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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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• Possible signatures in heavy-ion 
collisions: critical fluctuations
Stephanov, Rajagopal, Shuryak, PRD 60 (1999) 114028
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FIG. 3. Net-proton cumulant ratios: (a) C2/→p + p̄↑, (b) C3/C1, and (c) C4/C2 and proton factorial cumulant ratios: (d)
ω2/ω1, (e) ω3/ω1 and (f) ω4/ω1 in Au+Au collisions. Results from BES-II (

↓
sNN = 7.7 – 27 GeV with RefMult3X) and

BES-I [12, 15] (
↓
sNN = 39 – 200 GeV with RefMult3) program at RHIC are shown. (Anti-)protons are measured at mid-

rapidity (|y| < 0.5) within 0.4 < pT < 2.0 GeV/c. The bars and bands on the data points reflect statistical and systematic
uncertainties, respectively. Theoretical calculations from a hydrodynamical model [26] (Hydro, blue dashed line), thermal
model with canonical treatment for baryon charge [38] (HRG CE, black dashed line), transport model [39, 40] (UrQMD, brown
band), and lattice QCD [41, 42] (LQCD, light blue band) are also presented.

critical baselines/references is shown in Fig. 4 for net-
proton C4/C2 (a), proton ω2/ω1 (b), proton ω3/ω1 (c),
and proton ω4/ω1 (d). These deviations are obtained by
taking the di!erence between the 0-5% data and base-
lines and dividing with the total uncertainties (εtotal,
obtained adding uncertainties in data and baselines in
quadrature). Three typical calculations including the
UrQMD, the HRG CE, and the hydro EV are used in
the analysis. In addition, the 70-80% peripheral collision
data are used for comparison.

For the net-proton cumulant ratio C4/C2, maximum
deviations of 2 – 5ε are seen at

→
sNN = 19.6 GeV from

all references. A minimum at same collision energy is
also seen for data after subtracting the references (see
Fig. 5 of the supplemental material [31]). On the other
hand, in the case of collisions at 3 GeV [18] or above 27
GeV [15], the central data is consistent with all of the
references within ↑ 2ε. For the factorial cumulants ra-
tios, the amplitude of the deviation seems to decrease as
a function of the order of the correlation: the maximum
deviation is seen in ω2/ω1 while the minimum is in ω4/ω1,
shown in Fig. 4 (b) and (d), respectively. Clearly, precise
experimental data between

→
sNN = 3.0 and 7.7 GeV is

needed to extend the search for the signal of the QCD
critical point and the 1st-order phase boundary at the
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(a) net-proton cumulant ratios C4/C2; proton factorial cu-
mulant ratios (b) ω4/ω1; (c) ω3/ω1 and (d) ω2/ω1 in 0-5%
Au+Au collisions [12, 15, 18, 19]. References include the
non-critical model calculations, such as the UrQMD transport
model [39, 40] (blue square), HRG with canonical ensemble
for baryon charge [38] (HRG CE, black cross), hydrodynamic
model with excluded volume [26] (Hydro EV, black triangle),
and data from 70-80% peripheral collisions (red dots).

STAR Collaboration, arXiv:2504.00817 

Stephanov, PRL 107 (2011) 052301 
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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FIG. 3. Net-proton cumulant ratios: (a) C2/→p + p̄↑, (b) C3/C1, and (c) C4/C2 and proton factorial cumulant ratios: (d)
ω2/ω1, (e) ω3/ω1 and (f) ω4/ω1 in Au+Au collisions. Results from BES-II (

↓
sNN = 7.7 – 27 GeV with RefMult3X) and

BES-I [12, 15] (
↓
sNN = 39 – 200 GeV with RefMult3) program at RHIC are shown. (Anti-)protons are measured at mid-

rapidity (|y| < 0.5) within 0.4 < pT < 2.0 GeV/c. The bars and bands on the data points reflect statistical and systematic
uncertainties, respectively. Theoretical calculations from a hydrodynamical model [26] (Hydro, blue dashed line), thermal
model with canonical treatment for baryon charge [38] (HRG CE, black dashed line), transport model [39, 40] (UrQMD, brown
band), and lattice QCD [41, 42] (LQCD, light blue band) are also presented.
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
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values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
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FIG. 3. Di!erential yields of pions (ω), kaons (K), and protons (p) over model spectra for 0–40% centrality classes in Pb–Pb
collisions at

→
sNN = 2.76 TeV [26], Xe–Xe collisions at

→
sNN = 5.44 TeV [28], and Au–Au collisions at

→
sNN = 200 GeV [30],

respectively. From top to bottom, each row corresponds to particle type, and from left to right, each column showcases one
of the three collision systems under consideration. Within every panel, ratios are segmented into five (six) centrality classes
ranging from 0% to 40%. The bands represent the statistical and systematic uncertainties of the data, summed in quadrature.
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FIG. 4. The integrated absolute single-charge pion excess
in the range 0.1(0.2) < pT < 0.5 GeV/c as a function of
centrality in di!erent collision systems. The bars represent
the experimental uncertainties and the bands represent the
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Universality near critical point

5

Critical point: Correlation length  divergesξ

• Microscopic details irrelevant


• Critical properties only depend on 
symmetries, number of dimensions, … 
⤳ Universality (classes)

Order parameter:
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• Here: one-component order parameter 
⤳ universality class of  (Ising) modelZ2

non-universal mapping to Ising model:
Parotto et al., PRC 101 (2020) 3, 034901  
Pradeep, Sogabe, Stephanov, Yee, PRC 109 (2024) 6, 064905
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• Here: one-component order parameter 
⤳ universality class of  (Ising) modelZ2

non-universal mapping to Ising model:
Parotto et al., PRC 101 (2020) 3, 034901  
Pradeep, Sogabe, Stephanov, Yee, PRC 109 (2024) 6, 064905
Pradeep, Stephanov, PRD 100 (2019) 5, 056003

Universality near critical point
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Critical point: Correlation length  divergesξ

• Microscopic details irrelevant
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symmetries, number of dimensions, … 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• study trans-critical protocol: 
Sieke, Harhoff, Schlichting, von Smekal, NPB 1011, 116808 (2025)
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Figure 2: Behavior of the correlation length for cooling through the critical
point along the h-axis of Figure 1. The equilibrium correlation length is
shown as a dashed line. The true correlation length is shown for (bottom
to top) a = 25, 50, 100. Our units, described in the text, are such that
h = →0.2,→0.1, 0, 0.1 corresponds to T = 180, 160, 140, 120 MeV, and ξ is
measured in units of ξ0 = 1.4 fm.

finite time and critical slowing down) imposes the more stringent constraint
on ξ. We have analyzed this nonequilibrium effect as if the system were
spatially homogeneous. Had we found correlation lengths growing beyond
6 fm, we would have to do a much more complicated analysis, taking both
the finite time and the inhomogeneous spatial dynamics into account. Since
we find that ξ only grows to about 3 fm, this is not necessary.

Fourth, just as critical slowing down prevents ξ from growing as fast as
ξeq does, it also prevents ξ from shrinking as fast as ξeq does after E has
been passed. Whether we estimate Tfreezeout ∼ 130 MeV (corresponding to
h = .05) or ∼ 120 MeV (h = 0.1) for trajectories passing near E, one finds
ξfreezeout ∼ 2ξ0. We can also argue that even if an a as large as 1000 were
possible, our conclusions would be little affected: If a = 1000, and ξ follows
ξeq closely enough that it increases to 4ξ0, ξ also tracks ξeq more closely as
it decreases below TE . If a = 1000, it turns out that ξ is quite close to ξeq
by the time h = .05. Thus, although increasing a to a ridiculous extent does
increase the maximum value of ξ, it has little effect on ξfreezeout. This is further
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• group theories by equations of motion for critical modes


• critical mode arbitrarily slow ⤳ hydrodynamic theory 
(depends on: order parameter conserved or not, potential other 
conserved quantities, etc.)
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• conserved order parameter (specific entropy)

Figure from Thomas Schaefer’s talk at Quark Matter 2025

(see Phase Transition Dynamics by Onuki)
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• Clusters of linear extent        undergo  
Brownian motion due to advection by 
thermal velocity fluctuations
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• conserved order parameter (specific entropy)

Figure from Thomas Schaefer’s talk at Quark Matter 2025

(see Phase Transition Dynamics by Onuki)
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• Order parameter    , momentum density
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• Langevin equations of motion
Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)
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• Langevin equations of motion
Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)
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• Langevin equations of motion
Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)
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• Langevin equations of motion
Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)
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• Langevin equations of motion
Hohenberg and Halperin, Rev. Mod. Phys. 49, 435 (1977)
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FIG. 1. Magnetic scaling function fG(z) of the order parame-
ter as defined in (9), comparing our rescaled FRG results with
the result of Monte Carlo simulations [29] and the mean-field
scaling function. The normalization is fixed by fG(0) = 1 and
fG(z)/(→z)ω ↑ 1 for z ↑ →↓.

which implies that the magnetic scaling of the order pa-
rameter can be described by the Gri!ths scaling function

ω = B
c
h
1/ω

fG(z) (9)

with the scaling variable z → εh
→1/εω. The non-universal

amplitude Bc is fixed by requiring fG(0) = 1, which fixes
the power-law behavior of the order parameter at T = Tc,

ω = B
c
h
1/ω + · · · , H ↑ 0+ . (10)

On the other hand, when the critical temperature is ap-
proached at H = 0 from below, the order parameter be-
haves as

ω = B(↓ε)ε + · · · , ε ↑ 0→ (11)

which defines the non-universal amplitude B. In practice,
we look for a plateau in logarithmic derivatives of (10)
and (11), for which we find ϑ ↔ 4.39 and ϖ ↔ 0.358,
respectively [28].

To obtain the universal scaling function fG(z), we com-
pute the expectation value of the order parameter ω(ε, h)
along various isomagnetic lines (h = const) near the crit-
ical point in the phase diagram. We rescale the resulting
curves according to (9). The results are shown in Fig. 1,
together with results from Monte Carlo (MC) simulations
[29], and the solution to the mean-field (MF) equation
zfG(z) + f

3
G
(z) = 1. The latter corresponds to the crit-

ical exponents ϖMF = 1/2 and ϑMF = 3. We see that
that the FRG result is a considerable improvement over
the scaling function in MF approximation, as it is much
closer to the MC result, giving us good confidence in the
quality of our truncation (6).

Dynamic critical behavior. Near the critical point
the transport coe!cients admit universal scaling as
well [4]. These are the thermal di”usivity Dϑ(p) →

ϱϑ(p)/(p2ςϑ(p)), with the static susceptibility ςϑ(p) =
(2U ↑(ω2

0) + 4ω2
0U

↑↑(ω2
0) + Z(p)p2)→1 at the minimum ω0

of the full free energy, and the shear viscosity φ̄(p) →

ϱj(p)/p2. Our FRG results for the transport coe!cients
Dϑ(ε, h, p) and φ̄(ε, h, p) as a function of reduced tem-
perature ε and wavenumber p at a rather small external
field h ↔ 1.67↗ 10→7 are shown in Figs. 2 (a) and 3 (a),
where the range of parameters has been chosen such that
the universal singular part dominates over the regular
part. The plots on the corresponding right-hand sides
show slices of these two-dimensional scaling functions.
We first focus on the thermal di”usivity Dϑ, which is

expected to vanish near the critical point as Dϑ ↘ ↼
2→ϖ

with ↽ ↔ 3 in three dimensions, where ↽ denotes the
dynamic critical exponent of Model H. To see this, note
that the equation of motion (7) entails that the relaxation
rate of fluctuations with critical wavenumber p ↘ ↼

→1

is #ϱ ↘ Dϑ/↼
2. Comparing with the expectation from

critical slowing down #ϱ ↘ ↼
→ϖ directly yieldsDϑ ↘ ↼

2→ϖ .
Analogous to the Widom-Gri!ths scaling in (9), the

magnetic scaling of Dϑ can be described by a scaling
function fD(z),

Dϑ(ε, h, 0) = D
c

ϑ
h

ω
εϑ (ϖ→2)

fD(z) , (12)

whose normalization is given by fD(0) = 1. Using the
static critical exponent ⇀/ϖϑ = (1+1/ϑ)/d ↔ 0.409 from
(hyper-)scaling relations with ϖ and ϑ as specified above,
we obtaind for the dynamic critical exponent ↽ ↔ 3.06,
which is consistent with the result ↽ = 3.013(58) from nu-
merical simulations [21]. Our FRG result for the scaling
function fD(z) is shown in Fig. 2 (b), which we fit with a
function that is based on Padé approximants and ensures
the correct asymptotic behavior for z ↑ ±≃ [27].
When approaching the critical point at fixed h = 0, the

dynamic scaling hypothesis entails that the wavenumber
p dependent thermal di”usivity scales with reduced tem-
perature ε as [4]

Dϑ(ε, 0, p) = D
±
ϑ
|ε |

→ς(2→ϖ)K
±(p↼(ε, 0))

(p↼(ε, 0))2
. (13)

The correlation length ↼(ε, h) has been introduced here to
render the argument of K± dimensionless, with ↼(ε, 0) =
f
±
|ε |

→ς for ε ↑ 0± [30]. The non-universal amplitude
D

±
ϑ

is fixed by requiring K
±(x)/x2

↑ 1, for x ↑ 0,

in the commonly defined scaling function K
±(x) of the

relaxation rate, where the superscript ± indicates the
approach to criticality from the symmetric (+) and the
broken (↓) phase, respectively. Strikingly, if one neglects
the renormalisation of the shear viscosity and assumes
the mean-field form for the static susceptibility of the
order parameter, one re-derives a closed analytic form
for the scaling function (see Supplemental Material [27])

K
±(x) =

3

4
(1 + x

2 + (x3
↓ x

→1) arctanx) (14)

known as the Kawasaki approximation [12], where within
this approximation, the scaling function K becomes in-
dependent of the thermodynamic path (z) towards the
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Universal critical dynamics near:

1. QCD critical point                                                            

Roth, Ye, Schlichting, von Smekal, Phys. Rev. D 111 (2025) L111901; arXiv:2603.17874                                                   
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Model G

        Heisenberg antiferromagnet
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-

8
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values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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5. Non-equilibrium phase transitions and finite-time scaling                            
Kibble-Zurek in transcritical quenches:                                      
Sieke, Harhoff, Schlichting, von Smekal, NPB 1011 (2025) 116808                                                 

non-equilibrium scaling across first-order transitions:                                      
Sieke, Fuchs, von Smekal, NPB 1029 (2026) 117585 
  Poster 59: Leon Sieke

Connect the two:

3. tricritical dynamics in QCD                                            

and 3He-4He mixtures                                                            
Pradeep, Roth, von Smekal, arXiv:2608.11065

 Poster 66: Johannes Roth
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Figure 1.1: Schematic phase diagram of strong-interaction matter for physical values of the quark masses
(left) and for different values of the light quark masses, including the expected behavior in the chiral limit
(right). The right-hand figure is taken from Ref. [10] and was first suggested in Ref. [11].

our collaboration, and our multi-pronged approach to provide theoretical inputs, which are well grounded in
fundamental theory and involve techniques which are tested against each other and against data.

Motivation

When strong-interaction matter is in or near equilibrium, we can describe it in terms of its temperature T
and chemical potentials for the various quark numbers which are conserved by the strong interaction. In
most cases – predominantly for neutron-star interiors – this reduces to the baryon number µB and isospin
µI chemical potentials. This leads to a phase diagram in the three variables (T, µB , µI), and we want to
know all properties of matter through this phase diagram; standard thermodynamical quantities like the free
energy, but also more physical properties like the nature of any phases and their excitation spectra.

The most discussed case is µI = 0, where we consider the phase diagram as a function of temperature
T and baryon chemical potential µB . A schematic of what we expect is shown in Fig. 1.1 (left). At low
temperatures and baryon chemical potentials the QCD coupling constant is large: quarks and gluons are
confined into hadrons and the chiral symmetry of QCD is spontaneously broken by a non-vanishing quark
condensate. At high temperatures and baryon chemical potentials, the coupling constant becomes small:
quarks and gluons are liberated, and chiral symmetry is restored. This new phase of strong-interaction matter
is commonly termed the quark-gluon plasma (QGP) [12,13]. Numerical calculations on a discretized space-
time lattice (lattice-QCD calculations) tell us that the restoration of chiral symmetry happens via a crossover
transition [14,15] at a temperature T ⇠ 155 MeV for µB = 0 [16], [A04-1], and leads to a true phase transition
in the chiral limit at a temperature Tc ' 132 MeV [A01-1]. Calculations from QCD-inspired models predict
that the chiral transition is of first order at small T and values of µB of order 1 GeV. For physical values of
the light quark masses the first-order phase boundary ends in a second-order critical point [11], At vanishing
values of the light quark masses this endpoint is a tricritical point, which is connected to the critical endpoint
at physical values of the quark masses by a line of second-order phase transitions in the 3d-Ising universality
class as indicated in Fig. 1.1 (right). The location of the critical endpoint as well as the tricritical point in the
chiral limit is presently not accessible to first-principles QCD calculations and varies from model to model.
At small temperatures and very high baryon chemical potentials, strong-interaction matter becomes a color
superconductor, on account of attractive interactions near the Fermi surface of weakly coupled quarks.

This rather schematic view of the QCD phase diagram needs to be substantiated and refined, both through
experimental investigations as well as solid, quantitative theoretical calculations based on QCD. In particular,
we want to emphasize where the phase diagram is based on models which are not yet reliable and system-
atically improvable. We illustrate this point in Fig. 1.2, which shows the same phase diagram but listing
what quantitative and close-to-first-principles computational techniques are available in each phase-diagram
region. At (very) high temperatures and baryon chemical potentials, asymptotic freedom of QCD allows
for the application of (resummed) perturbation theory [17], with BCS theory covering the range of small to
moderate temperatures and high baryon chemical potentials [18]. As explained above, near the temperature
axis and at small baryon chemical potentials, lattice-QCD calculations deliver reliable first-principle infor-
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‣      theory ⤳ mean-field exponents in 3d 
In particular, specific-heat exponent:

‣ Below     :


‣ Spatially constant      simply describes different vacuum 
⤳ does not dissipate in time ⤳ slow, enters hydrodynamics

‣ Order parameter: chiral condensate

Tricritical dynamics in QCD and 3He-4He mixtures
Maneesha Pradeep,1 Johannes V. Roth,2 and Lorenz von Smekal3
1 Centre for High Energy Physics, Indian Institute of Science, Bangalore, 560012, India 
2 Fakultät für Physik, Universität Bielefeld, D-33615 Bielefeld, Germany 
3 Institut für Theoretische Physik, Justus-Liebig-Universität, 35392 Gießen, Germany

Strong and Electro-Weak Matter (SEWM), Helsinki, 17-21 August 2026

Contact: johannes.roth@uni-bielefeld.de

Introduction

Take-home message
‣ Dynamics near QCD tricritical point similar to the one of 3He-4He


‣ Further exploration of corresponding analogies might be 
insightful, e.g., for the ongoing search of the QCD critical point

 

 

CRC -  TR 

<latexit sha1_base64="6JMPnCvxvJ3OmlHWwcYMLziHVsA="></latexit>

!ij = →q̄LiqRj↑

<latexit sha1_base64="u4U35Limcaqo3TboaIr1s8wqvHA="></latexit>

Ai = → 12 q̄ω
0ω5εiq↑

<latexit sha1_base64="dZdbZhOExDh+P9hmPYRfWs9Hxs8="></latexit>

Vi = → 12 q̄ω
0εiq↑

Review dynamic universality class of chiral phase 
transition at              :

‣      and      parity-odd & iso-vectors 
⤳ mix in linearized hydrodynamic equations


‣ Find propagating modes                  with
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[Son, PRL 84, 3771 (2000); Son, Stephanov, PRD 66, 076011 (2002)] 
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pion decay constant iso-axial-vector charge susceptibility

‣ Relevant conserved quantities: 
Iso-(axial-)vector charges

‣ Static critical scaling:
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f → ω→d/2+1

Tricritical point

‣ Specific heat is expected to have cusp ( 
in         ), analogous to         lambda transition in 4He:

[Halperin, Hohenberg, RMP 49, 435 (1977)]

‣ Characteristic frequency of critical modes:
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Figure: (Left) Temperature derivative of trace anomaly (same 
singular behavior as      , but regular terms more suppressed). 
(Right) Characteristic lambda-like shape of specific heat near 
lambda transition of 4He.
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Figure: (Left) Conjectured phase diagram of QCD in two-
flavor chiral limit.  (Right) Phase diagram of liquid 3He-4He 
mixtures at saturated vapor pressure. 

[Ding et al., PRD 109, 114516 (2024)] 
adapted from 
[Wikipedia contributors, Helium Phase Diagram, 
2014, see F. Pobell, Matter and methods at low 
temperatures, 3rd ed., Springer, Berlin, 2007]
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⤳ Effect on dynamic universality class?

Model
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{ωa, nbc} = εacωb → εabωc

{nab, ncd} = εacnbd + εbdnac → εadnbc → εbcnad
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‣ Generalize to          : Call Model SSS’

[Folk, Moser, J. Phys. A 39, R207 (2006)] 

[Sásvari, Schwabl, Szépfalusy, Physica A 81, 108 (1975)] 

‣ Dynamic universality class: Conservation laws, Poisson brackets

‣ Iso-(axial-)vector charges are generators of          transformations 
Correspondence principle: Poisson brackets from microscopic 
commutators

‣ Consider          order parameter    coupled to energy-like density    
Landau-Ginzburg-Wilson (LGW) functional of the form 

‣ Equations of motion:

[Fujii, Ohtani, PRD 70, 014016 (2004)] 
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On the other hand, the FRG flow of ωk, represented
by the logarithmic k-derivative xε , receives contributions
only from the reversible coupling to the order parameter,
and is given by

xε =
2f

d(1 + m̄2)3
(85)

We now restrict our discussion to the Gaussian fixed
point (73). In general, the positive specific-heat expo-
nent εt = (4 → d)/2 and the non-renormalization of µ
entail that the energy-like density has a dynamic critical
exponent of

zω = 2 +
εt

ϑt
(86)

which amounts to zω = 3 in the relevant case of d = 3
spatial dimensions. More concretely, its di!usion coe”-
cient Dω = µ/ϖω vanishes as Dω ↑ kϑt/ϖt . To analyze
how the energy-like density a!ects the critical dynamics
of the order parameter, we first consider the flow equa-
tion (79) of wω. One can show that x!ω > →2(4 → d)/N
(see Appendix B), and therefore kϱkwω satisfies the in-
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equality

kϱkwω < →wω(4→ d)

(
1→ 2

N

)
. (87)

Hence, kϱkwω is negative for N ↓ 2, which means that
wω is strictly increasing for k ↔ 0 and therefore the fixed
point is at w→

ω = ↗. In the remaining (wn, f)-plane, the
FRG flow is shown in Fig. 4 for N = 4 and in Fig. 5 for
N = 2. As one can see, there are two possible scenarios,
depending on the values of N (and d). For N su”ciently
large, cf. Fig. 4, the stable fixed point is located at f→ =
(4→d)d/4 and a value of wn that is indirectly determined
by

2F1
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]
.

In the relevant case of d = 3 spatial dimensions, this
equation has a finite (0 < w→

n < ↗) solution only if
N > 2. This includes, in particular, the N = 4 case rel-
evant for QCD, where we numerically find w→

n ↘ 2.119.
The finiteness of w→

n and f→ in (78) and (80) imply the
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‣           :  Model F’ for tricritical point in 3He-4He mixtures
[Siggia, Nelson, PRB 15, 1427 (1977)] 

Real-time functional 
renormalization group (rFRG)

‣ Correlation functions from generating functional

‣ Flow equation:

‣ Linearized hydrodynamic equation for entropy per baryon, after 
pressure has equilibrated through sound waves:

‣ Find:                    (exact) 

Results for critical dynamics
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ŝ → s

nB

heat conductivity

‣ Thermal diffusivity
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where the critical exponents assume their mean-field val-
ues [12]. For instance, the eigenvalues of the stability
matrix of the Gaussian fixed point (73) yield 1/ωt = 2
for largest eigenvalue and εt = (4→ d)/2 for the ratio of
the two relevant eigenvalues.
If the specific-heat exponent ϑ is positive, the suscepti-

bility ϖω,k of the energy-like density is expected to behave
as ϖω,k ↑ k→ε/ϑ at the FRG fixed point [41]. As such,
ϑ/ω can be obtained from the logarithmic k-derivative of
ϖω,k given by (23),

ϑ

ω
= →kϱkϖω,k

ϖω,k
=

2Kdv̄↑

(1 + m̄2↑)3
. (74)

In the second equality, we have inserted the dimensionless
couplings. At the Gaussian fixed point (73), this yields
ϑt/ωt = 4→ d.
Note that for d > 3 the results for ϑt/ωt and εt appear

to be inconsistent with the expected failure of hyperscal-
ing relations above the upper critical dimension. This is
a known subtlety of the RG [12]. The reason is that for
d > 3 the ε6 coupling ς becomes dangerously irrelevant,
which means that even though it is irrelevant by power
counting, it is needed for stability of the e!ective poten-
tial, and thus can not be set directly to zero [42, 43].
Even though our results are not strictly valid for d > 3,
keeping the number of dimensions d general allows for
a direct comparison with results from the perturbative
expansion in φ = 4 → d around φ = 0, which was used
to study the tricritical dynamics of 3He–4He mixtures in
the N = 2 case [22, 23, 33].

B. Dynamics

During the FRG flow, the finite FRG scale k puts a
limit on the correlation length, ↼ ↑ 1/k, which is re-
moved in the limit k ↓ 0. Hence, at a fixed point, the
critical exponents of the kinetic coe”cients can be read
o! from their power-law behavior with the FRG scale,
i.e., #ϖ

k ↑ k→x!ω and ↽k ↑ k→xε . Since k ϱk⇀k = 0,
the corresponding exponent is xµ = 0. Similarly, the dy-
namic critical exponent z of a given mode can be deduced
from the k-dependence of the lowest lying pole ⇁k(p) in
the dynamic response functions (with p ↔ |,p| in isotropic
systems). Modes with p ↗ k are non-critical, and thus
the p-dependence of ⇁k(p) is regular. For k ↗ p ↗ $
with $ ↑ πT in hot QCD matter, the critical power law
is manifest, ⇁k(p) ↑ pz. Requiring these two regimes to
match smoothly at p ↑ k, we find ⇁k(k) ↑ kz.

In our truncation, an explicit evaluation of the poles
of the retarded propagator yields ⇁ϖ,k(p) = →i#ϖ

k(m
2
k +

p2), ⇁n,k(p) = →i↽kp2/ϖn, and ⇁ω,k(p) = →i⇀p2/ϖω,k.
Setting p ↑ k and m2

k = 0 at the Gaussian fixed point,
we find the dynamic critical exponents

zϖ = 2→ x!ω , zn = 2→ xϱ , zω = 2 + ϑ̃/ω (75)

where we have used ϖω,k ↑ k→ε̃/ϑ and the notation
ϑ̃ ↔ max{ϑ, 0}. The dynamic critical exponent zω of
the energy-like density is thus fully determined by static
critical exponents (since xµ = 0).
The fixed points of the FRG flow are most conveniently

analyzed using the following dimensionless ratios of re-
laxation times near criticality,

wn ↔ ϖn
#ϖ
k

↽k
, wω ↔ ϖω,k

#ϖ
k

⇀
, (76)

and the dimensionless e!ective coupling between the or-
der parameter and the O(N) charge densities,

f ↔ dKdg2Tkd→4

#ϖ
k↽k

. (77)

Using Eqs. (64), (69) and (70), their flow can be ex-
pressed as

kϱkwn = →wn(x!ω → xϱ) , (78)

kϱkwω = →wω(x!ω + ϑ̃/ω) , (79)

kϱkf = →f(4→ d→ x!ω → xϱ) (80)

with

x!ω = →kϱk#
ϖ
k

#ϖ
k

, xϱ = →kϱk↽k
↽k

. (81)

At fixed points of the FRG flow these become scale (k) in-
dependent, implying the power-law behavior #ϖ

k ↑ k→x!ω

and ↽k ↑ k→xε in the scaling regime.
The decomposition (64) entails that x!ω can be conve-

niently separated into contributions from the reversible
coupling to the O(N) charge densities, and from the dis-
sipative coupling to the energy density,5

x!ω = x(n)
!ω + x(ω)

!ω (82)

in which the individual contributions from n and ▷ are

5
More specifically, x

(n)

!ω corresponds to the contributions from the first two diagrams and x
(ω)

!ω to the contribution from the third

diagram in the first line in Fig. 3.
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‣ Characteristic frequencies at critical wavenumber

‣ Truncation: Promote coupling constants to depend on

Figure: FRG flow in compactified (wn,f) plane in 3d at Gaussian 
fixed point for N = 4 (left) and N = 2 (right). 

[JR, Ye, Schlichting, von Smekal, JHEP 01 (2025) 118] 

‣ FRG flow diagram:

‣ How does heat conductivity    behave near tricritical point?
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Z[j, j̃] =

∫
DωDω̃ eiS[ω,ω̃]+i

∫
j̃aωa+i

∫
ω̃aja
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ωεa

ωt
= →ϑab

ϖF

ϖεb
+ g{εa,εb}

ϖF

ϖεb
+ ϱa
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{ωa,ωb} = fabcωc

‣ Equations of motion are of the form
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S[ω, ω̃] =

∫ [
→ω̃a

(
εωa

εt
+ ϑab

ϖF

ϖωb
→ g{ωa,ωb}

ϖF

ϖωb

)
+ iT ω̃aϑabω̃b

]
with

‣ Connected correlation functions: 
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!k[ω, ω̃] = Wk[j, j̃]→”Sk[ω, ω̃]→
∫

j̃aωa →
∫

jaω̃a

‣ 1-particle irreducible (1PI) correlation functions:
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Wk[j, j̃] = →i lnZk[j, j̃]

‣ Introduce infrared (IR) regulator             to LGW functional:
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S[ω, ω̃] → S[ω, ω̃] +!Sk[ω, ω̃]
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p2k2

k2
Rk

(d/dt) Rk

Fig. 1. Sketch of a regulator function Rk(p2) (lower curve) and its derivative
∂tRk(p2) (upper curve). Whereas the regulator provides for an IR regularization
for all modes with p2 ! k2, its derivative implements the Wilsonian idea of integrat-
ing out fluctuations within a momentum shell near p2 ! k2.

(Note that we frequently change from coordinate to momentum space or vice
versa by Fourier transformation for reasons of convenience.) Now, we are in a
position to define the interpolating effective action Γk by a slightly modified
Legendre transform,3

Γk[φ] = sup
J

(∫
Jφ− Wk[J ]

)
− ∆Sk[φ]. (20)

Since we later want to study Γk as a functional of a k-independent field φ, it is
clear from Eq. (20) that the source J ≡ Jsup = J [φ] for which the supremum
is approached is necessarily k dependent. As before, we get at J = Jsup:

φ(x) = 〈ϕ(x)〉J =
δWk[J ]

δJ(x)
. (21)

The quantum equation of motion receives a regulator modification,

J(x) =
δΓk[φ]

δφ(x)
+

(
Rkφ

)
(x). (22)

From this, we deduce4:

δJ(x)

δφ(y)
=

δ2Γk[φ]

δφ(x)δφ(y)
+ Rk(x, y). (23)

3 Now, only the “sup” part of Γk is convex. For finite k, any non-convexity of Γk

must be of the form of the last regulator term of Eq. (20).
4 In case of fermionic Grassmann-valued fields, the following φ derivative should

act on Eq. (22) from the right.
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!Sk[ω, ω̃] = →
∫

ω̃a(εab → gfabcωc)R
bd
k ωd
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ωk!k =
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1PI
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+

neglect
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ωn finite

as in Model G (Heisenberg antiferromagnet)
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=→ z = d/2
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ω6

⤳ Specific heat (at constant pressure) diverges:
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ωεŝ

ωt
=

µ

nBT
ϑ→2εT ↑ µ

Cp

ϑ→2εŝ
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D = µ/Cp
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F =

∫
ddx

{
1

2
(ω→ε)2 +

m2

2
ε2 +

ϑ

4!N
(ε2)2 +

ϖ

6!N2
(ε2)3

+
ϱ

2
↑
N

ε2ς+
ς2

2Cp
+

nabnab

4φn

}
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[Figure by H. Gies]

⤳ write:
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‣      and       : introduce dimensionless couplings

strong scaling weak scaling? No!

‣ FRG scale    puts limit on correlation length:
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the tricritical point, cp → r→ωt but cv remains finite. The
isobaric specific heat cp is given by:

cp = T

(
ωŝ

ωT

)

p

=
T

nB

[(
ωs

ωT

)

p

↑ s

nB

(
ωnB

ωT

)

p

]

=
T

nB

[
PTT ↑ 2ŝPµBT + ŝ2PµBµB

]

mq↑0
=

T

nB
Prr (rT ↑ ŝ rµB )

2 + · · · → r→ωt . (C5)

The specific heat at constant volume, or equivalently,
at constant number density, in the chiral limit is given
by:

cv =
T

nB

(
ωs

ωT

)

n

=
T

nB

(
PTT ↑ (PTµB )

2

PµBµB

)

=
T

nBPµBµB

(
PTTPµBµB ↑ (PTµB )

2
)

= ctcpv +
T

nB

(
rT
rµB

εµB ↑ εT

)2 [
Pεε ↑ P 2

rε

Prr

]
+O(r)

= ctcpv +O(|r|1/2) , (C6)

where ctcpv denotes the finite value of the isochoric spe-
cific heat at the tricritical point. Here, again we have
used subscripts to imply derivatives. When the sub-
script T is written the derivative is taken with respect
to T while keeping µB constant. The combination(
PTTPµBµB ↑ (PTµB )

2
)
subtracts o! the dominant sin-

gular fluctuations along the Z2 order parameter direction,
thereby projecting out the remaining singular component
which is subleading. At the tricritical point, the contour
of the number density becomes parallel to the ε line.
We shall evaluate Prr in mean-field theory, below. In

mean field, the pressure near the tricritical point can be
expressed as the minimum of a ϑ6 potential as follows:

P (µB , T ) = ↑A min
ϑ

V (ϑ; r,ε) , (C7)

where

V (ϑ; r,ε) =
r

2
ϑ2 +

ε

4!
ϑ4 + ϑ6 ↑ hϑ . (C8)

Prr can be calculated as:

Prr = ↑Aϑ̄
ωϑ̄

ωr
= A

(Vrϑ)2

Vϑϑ

∣∣∣∣
ϑ̄

, (C9)

where ϑ̄ is the value of ϑ which minimizes V (ϑ; r,ε). Sim-
ilarly,

Prε = A
VrϑVεϑ

Vϑϑ
, Pεε = A

(Vεϑ)2

Vϑϑ
. (C10)
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FIG. 7. Transition line that separates weak-scaling and
strong-scaling behavior at the Gaussian fixed point in the
(N, d)-plane, given by Eq. (D1). Integer values of d and N

are indicated by dots. See text for an important caveat con-
cerning the applicability of the Gaussian fixed point.

In the symmetry restored phase ϑ̄ = 0, therefore, the
singular contribution to Prr = 0 in this phase. When
ϑ̄ ↓= 0, the singular contribution to Prr in mean field is
given by:

Prr =
3A↔

↑864 r + ε2
. (C11)

One can see that away from the tricritical point, since
ε2 ↗ 0,

Prr ↘ ε→1 (C12)

is finite along the ε line and close to the tri-critical point:

Prr ↘ r→1/2 ↘ (T ↑ Ttcp)
→1/2, (C13)

where Ttcp is the temperature at the tricritical point.

Appendix D: Phase diagram in (N, d)-plane

Fig. 6 in the main text shows that for N = 2 there is
a transition from strong-scaling to weak-scaling behavior
at d = 3. It is instructive to map out the transition line
that separates strong-scaling and weak-scaling behavior
in the full (N, d) plane. Strong scaling occurs if and only
if (88) has a non-zero solution 0 < w↓

n < ≃. Such a
solution exists if N ⇐ Nl(d) with

Nl(d) = 1↑ 1

d
+

↔
5d2 ↑ 10d+ 1

d
. (D1)

Fig. 7 shows the resulting transition line in the (N, d)
plane. The line N = 2 corresponds to Fig. 6 from the
main text, where we see that the transition happens pre-
cisely at d = 3. Fig. 7 extends this result to all N ⇐ 1.
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1. Motivation

Global e@ort: Idenঞfy signatures of QCD criঞcal point in heavy-ion collisions.

A. Bzdak et al., Phys. Rept. 853 (2020) 1-87 [1].

Correlaঞon length diverges
ξ ∼ |T − Tc|

−ν, ν ≈ 0.63.

3D Ising universality class determines
equilibrium behavior near criঞcal point.

Relaxaঞon ঞme diverges
trelax. ∼ ξz, z ≈ 3.

Model H dynamic universality class
describes QCD criঞcal dynamics.

Finite ঞme-scale of heavy-ion collisions ∼ 7–10 fm/c limits growth of correlaঞon length.

↪→ Goal: Understand non-equilibrium e@ects and criঞcal Cnite-ঞme dynamics.

3. Finite-time scaling

Numerical 3D laমce results for real-ঞme observables:

Order parameter M = 1
V

∫

d3x φ(x⃗) Suscepঞbility χ = V
T (⟨M 2⟩ − ⟨M⟩2)

Non-equilibrium e@ects:

Delayed transiঞon Jc ∼ Rβδ/νrc Suppressed Yuctuaঞons χmax ∼ R−γ/νrc

Universal Cnite-ঞme scaling funcঞons:
M(J, R) = M0 Rβ/νrcfM

(

J/Rβδ/νrc
)

︸ ︷︷ ︸

universal funcঞon

χ(J, R) = χ0 R−γ/νrcfχ

(

J/Rβδ/νrc
)

︸ ︷︷ ︸

universal funcঞon

Order parameter Suscepঞbility

Skewness Kurtosis

5. Outlook

Non-universal map from 3D Ising model to QCD:
T − Tc

Tc
= w(τρ sin α1 + J sin α2),

µB − µBc

Tc
= −w(τρ cos α1 + J cos α2).

Compare results at Cxed quench rate with equilibrium criঞcal behavior for two parameter sets:

α1 = 3.85◦, ρ = 2,
α2 = 93.85◦, w = 1

Ref. [4]

Suscepঞbility

(𝜇B − 𝜇Bc)/Tc

−1.0 −0.5 0.0 0.5 1.0

(T
−

T
c
)/

T
c

−0.2

0.0

0.2

α1 = 13◦, ρ = 0.5,
α2 = 1◦, w = 1.4

Ref. [5]

Suscepঞbility

(𝜇B − 𝜇Bc)/Tc

−0.5 0.0 0.5

(T
−

T
c
)/

T
c

−0.2

0.0

0.2

↪→Observables at freeze-out may be sensiঞve to transiঞon delay due to Cnite-ঞme dynamics.

2. Model

Landau-Ginzburg-Wilson e@ecঞve Hamiltonian for a scalar order-parameter Celd φ(t, x⃗):

H[φ] =

∫

d3x

[
1

2
(∇φ)2 +

m2

2
φ2 +

λ

4!
φ4 − Jφ

]

3D Ising universality

Dissipaঞve Langevin dynamics:

∂2
t φ + γ∂tφ = −

δH[φ]

δφ
+ ζ Model A (z ≈ 2)

↪→ Random noise Celd ζ constrained by Yuctuaঞon-dissipaঞon relaঞon:
⟨ζ(t, x⃗)ζ(t′, x⃗′)⟩ = 2γT δ(t − t′)δ(x⃗ − x⃗′)

Linear trans-criঞcal quench protocol [2]:
J(t) = Ji + R t, T = Tc

Phase diagram and quench trajectory

J

T

Tc

0Ji Jf

⟨M⟩ > 0⟨M⟩ < 0

⟨M⟩ = 0

Snapshots of the order-parameter Celd φ(t, x⃗) in
trans-criঞcal quenches in 2D for di@erent rates R.

ঞme t

fa
st

slo
w ξ

ξ

4. First-order phase transitions

Linear sub-criঞcal quench protocol [3]:
J(t) = Ji + R t, T < Tc

reduced temperature τ = T−Tc
Tc

Temperature and rate dependence of
the transiঞon delay:

Rapid quenches suppress Yuctuaঞons:

⟨M 2⟩ − ⟨M⟩2

︸ ︷︷ ︸

∼R−γ/νrc

≪ ⟨M 2⟩

↪→Mean-Celd scaling behavior Jc ∼ R3/4

Order parameter

Rate dependent mean-Celd exponents:

Snapshots of the order-parameter Celd φ(t, x⃗) in
sub-criঞcal quenches in 2D for di@erent rates R.

ঞme t

fa
st

slo
w

Described by universal scaling funcঞon:

Near criঞcal point, two-parameter
universal scaling funcঞon:

M(τ, J, R) = M0 Rβ/νrcfM

(

τR, JR

)

τR = −τ/R1/νrc, JR = J/Rβδ/νrc

Order parameter
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Non-Relativistic Stochastic Hydrodynamics
Mattis Harhoff, Cedric Riedel, Johannes Roth,

Sören Schlichting, Lorenz von Smekal

Hydrodynamics as an effective field theory

Hydrodynamics is an effective field theory on large
length and time scales [1]

Macroscopic Fluid cells Microscopic

(x0, t0)

(x, t)

~u(x0, t0)

e��(x0
,t

0)
⇥
H�µ(x0

,t
0)N

⇤

~u(x, t)

e��(x,t)[H�µ(x,t)N ]

Separation of scales
Microscopic theory (e.g. QFT) has conservation laws
(energy, momentum, etc.)

ˆµT̂
µ‹(x) = 0, ˆµĵ

µ(x) = 0
 Slow variables, since relaxation happens via transport
Coarse-grain by ”integrating out” fast modes
Postulate: On large scales, system locally behaves as
thermal ensemble with parameters T (x), u(x), µ(x)

T̂
µ‹(x)  ÈT µ‹Í

�
T (x), u(x), µ(x)

�

Conservation laws contain two types of hydrodynamic
fluxes
”Ideal” fluxes advect the fluid without producing
entropy, pure equilibrium contribution
Dissipative fluxes couple to gradients of
thermodynamic quantities, produce entropy, relax the
fluid to equilibrium

Thermal fluctuations

Classical hydrodynamics neglects thermal fluctuations
All correlations beyond ÈT µ‹Í lost
Fluctuations needed for thermodynamic consistency
(fluctuation-dissipation relations)
Non-linear interactions of fluctuations drastically
change behavior of fluid (renormalization, long time
tails, etc.) [1, 2]
Single realization: Hydro + thermal fluctuations

„(t, x) = È„(t, x)Í + �„(t, x)

ÈT µ‹[„]Í = T
µ‹[È„Í] + 1

2
”

2
T

µ‹

”„a”„b

È�„a �„bÍ + . . .

Fluctuations are especially relevant to small systems and
phase transitions
Include stochastic fluxes into hydrodynamic e.o.m.
Conserved quantities stay conserved
Formal derivation from microscopic QFT possible on
Keldysh contour [1]

Example: Incompr. hydrodynamics with
thermal fluctuations

Conserved non-relativistic momentum density fį

Constant density fl

Incompressibility Ǫ̀ · fį = 0
Coupling to heat bath of temperature T = 1/—

Boltzmann distribution for configurations

peq[fį] Ã exp
✓

≠—

Z

x̨

fį
2

2fl

◆
”

✓
�̨ ≠

Z

x̨

fį

◆

Thermal fluctuations around equilibrium state

p
⇢T

⇡

H

Fluctuations

Dissipation

Equations of motion

ˆtfii = ≠ˆkJ
fii

k
= Tij


≠ 1

fl
fikˆkfij

| {z }
Advection

+ ÷Ò2fij

fl| {z }
Dissipation

+ ›j(t, x)
| {z }
Fluctuations

�

Fluctuation-dissipation relation
È›i(t, x)›j(tÕ

, x
Õ)Í = ≠2T÷ ”ijÒ2

”(x ≠ x
Õ)”(t ≠ t

Õ)
Guarantees that system relaxes to correct equilibrium
state via dissipation

Challenges

Analytically
Theory is not well-defined,
correlation functions have UV
divergences
Regularization needed

⌃ =
|̃

k,!

j

k,!

q

k � q

Numerically
Finite difference operators act on noisy configurations
(lattice spacing acts as effective UV cutoff)
Bad performance of numerical PDE solvers
Numerical violation of additional conservation laws

Regulator formalism

Idea: Introduce regulator analytically, decouple from
lattice regulator
Write incompressible model in more general form

ˆtfi
‹
i

(t, x̨) =
Z

y̨

�̂(x̨, y̨) ”H

”fi
‹
i

(y̨) Dissipation

+
Z

y̨

{fi
‹
i

(x̨), fi
‹
l

(y̨)} ”H

”fi
‹
l

(y̨) Advection

+›
‹
i

Fluctuations

Reversible term: Properties of Poisson bracket [3]
encodes symmetries like conservation of energy
 equilibrium distribution conserved

{fim(x̨), fin(y̨)} = [fim(y̨)ˆyn
≠ fin(x̨)ˆxm

] ”(x̨ ≠ y̨)
Relaxation via diffusion, coupled to gradient
Noise fixed via fluctuation-dissipation relation

Regulator can be introduced in two places
Hamiltonian

H =
Z

d
D

x̨
fį

2

2fl
=
Z

d
D

k̨

(2fi)D

fį(k̨)fį(≠k̨)
2fl

 New equilibrium distribution Ã e
≠—H

Dissipative operator
�̂(x̨, y̨) = ÷”(x̨ ≠ y̨)Ǫ̀2

x̨

Option 1: Modify Hamiltonian

High energy suppresses configurations exponentially in
e

≠—H

H� =
Z

d
D

k̨

(2fi)D
fį(k̨)

1 + R
� |̨k|

�
�

2fl
fį(≠k̨)

Regulator R(x) ¥ 0 for x π 1 and R(x) æ Œ for x æ Œ
Does not cure UV divergences, but derivatives act on
”smooth” fields
Define effective fluid velocity field v̨(y̨) = ”H�

”fį(y̨)
Reversible term changes, conserves new H�

ˆtfii|rev. = ≠vj

ˆ

ˆxj

fii + vj

ˆ

ˆxi

fij

Dissipation acts on effective velocity
ˆtfii|diss. = ÷Ǫ̀2

vi

Fluctuation-Dissipation theorem unchanged
Discretization on lattice
Split-step scheme, perform reversible and
stochastic/dissipative steps successively
Reversible term conserves energy explicitly when
using central derivative operators
Fluctuation-dissipation dynamics via exact integrator

Configurations become smooth

UV modes suppressed by factor 1/(1 + R)

Occupation with/without regulator

Option 2: Modify Dissipation

Suppress UV modes via stronger dissipation
÷ æ ÷(k) = [1 + S(k)]÷0

Effectively higher order gradients as dissipative terms
New ÷(k) enters in dissipative term and
fluctuation-dissipation theorem
Theory becomes UV finite
Can compare e.g. shear correlators to perturbation
theory
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