
I'm from Seattle. Do I need a rain jacket today?
1

Hourly probability
of rainfall

ƖƧƠƳşƨƲşƳƧƤşƯƱƮơƠơƨƫƨƳƸşƮƥşɦƭƮƳşƱƠƨƭƨƭƦşƠƳşƠƫƫɧž

P(no-rain) = 0.78 x 0.73 x 0.45 x 0.45 x 0.53 x 0.40 x 0.51 x 0.40 =  0.5% ???

(be a Bayesian for now)

(this is a common mistake I see in several "modern" geoneutrino flux calculations)



I'm from Seattle. Do I need a rain jacket today?
2

Hourly probability
of rainfall

ƖƧƠƳşƨƲşƳƧƤşƯƱƮơƠơƨƫƨƳƸşƮƥşɦƭƮƳşƱƠƨƭƨƭƦşƠƳşƠƫƫɧž

P(no-rain) = 0.78 x 0.73 x 0.45 x 0.45 x 0.53 x 0.40 x 0.51 x 0.40 =  0.5% ???

(be a Bayesian for now)

Of course not. These are not independent from each other .

Daily forecast: 60% rain



Weather forecasts must provide correlation matrix
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Scenario 1: full correlation
ɦƓƧƤşƮƵƤƱƢƠƲƳƨƭƦşƢƫƮƴƣşƬƨƦƧƳşơƤşƠşƱƠƨƭşƢƫƮƴƣūşŴŴŤşƢƧƠƭƢƤɧ
ˉş55% chance of rain in this two hours

Scenario 2: anti -correlation
ɦƀƭşƨƭƳƤƭƲƨƵƤşƳƧƴƭƣƤƱƲƳƮƱƬşƨƲşƢƮƬƨƭƦūşƭƮƳşƲƴƱƤşƶƧƤƭşƨƳşƠƱƱƨƵƤƲɧ
ˉş100% chance of rain in this two hours

(be a Bayesian for now)

Depending on correlations, combinations of PDFs can be anything
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An Inconvenient Truth
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Distance from KamLAND (km)
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Near-field crust contributes ~half of the total flux at Kamioka

~500 km

100 km10 km

Especially, the Upper Continental Crust is critically important
(largest contribution, complicated 3D structure, global composition model not applicable)



Arbitrary
Vertical
Extrapolation

What we did 20 years ago
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Seismic Crustal Boundaries Surface Geology Rock Compositions

With Pretending Not Having Seen This
Seismic boundaries 
are relatively ok,
3D lithology is the 
problem



Outline
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Part I: Building a Fully Stochastic Crustal Model
(presented at Neutrino Geoscience 2019 Prague, published in PEPI 288 (2019) ) 

Part II: Reducing the Uncertainties (Correlation Modeling)
(on-going project ) 

Å Describe everything as Probability Density Function (PDF)
Å Avoid arbitrary lines ƲƴƢƧşƠƲşƢƱƴƲƳƠƫşơƮƴƭƣƠƱƨƤƲūşƦƤƮƫƮƦƨƢƠƫşƯƱƮƵƨƭƢƤƲūşƬƨƣƣƫƤşƢƱƴƲƳūşɢ
Å No model-dependent bias, no underestimation of errors

3D map of U/Th concentration PDFs in Japan

Problem: Multiple PDFs cannot be integrated without correlation information

ʦşworst case was assumed (max correlation) ʦşvery large uncertainties

Scale-aware Geochemical Dataset/Model



Fully Stochastic Crustal Model - Overview
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3D Lithology PDF Map Rock Composition PDF

3D U/Th Distribution PDF Map Flux at KamLAND as PDF

Convolution

Monte -Carlo
Integration

Å Seismic speed tomography
Å Vp data for each rock type
Å Bayesian inference

Å Rock composition from database
Å Mathematically -bias-free modeling
Å Bias-free detection limit handling
 (separately published in AGU monograph)

Å U/Th concentration
as PDF 
for each point (3D)



Bayesian Lithology Inference
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Prior PDF
from Hidaka Exposure

Likelihood
from Seismic Tomography & Petrology

ὖὭ ȿ ὠ
ὖ  ὠ Ὥ ὖὭ

Вὖ ὠ Ὦ ὖὮ
For rock type Ὥ,Bayes' Theorem:

Crustal cross -section at Hidaka

Bulk composition model
(no vertical info here)

i: rock type index

Christensen&Mooney1995



Inferred Lithology
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Example: 30 km depth

Å For each location, the maps show the probabilities over all rock types

Probability

Details in PEPI 288 (2019) 37



Review: Inferred Lithology
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Small update in bulk lithology Posterior has vertical resolution

Inferred density profile is consistent 
with gravity anomaly

Inferred U/Th distribution has same structure 
as traditional picture

Å Basically same structure
as in geology textbooks

Å Constructed purely 
from data

Shade: 
CRUST 2.0 
Rudnick & Gao 2003

Kullback-Leibler divergence: 0.02
(non-similarity of a PDF from a PDF)



Bias-Free Rock Composition Model - Overview
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Composition Data from Database

Composition Model with Gamma Distribution
Å Conservation of the mean is mathematically 

guaranteed
ˉşNo modeling bias (bias by using inaccurate model)

Å Proper handling of sample cuts 
(unavoidable for detection limits and outliers)

Å Connections to underlying geology are suggested
- Reproducibility for rock mixing, like normal
- Logarithmic behavior, like log -normal

(conservation of geometric mean)

Direct Samples contain Biases
Å Detection limits, analysis accuracy
Å Contamination of externals
Å Human-biased sample selection
Å Arbitrary removal of outliers
Å Skewed distribution ɨno negativesɩ

Common Practices causes Biases
Å Use only the mean and SD
Å Use the median
Å Use the geometric mean
Å Use log-normal model

Details in AGU monograph (2023)



Bias-Free Composition Model: Gamma Distribution
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Mean

Geom. Mean

Variance

Geom. Variance

Normal

Log-Normal

Gamma

~ Median (*1)

Important!!

Step 1: Consider two parameter distributions  ˉştwo controllable quantities

Step 2: Choose two that we think important (i.e., quantities we want to conserve)

Max Entropy (= Min Assumption) Distributions under Two Constraints

*1: If log -normal is right, geometric mean is equal to median

No bias on mean value, mathematically guaranteed!!



Detection Limits and Outliers
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Likelihood is extended to account for cut -offs

Data cut -off at 0.2 ppm

Binominal is used for numbers -below-cutoff 

Å Polynomial can be used for both lower/upper cutoffs to remove outliers .
(No need for median anymore??)

Å The conventional Quantile Cut without this treatment will cause bias.

Usual likelihood for samples above cutoff
(with re -normalization to account for cutoff)

Take into account the probability of Not -Detected

L = Lshape + Lcutoff



Stochastic Radioactive Heat Production Map
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3D Lithology PDF Map Rock Composition PDF

Convolution

Stochastic Heat Producing Element Distribution Map
(vertically integrated)
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Generate
Monte -Carlo 
Instances

Flux Integration with Monte -Carlo (MC)

for each, calculate flux

Histogram of
1000 MC flux values

x 1000
(or more)

Lithology PDF Composition PDF Randomly Generated Distribution Maps

Convolve

Neutrino Flux PDF
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Generate
Monte -Carlo 
Instances

Flux Integration with Monte -Carlo (MC)

for each, calculate flux

x 1000
(or more)

Lithology PDF Composition PDF Randomly Generated Distribution Maps

Convolve

Error only 3% !!!

Neutrino Flux PDF
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Generate
Monte -Carlo 
Instances

Flux Integration with Monte -Carlo (MC)

for each, calculate flux

x 1000
(or more)

Lithology PDF Composition PDF Randomly Generated Distribution Maps

Convolve

Neutrino Flux PDF

Error only 3% !!!

This is because a large number of 
random numbers are summed up...
How are the correlations  handled?
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Generate random
Monte -Carlo instances
according to probability

MC Flux Integration and Correlation Problem

Small Flux-Estimation Error Large Flux -Estimation Error

Lithology Probability Map

Randomly Generated Distribution Maps



Completing the Chain Anyway...
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U-Series Geoneutrino Flux PDF Th-Series Geoneutrino Flux PDF

Simply summing MC ensembles (common mistake):    3% error
Maximum Correlation Assumed (conservative):          62~68% error

Error of flux estimation

Flux (10 6 /sec/cm 2) Flux (10 6 /sec/cm 2)

Å Covariance is unknown ʦşassumed the worst case (max correlation)
Å Errors are too large
Å A fully stochastic model has been constructed anyway



The Problem
21

3D Lithology Map (PDF)

Rock Composition (PDF)

3D U/Th Distribution Map (PDF)

Geoneutrino Flux at Kamioka
(PDF)

Convolution

Integration

Rock samples show
large variations of
U/Th concentrations

Conservative assumption
(maximum correlation)
projects the variations
to final flux model 



The Problem
22

Our rock composition model is very broad

U/Th Contents of Kamioka Mine Rock Samples (Enomoto thesis, 2005)

Gneiss Inishi Rock (common in Kamioka)

samples collected by us samples from another study

Rock composition often shows a large variation

The maximum correlation assumption directly transfers this to the broad flux PDFs

Example: Granite
76% compositional spread

(ṓ Ἢ)



Extreme Case Test: Comparing parts of a sample
23

ɦƓƸƯƨƢƠƫ-ƲƨƹƤɧşƒƠƬƯƫƤƲşƥƱƮƬşƎƭƤşƋƠƱƦƤşƂƧƴƭƪ

~10 cm

Å Even in a super small scale (~10 cm), the compositional variations are very large
Å These can be integrated out. But how much can we safely remove?

~3 cm

Whole chunk
(7 chunks shown)

Smallest divided

pieces combined

each piece is
roughly 30 g

Zr (ppm)K2O (%)

3.68 %

5.01 %

118 ppm

149 ppm



Maybe Too Conservative; What if some averaging assumed?
24

Lithology Scale Samples Scale Samples Distributions

1 cm 3

X 1000

A physicist collecting samples

??

???

Geochemists' samples

1 m 3

X 1000

100 m 3

X 1000

100 km 2 X 2.5~10 km

Å Many geoneutrino models use mean & error -of -mean for composition
Å This assumes complete averaging (no local variation) ... Can this be justified ???



Compositional Variation Modeling: Approaches
25

Start: Physicists' Naive Thoughts

Brainless (aka Data Driven) Approach

Bottom -up (Model Based) Approach

Å mm-scale structure due to mineralogical processes    ˉşşşNegligible

Å km-scale structure due to rock body formation         ˉşşşMostly Negligible
(differentiation in solidification)                                     might need Kamioka Model

Å >10 km-scale structure due to geological processes    ˉşşşNeed to be included

Å Collect many samples with location information
Å Extract special structure

Å Analyze and describe mineralogical spatial variations

Å Investigate rock body structures with strategic sampling



Data Driven Approach: Variations and Spreads
26

Å Dispersions within a small region is large; can be averaged out
Å Differences among regions are negligible ??? 

U in Granite

DODAI database
(rock DB with detailed location information)

(ṓ Ἢ)

U
 (

p
p
m

)

longitude



Data Driven: Extracting Regional Variations
27

For this particular example (conceptual!),
Å All-sample dispersion: 48%
Å Dispersion among clusters ( cannot be neglected ): 32%
Å Remaining (~35%): dispersion within a region  ˉşsample size? rock-body structure?

Hierarchical Bayesian Inference

Clustering (location & age)

U in Granite
- ὥ: variations within the k -th  cluster

- —: variations of ὥ

ὖὥȟ— ȿ ὼ  θ  ὖὼ  ὥ  ὖὥȟὥȟὥȟȣ — ὖ—



Bottom up: What makes the sample variations? 
28

Attracting force
creates overdispersion

Repulsive force
creates underdispersion

Ex) Cosmic large-scale-structure Ex) Young couples in Kyoto ( Kamogawa)

Depending on the location,
the local density varies a lot
ˉşinhomogeneous composition

Density is constant everywhere
ˉşhomogeneous composition

Geological processes are often element -selective ʦşbehaves like attractive force
                                                                         (gradients in chemical potential...)

Physicists Simplification on Overdispersion



Model Driven: Understand the Rock Structure
29

Initial Guess

Å Rocks composed of minerals
Å Rock samples must be much larger than the size of mineral grains

Overdispersions (micro -variations) are caused by mineral grain structures

Example: Granite

Consists of:
- Quartz
- Feldspar
- Plagioclase
- Biotite

ʧşThis sample might not contain a sufficient number of mineral grains

To show this:
- characterize the size variations of the mineral grains
- model the U and Th concentrations (PDF!) of the minerals

Goal: show the overdispersion factors for various sample sizes



Surface Mineral/Element Mapping using X -ray
30

Weapon 1: Surface Scanning X -ray Fluorescence (XRF)

characteristic
X-ray

X-rayÅ Large area coverage (2 dim mapping)
Å Resolution ~25 ёƬ

Å Not sensitive to U and Th
Å Good enough to identify mineral structures

K Ca Fe U

Th

18 mm ~100 ppm sensitivity
(not sufficient for U / Th)



Internal Structures and Overdispersion
31

18 mm

Surface Element Distribution (Fe on Granite, XRF scan)

Pixels are mixed

(true correlation model)

(no correlation model)

Observed Sample Size Dependence
Å ~50% dispersion for 1cm x 1cm  samples
Å ~25% dispersion for 2cm x 2cm  samples

overdispersion

Model (for large samples)
Model (for small samples)

Sub-sample Dispersion
Mixed Sub-sample Dispersion

Sub-Sample Dimension (mm)
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numerically
sub-divide
the sample

numerically
mix 
the grains

Simple overdispersion model works!



2-D surface model to 3 -D structure
32

Weapon 2: Medical CT

3D Internal Structures can be pictured

Å 3D!!!
Å Basically sensitive to density, possibly for element mapping (dual energy mode)
Å ~100 ёƬ or better resolution possible

CT
Operator

Quantitative analysis (e.g., comparison with XRF) is ongoing



Searching for Uranium and Thorium
33

Weapon 3: Laser Ablation ICP -MS

Å Sensitive to U and Th, destructive
Å ~30 ёƬ resolution
Å Line or pin -point bombing

UV Laser

ICP-MS

ŲůёƬ

carpet
bombingline

sweeping

Å ƔƱƠƭƨƴƬşƨƲşƍƎƓşƢƮƭƳƠƨƭƤƣşƨƭşƬƠƩƮƱşƬƨƭƤƱƠƫƲşŧƭƮƳşƨƭşɦƠƱƤƠɧŨ
Å ƌƠƸơƤşƨƭşɦƠƢƢƤƲƲƮƱƸɧşƬƨƭƤƱƠƫƲž

Observation

First Test



Uranium / Thorium Exploration
34

Weapon 4: EPMA (Electron Probe Micro Analyzer)
electron
beam

Å High resolution (~1 ёƬ or better)
Å Not sensitive to U, limited sensitivity to Th

~100 ёƬ

ObservationŹşƓƧşŧƠƭƣşƫƨƪƤƫƸşƔŨşƠƱƤşƢƮƭƳƠƨƭƤƣşƨƭşƲƬƠƫƫşɦƠƢƢƤƲƲƮƱƸɧşƬƨƭƤƱƠƫƲ

Such U/Th -rich minerals are much more localized than the major minerals

Electron microscope + X -ray spectroscopy

ˉşOverdispersion due to mineralogy can be larger than it appears

characteristic
X-ray



Uranium / Thorium Digging
35

Second Round Measurement

Precision Guided Bombing
based on the mineralogy map 
from EPMA

Hope: 
accessory minerals contain
majority of U and Th

If so, the next step would be
mapping the accessory minerals
(easier than looking at U/Th)

Geologist

Geochemist

Weapon 3: Laser Ablation ICP -MS

Å Sensitive to U and Th, destructive
Å ~30 ёƬ resolution
Å Line or pin -point bombing

UV Laser

ICP-MS

Drill baby drill

Physicist
from US



New Findings and New Problems
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U and Th distribute not only in accessory minerals ,
but also along the boundaries between mineral grains.

This is understandable, because
Å U and Th are large elements, difficult to fit into compact crystals (major minerals)
Å During magma solidification, they remain in the residual melt
Å Their space becomes smaller and smaller. Two choices:

- Get gathered, make their own crystal  ʦşşaccessory minerals
- Cannot find a way out  ʦşşfrozen in between crystals

This explains the large overdispersion well, but

Å Needs:
- high spatial resolution (~ёƬ) AND large size (~10 cm),
- 2-dim (or 3 -dim),
- sensitive to ppm -level U and Th

Å Quantitative estimation became very difficult (ICP-MS is 1 -dim line)

Å Alpha radiography? Rates are too low for Si detectors  (e.g. CCD)...

New Observation (maybe known to some people...)



Breakthrough: Nuclear Emulsion!!
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Enhanced photo -ƥƨƫƬƲūşɦƤƠƱƫƸşűůth  ƢƤƭƳƴƱƸşƳƤƢƧƭƮƫƮƦƸɧ

Survived at Nagoya University

First Measurement in 2024

Aligned Alpha Tracks Pictured!!!

(with lots of unique applications)

alpha tracks
(thick straight lines)

typ. ~ 10 ёƬ long



Nagoya University Technology Pool: 
ƀƴƳƮƬƠƳƤƣşƅƨƫƬşƒƢƠƭƭƨƭƦūşƀƈşƓƱƠƢƪşƑƤƢƮƦƭƨƳƨƮƭūşɢ

38

The non -uniformity of U/Th distribution is much larger than 
you would think from the appearance (mineral structures)

See Next Talk by Nishikiori

Spoiler: Alpha tracks overlaid on mineral structures



Summary and Outlook
39

Part I: Building a Fully Stochastic Crustal Model

Part II: Understanding the Overdispersion in Rock Samples (to subtract)

Problem: Multiple PDFs cannot be integrated without correlation information

3D Lithology Inference (PDF)

Bias-Free Composition
Model (PDF)

3D U&Th Map (PDF)

Convolution

MC
Integration

Neutrino Flux
at KamLAND (PDF)

Data Driven Approach : Separation of local and regional variations (prototype working)

Model Driven Approach :  U/Th non -uniformity structure is larger than you would think 

Å Simple overdispersion model seems effective
Å New method to picture U/Th distribution structures ʦşnext talk by Nishikiori
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Appendix



Lithology Vp Model
41



Tomography Model Errors
42

Tomography Resolution and Errors Temperature Variations

ὖὭ ȿ ὠ
ὖ  ὠ Ὥ ὖὭ

Вὖ ὠ Ὦ ὖὮ

Evaluated by pattern recovery test



Another Scale Factor: Seismology Resolution
43

Bayesian Translator was extended to include Two Rock Mixture

Mono- Lithology Posterior Bi- Lithology Posterior

Small differences

Cells are small enough

Inter -cell correlation 
can be significant


