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> Before collision: <0 fm/c
Gluon field of high-energy nucleus

¢ Initial stage: 1< 0.4 fm/c
Glasma: strong classical gluon fields

** Thermalization: 7 <1 fm/c
Effective kinetic theory

¢ Equilibration: 7 <10 fm/c
Relativistic hydrodynamics

*» Final stages: 7 > 10 fm/c
Hadronization
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s Color glass condensate
Effective field theory for high-energy QCD

Ve
/
d < Initialization
\\ McLerran-Venugopalan (MV) model (g?u~Q;)
\
/ ¢ Classical gauge fields
JEAR High occupation number
* Longitudinal flux tubes of gluon color
7 fields
/  Out-of-equilibrium medium
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Features of Glasma

Dana’s talk ¢
Y 17 Aug, 9 AM

Nucleus A Nucleus B

K. Fukushima, Acta Phys.Polon.B 42 (2011) 2697-2715

> Relevant scale: Saturation mOmentum,
LinS ’ > Initial longitudinal color flux tubes of 8x
zlasma | > Fields dilute after t = QS"1 L
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Evolution of expanding Glasma:
CYM equations

/

Due to the large density, r ,‘ 1
the gluon field behaves - = Rl
like a classical field. Classical Ié.ll T £
: A, = 1TE
Yang-Mills ! !
CYM £t = <[, Fy| - 2[4, [D, 4
( ) = 1[D, ji]_?[ w [ Di n]]
Dynamics 1s governed 1
by classical EoMs, - T = —_Ip. ID.
namely the Classical L EquathnS J En T [D“ [D“ A”]]
Yang-Mills (CYM) '
equations.

Evolution of the system is studied assuming Glasma as the initial condition,
and evolving this condition by virtue of the CYM equations.
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Is Glasma chaotic? T

Butterfly Effect:
Small changes in initial conditions lead to
unpredictable, significant results.

Ingredients for chaos in Glasma:

* Non-Abelian Nature: Gluon fields self-interact. This non-linear interaction is a source of
complexity and chaos.

¢ Classical Field Dynamics: In the early, dense stage, gluons can be treated as classical Yang-Mills
fields, highly non-linear.

¢ Sensitivity to Initial Conditions: The initial color charges in the nuclei are random. Small changes
here should propagate.
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Seeding the chaos

\\ 4

y Ve

cliegite & Make a nearly Introduc.:e a small Monitor the

simulation s.,etup identical copy of fluctuation to the growth of the

of Glasma fields the fields difference of fields

\ \over time Y
| )‘W:'/A:%///_-: 74
Pooja Strong and Electro-Weak Matter (SEWM) 2026 Monday,

University of Jyvaskyla Helsinki, Finland August 17, 2026



/

Seeding the chaos in initial classical fields

Perturbed field Unperturbed field Small perturbation (¢®(x,)) =0
2x"(x)) (r*eDx* (1)) = a*6%6
Eéa(T:O,xJ_) = E,?(T:O,xl) + 5 X1,y
1
28" (x1) (§i(x)) =0
Ia it s a e L a
U ea L el e e ey (68, )EL(y.)) = 28906110, ,

U{(T — O, x_l_) — U’i(T — O, xJ_). eXp[igal5A?(T — O, xJ_)]Ta
«, [: Perturbation amplitude
1
By(tnX1) = —Eoy(tn,x1) ~ == |Uy(z )]
$
|
anti-Hermitian
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Evolve and measure the fields 10

Solve CYM Measure

equations of 2
motion (6E’7 (T)) and

2
separately for (53,1 (r)) VST
E A andE' A
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Impact of longitudinal expansion B

Static system Expanding system (Glasma)
2 2
S S
-
O O
f ) T ’
Growth in the Glasma is not exponential in time, As the field perturbations attempt to grow, the boost
but exponential in the square root of the proper invariant longitudinal expansion of the colliding
time, t. system stretches physically and dilutes the growth.
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Impact of longitudinal expansion of Glasma

. In a static box, chaotic perturbations grow
- Jexponentially with linear time (e#t).
~ However, in the expanding system,
~ longitudinal expansion stretches the system.
This dilutes the energy density, modifying the
chaotic growth into a square-root trajectory.

| 2
Tr (5F,7(T)) x eVg%ut _

(at/a®){Tr (6F,)?)

glut
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Impact of longitudinal expansion of Glasma 3

O Longitudinal

The leading Lyapunov exponent
~ expansion dictates a

The signature of classical .3 . . :
- (the intrinsic chaoticity being

chaos: exponential growth

square-root time extracted)
dependence.
- Square-root time
N NET: ) dependency: A direct
g 2 physical consequence
< I'r (6 n (T)) X of the 2+1 D boost-
) | \ . invariant Glasma
rd
The tracked perturbation in the The MV model parameter, g%u ~ Q,
longitudinal fields, F = E, B - Qs: Saturation scale of Glasma
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Step 0: Check linearity 14

6 L
e S iaben 2
RS S rr (87, @) ) o e}V
S '\\\\?" [ == 1 =0385 ¢
k Q%% _ -5 .
‘ %%Q 4F == a=10 :
A\ ‘ F=E B A:lLyapunov exponent

(a*/a*)(Tr(6E)*)

(W)
L] L] I L] ] ] ]

e Scaling by a?confirms that the dynamics remain
strictly in linear regime for a < 1073

* Initial transient phase: Other modes die away

 Later, a very clear exponential growth

Linear regime stability: '

apf K1 ,
0 100 200 300 400
gyt
Perturbations grow exponentially as a square root of time
% due to boost-invariant expansion of the Glasma fields.
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» Perturbations remain in
linear regime for
a< 1073,

» White noise excites all
momentum modes
equally.

FRRS?SYSZ 525¢5¢S]
10"
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Transient phase:
System takes
time to digest

the perturbation
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White-noise perturbation
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Exponential phase:
Clear linear
growth on the
logarithm scale
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Does the chaos in the Glasma
originate from specific instabilities at
specific momentum scales?
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1.0

Gaussian
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Vamn )
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g

» Aggressively suppresses high-
momentum ultraviolet modes
» Focuses on infrared modes
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1.0

]Cpower (k_l_ )

Momentum-space filtering

1.0
Power — law
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Kpower (k1) = —-2
power \"* L _kJ2_+K§

» Milder suppression of high-
momentum modes
> Preserves the ultraviolet tail

Strong and Electro-Weak Matter (SEWM) 2026

Helsinki, Finland

17

1.0F FASE O B AN
Shell
ks — Ak/2 Ks + Ak/2
0.8}
0.6F k1 = Ksy Kshenn = 1
04F
0.2F
O'%.O 0?2 Oj4 Oiﬁ Oj8 1.0
ki
Ak Ak

< < ——
jcshell(kj_) — L Ks 2 kJ' = ks + 2

0, otherwise

» Isolates a narrow band of momenta
» Tests specific momentum modes
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Momentum-space filtering

1.0 A
Gaussian

Power-law

Shell
0.8}

If the chaos is driven by specific
instabilities, changing these filters

should change the Lyapunov exponent.

0. : : : :
%.0 0.2 0.4 0.6 0.8 1.0

ki
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Gaussian-filtered perturbations
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K1
%gauss(kj_) = exp\ ——3
K
10! -
E Gaussian
¢ 2
ai(Tr (SEn(T = O)) o ajKg
g 10—1 L
2
=
~ \
Initial amplitude of the perturbations < k, | = kgt =01
~ - 5 =0.392
For smaller values of k, the filter suppresses a larger A 107 () =05
portion of the momentum spectrum, resulting in fewer | _ ?zgoﬁ()l_ |
modes contributing to the initial fluctuations. e 2N
e ) K, /(g° ) = 1.0
Hence, we get a smaller 1nitial intercept on the y-axis. —_—— =039
10—5 T RN B N B N !
0 100 200 300 400
g ur
Pooja Strong and Electro-Weak Matter (SEWM) 2026 Monday,
University of Jyvaskyla Helsinki, Finland August 17, 2026



Gaussian-filtered perturbations 20

Kt
gauss(kj_) — exp _?

g

101

Gaussian

Tr (5E,7(T))2 oc /N IPHT

o 107!
e e =i
The slope 1s 1nsensitive to the =
; filter scale, k. :;f - e =0l
= 10-3 —-— 1 =0.392
S
= = /g =05
. - = ) =0.401
Clean exponential growth: =g = 10

- 4 =0.394

1 ~0.39 —0.40 b

0 100 200 300 400
giut
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Power-law filtered perturbations 21

| Kpower (1) = 174
10 Power-law
4 2 2
a; (Tr (6E77 (t = O)) X aiKg
g: 10-! L
=)
S
Initial amplitude of the perturbations x K, fg | el Zp/_(g;?o -
For smaller values of k,, the filter suppresses a larger % 1077 - .
portion of the momentum spectrum, resulting in fewer - : ?/z(go?gj "
modes contributing to th§ i‘n.itia.l fluctuations. . : = ) = 1.0
Hence, we get a smaller 1nitial intercept on the y-axis. E —— ) =0.393
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Power-law filtered perturbations 22

K k)=
power( J.) sz__I_KI%
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- Power-law
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G i i
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Clean exponential growth: =l = 10
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Shell-filtered perturbations

Clear vertical hierarchy

in the growth curve

Early time
Higher momentum shells

larger k) exhibit larger 1nitia
amplitudes due to the larger
phase-space area A~2mk Ak.
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Shell-filtered perturbations

Clear vertical hierarchy

in the growth curve
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Late time

overlap with the unstable
modes, leading to lower late
time amplitudes.
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Shell-filtered perturbations
Ak Ak
:Kshell(kl) - {1' s ™ 7 = kJ' = st 7
i 10! 0, otherwise
' Despite the oscillatory start and E Shell
- shifting amplitudes, every single shell
eventually locks into the same slope: ~ 1071
A ~0.38 —0.40 S |
= g
= 10-3 A /
S
» The unstable mode has a nontrivial | S T S =02 S k) =04 S kA =06
momentum-space structure, rather than being : A& = 0.8 —B— whglu) = L0 A = 12
associated with a single momentum scale. 1075 £ AZO0 m e AR0I mm A= 08
: : 0 : kMg =14 —==— kfg’n) =16 K Ag* 1) = 2.0
»> Need a Fourier-space analysis of the :2 == 1=0391 e 1=0385 === 4=0359
perturbation. B0 0 100 200 300 400
gyt
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Robustness of the Lyapunov exponent

0.42 White noise Hill Q A
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Electric vs magnetic field perturbations
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2 2
g Ut g Ut

Lyapunov exponent is insensitive to:
» Component of field perturbed
» Component of field measured

v’ Initialize one, measure the other
v" Both couple to same unstable mode
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Lattice parameters dependence ??
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Dependence on lattice spacing

= \_

" The Lyapunov exponent (A ~ 0.38 — 0.40) of the Glasma is

independent of the numerical discretization details.

~
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Conclusions

2
(SFn (r)) ~ exp[(@., 39 + Q. @2)\/92”1-] JWe discovered an unstable

leading mode in the non-linear
ads tc Glasma fields.

wth rate, ¥ (7) JChaos in the Glasma is a scale-

d invariant, collective
ESF"(T) =V (7)Fy(7) phenomenon.
where JThe leading mode couples to all
Q@ZM momenta scales in the
Y(z) = (0.1 £ 0.005) - background fields efficiently.
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In linear regime of the
perturbation, the
Lyapunov exponent for

the Glasma is /~0.4 .
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Work in progress:
Heavy quarks’ trajectories
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K.J. Sun, R. Wang, C.M. Ko, Y.G. Ma, C. Shen, Nature Communications, 15 (2024) 1, 1074 =

HQs can probe the entire evolution of the medium, from the early stage up to hadronization.

Pooja Strong and Electro-Weak Matter (SEWM) 2026 Monday,
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https://link.springer.com/article/10.1140/epjp/s13360-022-02517-w

Work in progress: -
Heavy quarks’ trajectories

Equations of motion ‘ .
of heavy quarks * Moving beyond field fluctuations to track

(Wong Equations) actual particles (heavy quarks)
* Solving Wong equations for heavy quarks

dxt  p . ; .

g BT Vp? +m? moving in the background CYM glasma
' _ o pinTs CSiven o7 .
ac — 9lata * (Goal: Measure chaotic signatures directly

from the diffusion of heavy quarks

aQ, _ up
dt gfabcAb EHQC

Pooja Strong and Electro-Weak Matter (SEWM) 2026 Monday,
University of Jyvaskyla Helsinki, Finland August 17, 2026



Seeding the chaos in HQs 34

xg = xo + x'as Po = Do - ;
e (i(xy)) =0
W xDX G) = e85y, (E@OE ) = adsUs,,,,
R
Oh (QO ¢ )‘(Qg_l_(a)‘ @y @y, !

Perturbation amplitudes

((%(x)) =0
(04 (x 18" (Y1) = a§d*’ s, LYL

Pooja Strong and Electro-Weak Matter (SEWM) 2026 Monday,
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Xo =X+t oya

Perturbation in position

Preliminary results

(Xi(xJ_)> =0

U/

UG iy e e oG

4.0
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Qo

Perturbation in color charge Preliminary results

B (QO +C )‘(Q(C)H‘(a)‘

(¢3(x,)) = 0
(C5(x)8°(31)) = 2355, ,

36

1200
4000001 _1_ o —10-5 —— ap=107°
- -4 - -4 7]
350000 ~17" Ao =10 1000{ ~17" @ =10 Y
_I_ ao = 10_3 _I_ aO — 10—3 1 A
300000 -
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~NO NO
S 250000 S
N o
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The road ahead for Glasma chaos

Analyzing leading mode Full spectrum of modes
4 N q ;
Extract momentum Extract the complete matrix of
dependence of the leading Lyapunov exponents, rather than
_mode in Coulomb gauge. _Just the leading mode. y

Broken boost-invariance

/Study of exponentially
growing modes related to
_the Weibel instability. y

Pooja Strong and Electro-Weak Matter (SEWM) 2026 Monday,
University of Jyvaskyla Helsinki, Finland August 17, 2026



Thank You.
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Mclerran-Venugopalan (MV) model 40

“Colliding nuclei”

(p%(x1))=0
(Pa(xl)Pb(YL)) = (gﬂ)25ab5(2)(xl - ¥i)

MV model parameter, g%u ~ Q
’ (),: Saturation scale of Glasma

Provides initial condition where large-x partons are modeled as
random color charges on a 2D plane, sourcing soft gluon fields.


https://inspirehep.net/literature/358358

Formation of Glasma

Colliding nuclei

VU,

Lappi and McLerran (2006)




Glasma: The initial condition 42

H1 and ZEUS
,._g 1
: Q2 =10 GeV?
08 i —— HERAPDF1.0
- - . uncert.
Parton momentum . - :; e
x BN ucleon momentit I rametrization uncer Xu,
Nucleon momentum The small-x os . T poremetrzaton uncert
region is \j 2 X009
dominated by o
the gluons |
x K1 "
uarks + antiq
llll 10+ 102 10 q
X

Proceedings, 31st International Conference on Physics in collisions (PIC 2011)

* Slow partons: Gluons dominate the nucleonic wave function.
* Fast partons: Random sources of the classical gluon fields.



https://inspirehep.net/literature/954990

Color-Glass Condensate (CGC) 43

¢ Color: Gluons have “colors”.
¢ Glass: Partons (quarks and gluons) with x = 1 are very fast (v = c).
So, they appear frozen in lab, like molecules in glasses.
*»* Condensate: Many small-x gluons: Gluon density is very high and saturated.

The dynamical evolution of the CGC: T FHY — ]V
Classical Yang-Mills (CYM) equations U _

L 4 Condensate Glass
= (x = 0) (x = 1)
K. Folcushirma, \ Gluon fields Source

Acta Phys. Polon. B 42 (2011) 2697-2715%



https://inspirehep.net/literature/944605

A. lpp, D. Miiller, Phys. Lett. B 771 (2017) 74-79%


https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010

Animatic sketch of collision of two nuclei



https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010

Evolution of static Background
Glasma: CYM Equations

Due to the large density, a
the gluon field behaves dA; (x) — Fa
like a classical field. CYM ar i (%)

Equations dEZ (x)

’ | dt

Dynamics 1s governed

by classical EoMs, Gluon Field
namely the classical [ Strength Tensor o F ic} (x) = aiA]q' (x) — 6]-/1? (x) + gfare A? (x)Af (x)

Yang-Mills (CYM)
equations.

= 0F(x) + gf AL (O FS (x)

Evolution of the system is studied assuming Glasma as the initial condition,
and evolving this condition by virtue of the CYM equations.
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Methodology

Initial perturbation

Perturb E77

Ef*(t=0,x,) =Ef(t=0,x,) +6E;(z=0,x,)
with SEZ(x,) = 2x*(xy)/af

(x*(x)) =0
(X)X’ () = a?8%68,,

A(t=0,x,) =A%t =0,x,) + A% (t =0,x,)
with A (x)) = 2&{(x,)/ad

Perturb B77

Ui(t=0,x,) =Ui(t =0,x,).expliga, A (t = 0,x,)]T?

1
By (tn, x1) = —Ey(tn,x)) = ——5 Uy (. x1)],
1

<€ia(xj_)> =0
(fia(xl)f]b()’l)) — ,325ab5ij5xl,yl
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Gaussian-filtered perturbations

Gaussian Filter
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Power-law filtered perturbations
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Shell-filtered perturbations

Shell Filter
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Shell-Filtered Perturbations 53

10" ¢
. Ak <k < Ak
K SK =S K I
:Kshell(kj_) — ' : 2 : 2 »
: o~ 107"
0, otherwise N
2
£
g 107
* Clean exponential growth: 4 =~ 0.38 — 0.40 =~ 2 2 2
3" —= kAg°u) =02 = kfg°'n) =04 —= Kfig"p) =0.6
e litd fth L o o 1 ~ e = =0.397 - ) =0.393 -} =0.396
ate-time amplitude of the perturbations < — 5 Ao 08 M KA = L0 et 12
Bt S 10_5 : A =10.390 - ) =0.389 ) =(.382
* Non-trivial momentum space structure: Need a KA = 14 = kA8 = 16 K82 ) = 2.0
[ === 4 =0.39] w— = ) =(0.385 w— = ) =(0.359
detailed study in Fourier-space analysis of Ty VR a—r N

the perturbation g2yt
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  𝝉 ≤ 𝟎   𝒇 𝒎 / 𝒄


  𝝉 ≲ 𝟎 . 𝟒   𝒇 𝒎 / 𝒄


  𝝉 ≲ 𝟏   𝒇 𝒎 / 𝒄


  𝝉 ≲ 𝟏 𝟎   𝒇 𝒎 / 𝒄


  𝝉 ≥ 𝟏 𝟎   𝒇 𝒎 / 𝒄


   g 2 𝜇 ~  Q s


     E . i   =   𝜏  [   D j ,  F  j i ] −   i g 𝜏  [   A 𝜂 ,  [   D i ,    A 𝜂 ] ]


     E . 𝜂   =    1 𝜏  [   D i ,  [   D i ,    A 𝜂 ] ]                                                    


     A . i   =    1 𝜏  E i


     A . 𝜂   =   𝜏  E 𝜂


  𝛼 ,     𝛽


   𝑩 𝜼 ′


   E 𝜂  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ )     =      E 𝜂 a  (  𝜏 = 0 ,    𝒙 ⊥ )         +           2  𝜒 a  (   𝒙 ⊥ )   a ⊥ 2


   A i  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ )     =        A i a  (  𝜏 = 0 ,    𝒙 ⊥ )       +           2  𝜉 i a  (   𝒙 ⊥ )   a ⊥


  𝑬 ,   𝑨 ,  


   𝑬 ′ ,   𝑨 ′


     (    𝜹 𝑬 𝜼  ( 𝝉 ) ) 𝟐


     (    𝜹 𝑩 𝜼  ( 𝝉 ) ) 𝟐


  𝝉


  𝝉


   e  𝜆 t


   e  𝜆  𝜏


   ⟨  T r    (    𝛿 F 𝜂  ( 𝜏 ) ) 2 ⟩   ∝    e  𝝀    g 2 𝜇 𝜏


    ( e  𝝀 t )


   e  𝝀    g 2 𝜇 𝜏


   ⟨  T r    (    𝛿 F 𝜂  ( 𝜏 ) ) 2 ⟩   ∝    e  𝝀    g 2 𝜇 𝜏


  F = E ,   B


          g 2 𝜇   ~    Q s


   Q s


   e  𝝀    g 2 𝜇 𝜏


   ⟨  T r    (    𝛿 F 𝜂  ( 𝜏 ) ) 2 ⟩   ∝    e  𝝀    g 2 𝜇 𝜏


   𝛼 2


  α <   10  − 3


  ~  e  𝜆    g 2 𝜇 𝜏


  𝜶 , 𝜷 ≪ 𝟏


  𝝀


  𝑭 = 𝑬 ,   𝑩


  ~  e  𝜆    g 2 𝜇 𝜏


  α <   10  − 3


   ⟨  T r    (    𝛿 E 𝜂  ( 𝜏 ) ) 2 ⟩ ∝  e  𝝀    g 2 𝜇 𝜏


  𝝀 = 𝟎 . 𝟑 𝟓 ,   … ,   𝟎 . 𝟑 𝟖


   𝒦  s h e l l  (   k ⊥ ) =  {      1 ,      𝜅 s −   Δ k 2 ≤  k ⊥ ≤  𝜅 s +   Δ k 2     0 ,     o t h e r w i s e                                                    


   𝒦  p o w e r (  k ⊥ ) =    𝜅 p 2   k ⊥ 2 +  𝜅 p 2


   𝒦  g a u s s  (   k ⊥ ) = e x p  (  −    𝜅 ⊥ 2   𝜅 g 2 )


   a ⊥ 4  ⟨  T r    (    𝛿 E 𝜂  (  𝜏 = 0 ) ) 2 ⟩ ∝    a ⊥ 2  𝜅 g 2


  ∝    𝜿 𝒈


   𝜅 g


   𝒦  g a u s s  (   k ⊥ ) = e x p  (  −    𝜅 ⊥ 2   𝜅 g 2 )


    𝝀   ≈ 𝟎 . 𝟑 𝟗   − 𝟎 . 𝟒 𝟎


   𝜅 g


   ⟨  T r    (    𝛿 E 𝜂  ( 𝜏 ) ) 2 ⟩ ∝  e  𝝀    g 2 𝜇 𝜏


   𝒦  g a u s s  (   k ⊥ ) = e x p  (  −    𝜅 ⊥ 2   𝜅 g 2 )


   a ⊥ 4  ⟨  T r    (    𝛿 E 𝜂  (  𝜏 = 0 ) ) 2 ⟩ ∝    a ⊥ 2  𝜅 p 2


  ∝    𝜿 𝒑


   𝜅 p


   𝒦  p o w e r (  k ⊥ ) =    𝜅 p 2   k ⊥ 2 +  𝜅 p 2


    𝝀   ≈ 𝟎 . 𝟑 𝟗   − 𝟎 . 𝟒 𝟎


   𝜅 p


   ⟨  T r    (    𝛿 E 𝜂  ( 𝜏 ) ) 2 ⟩ ∝  e  𝝀    g 2 𝜇 𝜏


   𝒦  p o w e r (  k ⊥ ) =    𝜅 p 2   k ⊥ 2 +  𝜅 p 2


   𝜅 s


  A ~ 2 𝜋  𝜅 s ∆ k


   𝜅 s


   𝜅 s


  A ~ 2 𝜋  𝜅 s ∆ k


   𝜅 s


   𝒦  s h e l l  (   k ⊥ ) =  {      1 ,      𝜅 s −   Δ k 2 ≤  k ⊥ ≤  𝜅 s +   Δ k 2     0 ,     o t h e r w i s e                                                    


   𝜅 s


  A ~ 2 𝜋  𝜅 s ∆ k


   𝜅 s


   𝜅 s


  A ~ 2 𝜋  𝜅 s ∆ k


   𝜅 s
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  𝝀   ≈ 𝟎 . 𝟑 𝟖   − 𝟎 . 𝟒 𝟎


   𝒦  s h e l l  (   k ⊥ ) =  {      1 ,      𝜅 s −   Δ k 2 ≤  k ⊥ ≤  𝜅 s +   Δ k 2     0 ,     o t h e r w i s e                                                    


  𝝀   ≈ 𝟎 . 𝟑 𝟗   ± 𝟎 . 𝟎 𝟐


  𝝀   ≈ 𝟎 . 𝟑 𝟖   − 𝟎 . 𝟒 𝟎


   𝒈 𝟐 𝝁  𝒂 ⊥


   𝒈 𝟐 𝝁  𝒂 ⊥


   𝒈 𝟐 𝝁  𝒂 ⊥


   𝒈 𝟐 𝝁  𝑳 ⊥


   𝒈 𝟐 𝝁  𝑳 ⊥


     (  𝜹  𝑭 𝜼  ( 𝝉 ) ) 𝟐 ~  


   [   (  𝟎 . 𝟑 𝟗 ± 𝟎 . 𝟎 𝟐 )    𝒈 𝟐 𝝁 𝝉 ]


     𝒅  𝒅 𝝉 𝜹  𝑭 𝜼  ( 𝝉 ) = 𝜰 ( 𝝉 )  𝑭 𝜼 ( 𝝉 )


  𝜰  ( 𝝉 ) = ( 𝟎 . 𝟏 ± 𝟎 . 𝟎 𝟎 𝟓 )      𝒈 𝟐 𝝁 𝝉


  leads   to  


  growth   rate


  𝜰 ( 𝝉 )


  𝜆 ~ 0 . 4


   ⟨  T r    (    𝛿 F 𝜂  ( 𝜏 ) ) 2 ⟩ ∝  e  𝜆    g 2 𝜇 𝜏


    d  x i  d t


     p i E


    E =    𝒑 2 +  m 2


    d  p i  d t = g  Q a  F a  i 𝜇    p 𝜇 E


    d Q a  d t = g  f  a b c  A b 𝜇    p 𝜇 E  Q c


   𝛼 x ,      𝛼 p ,      𝛼 Q


   x 0  i ′ =  x 0 i +  𝜒 i  a ⊥


   ⟨   𝜒 i  (   𝒙 ⊥ ) ⟩   = 0                


   ⟨   𝜒 i  (   𝒙 ⊥ )  𝜒 j  (   𝒚 ⊥ ) ⟩ =  𝛼 x 2  𝛿  i j  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   p 0  i ′ =  p 0 i +    𝜉 i   a ⊥


   ⟨   𝜉 i  (   𝒙 ⊥ ) ⟩   = 0                


   ⟨   𝜉 i  (   𝒙 ⊥ )  𝜉 j  (   𝒚 ⊥ ) ⟩ =  𝛼 p 2  𝛿  i j  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   Q 0  a ′ =   ( Q 0 a +  𝜁 a )    |   Q 0 a |   |    ( Q 0 a +  𝜁 a ) |


   ⟨   𝜁 a  (   𝒙 ⊥ ) ⟩   = 0                


   ⟨   𝜁 a  (   𝒙 ⊥ )  𝜁 b  (   𝒚 ⊥ ) ⟩ =  𝛼 Q 2  𝛿  a b  𝛿   𝒙 ⊥ ,  𝒚 ⊥


  x


  2 D


          g 2 𝜇   ~    Q s


   Q s


   𝒗 𝒛 ≈ − 𝒄


   𝒗 𝒛 ≈ 𝒄


   𝒗 𝒛 ≈ − 𝒄


   𝒗 𝒛 ≈ 𝒄


  𝒙 =   𝑷 𝒂 𝒓 𝒕 𝒐 𝒏   𝒎 𝒐 𝒎 𝒆 𝒏 𝒕 𝒖 𝒎  𝑵 𝒖 𝒄 𝒍 𝒆 𝒐 𝒏   𝒎 𝒐 𝒎 𝒆 𝒏 𝒕 𝒖 𝒎


  𝒙 ≈ 𝟏


  𝒙 ≪ 𝟏


  𝒙 =   𝑷 𝒂 𝒓 𝒕 𝒐 𝒏   𝒎 𝒐 𝒎 𝒆 𝒏 𝒕 𝒖 𝒎  𝑵 𝒖 𝒄 𝒍 𝒆 𝒐 𝒏   𝒎 𝒐 𝒎 𝒆 𝒏 𝒕 𝒖 𝒎


  𝒙 ≈ 𝟏


  𝒙 ≪ 𝟏


   𝒟 𝜇  F  𝜇 𝜈 =  J 𝜈


  ( x   ≈   0 )


  ( x   ≈   1 )


  x ≈ 1


  v ≈ c


  x


   F  i j a  ( x ) =  𝜕 i  A j a  ( x ) −


   𝜕 j  A i a  ( x ) +   g f  a b c    A i b  ( x )  A j c  ( x )


    d  E i a ( x )  d t =  𝜕 j  F  j i a ( x ) + g  f  a b c  A j b ( x )  F  j i c ( x )


    d  A i a ( x )  d t =  E i a ( x )


   E 𝜂


   E 𝜂  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ ) =    E 𝜂 a  (  𝜏 = 0 ,    𝒙 ⊥ ) + 𝛿 E 𝜂 a  (  𝜏 = 0 ,    𝒙 ⊥ )


        𝛿 E 𝜂 a  (   𝒙 ⊥ ) = 2  𝜒 a  (   𝒙 ⊥ ) /  a ⊥ 2


   ⟨   𝜒 a  (   𝒙 ⊥ ) ⟩ = 0


   ⟨   𝜒 a  (   𝒙 ⊥ )  𝜒 b  (   𝒚 ⊥ ) ⟩ =  𝛼 2  𝛿  a b  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   B 𝜂


   A i  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ ) =    A i a  (  𝜏 = 0 ,    𝒙 ⊥ ) + 𝛿 A i a  (  𝜏 = 0 ,    𝒙 ⊥ )


    𝛿 A i a  (   𝒙 ⊥ ) = 2  𝜉 i a  (   𝒙 ⊥ ) /  a ⊥ 2


   U   i ^ ′  (  𝜏 = 0 ,  x ⊥ ) =  U   i ^  (  𝜏 = 0 ,  x ⊥ ) . e x p  [  i g  a ⊥   𝛿 A i a  (  𝜏 = 0 ,    x ⊥ ) ]  T a


   B 𝜂  (   𝜏 n ,  x ⊥ ) = −  F  x y  (   𝜏 n ,  x ⊥ ) ≈ −  1  g  a ⊥ 2    [   U   i ^  j ^  (  𝜏 ,  𝒙 ⊥ ) ]  a h


   ⟨   𝜉 i a  (   𝒙 ⊥ ) ⟩ = 0


   ⟨   𝜉 i a  (   𝒙 ⊥ )  𝜉 j b  (   𝒚 ⊥ ) ⟩ =  𝛽 2  𝛿  a b  𝛿  i j  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   E 𝜂


   E 𝜂  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ ) =    E 𝜂 a  (  𝜏 = 0 ,    𝒙 ⊥ ) + 𝛿 E 𝜂 a  (  𝜏 = 0 ,    𝒙 ⊥ )


        𝛿 E 𝜂 a  (   𝒙 ⊥ ) = 2  𝜒 a  (   𝒙 ⊥ ) /  a ⊥ 2


   ⟨   𝜒 a  (   𝒙 ⊥ ) ⟩ = 0


   ⟨   𝜒 a  (   𝒙 ⊥ )  𝜒 b  (   𝒚 ⊥ ) ⟩ =  𝛼 2  𝛿  a b  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   B 𝜂


   A i  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ ) =    A i a  (  𝜏 = 0 ,    𝒙 ⊥ ) + 𝛿 A i a  (  𝜏 = 0 ,    𝒙 ⊥ )


    𝛿 A i a  (   𝒙 ⊥ ) = 2  𝜉 i a  (   𝒙 ⊥ ) /  a ⊥ 2


   U   i ^ ′  (  𝜏 = 0 ,  x ⊥ ) =  U   i ^  (  𝜏 = 0 ,  x ⊥ ) . e x p  [  i g  a ⊥   𝛿 A i a  (  𝜏 = 0 ,    x ⊥ ) ]  T a


   B 𝜂  (   𝜏 n ,  x ⊥ ) = −  F  x y  (   𝜏 n ,  x ⊥ ) ≈ −  1  g  a ⊥ 2    [   U   i ^  j ^  (  𝜏 ,  𝒙 ⊥ ) ]  a h


   ⟨   𝜉 i a  (   𝒙 ⊥ ) ⟩ = 0


   ⟨   𝜉 i a  (   𝒙 ⊥ )  𝜉 j b  (   𝒚 ⊥ ) ⟩ =  𝛽 2  𝛿  a b  𝛿  i j  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   𝒦  g a u s s  (   k ⊥ ) = e x p  (  −    𝜅 ⊥ 2   𝜅 g 2 )


   𝒦  p o w e r (  k ⊥ ) =    𝜅 p 2   k ⊥ 2 +  𝜅 p 2


   𝒦  s h e l l  (   k ⊥ ) =  {      1 ,      𝜅 s −   Δ k 2 ≤  k ⊥ ≤  𝜅 s +   Δ k 2     0 ,     o t h e r w i s e                                                    


   𝒦  s h e l l  (   k ⊥ ) =  {      1 ,      𝜅 s −   Δ k 2 ≤  k ⊥ ≤  𝜅 s +   Δ k 2     0 ,     o t h e r w i s e                                                    


  𝝀   ≈ 𝟎 . 𝟑 𝟖   − 𝟎 . 𝟒 𝟎


  ∝      1 𝜅 s

