U(L(ωN (a))) |0, ms→ , (2.17)

where U(L(ωN (a))) is a unitary representation of a Lorentz boost with velocity ωN (a) =
a/ϖN (a), and |0, ms→ is a nucleon state at rest with azimuthal component ms relative to
the lab-frame z axis. Following ref. [47], we have introduced the notation that the argument
of ms indicates the nature of the moving state. If, as is the case here, the state is obtained
by a single boost from the state at rest, then the argument of ms matches the momentum
of the state. The action of rotations on the moving state is

U(R) |a, ms(a)→ =
∣∣Ra, m→

s(Ra)
〉

D
(1/2)
m→

sms
(R) , (2.18)

i.e. the transformation is exactly as in nonrelativistic quantum mechanics. This moving
state is that corresponding to the relativistic spinors u(a, ms).

The complications due to Wigner rotations arise when boosting from the lab frame to
the CMF of the Nϑ pair. The boost velocity required to achieve this is given by

ωNω(p) = ↓
P ↓ p

E ↓ ϖω(p) , (2.19)

where p is the spectator momentum (i.e. the momentum of the pion that is not in the Nϑ

pair). The action of this boost on the lab-frame state is given by [47]

|aϑ, ms(a)→ ↑ U
(
L

(
ωNω(p)

))
|a, ms(a)→ =

∣∣aϑ, m→
s(aϑ)

〉
D

(1/2)
m→

sms
(R(φ(a,p), n̂(a,p))) ,

(2.20)

– 6 –

Lab frame spin 
component

Pair frame spin 
component

Wigner 
rotation

Boost 
operator

contains dependence on angles; and, finally, decompose the resulting angular dependence
into the ω, m basis. We stress that this final decomposition is done in terms of angles in
the pair CMF, even though the spin index is now defined in the lab frame.

Following these steps, we find

[KNω,I

2 (qε

ω(p))]ϑ→m→m→
s;ϑmms

= [D(p)]ϑ→m→m→
s;ϑω→mω→mω→

s
[KNω,ε,I

2 (qε

ω(p))]ϑω→mω→mω→
s ;ϑωmωmω

s
[D(p)]ϑωmωmω

s ;ϑmms , (2.26)

or, suppressing the indices

K
Nω,I

2 (qε

ω(p)) = D(p) · K
Nω,ε,I

2 (qε

ω(p)) · D(p) , (2.27)

where

[D(p)]ϑmms;ϑωmωmω
s

=
∫

d!aωY →
ϑm(âε)[D(1/2)(a,p)↑1]msmω

s
Yϑωmω(âε) , (2.28)

[D(p)]ϑωmωmω
s ;ϑmms =

∫
d!aωY →

ϑωmω(âε)[D(1/2)(a,p)]mω
smsYϑm(âε) . (2.29)

The evaluation of the D(p) and D(p) matrices is straightforward but tedious, and is
described in section C. We note that, in the nonrelativistic limit, both matrices equal the
identity matrix, as expected since Wigner rotations are not needed in this limit. Another
feature is that, even if one truncates the sum over ωε, these matrices will be nonzero in
general for all values of ω. However, we find in numerical examples that the expected
threshold suppression as one increases ωε is carried over to that in ω. In practice, we
therefore use the same maximum value for ω as for ωε.

In the remainder of this section we describe the form of K
Nω,ε,I

2 (qε
ω(p)), i.e. the two-

particle K matrix in the pair CMF. Here the complication due to spin is that K
Nω,I

2 (qε
ω(p))

is not diagonal in the ω, s basis, due to the recoupling of ω and s into the total angular
momentum, j. The allowed values are j = ω ± 1/2 for ω → 1, so two (adjacent) values
of ω lead to each choice of j. However, parity conversation forbids mixing between these
choices, so, in fact, the amplitudes are diagonal in both j and ω. Thus we find the following
expression for the Nε K matrix,

[KNω,ε,I

2 (qε

ω(p))]ϑω→mω→mω→
s ;ϑωmωmω

s
= ϑϑω→ϑω

∑

j

P jϑ
ω

mω→mω→
s ;mωmω

s
K

Nω,I

2;jϑω (qε

ω(p)) , (2.30)

P jϑ
ω

mω→mω→
s ;mωmω

s
=

∑

µj

↑ωεmε↓, 1
2mε↓

s |jµj↓↑jµj |ωεmε, 1
2mε

s↓ . (2.31)

The restriction to allowed values of j is enforced by the Clebsch-Gordon coe!cients in the
projectors P jϑ

ω . If we restrict to ωε
max = 1, then only three channels contribute, {j, ω} =

{1/2, 0}, {1/2, 1}, and {3/2, 1}. The (inverses of their) K matrices are given by

1
K

Nω,I

2;j,ϑ
(qε

ω(p))
= 1

8εq2ϑ
√

ϖω(p)

{
q2ϑ+1 cot ϑj

ϑ
+ |q|q2ϑ[1 ↔ Hω(p)]

}
, (2.32)

– 8 –

contains dependence on angles; and, finally, decompose the resulting angular dependence
into the ω, m basis. We stress that this final decomposition is done in terms of angles in
the pair CMF, even though the spin index is now defined in the lab frame.

Following these steps, we find

[KNω,I

2 (qε

ω(p))]ϑ→m→m→
s;ϑmms

= [D(p)]ϑ→m→m→
s;ϑω→mω→mω→

s
[KNω,ε,I

2 (qε

ω(p))]ϑω→mω→mω→
s ;ϑωmωmω

s
[D(p)]ϑωmωmω

s ;ϑmms , (2.26)

or, suppressing the indices

K
Nω,I

2 (qε

ω(p)) = D(p) · K
Nω,ε,I

2 (qε

ω(p)) · D(p) , (2.27)

where

[D(p)]ϑmms;ϑωmωmω
s

=
∫

d!aωY →
ϑm(âε)[D(1/2)(a,p)↑1]msmω

s
Yϑωmω(âε) , (2.28)

[D(p)]ϑωmωmω
s ;ϑmms =

∫
d!aωY →

ϑωmω(âε)[D(1/2)(a,p)]mω
smsYϑm(âε) . (2.29)

The evaluation of the D(p) and D(p) matrices is straightforward but tedious, and is
described in section C. We note that, in the nonrelativistic limit, both matrices equal the
identity matrix, as expected since Wigner rotations are not needed in this limit. Another
feature is that, even if one truncates the sum over ωε, these matrices will be nonzero in
general for all values of ω. However, we find in numerical examples that the expected
threshold suppression as one increases ωε is carried over to that in ω. In practice, we
therefore use the same maximum value for ω as for ωε.

In the remainder of this section we describe the form of K
Nω,ε,I

2 (qε
ω(p)), i.e. the two-

particle K matrix in the pair CMF. Here the complication due to spin is that K
Nω,I

2 (qε
ω(p))

is not diagonal in the ω, s basis, due to the recoupling of ω and s into the total angular
momentum, j. The allowed values are j = ω ± 1/2 for ω → 1, so two (adjacent) values
of ω lead to each choice of j. However, parity conversation forbids mixing between these
choices, so, in fact, the amplitudes are diagonal in both j and ω. Thus we find the following
expression for the Nε K matrix,

[KNω,ε,I

2 (qε

ω(p))]ϑω→mω→mω→
s ;ϑωmωmω

s
= ϑϑω→ϑω

∑

j

P jϑ
ω

mω→mω→
s ;mωmω

s
K

Nω,I

2;jϑω (qε

ω(p)) , (2.30)

P jϑ
ω

mω→mω→
s ;mωmω

s
=

∑

µj

↑ωεmε↓, 1
2mε↓

s |jµj↓↑jµj |ωεmε, 1
2mε

s↓ . (2.31)

The restriction to allowed values of j is enforced by the Clebsch-Gordon coe!cients in the
projectors P jϑ

ω . If we restrict to ωε
max = 1, then only three channels contribute, {j, ω} =

{1/2, 0}, {1/2, 1}, and {3/2, 1}. The (inverses of their) K matrices are given by

1
K

Nω,I

2;j,ϑ
(qε

ω(p))
= 1

8εq2ϑ
√

ϖω(p)

{
q2ϑ+1 cot ϑj

ϑ
+ |q|q2ϑ[1 ↔ Hω(p)]

}
, (2.32)

– 8 –

where aω is the spatial part of (ωN (a),a) after the boost, and R(ε(a,p), n̂(a,p)) is the
rotation that results from combining two boosts. The axis and angle of the rotation are
given by

n̂(a,p) = ωNε(p) → ωN (a)
|ωNε(p) → ωN (a)| , (2.21)

cos ε(a,p) = (1 + ϑNε(p) + ϑN (a) + ϑ→(a,p))2

(1 + ϑNε(p)) (1 + ϑN (a)) (1 + ϑ→(a,p)) ↑ 1 , (2.22)

with the convention sin ε(a,p) ↓ 0, and we have also used the definitions

ϑ→(a,p) = ϑNε(p)ϑN (a)(1 + ωNε(p) · ωN (a)) , (2.23)

ϑNε(p) = 1
√

1 ↑ ωNε(p)2 , and ϑN (a) = 1
√

1 ↑ ωN (a)2 . (2.24)

On the left-hand side of eq. (2.20) we have introduced notation for a new type of moving
state, that which is obtained from the state at rest by two boosts (with velocities ωN (a)
and ωNε(p), respectively). The argument of ms, here a, does not match the momentum of
the state, here aω, unlike in the single-boost states on the right-hand side of eq. (2.20). The
choice of argument a on the left-hand side indicates that the spin component is associated
with the lab-frame momentum, which is the index that we use in the matrices appearing
in the quantization condition. On the other hand, m→

s(aω) is the spin component that
transforms as in nonrelativistic quantum mechanics under rotations in the pair CMF, and
thus which can be combined straightforwardly with the pair angular-momentum ϖ, m.

In the following, to lighten the notation, we replace m→
s(aω) with mω→

s , i.e. we use a
star to denote spin components that are associated with the pair CMF, while those in the
lab frame will not have stars. Thus eq. (2.20) becomes

|aω, ms↔ = |aω, mω

s↔ D
(1/2)
mω

sms
(a,p) , D

(1/2)
mω

sms
(a,p) ↗ D

(1/2)
mω

sms

(
R

(
ε(a,p), n̂(a,p)

))
,

(2.25)
where we have used the presence of the star to drop the prime on the dummy index mω

s, and
have also introduced a compact notation for the Wigner rotation matrix, now explicitly
dependent on both a and p.

With these results in hand, it is in principle straightforward to relate the matrix
[KNε,I

2 (qω
ε(p))]ϑ→m→m→

s;ϑmms in eq. (2.16) to that in which the indices are those in the pair
CMF, which we denote [KNε,ω,I

2 (qω
ε(p))]ϑω→mω→mω→

s ;ϑωmωmω
s
. We just need to conjugate with the

appropriate Wigner D matrix obtained from eq. (2.25). There is a complication, however,
arising from the fact that the Wigner rotation depends on the direction of the momenta of
the scattering pair, coupled with the fact that the dependence on ϖ and m is determined by
performing a decomposition of the angular dependence of the two-particle amplitude. For
this reason we have introduced the indices ϖω and mω, which indicate angular decomposition
in the pair CMF, without the inclusion of the Wigner rotation. Thus to proceed, we need to,
first, recombine [KNε,ω,I

2 (qω
ε(p))]ϑω→mω→mω→

s ;ϑωmωmω
s

with spherical harmonics in order to have a
function of the angles of the primary particle as well as the pair CMF spin indices; second,
apply the Wigner rotation matrix from eq. (2.25), which acts on these spin indices, but also

– 7 –

Projection of 
Wigner rotation

• Introduces extra rotation in :𝒦2
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• Initial hope: use the “LSZ” method 

• Include  automatically with , by having  as subthreshold pole in p-wave 

• Method has been successful in , having  as pole in p-wave 

Nπ Nππ N Nπ

DDπ ↔ DD* D* Dπ

Challenge of Nππ + Nπ

7

J
H
E
P
0
6
(
2
0
2
4
)
0
5
1

(a) (b)

Figure 1. Left: u-channel one-pion exchange in DD∗ scattering giving rise to the left-hand cut that
invalidates the Lüscher formalism for s ! slhc. Right: one-pion exchange diagram in DDω scattering.
The D∗ appears as a pole (resonant or bound) in the Dω scattering amplitude.

Thus the left-hand cut lies only 9MeV below threshold. Perhaps coincidentally, the position of
a putative virtual bound state obtained in ref. [55], determined by extrapolating the scattering
amplitude from above-threshold energies, lies very close to that of the left-hand cut. However,
as stressed in ref. [61], this extrapolation itself is not reliable as it relies on the effective-range
expansion, whose convergence fails at the left-hand cut. This is an example of the fact that,
even if one only uses lattice results in the allowed energy region, the left-hand cut must still
be accounted for. Altogether, the conclusions about the nature of the tetraquark from present
lattice studies using the Lüscher approach are clouded by these issues.

As the pion mass is lowered, the left-hand cut approaches the threshold, reaching it at the
point that the D→ becomes unstable. At that point one must use a three-particle formalism.

The finite-volume effects of the left-hand cut can be incorporated into the two-particle
formalism using the recently proposed approach of ref. [65], which explicitly accounts for the
pion pole.3 The present work provides an alternative method, which not only accounts for
the physics of the left-hand cut, but also extends the upper limit of the range of validity to
either the DDωω or D→D→ threshold, depending on kinematic details of the system.

2.2 Three-particle formalism in the particle-dimer regime

The relativistic three-particle formalism [30, 31] connects the finite-volume spectrum of
three particles to the three-particle scattering amplitude in the energy region where only
three-particle effects contribute. As already noted, the upper end of the range of validity is
increased compared to the two-particle formalism, in the present case to Ecm = 2MD + 2Mπ

(or 2M→
D if this is lower). The lower end of the range will turn out to be well below the

energies of interest, and we return to this below.
Of particular importance here is the fact that the three-particle formalism remains valid

in the presence of two-body bound states, as long as one uses an appropriately modified
two-particle K matrix. This is discussed in detail in ref. [43]. In particular, one can study the
three-particle amplitude below threshold, and by going to the D→ pole in the Dω subchannel
one can extract the D→D amplitude. This set-up is shown in figure 1(b). In other words, the

3See also ref. [66], where the effects are included in the context of a particular effective field theory.
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N
N

π

π π
?

[Hansen, Romero-López, SRS: 2401.06609,
Dawid, Romero-López, SRS: 2409.17059, …]

• Fails because of u-channel nucleon exchange singularity, which “shields” nucleon pole
present in all waves, which begins at ωNω = M2

N
→ M2

ω . Note that single-pion exchange
is forbidden by G parity, given our assumption of exact isospin symmetry. Higher-order
exchanges lead to additional singularities, but these lie even further below threshold.

N

⇡

⇡

N
(a)

N

⇡

N

⇡
(b)

N N

⇡ ⇡
(c)

Figure 1: Processes leading to left-hand singularities in the Nε amplitude: (a) u-channel
nucleon exchange; (b) s-channel nucleon pole; (c) t-channel two-pion exchange. Nucleon
lines are solid, while pion lines are dashed. Vertical dotted lines indicate the cuts leading
to the singularities.

The key issue is that the branch point of the u-channel left-hand cut lies closer to
threshold than the nucleon pole. Thus, in order to reach the nucleon pole, as is required
in the LSZ method, we must incorporate the cut into the formalism. We cannot simply
circumvent the branch point, e.g. by defining a contour from threshold to the nucleon pole
in the complex plane, as the nonanalyticity leads to power-law finite-volume e!ects (for
ωNω < M2

N
+ 2M2

ω) that we must incorporate. Instead, we must explicitly include the
corresponding diagram in the derivation. To do so in the Nεε system, however, one must
consider intermediate four-particle Nεεε states, as shown in figure 2. Thus, we conclude
that the LSZ method fails for describing Nε ↑ Nεε transitions.

N

⇡

⇡

⇡

N

⇡

Figure 2: Nεε diagram showing the need for a four-particle intermediate state (shown by
the dotted vertical line) to account for the u-channel left-hand cut in an Nε subchannel.
Notation as in figure 1.

To avoid the problem we must use a cuto! function that vanishes at or above the
position of the u-channel left-hand branch point, as we have done in section 2.1 above, and
in the numerical studies of the following section. Thus the s-channel nucleon pole is hidden,
and the alternative 2 ↑ 3 method is not available. Instead, the explicit inclusion of the
Nε intermediate state is required, using a generalization of the methodology of ref. [49].

In fact, there is a further, and arguably more fundamental, problem with applying
the LSZ method to the Nεε system. In the course of the derivation sketched in sec-
tion A, one must assume that the two-particle TOPT Bethe-Salpeter (BS) kernels are
nonsingular in the relevant kinematical region, since any singularities will lead to addi-
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Subthreshold singularities

8
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• 3PI 3-particle Bethe-Salpeter kernel must be singularity-free in our kinematic regime

• If not, then there are additional, uncontrolled power-law finite-volume effects

• For nondegenerate systems, we find a new locus of singularities in subthreshold region

• Requires modifications to the smooth cutoff function H(p)
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Numerical exploration

9
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5.9
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E
/M

!

N !!
! !

Figure 3: Low-lying finite-volume spectrum of I = 5/2 states with unit baryon number
in the G1g irrep for P = 0. Results are for the two-particle parameters described in the
text and K0 = 0. Results from the quantization condition are shown as solid, colored lines,
with the alternating colors used to distinguish the levels but having no further significance.
Noninteracting levels are shown by thin, black solid (Nωω) and dashed (!ω) lines. The
second !ω noninteracting level is doubly degenerate.

a change in the qualitative interpretation of these finite-volume levels from Nωω-like to
!ω-like and vice versa.

In figure 4 we examine the e! ect of Kdf,3 in the spectrum. To do so we zoom in on
the two lowest energy levels. We observe that the e! ect of nonzero Kdf,3 is only visible at
small volumes. This can be understood as a consequence of the relative 1/L3 suppression
of three-body e! ects compared to two-body e! ects in finite volume. Moreover, only the
lowest level is appreciably shifted by nonzero K0. This is expected as this level corresponds
to Nωω, all at rest, such that all particle pairs are in an s-wave. In contrast, !ω-like levels
are dominated by a relative p-wave and thus the contribution of K0 is subleading. Higher
order terms in Kdf,3 would be needed to shift this level more significantly.

6 Summary and outlook

In this work, we have taken an important step towards a finite-volume formalism for general
Nωω systems. Specifically, we have derived and implemented the formalism for the maximal
isospin sector, corresponding to pω+ω+ ! !++ω+ systems. Given the recent success in
calculations involving the ! resonance [67, 69], this system appears to be a promising
testbed for initial applications. We also note that, up to the di! ering particle masses, the
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Figure 4 : E! ect of K0 in the lowest two states in the spectrum. Notation as in Þgure3.

formalism derived here applies to related baryon-meson-meson systems, such as! + ! + ! +

or pK + K + .
The implementation of our framework proceeds via the standard two-step procedure of

the relativistic Þeld-theoretic three-body approach. The Þrst step, encoded in the quanti-
zation condition, relates the Þnite-volume energy spectrum to the K matrices. The second
step uses integral equations to extract physical scattering amplitudes. To make these steps
practical, parametrizations of the K matrices are required. Accordingly, in this work we
have also determined the leading two terms in the threshold expansion of the three-body
K matrix describing this system.

The inclusion of N ! ! N !! transitions remains the primary outstanding challenge in
this framework. We have explored the possibility of incorporating the nucleon as a bound
state in the N ! system; however, this approach fails due to the presence of a left-hand cut
in the N ! amplitude with a branch point closer to threshold than the nucleon pole. This
issue also rules out similar treatments for systems such asNN ! . We therefore anticipate
that the inclusion of such transitions will follow the strategy of ref. [49], namely, the explicit
inclusion an N ! ßavor channel.

A Þrst step towards such a complete analysis is included in sectionA, where we derive
the N !! formalism for generic isospin under the assumption of no two-to-three mixing.
While this is clearly an unphysical scenario, we expect that these equations will correspond
to the N !! " N !! sub-block of the full N ! + N !! formalism.

As a demonstration, we have presented an implementation of the Þnite-volumeN !!
spectrum in the maximal-isospin sector. To this end, we chose simple models for the two-
body K matrix, guided by existing data and e! ective theories, to mimic a system with
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•  with  (bound by )

• Nontrivial system since  has p-wave bound state—included by LSZ method

• Assume 2-particle interactions from ChPT (  & ) or LQCD  results

• Use , with 

• Solve QC3 to determine spectrum

• Observe avoided level crossings and mild  dependence

pπ+π+ Mπ = 0.3 GeV, Mp = 1.1 GeV, MΔ = 1.335 GeV 65 MeV

pπ+

π+π+ pπ+ Δ
𝒦df,3 = 𝒦0 ū(p′￼p)u(pp) M3

π𝒦0 = {−500,0,500}

𝒦0

Noninteracting
levels

P = 0, G1g, 𝒦0 = 0 P = 0, G1g

L ≈ 2.7 fm L ≈ 2.7 fmL ≈ 8 fm L ≈ 8 fm
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Summary & Outlook 
• Formalism for  is ready to use

• Numerical simulations should be possible in next few years

• Formalism applies also to maximal isospin  and 

• Need further study of forms for  away from threshold

• Extension to a full Roper ( ) formalism requires explicit inclusion of 

• Extension of “2+3” formalism [Briceño, Hansen, SRS: 1701.07465] under study

• Beware of new singularities in subthreshold amplitudes!

I = 5/2 Nππ

Σππ NKK

𝒦df,3

I = 1/2 Nπ + Nππ
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Thanks 
Any questions?
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