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Heavy Quark Dynamics
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• What is the probability 𝑃Δ𝑡(𝑘; Ԧ𝑣) of a heavy quark (𝑀 ≫
𝑇) at velocity Ԧ𝑣 transferring momentum 𝑘 to the 
medium in a time interval Δ𝑡?

• Assume:
• Markovian dynamics 
• Velocity approximately constant
• Infinite homogonous finite temperature background medium

• In the Gaussian approximation

𝑃Δ𝑡 𝑘; Ԧ𝑣 ∝ exp −
𝑘3 − Δ𝑡𝑝3(𝑣)𝜂𝐷(𝑣) 2

2Δ𝑡𝜅𝐿(𝑣)
−

𝑘1
2 + 𝑘2

2

2Δ𝑡𝜅𝑇(𝑣)

• Equilibration forces 𝜅𝐿(𝑣) = 2𝑇𝐸𝜂𝐷(𝑣)



Failure of the Einstein Relation at 𝑣 > 0
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Beyond the Central Limit Theorem
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• To get equilibration you need detailed balance of the probability 
distribution of momentum transfer of the heavy quark:

P 𝑘; Ԧ𝑣 exp −
Ԧ𝑣⋅𝑘

2𝑇
=P −𝑘; Ԧ𝑣 exp

Ԧ𝑣⋅𝑘

2𝑇

• Detailed Balance is a generic property of relativistic QFTs (assuming 
unitarity, time translation invariance, Markovianity and KMS symmetry)

• Only when assuming P(k;v) is exactly Gaussian does this force the 
Einstein Relation

• Central Limit Theorem only implies that the bulk of P(k;v) is 
approximately Gaussian around its mean at asymptotically late 
times

• Detailed Balance relates behaviour at 𝑘 to −𝑘, so if the mean is at large 
𝑘 (as it is at late times when 𝑣 > 0), the CLT region gets related to the 
tails of the distribution, generically outside where CLT applies. 

• The natural language is Large Deviation Theory: the branch of 
probability theory dealing with the asymptotic behavior of the tails of 
sequences of probability distributions in terms of the rate function (see 
e.g. 0804.0327)
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HQET, Wilson Loops and Momentum Transfer

• We want to use HQET to calculate the probability that an 
infinitely massive quark at velocity Ԧ𝑣 loses momentum 𝑘 
to a static thermal background in some time interval Δ𝑡

• It can be shown that this is proportional to the Fourier 
transform of a Wightman ordered Wilson loop

𝑃Δ𝑡 𝑘; Ԧ𝑣 ∝ න 𝑑3𝐿 𝑒−𝑖𝑘⋅𝐿 𝑊𝑣 (𝐿, Δ𝑡)

• This is in the regime of validity of the EFT when 𝑘 ≪ 𝑀

Jean du Plessis 8



Evolution Kernel and the Large Deviation 
Rate Function

• The state-preparation-independent part is the Markovian contribution, which enters as the extensive part of 
the Wilson loop

ln 𝑊𝑣 𝐿, Δ𝑡 = −Δ𝑡 𝑇 𝑆 𝐿; Ԧ𝑣 + sub−extensive

• The analytic continuation 𝐾 𝑥, 𝑣 = 𝑆(−𝑖 𝑥 ො𝑣, 𝑣 ො𝑣) is the Scaled Cumulant Generating Function

• Detailed balance is given by 𝐾 𝑥, 𝑣 = 𝐾 −𝑥 −
𝑣

𝑇
, 𝑣

• Transport coefficients are Taylor coefficients of 𝐾 𝑥, 𝑣 ≡ − σ𝑛=1
∞ 𝔐n 𝑣

𝑛!
𝑥𝑛

𝜂𝐷𝑝 = 𝑇𝔐1 𝜅𝐿 = 𝑇𝔐2

• At late times Cramér's theorem relates

𝑃 𝑘∥, Δ𝑡 ∝ exp −Δ𝑡 𝑇 ሚ𝑆
𝑘∥

Δ𝑡 𝑇
, 𝑣

where the rate function is given by the Legendre transform

ሚ𝑆 𝐶𝐿, 𝑣 ≡ 𝐾 𝑥, 𝑣 − 𝑥 ⋅
𝜕𝐾

𝜕𝑥
𝐶𝐿=−

𝜕𝐾
𝜕𝑥Jean du Plessis 9
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Strong Coupling

• Full heavy quark momentum transfer 
probability distribution has been calculated 
in strongly coupled (𝑁𝑐 → ∞) 𝑁 = 4 SYM 
using holography

• Satisfies detailed balance

• Violates the Einstein Relation (as was known)

• Exact expression for 

Jean du Plessis 12
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Weak Coupling Setup

• At leading order in Feynman gauge we only 
need to evaluate two classes of diagrams

• We have to consistently match perturbative 
“hard” (𝑞 ∼ 𝑇) momentum transfers with HTL 
resummed “soft (𝑞 ∼ 𝑔𝑇) physics without 
overcounting degrees of freedom

• Following 1006.0867 this can be done to 
leading order by schematically computing
Perturbative + HTL − HTL, unresummed

• Beyond leading order there is contamination of 
HTL physics in the UV sector, so our final result 
should look at the fixed order contribution only

Jean du Plessis 13
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Weak Coupling Result JDP and B. Scheihing
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• Recover known results for drag and diffusion coefficients
• We have also shown that beyond leading logarithm, weakly 

coupled heavy quarks also only thermalize when including 
all moments

• We can rescale ሚ𝑆 to normalize the drag and diffusion 
coefficients, such that all Gaussians would lie on the same 
(black dotted) curve

• After rescaling we see a surprising qualitative similarity 
between strongly and weakly coupled 𝒩 = 4 SYM as well 
as (massless) QCD

• Gaussian core that shrinks as 𝑣 → 1, and asymmetric 
exponential tails

• Detailed Balance relates the slopes of the tails
• Where did this structure come from?
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Asymptotic Behavior

• Recall
ሚ𝑆 𝐶𝐿, 𝑣 ≡ 𝐾 𝑥, 𝑣 + 𝑥 ⋅ 𝐶𝐿

𝐶𝐿=−
𝜕𝐾
𝜕𝑥

• We saw, asymptotically
ሚ𝑆 𝐶𝐿, 𝑣 ∼ ±𝑅±𝐶𝐿 as −

𝜕𝐾

𝜕𝑥
= 𝐶𝐿→ ±∞

• This happens when 𝐾 has singularities at ±𝑅±. Detailed balance relates 
𝑅− = 𝑅+ +

𝑣

𝑇
 

• K having a singularity is equivalent to the asymptotic factorial growth of 
moments

𝔐n 𝑣 ∼ 𝑛! 𝑅(𝑣)−𝑛

• At leading order, the tail exponent 𝑅(𝑣) is coupling-independent

• At weak coupling in the large 𝛾 limit we find 𝑅 𝑣 ∼ 1/(4𝛾2𝑇), and at 
strong coupling 𝑅 𝑣 ∼ 1/(𝑟0𝛾

3

2𝑇)
Jean du Plessis 19

JDP and B. Scheihing
2604.21895



Asymptotic Behavior

• Recall
ሚ𝑆 𝐶𝐿, 𝑣 ≡ 𝐾 𝑥, 𝑣 + 𝑥 ⋅ 𝐶𝐿

𝐶𝐿=−
𝜕𝐾
𝜕𝑥

• We saw, asymptotically
ሚ𝑆 𝐶𝐿, 𝑣 ∼ ±𝑅±𝐶𝐿 as −

𝜕𝐾

𝜕𝑥
= 𝐶𝐿→ ±∞

• This happens when 𝐾 has singularities at ±𝑅±. Detailed balance relates 
𝑅− = 𝑅+ +

𝑣

𝑇
 

• K having a singularity is equivalent to the asymptotic factorial growth of 
moments

𝔐n 𝑣 ∼ 𝑛! 𝑅(𝑣)−𝑛

• At leading order, the tail exponent 𝑅(𝑣) is coupling-independent

• At weak coupling in the large 𝛾 limit we find 𝑅 𝑣 ∼ 1/(4𝛾2𝑇), and at 
strong coupling 𝑅 𝑣 ∼ 1/(𝑟0𝛾

3

2𝑇)
Jean du Plessis 20

JDP and B. Scheihing
2604.21895



Asymptotic Behavior

• Recall
ሚ𝑆 𝐶𝐿, 𝑣 ≡ 𝐾 𝑥, 𝑣 + 𝑥 ⋅ 𝐶𝐿

𝐶𝐿=−
𝜕𝐾
𝜕𝑥

• We saw, asymptotically
ሚ𝑆 𝐶𝐿, 𝑣 ∼ ±𝑅±𝐶𝐿 as −

𝜕𝐾

𝜕𝑥
= 𝐶𝐿→ ±∞

• This happens when 𝐾 has singularities at ±𝑅±. Detailed balance relates 
𝑅− = 𝑅+ +

𝑣

𝑇
 

• K having a singularity is equivalent to the asymptotic factorial growth of 
moments

𝔐n 𝑣 ∼ 𝑛! 𝑅(𝑣)−𝑛

• At leading order, the tail exponent 𝑅(𝑣) is coupling-independent

• At weak coupling in the large 𝛾 limit we find 𝑅 𝑣 ∼ 1/(4𝛾2𝑇), and at 
strong coupling 𝑅 𝑣 ∼ 1/(𝑟0𝛾

3

2𝑇)
Jean du Plessis 21

JDP and B. Scheihing
2604.21895



Tail Exponent
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A three-parameter model of non-Gaussianity

• These singularities are present at both strong and weak coupling in 𝒩 = 4 SYM, and at weak coupling in pure 
gauge theory as well as massless QCD

• Requiring equilibration demands 𝐾 𝑥, 𝑣 = 𝐾 −𝑥 −
𝑣

𝑇
, 𝑣

• Normalized Distributions have 𝐾 0, 𝑣 = 0 

• The Central Limit Theorem tells us the importance of the drag and diffusion coefficients

• Large deviation theory tells us the importance of the tails

Jean du Plessis 23

• We therefore propose:

𝐾 𝑥, 𝑣 = −𝒟 𝑣 𝑥 𝑇 𝑥𝑇 + 𝑣 +
ℒ 𝑣 𝑥 𝑇 𝑥𝑇 + 𝑣

𝑥𝑇 − 𝑅 𝑣 𝑇 𝑥𝑇 + 𝑣 + 𝑅 𝑣 𝑇
+ const.

• This is completely determined by

𝑇2ℒ =
1

𝑣2
𝑅 𝑇 𝑅 𝑇 + 𝑣

2 𝜅𝐿

2 𝑇
− 𝐸 𝜂𝐷  T2𝒟 = 𝐸 𝜂𝐷 −

𝑇2ℒ

𝑅 𝑇 𝑅 𝑇 + 𝑣
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A three-parameter model of non-Gaussianity
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Non-Gaussian Broadening (Preliminary)

Jean du Plessis 29

26xx.xxxxx
JDP and B. Scheihing

40-50%

0-5%

• Compare Gaussian Fluctuations (with Einstein relation imposed on diffusion coefficient) vs Non-
Gaussian Fluctuations (with strong coupling drag and diffusion coefficients and exponential tails)

• Non-Gaussian fluctuations mimic light-quark energy loss employed at high-𝑝𝑇 in composite approach
• Using non-Gaussian fluctuations changes system size dependence and will shift value of 𝜿𝑯𝑸 extracted 

via future comparison with data



Outlook and Conclusion
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• QFT generically gives rise to heavy quark dynamics that does not satisfy the Einstein Relation at 
𝑣 > 0

• QFT generically gives rise to heavy quark dynamics that does satisfy a generalized equilibration 
condition, which reduces to the Einstein relation in the 𝑣 → 0 limit

• Strong and weak coupling seems to give rise to qualitatively similar momentum transfer 
distributions:
• Gaussian core
• Asymmetric exponential tails

• This can be understood from the analytic properties of the moment generating function 𝐾
• At equal drag, survivorship bias leads to smaller suppression when taking these non-

Gaussianities into account
• This can shift the extracted spatial diffusion coefficient 2𝜋𝑇𝐷𝑠(𝑣), which  has been calculated on 

the lattice at 𝑣 = 0



Backup
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Hybrid model

• Pythia 8 Monash 2013 tune for weak 
coupling parton showers

• Hydrodynamic medium

• Strongly coupled energy loss of every 
parton in shower

• 𝜅𝑠𝑐 = 0.404 from global fit of hadron 
and jet 𝑅𝐴𝐴; light quark stopping length 
in QGP 3-4 times that in N=4 SYM 
plasma

• Lund string hadronization in Pythia

J. Casalderrey-Solana et al.
1405.3864 and 1808.07386
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Composite energy loss formula
−

𝑑𝐸

𝑑𝑥

= min
4𝑥2𝐸0

𝜋𝑥𝑡
2 𝑥𝑡

2 − 𝑥2
, 𝜂𝐷 𝐸2 − 𝑀2 

• Can uniquely match such that 
𝐸(𝑥) and its first derivative are 
continuous due to opposite signs 
in second derivative

• At each step choose whether to 
lose energy as heavy or light 
quark; always choose least 
energy loss.

• Comes to rest at finite distance

• Starts off like massless quark, 
ends like heavy quark

• New parameter 𝜅𝐻𝑄 ≡ 𝜂𝐷
𝑀

𝑇2 
added to Hybrid Model; controls 
slope of red curve
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Diffusion Constant at 𝑣 = 0 from the 
Lattice
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Hot QCD
2506.11958



Non-Gaussian Broadening Shifts 
Parameter Extraction
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COMPARE

GAUSSIAN
NON-GAUSSIAN

1707.05452
F. Scardina et al.



b and c Hadron 𝑅𝐴𝐴 0-10% Cent. 2510.24847
ALICE Data: 2202.00815

Reasonable description of 𝐷0 𝑅𝐴𝐴 for 𝜿𝑯𝑸 = 𝟒. 𝟒, only with 
both recombination and diffusion

Jean du Plessis 36

No Bottom 
Quark 
Coalescence 
yet



Sampling the model

• Large deviation theory guarantees that sampling a distribution with the correct rate function will give the 
correct late time behavior

• For numerical implementations we want a convolution-closed family of distributions that are easy to 
sample, such that the choice of timestep does not affect the physics in the small timestep limit

• It can be shown that sampling 𝐺 + σ𝑖=1
𝑁 𝑍𝑖  is convolution closed and has the exact proposed rate function 

when

𝐺 ∼ 𝒩 𝒟𝑣 𝑇Δ𝑡, 2𝒟𝑇Δ𝑡 , 𝑁 ∼ Pois ℒ 𝑇Δ𝑡 , 𝑍 ∼
Exp(R T) w/ prob.

𝑅𝑇 + 𝑣

2𝑅𝑇 + 𝑣

−Exp(R T+v) w/ prob.
𝑅𝑇

2𝑅𝑇 + 𝑣

Jean du Plessis 37
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