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‣      theory ⤳ mean-field exponents in 3d 
In particular, specific-heat exponent:

‣ Below     :


‣ Spatially constant      simply describes different vacuum 
⤳ does not dissipate in time ⤳ slow, enters hydrodynamics

‣ Order parameter: chiral condensate
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Introduction

Take-home message
‣ Dynamics near QCD tricritical point similar to the one of 3He-4He


‣ Further exploration of corresponding analogies might be 
insightful, e.g., for the ongoing search of the QCD critical point
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Ai = → 12 q̄ω
0ω5εiq↑
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Vi = → 12 q̄ω
0εiq↑

Review dynamic universality class of chiral phase 
transition at              :

‣      and      parity-odd & iso-vectors 
⤳ mix in linearized hydrodynamic equations


‣ Find propagating modes                  with
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SU(2)→ SU(2)
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ωε

[Son, PRL 84, 3771 (2000); Son, Stephanov, PRD 66, 076011 (2002)] 
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ω(p) = vp
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v = f/
→
ωn

pion decay constant iso-axial-vector charge susceptibility

‣ Relevant conserved quantities: 
Iso-(axial-)vector charges

‣ Static critical scaling:
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f → ω→d/2+1

Tricritical point

‣ Specific heat is expected to have cusp ( 
in         ), analogous to         lambda transition in 4He:

[Halperin, Hohenberg, RMP 49, 435 (1977)]

‣ Characteristic frequency of critical modes:
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[HotQCD, PRD 90, 094503 (2014)] [Lipa et al., PRB 68, 174518 (2003)] 

Figure: (Left) Temperature derivative of trace anomaly (same 
singular behavior as      , but regular terms more suppressed). 
(Right) Characteristic lambda-like shape of specific heat near 
lambda transition of 4He.
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Figure: (Left) Conjectured phase diagram of QCD in two-
flavor chiral limit.  (Right) Phase diagram of liquid 3He-4He 
mixtures at saturated vapor pressure. 

[Ding et al., PRD 109, 114516 (2024)] 
adapted from 
[Wikipedia contributors, Helium Phase Diagram, 
2014, see F. Pobell, Matter and methods at low 
temperatures, 3rd ed., Springer, Berlin, 2007]
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Cp = TnB
ωŝ

ωT
|p → εωt/εt

⤳ Effect on dynamic universality class?

Model
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{ωa, nbc} = εacωb → εabωc

{nab, ncd} = εacnbd + εbdnac → εadnbc → εbcnad
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= →!ω ϑF

ϑεa
+

g

2
{εa, nbc}

ϑF

ϑnbc
+ ϖa ,

ωnab

ωt
= ϱς↑2 ϑF

ϑnab
+ g{nab,εc}

ϑF

ϑεc
+

g

2
{nab, ncd}

ϑF

ϑncd
+ φab ,

ω↼

ωt
= µς↑2 ϑF

ϑ↼
+ ”

‣ Generalize to          : Call Model SSS’

[Folk, Moser, J. Phys. A 39, R207 (2006)] 

[Sásvari, Schwabl, Szépfalusy, Physica A 81, 108 (1975)] 

‣ Dynamic universality class: Conservation laws, Poisson brackets

‣ Iso-(axial-)vector charges are generators of          transformations 
Correspondence principle: Poisson brackets from microscopic 
commutators

‣ Consider          order parameter    coupled to energy-like density    
Landau-Ginzburg-Wilson (LGW) functional of the form 

‣ Equations of motion:

[Fujii, Ohtani, PRD 70, 014016 (2004)] 
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nij = ωijkVk

‣         symmetry forbids linear mixing of    and      
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FIG. 4. FRG flow in the compactified (wn, f) plane forN = 4,
d = 3, at the Gaussian fixed point (73) and at wω = →.

On the other hand, the FRG flow of ωk, represented
by the logarithmic k-derivative xε , receives contributions
only from the reversible coupling to the order parameter,
and is given by

xε =
2f

d(1 + m̄2)3
(85)

We now restrict our discussion to the Gaussian fixed
point (73). In general, the positive specific-heat expo-
nent εt = (4 → d)/2 and the non-renormalization of µ
entail that the energy-like density has a dynamic critical
exponent of

zω = 2 +
εt

ϑt
(86)

which amounts to zω = 3 in the relevant case of d = 3
spatial dimensions. More concretely, its di!usion coe”-
cient Dω = µ/ϖω vanishes as Dω ↑ kϑt/ϖt . To analyze
how the energy-like density a!ects the critical dynamics
of the order parameter, we first consider the flow equa-
tion (79) of wω. One can show that x!ω > →2(4 → d)/N
(see Appendix B), and therefore kϱkwω satisfies the in-

N = 2 (
3
He–

4
He mixtures)

FIG. 5. FRG flow in the compactified (wn, f) plane forN = 2,
d = 3, at the Gaussian fixed point (73) and at wω = →.

equality

kϱkwω < →wω(4→ d)

(
1→ 2

N

)
. (87)

Hence, kϱkwω is negative for N ↓ 2, which means that
wω is strictly increasing for k ↔ 0 and therefore the fixed
point is at w→

ω = ↗. In the remaining (wn, f)-plane, the
FRG flow is shown in Fig. 4 for N = 4 and in Fig. 5 for
N = 2. As one can see, there are two possible scenarios,
depending on the values of N (and d). For N su”ciently
large, cf. Fig. 4, the stable fixed point is located at f→ =
(4→d)d/4 and a value of wn that is indirectly determined
by
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.

In the relevant case of d = 3 spatial dimensions, this
equation has a finite (0 < w→

n < ↗) solution only if
N > 2. This includes, in particular, the N = 4 case rel-
evant for QCD, where we numerically find w→

n ↘ 2.119.
The finiteness of w→

n and f→ in (78) and (80) imply the
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evant for QCD, where we numerically find w→
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‣           :  Model F’ for tricritical point in 3He-4He mixtures
[Siggia, Nelson, PRB 15, 1427 (1977)] 

Real-time functional 
renormalization group (rFRG)

‣ Correlation functions from generating functional

‣ Flow equation:

‣ Linearized hydrodynamic equation for entropy per baryon, after 
pressure has equilibrated through sound waves:

‣ Find:                    (exact) 

Results for critical dynamics
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ŝ → s

nB

heat conductivity

‣ Thermal diffusivity
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where the critical exponents assume their mean-field val-
ues [12]. For instance, the eigenvalues of the stability
matrix of the Gaussian fixed point (73) yield 1/ωt = 2
for largest eigenvalue and εt = (4→ d)/2 for the ratio of
the two relevant eigenvalues.

If the specific-heat exponent ϑ is positive, the suscepti-
bility ϖω,k of the energy-like density is expected to behave
as ϖω,k ↑ k→ε/ϑ at the FRG fixed point [41]. As such,
ϑ/ω can be obtained from the logarithmic k-derivative of
ϖω,k given by (23),

ϑ

ω
= →kϱkϖω,k

ϖω,k
=

2Kdv̄↑

(1 + m̄2↑)3
. (74)

In the second equality, we have inserted the dimensionless
couplings. At the Gaussian fixed point (73), this yields
ϑt/ωt = 4→ d.

Note that for d > 3 the results for ϑt/ωt and εt appear
to be inconsistent with the expected failure of hyperscal-
ing relations above the upper critical dimension. This is
a known subtlety of the RG [12]. The reason is that for
d > 3 the ε6 coupling ς becomes dangerously irrelevant,
which means that even though it is irrelevant by power
counting, it is needed for stability of the e!ective poten-
tial, and thus can not be set directly to zero [42, 43].
Even though our results are not strictly valid for d > 3,
keeping the number of dimensions d general allows for
a direct comparison with results from the perturbative
expansion in φ = 4 → d around φ = 0, which was used
to study the tricritical dynamics of 3He–4He mixtures in
the N = 2 case [22, 23, 33].

B. Dynamics

During the FRG flow, the finite FRG scale k puts a
limit on the correlation length, ↼ ↑ 1/k, which is re-
moved in the limit k ↓ 0. Hence, at a fixed point, the
critical exponents of the kinetic coe”cients can be read
o! from their power-law behavior with the FRG scale,
i.e., #ϖ

k ↑ k→x!ω and ↽k ↑ k→xε . Since k ϱk⇀k = 0,
the corresponding exponent is xµ = 0. Similarly, the dy-
namic critical exponent z of a given mode can be deduced
from the k-dependence of the lowest lying pole ⇁k(p) in
the dynamic response functions (with p ↔ |,p| in isotropic
systems). Modes with p ↗ k are non-critical, and thus
the p-dependence of ⇁k(p) is regular. For k ↗ p ↗ $
with $ ↑ πT in hot QCD matter, the critical power law
is manifest, ⇁k(p) ↑ pz. Requiring these two regimes to
match smoothly at p ↑ k, we find ⇁k(k) ↑ kz.

In our truncation, an explicit evaluation of the poles
of the retarded propagator yields ⇁ϖ,k(p) = →i#ϖ

k(m
2
k +

p2), ⇁n,k(p) = →i↽kp2/ϖn, and ⇁ω,k(p) = →i⇀p2/ϖω,k.
Setting p ↑ k and m2

k = 0 at the Gaussian fixed point,
we find the dynamic critical exponents

zϖ = 2→ x!ω , zn = 2→ xϱ , zω = 2 + ϑ̃/ω (75)

where we have used ϖω,k ↑ k→ε̃/ϑ and the notation
ϑ̃ ↔ max{ϑ, 0}. The dynamic critical exponent zω of
the energy-like density is thus fully determined by static
critical exponents (since xµ = 0).
The fixed points of the FRG flow are most conveniently

analyzed using the following dimensionless ratios of re-
laxation times near criticality,

wn ↔ ϖn
#ϖ
k

↽k
, wω ↔ ϖω,k

#ϖ
k

⇀
, (76)

and the dimensionless e!ective coupling between the or-
der parameter and the O(N) charge densities,

f ↔ dKdg2Tkd→4

#ϖ
k↽k

. (77)

Using Eqs. (64), (69) and (70), their flow can be ex-
pressed as

kϱkwn = →wn(x!ω → xϱ) , (78)

kϱkwω = →wω(x!ω + ϑ̃/ω) , (79)

kϱkf = →f(4→ d→ x!ω → xϱ) (80)

with

x!ω = →kϱk#
ϖ
k

#ϖ
k

, xϱ = →kϱk↽k
↽k

. (81)

At fixed points of the FRG flow these become scale (k) in-
dependent, implying the power-law behavior #ϖ

k ↑ k→x!ω

and ↽k ↑ k→xε in the scaling regime.
The decomposition (64) entails that x!ω can be conve-

niently separated into contributions from the reversible
coupling to the O(N) charge densities, and from the dis-
sipative coupling to the energy density,5

x!ω = x(n)
!ω + x(ω)

!ω (82)

in which the individual contributions from n and ▷ are

5
More specifically, x

(n)

!ω corresponds to the contributions from the first two diagrams and x
(ω)

!ω to the contribution from the third

diagram in the first line in Fig. 3.
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to be inconsistent with the expected failure of hyperscal-
ing relations above the upper critical dimension. This is
a known subtlety of the RG [12]. The reason is that for
d > 3 the ε6 coupling ς becomes dangerously irrelevant,
which means that even though it is irrelevant by power
counting, it is needed for stability of the e!ective poten-
tial, and thus can not be set directly to zero [42, 43].
Even though our results are not strictly valid for d > 3,
keeping the number of dimensions d general allows for
a direct comparison with results from the perturbative
expansion in φ = 4 → d around φ = 0, which was used
to study the tricritical dynamics of 3He–4He mixtures in
the N = 2 case [22, 23, 33].

B. Dynamics

During the FRG flow, the finite FRG scale k puts a
limit on the correlation length, ↼ ↑ 1/k, which is re-
moved in the limit k ↓ 0. Hence, at a fixed point, the
critical exponents of the kinetic coe”cients can be read
o! from their power-law behavior with the FRG scale,
i.e., #ϖ

k ↑ k→x!ω and ↽k ↑ k→xε . Since k ϱk⇀k = 0,
the corresponding exponent is xµ = 0. Similarly, the dy-
namic critical exponent z of a given mode can be deduced
from the k-dependence of the lowest lying pole ⇁k(p) in
the dynamic response functions (with p ↔ |,p| in isotropic
systems). Modes with p ↗ k are non-critical, and thus
the p-dependence of ⇁k(p) is regular. For k ↗ p ↗ $
with $ ↑ πT in hot QCD matter, the critical power law
is manifest, ⇁k(p) ↑ pz. Requiring these two regimes to
match smoothly at p ↑ k, we find ⇁k(k) ↑ kz.

In our truncation, an explicit evaluation of the poles
of the retarded propagator yields ⇁ϖ,k(p) = →i#ϖ

k(m
2
k +

p2), ⇁n,k(p) = →i↽kp2/ϖn, and ⇁ω,k(p) = →i⇀p2/ϖω,k.
Setting p ↑ k and m2

k = 0 at the Gaussian fixed point,
we find the dynamic critical exponents

zϖ = 2→ x!ω , zn = 2→ xϱ , zω = 2 + ϑ̃/ω (75)

where we have used ϖω,k ↑ k→ε̃/ϑ and the notation
ϑ̃ ↔ max{ϑ, 0}. The dynamic critical exponent zω of
the energy-like density is thus fully determined by static
critical exponents (since xµ = 0).
The fixed points of the FRG flow are most conveniently

analyzed using the following dimensionless ratios of re-
laxation times near criticality,

wn ↔ ϖn
#ϖ
k

↽k
, wω ↔ ϖω,k

#ϖ
k

⇀
, (76)

and the dimensionless e!ective coupling between the or-
der parameter and the O(N) charge densities,

f ↔ dKdg2Tkd→4

#ϖ
k↽k

. (77)

Using Eqs. (64), (69) and (70), their flow can be ex-
pressed as

kϱkwn = →wn(x!ω → xϱ) , (78)

kϱkwω = →wω(x!ω + ϑ̃/ω) , (79)

kϱkf = →f(4→ d→ x!ω → xϱ) (80)

with

x!ω = →kϱk#
ϖ
k

#ϖ
k

, xϱ = →kϱk↽k
↽k

. (81)

At fixed points of the FRG flow these become scale (k) in-
dependent, implying the power-law behavior #ϖ

k ↑ k→x!ω

and ↽k ↑ k→xε in the scaling regime.
The decomposition (64) entails that x!ω can be conve-

niently separated into contributions from the reversible
coupling to the O(N) charge densities, and from the dis-
sipative coupling to the energy density,5

x!ω = x(n)
!ω + x(ω)

!ω (82)

in which the individual contributions from n and ▷ are

5
More specifically, x

(n)

!ω corresponds to the contributions from the first two diagrams and x
(ω)

!ω to the contribution from the third

diagram in the first line in Fig. 3.

‣ Characteristic frequencies at critical wavenumber

‣ Truncation: Promote coupling constants to depend on

Figure: FRG flow in compactified (wn,f) plane in 3d at Gaussian 
fixed point for N = 4 (left) and N = 2 (right). 
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‣ FRG flow diagram:

‣ How does heat conductivity    behave near tricritical point?
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∫
DωDω̃ eiS[ω,ω̃]+i

∫
j̃aωa+i

∫
ω̃aja
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ωεa

ωt
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ϖεb
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ϖεb
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{ωa,ωb} = fabcωc

‣ Equations of motion are of the form
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S[ω, ω̃] =

∫ [
→ω̃a

(
εωa

εt
+ ϑab

ϖF

ϖωb
→ g{ωa,ωb}

ϖF

ϖωb

)
+ iT ω̃aϑabω̃b

]
with

‣ Connected correlation functions: 
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!k[ω, ω̃] = Wk[j, j̃]→”Sk[ω, ω̃]→
∫

j̃aωa →
∫

jaω̃a

‣ 1-particle irreducible (1PI) correlation functions:
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Wk[j, j̃] = →i lnZk[j, j̃]

‣ Introduce infrared (IR) regulator             to LGW functional:
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S[ω, ω̃] → S[ω, ω̃] +!Sk[ω, ω̃]
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p2k2

k2
Rk

(d/dt) Rk

Fig. 1. Sketch of a regulator function Rk(p2) (lower curve) and its derivative
∂tRk(p2) (upper curve). Whereas the regulator provides for an IR regularization
for all modes with p2 ! k2, its derivative implements the Wilsonian idea of integrat-
ing out fluctuations within a momentum shell near p2 ! k2.

(Note that we frequently change from coordinate to momentum space or vice
versa by Fourier transformation for reasons of convenience.) Now, we are in a
position to define the interpolating effective action Γk by a slightly modified
Legendre transform,3

Γk[φ] = sup
J

(∫
Jφ− Wk[J ]

)
− ∆Sk[φ]. (20)

Since we later want to study Γk as a functional of a k-independent field φ, it is
clear from Eq. (20) that the source J ≡ Jsup = J [φ] for which the supremum
is approached is necessarily k dependent. As before, we get at J = Jsup:

φ(x) = 〈ϕ(x)〉J =
δWk[J ]

δJ(x)
. (21)

The quantum equation of motion receives a regulator modification,

J(x) =
δΓk[φ]

δφ(x)
+

(
Rkφ

)
(x). (22)

From this, we deduce4:

δJ(x)

δφ(y)
=

δ2Γk[φ]

δφ(x)δφ(y)
+ Rk(x, y). (23)

3 Now, only the “sup” part of Γk is convex. For finite k, any non-convexity of Γk

must be of the form of the last regulator term of Eq. (20).
4 In case of fermionic Grassmann-valued fields, the following φ derivative should

act on Eq. (22) from the right.
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⤳ Specific heat (at constant pressure) diverges:
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ϖ

6!N2
(ε2)3

+
ϱ

2
↑
N

ε2ς+
ς2

2Cp
+
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[Figure by H. Gies]
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‣      and       : introduce dimensionless couplings

strong scaling weak scaling? No!

‣ FRG scale    puts limit on correlation length:
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the tricritical point, cp → r→ωt but cv remains finite. The
isobaric specific heat cp is given by:

cp = T

(
ωŝ

ωT

)

p

=
T

nB

[(
ωs

ωT

)

p

↑ s

nB

(
ωnB

ωT

)

p

]

=
T

nB

[
PTT ↑ 2ŝPµBT + ŝ2PµBµB

]

mq↑0
=

T

nB
Prr (rT ↑ ŝ rµB )

2 + · · · → r→ωt . (C5)

The specific heat at constant volume, or equivalently,
at constant number density, in the chiral limit is given
by:

cv =
T

nB

(
ωs

ωT

)

n

=
T

nB

(
PTT ↑ (PTµB )

2

PµBµB

)

=
T

nBPµBµB

(
PTTPµBµB ↑ (PTµB )

2
)

= ctcpv +
T

nB

(
rT
rµB

εµB ↑ εT

)2 [
Pεε ↑ P 2

rε

Prr

]
+O(r)

= ctcpv +O(|r|1/2) , (C6)

where ctcpv denotes the finite value of the isochoric spe-
cific heat at the tricritical point. Here, again we have
used subscripts to imply derivatives. When the sub-
script T is written the derivative is taken with respect
to T while keeping µB constant. The combination(
PTTPµBµB ↑ (PTµB )

2
)
subtracts o! the dominant sin-

gular fluctuations along the Z2 order parameter direction,
thereby projecting out the remaining singular component
which is subleading. At the tricritical point, the contour
of the number density becomes parallel to the ε line.

We shall evaluate Prr in mean-field theory, below. In
mean field, the pressure near the tricritical point can be
expressed as the minimum of a ϑ6 potential as follows:

P (µB , T ) = ↑A min
ϑ

V (ϑ; r,ε) , (C7)

where

V (ϑ; r,ε) =
r

2
ϑ2 +

ε

4!
ϑ4 + ϑ6 ↑ hϑ . (C8)

Prr can be calculated as:

Prr = ↑Aϑ̄
ωϑ̄

ωr
= A

(Vrϑ)2

Vϑϑ

∣∣∣∣
ϑ̄

, (C9)

where ϑ̄ is the value of ϑ which minimizes V (ϑ; r,ε). Sim-
ilarly,

Prε = A
VrϑVεϑ

Vϑϑ
, Pεε = A

(Vεϑ)2

Vϑϑ
. (C10)
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FIG. 7. Transition line that separates weak-scaling and
strong-scaling behavior at the Gaussian fixed point in the
(N, d)-plane, given by Eq. (D1). Integer values of d and N

are indicated by dots. See text for an important caveat con-
cerning the applicability of the Gaussian fixed point.

In the symmetry restored phase ϑ̄ = 0, therefore, the
singular contribution to Prr = 0 in this phase. When
ϑ̄ ↓= 0, the singular contribution to Prr in mean field is
given by:

Prr =
3A↔

↑864 r + ε2
. (C11)

One can see that away from the tricritical point, since
ε2 ↗ 0,

Prr ↘ ε→1 (C12)

is finite along the ε line and close to the tri-critical point:

Prr ↘ r→1/2 ↘ (T ↑ Ttcp)
→1/2, (C13)

where Ttcp is the temperature at the tricritical point.

Appendix D: Phase diagram in (N, d)-plane

Fig. 6 in the main text shows that for N = 2 there is
a transition from strong-scaling to weak-scaling behavior
at d = 3. It is instructive to map out the transition line
that separates strong-scaling and weak-scaling behavior
in the full (N, d) plane. Strong scaling occurs if and only
if (88) has a non-zero solution 0 < w↓

n < ≃. Such a
solution exists if N ⇐ Nl(d) with

Nl(d) = 1↑ 1

d
+

↔
5d2 ↑ 10d+ 1

d
. (D1)

Fig. 7 shows the resulting transition line in the (N, d)
plane. The line N = 2 corresponds to Fig. 6 from the
main text, where we see that the transition happens pre-
cisely at d = 3. Fig. 7 extends this result to all N ⇐ 1.
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