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Abstract

In recent years, the study of moiré materials has been established as one of the richest fields of
condensed matter physics. A prime example of a moiré material is Twisted Bilayer Graphene
(tBLG), which exhibits exotic physical properties, such as unconventional superconductivity and
other intriguing strongly-correlated phases. For most twist angles, tBLG is quasiperiodic, lack-
ing translational invariance, a feature typically overlooked by the scientific community. More
recently, moiré of moiré systems have also gathered attention. An example is Twisted Trilayer
Graphene (tTLG), quasi-periodic for most twist angles. The super-moiré poses a competition
between different moiré scales, enhancing the quasiperiodic effects. Naturally, a central question
emerges: what is the role of quasi-periodicity on moiré materials, and how can experimentalists
distinguish quasiperiodic and commensurateﬂ structures? The goal of this project is to simu-
late moiré materials accounting for the important but often ignored quasiperiodicity, focusing
on experimentally accessible observables capable of capturing the rich electronic properties of

quasiperiodic systems.

Periodic



Contents

1__Introductionl
[1.1 The Era of Graphene|. . . . . . . . . . . . .
(1.2 The birth of Moiré Materialsl . . . . . . .. .. .. . oo
2 State of Artl
2.1 Moiré systems|. . . . . . . e e e
2.2 Atomic Quasiperiodicity in Moiré systems| . . . . . . ... oL L.
2.3 Lattice Relaxation in Moiré materialsl. . . . . . .. ... ... ... ... ... ..
2.4 Transport| . . . . . .. e e e e e
[2.5  Experimental measurements| . . . . . .. ..o

|13 Research proposall




Chapter 1

Introduction

1.1 The Era of Graphene

Graphene is a sheet of carbon atoms arranged on a honeycomb structure. Each atom contributes
one s-orbital and two p-orbitals that hybridize to form three sp? orbitals. These form strong o-
bonds with neighboring atoms spaced 1.42A apart. These bonds are responsible for the material’s
mechanical strength and structure stability leading to the formation of o-bands. The remaining
unhybridized p-orbitals overlap with those of adjacent atoms to form w-bonds, resulting in the
half-filled w-band. The m-bonding is responsible for graphene’s remarkable electronic properties,
including its linear low-energy dispersion and high carrier mobility.

In 1947, P. R. Wallace performed the first theoretical study of graphene’s band structure,
accurately predicting its semi-metallic behavior [I]. Despite the significance of Wallace’s work,
the scientific community remained skeptical regarding the viability of two-dimensional materials
due to the disseminated belief that atomically thin structures were thermodynamically unstable
and prone to collapse as argued by Peierls and Landau [2, [3]. Nonetheless, theoretical studies of
carbon allotropes gained popularity after Wallace’s publication, and attention shifted to graphite
— a three-dimensional material composed of stacked graphene layers coupled via weak Van der
Waals forces, allowing it to retain some of the electronic properties of graphene.

In 2004, a breakthrough occurred when Novoselov and collaborators [4] successfully isolated
and measured the electronic properties of graphene (see Fig. . The samples were obtained
through mechanical exfoliation of highly oriented pyrolytic graphite and deposited on silicon
wafers of silicon dioxide (SO2), a semiconductor. The silicon wafer played two distinct roles.
First, the graphene sheets could be visible with optical microscopes when the wafer had the
proper thickness (roughly 300nm). Secondly, silicon dioxide was a key substrate that electrically
isolated the graphene sample while coupling weakly to graphene, thereby preserving its intrinsic
electronic properties and enabling accurate transport measurements. Novoselov and Geim’s
achievements earned them the 2010 Nobel Prize in Physics and paved the way for the Era of
Graphene.

The wonder material, as it became known, exhibits a wide range of exotic electronic properties,
the most notable being the presence of linearly dispersing electrons known as Dirac fermions (see
Fig . These are described by a Dirac-like equation, exhibiting physics analogous to quantum
electrodynamics (QED), albeit with a Fermi velocity of vy ~ 10%m/s, which is significantly
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Figure 1.1: Graphene films. (A) Photograph (in normal white light) of a relatively large multilayer graphene
flake on top of an oxidized Si wafer. (B) Atomic force microscope(AFM) image of 2um by 2um area of this flake
near its edge. Colors: dark brown,Si0O, surface; orange, 3nm height above the SiO2 surface. (C) AFM image of
single-layer graphene. Colors: dark brown, SiO2 surface; brown-red (central area), 0.8nm height; yellow-brown
(bottom left), 1.2nm; orange (top left), 2.5nm. (D) Scanning electron microscope image of one of experimental
devices prepared from FLG. (E) Schematic view of the device in (D). This image and the description were adapted
from [4].

smaller than the speed of light. The Dirac-like nature of graphene’s electrons is responsible for its
exotic electronic properties, including room temperature integer quantum Hall effect (IQHE) [5],
robustness to electrostatic potentials [6] [7], immunity to electron localization [8], and micrometer
scale scattering length [4]. At the mesoscopic scale, the Dirac fermions also enable ballistic

transport and support supercurrent flow when graphene is contacted by superconducting leads

[9].

1.2 The birth of Moiré Materials

Novoselov’s 2004 work [4] marked the beginning of the modern field of two-dimensional materials.
Not only did he demonstrated that atomically thin crystals could exist as stable structures, but
the experimental results matched long-standing theoretical predictions. This ignited research in
2D materials generating novel experimental techniques. One fundamental method is electrostatic
voltage gating, which allows precise control over carrier density without altering the material
chemical composition (chemical doping). Since then these materials have been a great focus of
research in condensed matter physics, stemming from their exotic electronic properties and the
easily accessible bulk — unlike in conventional three-dimensional systems — making them ideal
platforms for fundamental studies and device applications.

The scientific community’s focus shifted towards stacking atomically thin layers, known as
multilayer materials, enabling access to a wide range of previously unexplored phases of matter.
Early efforts concentrated on AA and AB stacked graphene, which were the easiest to produce.
In 2007, Joao Lopes dos Santos et. al. [1I] introduced a theoretical model for two graphene layers

stacked with a small relative twist angle, thus laying the foundation for twisted bilayer graphene
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Figure 1.2: Electronic dispersion in the honeycomb lattice. Left: Energy spectrum in units of hopping amplitude
(t) , with ¢ = 2.7eV. Right: Zoom in of the energy bands close to one of the Dirac points. This image was
adapted from Ref. [10].

(tBLG). The relative twist misaligns the two layers, producing an interference pattern known
as a moiré pattern, previously observed in the 1980’s through scanning tunneling microscopy
measurements of graphite [12]. The first experimental observation of tBLG was in 2010 [13] via
scanning tunneling microscopy and spectroscopy (STM and STS) measurements, where the key
finding was the ability to tune the Van Hove singularities (VHS) to be arbitrarily close to the
Fermi level.

In two-dimensional materials, VHS appear from saddle points in the band structure. However,
in graphene, they occur at energies outside the range of current gating or doping methods|[10].
Near a VHS the Fermi velocity is suppressed, thus electron-electron interactions are expected to
dominate. The ability to bring the VHS arbitrarily close to the Fermi level — by adjusting the
twist angle — was a significant milestone in moiré physics. Notably, in tBLG, the VHS merge
and a flatband appears, leading to the suppression of the Fermi velocity at a particular set of
twist angles known as the magic angles, with the largest being 6 ~ 1.1° |11}, 14, [15] . Although
the work presented in Ref. [I3] did not prove the existence of magic angles due to the lack of
twist angle control in chemical vapor deposition (CVD), it hinted at the possibility of merging
the VHS into one flatband.

In 2011, Rafi Bistritzer and Allan H. MacDonald [15] developed a continuum model for tBLG,
which indicated the existence of magic angles. Their work led to the prediction of correlated
phases in magic angle tBLG [16, [I7]. Despite these predictions, experimentalists had no method
capable of freely tuning the twist angle between layers and were stuck with techniques like CVD
that produced samples with random twist angles. This paradigm changed with the development
of the “tear-and-stack” technique [18] that allowed precise alignment of multilayer systems. This
advancement was crucial for the work of Pablo Jarillo-Herrero’s group, which demonstrated
the appearance of unconventional superconductivity in magic-angle twisted bilayer graphene
(MAtBLG) at very low temperature (=~ 100mK)[19].

The key discoveries of the last two decades set the stage for one of the most exciting eras in
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condensed matter physics.



Chapter 2

State of Art

2.1 Moiré systems

Moiré systems are two-dimensional materials formed by stacking atomically thin crystals with a
relative twist angle or different lattice parameters. These misalignments generate an interference
pattern, the moiré pattern, which drastically reshapes the electronic band structure of the ma-
terial. In twistronics, the twist angle serves as a tuning knob allowing control of the electronic
properties of moiré crystals. To date, a wide variety of multilayer structures have been exper-
imentally realized and studied, including twisted bilayer graphene [13 [19-22], twisted trilayer
graphene (tTLG) [23H27], twisted bilayer borophene (tBLB) [28], and twisted transition metals
dichalcogenides (TMD) [29-37].

Twisted bilayer graphene is the prototypical moiré material, consisting of two stacked graphene
layers with a relative twist angle. This twist generates a Moiré interference pattern with a
characteristic length scale that can reach hundreds of nanometers. The electronic properties
of tBLG are sensitive to changes in twist angle. For large twist angles (6 > 10°), interlayer
tunneling is suppressed, leading to electronic properties similar to that of individual graphene
[15, [38], with the exception of the quasicrystal tBLG observed at § = 30°. In contrast, at small
twist angles, the interlayer tunneling renormalizes the band structure of graphene. In particular,
at the largest magic angle 6 ~ 1.16°, the Fermi velocity goes to zero, the gap to the dispersive
remote bands is at its maximum and a nearly flat band appears [11], 13-15].

In this regime, the kinetic energy is negligible and Coulomb interactions dominate, giving
rise to a rich correlated phase diagram hosting superconductivity, correlated insulators, and
topological insulating phases [19, [39-41] as seen in Fig. [2.1]

2.2 Atomic Quasiperiodicity in Moiré systems

Since the first theoretical models for tBLG, most research has focused on commensurate struc-
tures, i.e. crystalline structures that have a well-defined unit cell (UC). However, for generic twist
angles, tBLG lacks a well-defined UC [I1, 14} 15] and instead exhibits atomic-scale quasiperiod-
icity. At the moiré scale, the tBLG “appears” to have a periodicity associated with the moiré
length, which breaks down at the atomic level where its quasiperiodic nature emerges.

Despite the intrinsic quasiperiodicity of tBLG, standard approaches for studying its electronic
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Figure 2.1: Gate-tunable superconductivity in magic-angle TBG. (a) Two-probe conductance Gz = I/Vj;qs of
device M1 (9=1.16°) measured in zero magnetic field (red) and at a perpendicular field of B, = 0.4T (blue).
(b) Four-probe resistance R, measured at densities corresponding tothe region bounded by pink dashed lines
in a, versus temperature. (¢) As in b, but for device M2, showing two asymmetric and overlapping domes. The
highest critical temperature in this device is 7. = 1.7K. This image and text was adapted from Ref. [19].

properties have been density functional theory (DFT) and reciprocal-space continuum models —
both of which use reciprocal space to perform calculations efficiently. While DFT is a powerful
ab initio tool, applying it to commensurate structures with unit cells containing thousands of
atoms is computationally overwhelming. To circumvent this, most studies have adopted low-
energy continuum models. The quasiperiodic nature of tBLG structures was recognized in 2007
[11] and again in 2011 [15]. Still, the community argued that continuum models should be equally
valid for any twist angle, independently of periodicity or lack thereof. As a result, the community
neglected the idea of quasiperiodic moirés, focusing on commensurate configurations or assuming
that continuum models are enough to describe quasiperiodic systems, as they allow closed-form
analytical expressions for all types of calculations.

The community has relied on two arguments that justify neglecting quasiperiodicity in these
systems. First, the flatband energy scale is set by the moiré length, hinting that the relevant
physics emerges at the moiré scale, where apparent periodicity holds. Second, lattice relaxation
can drive the system to commensurate configurations, effectively restoring periodicity and val-
idating the use of continuum models. The prevailing view has been that quasiperiodicity has
little impact on low-energy electronic properties. This can be a biased point of view since, until
recently, no systematic theoretical studies compared reciprocal space predictions with large-scale
real-space tight-binding simulations capable of capturing the effects of atomic-scale quasiperiod-
icity.

In 2022, Miguel Gongalves employed a real-space tight-binding approach to tBLG, demon-
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strating the existence of sub-ballistic transport in quasiperiodic tBLG [42], phenomena unable
to be described by continuum models. In the narrow band regime, quasiperiodic tBLG exhibits
sub-ballistic states — delocalized states in both real and reciprocal space — which have suppressed
transport relative to ballistic behavior. These states are accompanied by non-Poissonian energy
level statistics, in sharp contrast to the ballistic transport observed at commensurate twist angles.
These results are robust and distinguishable from conventional sources of disorder, highlighting
a fundamental localization property of quasiperiodic moiré systems.

Quasiperiodicity-induced localization phenomena have also been reported for a twist angle of
6 = 30°, where tBLG forms a quasicrystalline lattice with unique electronic properties. At this
angle, the system hosts critical eigenstates that inherit the underlying 12-fold symmetry of the
moiré superlattice [22], 43H45]. The emergence of critical states in quasiperiodic moiré systems
extends beyond tBLG into a class of materials known as “Magic-angle semimetals” [46].

Quasiperiodic tBLG exhibits electronic properties that cannot be captured by continuum
models, nor are present on commensurate structures. Yet, continuum models have described key
experimental observations of tBLG at small twist angles, seemingly contradicting the idea that
an accurate description must account for the underlying atomic-scale quasiperiodicity [13, 19] 47~
49]. Despite the apparent paradox, quasiperiodicity plays an essential role in twisted multilayer
materials such as twisted trilayer graphene (tTLG) [26], tBLG on hexagonal Boron Nitridd'|
(tBLG/hBN) [50].

Twisted trilayer graphene is formed by stacking a third graphene layer on top of tBLG, thus
introducing a new degree of freedom through a second twist angle. With three twisted layers,
the two moiré patterns compete, resulting in a moiré-of-moiré (MoM) length scale, which can
be significantly larger than the original moiré length of tBLG [51H54]. These two moiré patterns
are generally incommensurate, leading to complex quasiperiodic structures that host electronic
states beyond the scope of conventional Bloch theory, as continuum models lack a well-defined
first Brillouin zone (FBZ) [52]. Moreover, tTLG hosts an infinite set of magic-angle pairs, where
the low energy VHS merge into flatbands at the charge neutrality point [55, 56], providing a
perfect platform to explore quasiperiodic correlated phases[52, [57]. In this manner, experimental
studies observed correlated insulators and superconducting phases in quasiperiodic t TLG [23] 26].

Overall, theoretical models often disregard the role of quasiperiodicity in moiré and MoM
materials, with reciprocal space continuum models remaining the primary tool for describing
multilayer Van der Waals materials. This research proposal seeks to fill this gap by employing

real-space techniques capable of capturing the underlying quasiperiodicity of these structures.

2.3 Lattice Relaxation in Moiré materials

In moiré materials, a crucial effect that is often neglected is lattice relaxation. When crystals are
subjected to a periodic potential, such as that generated by a second layer, their lattice structure
might adjust to accommodate the potential. In Ref. [50], the authors presented an example of
this phenomenon and observed relaxation effects in graphene on hBN (G/hBN). The honeycomb
lattice of hBN has a lattice parameter approximately § ~ 1.8% larger than that of graphene.

'hBN
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Figure 2.2: Left side panel: Distribution of the displacement vector u™(r) in the tBLG of
6 = 1.05°. Right side panels: Local atomic structure near AA (AB or SP) stacked point
before and after the relaxation. The small dashed circles in the center panel indicate the areas
where the local structure is sampled. The image and label were adapted from Ref. [58].

For small twist angles (6 < §), graphene locally stretches to form large (> 10nm) commensurate
stacking domains, separated by strain-concentrated domain walls. For large twist angles (6 > ¢),
relaxation effects become negligible, and the sample exhibits quasiperiodic behavior. In tBLG,
lattice relaxation at small twist angles minimizes AA stacking regions (Fig. , increases the
flatness and isolation of the lowest-energy bands, and lowers the critical angle at which the
Fermi velocity vanishes [58]. A similar behavior has been reported in simulations of helical and
alternatingEl tTLG 59, 60].

MoM systems exhibit intricate relaxation phenomena. Unlike tBLG, which relaxes to periodic
structures near the magic angles, MoM materials exhibit a broad range of relaxed structures.
Most notably, flatbands can be observed in regimes where the relaxed system retains its original
quasiperiodicity [61]. In Ref. [61], the authors perform a detailed study characterizing lattice
relaxation effects across a wide range of twist angle pairs. This work identifies three distinct
regimes: effective periodic bilayers, periodic polycrystals, and quasicrystals (distinct from the
quasicrystalline regimes discussed in [62] [63]). Most importantly, the considered twist angle pairs
are compared to previous experimental results, showcasing that superconducting and correlated

topological phases have been observed in quasiperiodic regimes of tTLG [26), [64].

2.4 'Transport

Optical conductivity measurements trace their origins to the Drude model [65], which, in the
early 20th century, accurately predicted the Drude weight of an ideal metal. Since then, these

measurements have remained a key quantity for experimentalists and theorists. Researchers

2Helical: equal twist angles (612/623 = 1); Alternating: symmetric twist angles (612/623 = —1)
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continue to apply established techniques to new materials while developing new ways to probe
electronic properties. Moiré materials brought new challenges for transport studies. Their in-
tricate spectral properties and high tunnability influence optical behavior and open up vast
possibilities for exploring new physics.

Since the theoretical introduction of tBLG, several studies have explored its transport prop-
erties [38, [66H69]. Overall, the optical response of tBLG at low frequencies (T'H z) and the Drude
weight exhibit graphene-like behavior, further enhanced by the Van Hove singularities of tBLG
[38]. However, these studies rely on continuum models, effectively overlooking the system’s un-
derlying quasiperiodicity. Similar approaches have been extended to other moiré materials [70],
yet they encounter the same limitations, struggling to describe the sub-ballistic transport of the

narrow bands.

2.5 Experimental measurements

Our current understanding of physics stems from the interplay between theoretical predictions
and experimental observations. Experimentalists utilize a broad range of measurement tech-
niques, typically sorted into two categories — local and global probes.

Global probes measure spatially averaged physical quantities on the micrometer (um) to
millimeter (mm) scale ideal for characterizing bulk properties, phase transitions, and collec-
tive phenomena. Notable examples include transport measurements [19, 21], 23, 26, 4], and
capacitance/compressibility measurements [31].

In contrast, local probes offer spatial resolution from the sub-um down to the sub-nm scale — as
in STM/STS measurements — enabling spatially resolved insights into the electronic structure.
Local probes are particularly useful for detecting extrinsic inhomogeneities often common in
moiré systems [71]. More crucially, they reveal intrinsic inhomogeneities that arise from the
properties of moiré materials [72].

The spatial resolution of local probes helps distinguish different electronic phases, which would
otherwise appear identical in global probe measurements. For example, consider the following
case where a transport measurement indicates an insulating phase. For the same insulating
phase, STM and STS can use the local density of states (LDOS) to distinguish between charge-
density wave states in NbSes [73, [74], Mott insulating states in T'aSey [75] and Kekulé spiral
state in MAtBLG |20, 39, [76].

A key quantity in probing moiré systems are transport measurements, which serve as global
probes of electronic behavior and are often used to identify correlated phases. Without a solid
theoretical understanding of how quasiperiodicity impacts transport — especially at finite fre-
quencies — the interpretation of these measurements remains ambiguous.

The most common approaches are resistance and conductance measurements [19, 26]. How-
ever, accessing the optical response associated with the flatband bandwidth (= 30meV’) requires
probing frequencies in the far-infrared (FIR) range (0.3—207 H z,0r 1.2—83meV, or 15—1000pm).
Typical sample sizes range from 2um to 30um, depending on the fabrication methods (e.g., tear-
and-stack or CVD), twist angle configuration, and measurement technique.

These frequency intervals pose a serious challenge for transport experiments: the mismatch

between photon wavelength (300pm at 17°H z, or 4meV’) and sample dimensions (< 30um) ne-
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Figure 2.3: Double moiré patterns. STM topography and the corresponding FFT are shown
in the top and bottom panels, respectively. (a-c) 1:1 commensurate moiré crystals. White
arrows point to second-order Bragg peaks. (d-i) Moiré intercrystals (MIC). Both tBLG (GG)
and graphene/hBN (GBN) periods are visible and the corresponding reciprocal lattice vectors
Kae and Keopy are marked in the FFT with white and blue circles, respectively. (j) Moiré
quasircrystal (MQC). Inset: Zoom-in to the grey rectangle of the FFTs. The GG, GBN, and
moiré-of-moiré wavevectors, I?G(;, I?GBN and K MM, are marked with white, blue and green
arrows. The image and label were adapted from Ref. [62].

cessitates near-field approaches [77] through which extracting the conductivity spectra is often
difficult. Additionally, signal contamination from the T H z response of the gate material further
complicates the analysis. In Ref. [78], the authors introduced a new technique capable of sur-
passing these difficulties and performed T H z conductivity measurements of a TMD monolayer
(WSez). Another promising approach is scattering-type scanning near-field optical microscopy
(s-SNOM) combined with vertical conductivity current imaging using conductive atomic force mi-
croscopy (c-AFM), which has enabled accurate terahertz conductivity measurements and gained
significant attention in recent years [77), [T9-81] . Overall, transport measurements capable of
probing the energy range of moiré materials flatbands (= 30meV) face several constraints, with
recent works opening new pathways for probing these frequencies.

Regarding local probes, recent experimental work further emphasizes the importance of ac-
counting for quasiperiodicity in multilayered moiré materials, as this effect has profound impli-
cations for transport properties. For instance, in Ref. [62] 63 [82], the authors performed STM
and STS measurements to probe the topography and LDOS in tBLG/hBN, revealing distinct

structural domains: commensurate, intercrystal, and quasicrystal regimes (Fig. [2.3)).
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Commensurate structures in tBLG/hBN should only appear for one configuration of twist
angle pairs since hBN has a small lattice parameter mismatch with graphene. However, the
commensurate regimes were observed for a wide range of twist angle pairs, indicating strong
relaxation effects. In contrast, the intercrystal and quasicrystal regimes break translational sym-
metry and are characterized by the presence or lack of Bravais lattice symmetries, respectively.
In particular, the quasicrystal exhibits 12-fold rotational symmetry similar to dodecagonal tBLG
(0 = 30°), while the intercrystal only exhibits the permissible rotational symmetries of the moiré
superlattice. Moreover, the authors performed a fast Fourier transform (FFT) of the LDOS
dataEL observing Bragg “like” peaks for energies near the CNP. The QPI of the commensurate
crystals shows six primary Bragg peaks and twelve second-order peaks directly resulting from
the perfect alignment of the tBLG and graphene/hBN moiré patterns.

The quasiperiodic crystals also display similar well-defined peaks indicative of the long-range
moiré order accompanied by additional peaks since the lattice is spanned by more than two
linearly independent vectors, a hallmark of quasiperiodic systems.

Global and local probes are complementary tools for characterizing moiré materials. A com-
prehensive understanding of their electronic phases relies on aligning theoretical predictions with
experimentally accessible observables. Global probes, such as transport measurements, provide
bulk property insights, while local probes, like STM and STS, offer high-resolution spatial in-
formation. In this manner, combining local and global measurements provides a comprehensive

description of moiré materials.

3Known as the quasi particle interference (QPI) spectrum
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Research proposal

3.1 Main Goals

As discussed in chapter [2] quasiperiodicity plays a central role in shaping the electronic and
spectral properties of moiré materials, both at the single-particle and many-body levels. The
role of quasiperiodicity in systems like tBLG is nuanced since lattice relaxation effects generate
commensurate structures. Nevertheless, studying the effects of relaxation on quasiperiodic moiré
structures is relevant, particularly in the narrow-band regime where sub-ballistic states emerge.
In contrast, MoM materials retain quasiperiodicity even after relaxation. These exotic structural
features affect the electronic properties and produce unique signatures in experimental observ-
ables. The goal of this project is to identify quasiperiodicity-driven signatures in experimentally
accessible observables, with a focus on MoM systems where these effects are especially relevant.

Specifically, this proposal has four main objectives

1. Develop numerical methods capable of performing real-space tight-binding (TB) simula-

tions of quasiperiodic systems with millions of atoms 10;

2. Perform detailed studies of the electronic properties of commensurate and quasiperiodic
tBLG, tTLG, and tBLG/hBN, and evaluate their stability under general lattice relaxation

effects;

3. Identify distinct electronic features of quasiperiodic moiré systems and link them to mea-

surable experimental observables;

4. Bridge experimentally accessible observables with theoretical quantities — such as the in-
verse participation ratio and fractal dimensions — that are commonly used to characterize

quasiperiodic systems but lack direct experimental counterparts.

The outcome of this PhD project will advance the current understanding of quasiperiodic moiré
systems by providing theoretical predictions that guide future experimental efforts in moiré and

MoM materials.

15
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3.2 Challenges and Methodology

Challenges

Simulating quasiperiodic moiré materials presents a major challenge. Accurate modeling requires
system sizes with several moiré cells — often exceeding 10® atoms. Even in commensurate narrow-
band tBLG, the unit cell contains thousands of atoms. In such cases, translation invariance allows
the application of Bloch’s theorem, which significantly reduces the computational complexity.
However, in quasiperiodic structures, the lack of a UC hinders the application of Bloch’s theorem.
As a result, real-space tight-binding simulations over millions of atoms become the only viable

approach [42], posing a major computational bottleneck.

Proposed Methodology

To tackle the described challenges several approaches will be considered.

Exploitation of sparsity of tight binding Hamiltonians: Tight binding systems feature
exponentially suppressed hopping amplitudes, resulting in highly sparse Hamiltonian matrices.
For the required system sizes dense diagonalization needs over 16 TB of system memory and
thousands of CPU hours, which is beyond the capability of high-performance computing centers.
Since the focus is on the narrow bands near the Fermi level, I will use Krylov-Schur subspace
methods [83], which exploit matrix sparsity to efficiently compute a fraction of the eigenvalues
and eigenstates of the Hamiltonian matrix.

To push the current limit of real-space simulations — systems with10” atoms — I will employ
kernel polynomial methods (KPM) [84] to leverage the efficiency of sparse matrix-vector products.
KPM enables efficient computation of the density of states (DOS), the local DOS (LDOS), Kubo-

Greenwood optical conductivity, and a fraction of the eigenstates and eigenvalues of the system.

Plane-Wave Expansion (PWE): Plane-wave expansion methods are widely employed to
study moiré and multi-moiré systems [26], 62}, 85]. In ballistic quasiperiodic bands, PWE con-
verges with a finite number of plane waves and accurately describes the corresponding physics.
However, in magic-angle tBLG, where sub-ballistic narrow-band states emerge, convergence re-
quires an infinite number of plane waves. Although an analytical resummation could capture
these states, closed-form expressions are generally impossible to obtain. For this reason, numeri-
cal implementations of PWE fail to describe sub-ballistic or localized wavefunctions due to basis
truncation. Nonetheless, PWE remains a reliable tool for characterizing quasiperiodic Bloch

bands with ballistic eigenstates.

Lattice Relaxation: Lattice relaxation plays a crucial role in moiré materials, significantly
modifying their electronic properties relative to rigid lattice models [51], 58] 60H62]. An accurate
description of moiré materials requires incorporating these effects. Several approaches have been
developed to perform lattice relaxation calculations of moiré structures including configuration
space approaches [51], 58] 60, [61] and the Frenkel-Kontorova model (FK-model) [86]. In the FK
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model, ions are treated as masses connected by springs. The relaxed configuration is obtained

by minimizing the total elastic energy, which yields the displacement field (u™(r)).

Contingency Plan: The proposed real-space methods offer a wide range of tools to calculate
the different electronic properties, offering redundancy across calculations. In case one method
fails, another one can be used.

For systems with small twist angles, the moiré length increases significantly. Simulating these
systems might not be possible due to the high computational cost of diagonalization methods. In
such cases, I will adopt effective models with shorter moiré wavelengths by increasing the twist

angle and appropriately renormalizing interlayer and intralayer hoppings [87].

3.3 Work Plan

Throughout this project, I will focus on several moiré and MoM materials, with emphasis on
tBLG, tTLG, and tBLG/hBN. For each system, simulations will be carried out for both quasiperi-
odic and the nearest commensurate structures. The results will be systematically compared to

identify signatures of quasiperiodicity.

Task 1 — Limitations of k-space description for quasi-periodic moiré systems: In
this task, I will investigate the single-particle localization properties of tTLG and tBLG/hBN
and assess the validity of the plane-wave expansion approach routinely employed in the literature.

I will start by analyzing the convergence of the single-particle electronic properties with the
number of plane waves included in the expansion. Subsequently, I will implement a real-space
tight-binding model for these materials to benchmark and validate the previous results.

The final goal is to establish the regimes where PWE fails to capture the physics of quasiperi-

odic systems, thereby motivating the use of real-space methods.

Task 2 — Effect of quasiperiodicity in observables of moiré systems: The goal of
this task is to identify and study experimentally accessible observables that can differentiate
quasiperiodic and commensurate tBLG, tTLG, and tBLG/hBN structures. In particular, I will
analyze and compute these observables for experimentally relevant twist angles, focusing on:

Scanning Tunneling Spectroscopy (STS): I will compute the local density of states
(LDOS) related to the STS signal and analyze the resulting data. My PhD colleagues Ricardo

Oliveira and Nicolau Sobrosa are exploring a multifractal analysis of the LDOS that enables the

calculation of the singularity spectrum of the wavefunction from the STS signal.
Quasi-particle interference (QPI): I will compute the FFT of the LDOS fluctuations

known as the QPI and compare it to experimental data. Narrow-band states, localized in AA

regions, form a hexagonal moiré superlattice. As a result, the QPI yields Bragg-like peaks that
convey information regarding the properties of these eigenstates. For commensurate structures,
the QPI data exhibits Bragg peaks of a hexagonal lattice with 6 -fold rotational symmetry, while
quasicrystals exhibit a prohibited Bravais 12 -fold rotational symmetry [62].

Transport: I will compute the optical conductivity using the real-space Kubo-Greenwood

formalism, focusing on the low-energy regime where sub-ballistic states emerge in quasiperiodic
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structures. This study will consider a wide range of frequencies, temperatures, and filling factors
encompassing the entire narrow band range. Specifically, I will focus on the following aspects of

the optical conductivity:

e Drudge Weight: I will extract the Drude weight from conductivity calculations and analyze
its temperature and filling dependence. In a ballistic narrow-band, the Drude weight is
suppressed due to the small Fermi velocity (or high mass). In a sub-ballistic narrow-band,
the Drude weight is algebraically suppressed with system size due to the nature of the
eigenstates. Additionally, I will explore methods for estimating the Drude weight from
simulations of open boundary systems [88], [89], since trilayer structures are incompatible

with periodic boundary arrangements.

e Conductivity Sum Rules: I will examine and verify conductivity sum rules that yield
relevant quantities such as the Kohn and single-particle localization length [90, 91]. Subse-

quently, I will analyze the sum rules dependence on temperature, filling, and twist angle.

e Frequency dependent optical conductivity: I will study the properties of the Kubo optical

conductivity, looking for unique signatures of quasiperiodicity.

Angle-resolved photoemission spectroscopy (ARPES): I will calculate the kDOS — LDOS

calculated from the Fourier transformed wavefunctions. The kDOS is extracted from ARPES

and nano-ARPES measurements and provides a detailed map of the band structure. This tool is
particularly useful for visually distinguishing the regions of the spectrum where quasiperiodicity
plays a significant role, offering valuable insight into the underlying electronic structure of the

system.

Task 3: Lattice Relaxation in quasi-periodic moiré systems The goal of this task
is to evaluate the effects of lattice relaxation on the electronic properties of moiré and MoM
materials. I will start by considering different relaxation models, including the configuration
space approach and the FK model, and compare the relaxed structures produced by each model.
Subsequently, I will study the effects of lattice relaxation on the electronic properties and the
considered experimental observables.

The final goal is to establish a set of real-space models capable of explaining the properties

of quasiperiodic moiré and MoM systems.
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