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2First-order phase transitions…

A. Shkerin, Perimeter Institute

have been studied for ~150 years

play a fundamental role in various branches of physics
from quantum cosmology to quantum matter

many dynamical aspects are still poorly understood
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Consider thermal phase transitions in the classical regime

and compute the decay rate:

Γ ∝ e−Ets/T



3How to define decay rate
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cornerstones of the nucleation theory are the works of Becker and Döring [3], which suggested

the discrete model of the growth of bubbles of a new phase inside an old, metastable phase;

Wigner [4], where the transition state method was applied to the calculation of rates of

chemical reactions; Zeldovich [5], who studied the bubble nucleation by treating the bubble

radius as a particle undergoing the Brownian motion. Cahn and Hilliard [6] and Langer [7]

applied the nucleation theory to systems with many degrees of freedom, and the application

to quantum field theory was initiated by [SS: Coleman [8],] A!eck [9] and Linde [10, 11].

The physical mechanism of the decay of metastable phase (false vacuum) to the stable

one (true vacuum) depends on the temperature T of the system. At small T , the decay

happens via tunneling through the potential barrier separating the vacua [8, 12]. Thermal

fluctuations assist the tunneling process [10,11,13]. At su”ciently large T , the decay happens

due to classical thermal fluctuations [9, 14]. In the semiclassical regime, where the decay is

exponentially suppressed, the system crosses the barrier in the vicinity of the transition state

(TS) [4], which is a saddle point of the Hamiltonian of the system. In di#erent [SS: physical

contexts,] the TS is referred to as the critical droplet, critical bubble, or sphaleron. The

classical regime is realized at [SS: T → Tq ↑ |ω→|,] where ↓ω
2
→ is the curvature of the barrier

along the unstable direction at the TS [9].1 In this case, an e#ective classical description

exists which describes the nucleation process. The decays remain suppressed as long as

T ↔ Es where Es is the height of the energy barrier at the TS. In this paper we consider

thermal false vacuum decay in the limits Tq ↔ T ↔ Es.

[SS: The transition state theory (TST)] approach to calculating observables associated

with the phase transition, such as the rate of nucleation of the bubbles of true vacuum, relies

on the assumption of local thermodynamic equilibrium during the nucleation process. [SS:

The TST rate is defined as follows.] Denote by R the region encompassing the metastable

minimum, [SS: see Fig. 1]. Assume that the system is in full equilibrium, i.e. that both R

and its complement, including the true vacuum region, are thermally populated.2 Define the

TST rate as the phase space probability flux through the boundary εR of the region R,3

$TST =
1

ZR

∫

ωR

dS n · ż ϑ(n · ż) e→H(z)/T
. (1) {Gamma_eq_gen}

1
[SS: Throughout the paper, we use the natural units c = ⊋ = kB = 1. In field theories with polynomial

potentials and no hierarchical parameters, ω→ is of the same order as the mass of the field at the metastable

minimum.]

2
[SS: For simplicity, we assume here that the true vacuum exists and has finite energy. For a field theory,

this requires putting the system in a finite box. Equation (1) is, however, insensitive to this assumption.]

3
[SS: We understand the rate as the decay probability per unit time. In extensive systems, such as field

theory in finite volume, the rate will be proportional to the volume.]

3

“Equilibrium” approach

SPA!

q

p

−
ℛ−(+)

ℛ−(∂)

Figure 1: Phase-space trajectories and the metastable region R (shaded gray) for the cal-

culation of the decay rate. The flux out of R crosses the surface ωR
(+), selected by the

theta-function in eq. (1). Trajectories from the outer region enters R through ωR
(→). The

black dot [SS: indicates] the transition state.fig:flux

[SS: Here z → (q,p) is the phase space coordinate of the system with the Hamiltonian H(z),

dot means derivative with respect to time, and

ZR =

∫

R

dz e→H(z)/T (2)

is the normalization constant that can be interpreted as the partition function of the false

vacuum. The vector n is normal to ωR and points outwards. Due to the ε-function, the

integral runs only over the part of the surface ωR
(+) which is crossed by phase-space trajec-

tories leaving the region R, as shown in Fig. 1. For future reference, we denote the part of

the boundary crossed by trajectories entering R by ωR
(→).]

Evaluating the integral in the saddle-point approximation, one arrives at the standard

relation between !TST and the imaginary part of the false vacuum free energy [9],

!TST
1-loop
=

|ϑ→|

ϖT
· Im F . (3) {GammaE}

The imaginary part of the free energy can be calculated using an analytic continuation in

the Euclidean time formalism where its exponential suppression is due to the large Euclidean

action of the TS. Note, however, that the original integral in eq. (1) is given in the real time,

and the analytic continuation is not necessary to define the [SS: TST rate].

4

Γ = 𝒜dyn.ΓTST

decay rate is, without relying on the TST formula (1)?

The first natural step is to confine the initial probability distribution function of the

system to the metastable region R, so that the true vacuum region is not populated,

ω(z; t = 0) =
1

ZR
e→H(z)/T

ε(z → R) , (4) {Rho_initial}

where ZR is the normalization. Next, let the system evolve under its Hamiltonian and, pos-

sibly, also in presence of stochastic damping and noise modelling the coupling of the system

to an external heat bath. One could identify the thermal decay rate with the probability

flux out of R, similarly to the TST rate, but using the initial state (4) rather than the

global equilibrium state. This flux is, however, not constant, and the rate defined this way

is time-dependent [26].

One could expect that if we wait long enough, much longer than the microscopic dy-

namical time tdyn. of the system, then the probability through the boundary of R becomes

stationary. One can define the constant thermal decay rate using this stationary flux. Sev-

eral questions arise: what conditions ensure the existence of the stationary flux regime; what

is the general expression for the decay rate in the stationary regime; how does the system

approach this regime dynamically; and finally, does the rate defined this way depend on the

choice of ϑR?

Puzzle 1a: Correct dynamical prefactor of the decay rate.— At one-loop order, it has

long been understood that the decay rate should factorize into a purely equilibrium part

and a dynamical prefactor [7]. [SS: It was postulated in [] that similar factorization struc-

ture persists at all orders.] However, it is less clear what the precise form of the dynamical

prefactor should be. In the study of thermal decays in field theory, di!erent authors have

come to several apparently incompatible expressions for the dynamical prefactor of the decay

rate [7, 9, 11, 22, 23]. These discrepancies have persisted in the field, leaving phenomenolo-

gists without any clear reason to prefer one expression over the others; see for example

Ref. [24]. Which of these expressions for the dynamical prefactor are correct, and under

which circumstances? [OG: Factorisation beyond one-loop: Ekstedt [21] and Moore and

Rummukainen [20]]

Puzzle 2: Rate independence of the choice of the boundary.— The TST rate (1) changes

when the dividing surface ϑR changes. The physical, thermal rate, on the other hand,

should not be sensitive to the choice of ϑR. Choosing the boundary must be a matter of

convenience: for example, to enable the saddle-point approximation, the boundary must

pass through the TS of the system.

However, in systems with many degrees of freedom, the TS itself is not uniquely defined.

6

stationary flux regime

Langer 69; Affleck 81; Arnold, McLerran 87; Hirvonen 25
Moore, Rummukainen, Tranberg 01

Dynamical picture

wait until

ρ(z; t) ≈ ρ*(z)

Questions:

 Does  exist?ρ*(z)

 How to compute ?𝒜dyn.

How is  independent of the choice of  and TS?Γ ℛ 

 What about oscillons?
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In the stationary flux regime (more on its existence later)

dissipation coe!cient.4 In field theories, the relevant subsystem consists of the Fourier

modes of the decaying field with wavelengths comparable to the size of the critical bubble.

The latter is typically → m
→1, where m is the field mass in the false vacuum, and we have

again tdyn. → 2ω/m. The thermalization time is set by the interaction strength between the

long-wavelength modes and the thermostat, which contains shorter modes of the decaying

field and other fields present in the system.

The thermality condition (5) is naturally satisfied in many physical systems. For example,

cosmological first-order phase transitions in the early universe, for which tdec. is determined

by the inverse Hubble rate, belong to this category. The condition is violated if tth. ↭ tdec.,

which happens if the relevant subsystem does not thermalize e”ectively and the decays are

not strongly suppressed. This can be relevant for laboratory experiments with cold-atom

systems and Bose–Einstein condensates. This is also relevant for direct numerical simulations

of the decays [17,18]. In this case, the decay rate can still be approximately constant in the

time interval tdyn. ↑ t ↑ ε , where ε is a “drift time”. We will argue that ε ↓ eEs/T , so

it is exponentially large, if the relevant subsystem itself can be treated as a thermostat,

in the sense that its total energy is much bigger than the TS energy Es. Otherwise ε

is microscopically small, ε → tdyn., and there are no decays at constant #. This is what

happens in the extreme case of the one-particle conservative mechanical system considered

above. This explain qualitatively the third puzzle, and a more quantitative discussion is

presented below.

Assume that the thermality condition (5) is satisfied and the stationary flux regime is

reached. Then the full thermal decay rate is given by

# = #TST · (1 ↔ R) , (6) {GammaFull}

where #TST is the TST rate (1) and the factor R accounts for dynamical e”ects that can be

systematically evaluated. It consists of two contributions,

R = R
(+) + R

(→)
. (7) {R}

They have the following meaning: R
(+) is the probability that a phase-space trajectory

crossing the surface ϑR from the false to true vacuum turns around and returns back to

the false vacuum. Similarly, R
(→) is the turnaround probability for a trajectory crossing ϑR

from the true to false vacuum. The expression (6) is exact in the limit t ↗ tdyn..5

4
[SS: By contrast, at strong damping ω ↭ m, the thermalization time is tth. → ω/m2

.]

5
In general, the system may return to the metastable phase after first escaping. We assume that the

return time is much longer than other time scales and do not consider this e!ect.

9

This is similar to the reactive-
flux method in chemistry

and to the MRT method
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— re-crossing probability

V
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Figure 2: Turnaround trajectories in stochastic mechanics at weak damping. The depen-fig:particles

dence of the potential V on the transition coordinate q→ is shown. The particle starts at

q→ = 0 (white solid circle) towards the true (a) or false (b,c) vacuum. Due to interactions

with the heat bath, the particle turns around (white dashed circle) and ends up in the region

opposite to where it moved initially (black circle). The turnaround can happen immediately

(a,b) or after traversing the false vacuum region (c).

increasing R decreases the ratio !/!TST. Hence, by enhancing the turnaround rate, the

oscillons suppress the thermal decay rate. Note that the dynamical ! accounts for this

e”ect. This resolves puzzle 4: [SS: oscillons suppress the decay rate relative to TST by

enhancing the returns.] Below we will investigate in detail the sloshing turnarounds in field

theory and their enhancement due to oscillons.

In cases when Rnon-pert. is negligible, such as the case of strongly exponentially suppressed

decays in field theory or over-damped time evolution, eq. (6) can serve as the basis for a sys-

tematic computation of perturbative corrections to the dynamical prefactor. When Rnon-pert.

is not negligible, the full turnaround probability must be calculated numerically. We will

present an algorithm for this and illustrate it on simple scalar field models in (1 + 1) di-

mensions. Importantly, finding R requires evolving the probability flux through the dividing

surface ωR until it enters the stationary regime, which takes exponentially less computing

time than direct simulation of decays from the metastable minimum would require, if region

R is chosen suitably.

The expression (6) reproduces the known results from classical-statistical mechanics and

field theory. For example, to leading order in the saddle-point approximation one can use it
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In the stationary flux regime (more on its existence later)

dissipation coe!cient.4 In field theories, the relevant subsystem consists of the Fourier

modes of the decaying field with wavelengths comparable to the size of the critical bubble.

The latter is typically → m
→1, where m is the field mass in the false vacuum, and we have

again tdyn. → 2ω/m. The thermalization time is set by the interaction strength between the

long-wavelength modes and the thermostat, which contains shorter modes of the decaying

field and other fields present in the system.

The thermality condition (5) is naturally satisfied in many physical systems. For example,

cosmological first-order phase transitions in the early universe, for which tdec. is determined

by the inverse Hubble rate, belong to this category. The condition is violated if tth. ↭ tdec.,

which happens if the relevant subsystem does not thermalize e”ectively and the decays are

not strongly suppressed. This can be relevant for laboratory experiments with cold-atom

systems and Bose–Einstein condensates. This is also relevant for direct numerical simulations

of the decays [17,18]. In this case, the decay rate can still be approximately constant in the

time interval tdyn. ↑ t ↑ ε , where ε is a “drift time”. We will argue that ε ↓ eEs/T , so

it is exponentially large, if the relevant subsystem itself can be treated as a thermostat,

in the sense that its total energy is much bigger than the TS energy Es. Otherwise ε

is microscopically small, ε → tdyn., and there are no decays at constant #. This is what

happens in the extreme case of the one-particle conservative mechanical system considered

above. This explain qualitatively the third puzzle, and a more quantitative discussion is

presented below.

Assume that the thermality condition (5) is satisfied and the stationary flux regime is

reached. Then the full thermal decay rate is given by

# = #TST · (1 ↔ R) , (6) {GammaFull}

where #TST is the TST rate (1) and the factor R accounts for dynamical e”ects that can be

systematically evaluated. It consists of two contributions,

R = R
(+) + R

(→)
. (7) {R}

They have the following meaning: R
(+) is the probability that a phase-space trajectory

crossing the surface ϑR from the false to true vacuum turns around and returns back to

the false vacuum. Similarly, R
(→) is the turnaround probability for a trajectory crossing ϑR

from the true to false vacuum. The expression (6) is exact in the limit t ↗ tdyn..5

4
[SS: By contrast, at strong damping ω ↭ m, the thermalization time is tth. → ω/m2

.]

5
In general, the system may return to the metastable phase after first escaping. We assume that the

return time is much longer than other time scales and do not consider this e!ect.
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9

— re-crossing probability

Since the probabilities R
(±) are non-negative, eq. (6) implies that the true thermal rate

cannot exceed the TST value (1). It may be lower if the system does not thermalize during

the nucleation, i.e. if tdyn. → tth..

The probabilities R
(±) can be expressed in terms of the phase-space probability distri-

bution ω(z; t) of the system, which starts from the thermal state on the surface εR. In

practice, it is convenient to define the metastable region in the configuration space. Denote

by q→ the transition coordinate such that q→ < 0 corresponds to the basin of attraction of

the false vacuum (region R) and q→ > 0 to the true vacuum region, as shown in Fig. 2. On

the dividing surface q→ = 0 define the following initial probability distributions,

ω
(±)(q,p; t = 0) = N ϑ(q→)ϖ(±q̇→)|q̇→|e→H(q,p)/T

, (8) {Rho_init2}

where N is the normalization and q̇→ is the function of coordinates and momenta. [SS: Check

for p→ in other places.] We will show that the turnaround probabilities are given by

R
(±) = lim

tdyn.↑t↑tdec.

∫
dqdp ω

(±)(q,p; t)ϖ(↑q→) , (9) {Ppmdef1}

where ω
(±)(q,p; t) are evolved from ω

(±)(q,p; t = 0) using the appropriate Fokker–Planck

equation; see eq. (14). We will see that the probabilities R
(±) depend on the choice of the

dividing surface (e.g. q→ = 0), but so does !TST, making the full rate (6) independent of it.

This will address the second puzzle formulated above.

There are di”erent types of turnaround trajectories that contribute to the dynamical

factor R. They are illustrated in Fig. 2 for the case of one-particle stochastic mechanics. One

is prompt turnarounds whereby the trajectory turns around due to the particle (the amplitude

of the negative mode of the critical bubble in field theory) being kicked by other excitations

in the vicinity of the barrier; see Fig. 2(a,b). This is the perturbative contribution Rpert.

to the turnaround probability. Another type is sloshing turnarounds. These are trajectories

that go back to the false vacuum but rebound and escape in a short time ↓ tdyn.; see Fig. 2(c).

They constitute the non-perturbative contribution Rnon-pert.. 6

[SS: Sloshing turnarounds are present generically due to non-linear field dynamics and can

be the dominant contribution to R at moderate exponential suppression and weak damping.

They are particularly enhanced in theories with oscillons.] This is because the oscillon

formed from the decay of the critical bubble survives for many field oscillations around the

false vacuum, and during this time the system has a higher chance to decay. By eq. (6),

6
[SS: In principle, there could also be sloshing trajectories visiting the vicinity of the true vacuum and

rebounding back into the false vacuum. Clearly, this does not happen in field theory, but can occur in

mechanics with a few degrees of freedom.]

10

Practically, choose  as a dividing surface,q− = 0

sample

then

 can give a big contribution! (due to oscillons)Rslosh

This is similar to the reactive-
flux method in chemistry

and to the MRT method
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This formula is exact (up to corrections of order )𝒪(e−Ets/T) 

 can be systematically evaluated (at weak coupling)Rprompt 

 

vacuum. Similarly, R
(→) is the probability for a trajectory crossing ωR from the true to

false vacuum to re-cross back and end up in the true vacuum. The expression (13) is exact,

modulo exponentially small corrections of order O(e→Ets/T ). Note that since the probabilities

R
(±) are non-negative, the thermal rate (13) cannot exceed the TST rate.

The probabilities R
(±) can be practically evaluated as follows. Consider, for simplicity, the

choice of the dividing surface ωR given by the equation q→ = 0. Define statistical ensembles

of systems with the initial data restricted to this surface and distribution functions

ε
(±)(q,p; t = 0) = N ϑ(q→)ϖ(±q̇→)|q̇→|e→H(q,p)/T

, (15)

where N is the normalization and q̇→ is understood as function of coordinates and momenta.

Let these ensembles evolve for a time longer than tdyn., but much shorter than tdec.. The

re-crossing probabilities are then given by

R
(±) = lim

tplat.↑t↑tdec.

∫
dqdp ε

(±)(q,p; t)ϖ(→q→) . (16)

Here tplat. is the time, at which the integrals on the r.h.s. stabilize to a plateau. Depending

on the system, it varies between tdyn. and tth.. The formulas (16) are suitable for analytical

(see Sec. 3) and numerical (see Sec. 4) evaluation of the dynamical prefactor. Importantly,

the numerical evaluation requires evolving the ensembles until tplat., which takes exponen-

tially less computing time than a direct simulation of decays from the metastable vacuum.

Thus, our method can be used numerically at strong exponential suppression when direct

simulations are impossible.

Let us give a heuristic proof of Eq. (13). Assume that both the region R and its com-

plement R̄ are in thermal equilibrium. Then the probability flux I
(+) from R coincides with

the TST rate. However, not all of the trajectories that contribute to this flux originate from

the false vacuum: some of them come from R̄ and turn around, as illustrated in Fig. 3b,c.

The contribution of these trajectories into I
(+) is equal to I

(→)
R

(→), where I
(→) is the flux

from R̄ to R; due to detailed balance, this flux is the same as I
(+). To get the physical decay

rate, we need to subtract this contribution. In addition, we must subtract the contribution

I
(+)

R
(+) of trajectories that cross the barrier from R to R̄, but re-cross back into R, as

shown in Fig. 3a. In this way we obtain Eq. (13).

This argument is not completely satisfactory. First, the definition of the fluxes I
(±)

requires clarification, given that the full probability current JI defined in (8) vanishes in

thermal equilibrium. An alternative current J = żε(z) is not uniquely defined by a phase-

space point in the stochastic case because of the random force, so an averaging procedure

must be invoked to calculate a flux from it. Second, a single phase-space trajectory can cross

13

 and  depend on ;  does not.R ΓTST ℛ Γ 

 can be found from simulations; no exponentially long simulation time required.R 

tdyn. < tplat. < ttherm.where



Two rates 9

A. Shkerin, Perimeter Institute

LangerKramers

From now on, we restrict to the phase-space of the negative mode and denote (q→, p→)

simply by (q, p). We also omit the sub- and superscripts on the distribution function. The

FP equation reads
ωε

ωt
= ϑT

ω
2
ε

ωp2
+ ϑ

ω

ωp
(pε) → ϖ

2
→q

ωε

ωp
→ p

ωε

ωq
. (47)

We need to solve it with the initial condition (see Eq. (15)),

ε(q, p; t = 0) = ϱ(q)ς(p)
p

T
e→p

2
/2T

. (48)

Note that (48) is normalized. The solution can be expressed using the Fourier transform

ε(q, p; t) =

∫
dxdy

(2φ)2
ε̃(x, y; t)eiqx+ipy

, (49)

where ε̃ is found in Appendix A. We do not need the full solution here. Substituting (49)

into the re-crossing probability (16), we obtain

R
(+) = lim

t↑+↓

+↓∫

→↓

dx

2φi

ε̃(x, 0; t)

x → i↼
, (50)

where ↼ ↑ 0+. We see that the probability depends on ε̃ only at y = 0.

Simplifying the solution from Appendix A at late times, we have

ε̃(x, 0; t) ↓ F0

(
x

e→ω→t

↽+ → ↽→

)
exp

[
→ x

2 Tϑ↽+

2ϖ2
→(↽+ → ↽→)2

e→2ω→t

]
, t ↔

1

↽+
, (51)

where

↽± =
ϑ

2
±

√
ϖ
2
→ +

ϑ2

4
, F0(z) =

1

T

↓∫

0

dp p e→p
2
/2T→ipz

. (52)

Substitution into (50) then yields

R
(+) =

ϑ↽+

ϖ
2
→

↓∫

0

d⇀ ⇀ e→εω+ϑ
2
/2ϖ2

→

+↓∫

→↓

dz

2φi(z → i↼)
e→z

2
/2→iϑz

. (53)

Integrating by parts in ⇀ and evaluating the remaining Gaussian integrals, we arrive at

R
(+) =

1

2

(
1 →

1√
1 + ϑ↽+/ϖ

2
→

)
=

1

2

(
1 →

√

1 +
ϑ2

4ϖ2
→

+
ϑ

2ϖ→

)
, (54)

where in the second equality we used the explicit form of ↽+. Finally, substituting this

expression into Eq. (13) and taking into account that R
(→) = R

(+), we obtain Eq. (45).

Note that the distribution function in this subsection has been restricted to a small

vicinity of the TS and the re-crossing probabilities attain the limiting value right after a

single dynamical time, see Eq. (51). This implies that the result (54) accounts for prompt

re-crossings.
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R
(+) =
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2
→
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=

1

2

(
1 →

√

1 +
ϑ2

4ϖ2
→

+
ϑ

2ϖ→

)
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where in the second equality we used the explicit form of ↽+. Finally, substituting this

expression into Eq. (13) and taking into account that R
(→) = R

(+), we obtain Eq. (45).

Note that the distribution function in this subsection has been restricted to a small

vicinity of the TS and the re-crossing probabilities attain the limiting value right after a

single dynamical time, see Eq. (51). This implies that the result (54) accounts for prompt

re-crossings.
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is the energy loss in one oscillation. In the last equality we have assumed E0 → Ets and

expressed ω through the action integral along the separatrix of the conservative system (i.e.

the trajectory with E = 0). Dots in the expression for the variance (62) stand for terms

suppressed by powers of ε/ϑ→. Note that only the second term from (60) contributes to the

energy variance at leading order.

In the re-crossing problem the initial energy of the particles is not fixed but is distributed

according to Eq. (48). To get the energy distribution after one oscillation, we have to take

a convolution of (61) with the initial distribution,

P1(E) =

↑∫

0

dE0

T
e→E0/T

1
↑

4ϖT ω
exp

[
↓

(E ↓ E0 + ω)2

4Tω

]
. (64)

The fraction of particles escaping after one oscillation is R
(→)
1 =

∫↑
0 dE P1(E). On the other

hand, the particles with negative energies remain in the well and will come again to the

barrier after a second oscillation with the energy distribution

P2(E) =

0∫

→↑

dE1
↑

4ϖT ω
exp

[
↓

(E ↓ E1 + ω)2

4Tω

]
P1(E1) . (65)

The probability to escape at the second oscillation is then R
(→)
2 =

∫↑
0 dE P2(E). Continuing

this reasoning, we write for the total escape probability,

R
(→) =

↑∑

n=1

R
(→)
n

=

↑∫

0

dE

↑∑

n=1

Pn(E) , (66)

where the distributions Pn(E) are constructed inductively using the convolution similar to

Eq. (65). Summation of this series is performed in Appendix B with the result

R
(→) = 1 ↓ exp

[ ↑∫

→↑

dz

ϖ(z2 + 1)
ln
(
1 ↓ e→(z2+1)ω/4T

)]
. (67)

Substituting into Eq. (13) for the decay rate and using that R
(+) = 0, we recover the result

of Ref. [43].

The limiting behavior of the expression (67) is R
(→)

↔ 1 ↓ ω/T at ω/T → 1. For a

potential without large hierarchy of parameters, we can estimate ω ↗ εEts/ϑ→, so the re-

crossing probability indeed goes to 1 at vanishing damping. On the other hand, R
(→) vanishes

exponentially for ω/T ↗ εEts/ϑ→T ↘ 1. This provides an idea of how many sloshings the

29

, R(+) = 0

The friction and random force acting on the particle change its energy, which we also

decompose into the deterministic and stochastic parts,

E(t) = Ē(t) + Ê(t) , Ē(t) =
˙̄q2

2
+ V (q̄) , Ê(t) = ˙̄q ˙̂q +

dV (q̄)

dq̄
q̂ . (57)

The deterministic part decreases due to friction,

Ē(t) = E0 →

t∫

0

dt
→
ω ˙̄q2(t→) . (58)

In the stochastic part, we substitute the expression for the perturbation of the trajectory

(56). Simplifying the result by means of the relations

˙̄q ˙̂q1 +
dV

dq̄
q̂1 = ˙̄q ¨̄q +

dV

dq̄
˙̄q =

dĒ

dt
= →ω ˙̄q2 , (59a)

˙̄q ˙̂q2 +
dV

dq̄
q̂2 = ˙̄q ˙̂q2 → (¨̄q + ω ˙̄q)q̂2 = q̂1

˙̂q2 → ˙̂q1q̂2 → ωq̂1q̂2 = e↑ωt
→ ωq̂1q̂2 , (59b)

we obtain,

Ê(t) = →ω ˙̄q(t)q̂(t) +

t∫

0

dt
→
ε(t→) ˙̄q(t→) eω(t

→↑t)
. (60)

Note that the first term is suppressed by a factor ω, compared to the second one. Since Ê(t)

is linearly related to the Gaussian noise ε(t), it is itself a Gaussian random variable.

Consider a collection of particles starting at t = 0 from q = 0 with a given energy E0.

At t > 0 the energy distribution shifts and broadens. It is Gaussian, with mean Ē(t) and

variance ↑Ê
2(t)↓:

P(E; t, E0) =
1√

2ϑ↑Ê2(t)↓
exp

[
→

(
E → Ē(t)

)2

2↑Ê2(t)↓

]
, (61)

where the dependence on E0 on the r.h.s. is implicit inside Ē(t) and ↑Ê
2(t)↓. When the

particles come back to the barrier after one oscillation in the potential well, the mean and

variance of their energy distribution take the form,

Ē1 = E0 → ϖ , ↑Ê
2
1↓ = 2Tϖ + . . . , (62)

where

ϖ = ω

∮
˙̄q2(t) dt = ω

∮
p dq (63)

28

where

where  is the negative e.v. of the critical bubbleω2
−

Consider classical-mechanical system coupled to thermal bath with the damping coefficient .η

many d.o.f.; moderate to strong damping

  +… 
       +…
R = Rprompt

= Rpert

To LO in :T/Ets

1 d.o.f.; weak damping

 +…R = Rslosh

Langer 69
Mel’nikov, Meshkov 86

V

qqts

V

qqts

oscillons?..

tplat. ∼ tslosh ∼
1
η

T
Ets

tplat. ∼ tdyn.
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From now on, we restrict to the phase-space of the negative mode and denote (q→, p→)

simply by (q, p). We also omit the sub- and superscripts on the distribution function. The

FP equation reads
ωε

ωt
= ϑT

ω
2
ε

ωp2
+ ϑ

ω

ωp
(pε) → ϖ

2
→q

ωε

ωp
→ p

ωε

ωq
. (47)

We need to solve it with the initial condition (see Eq. (15)),

ε(q, p; t = 0) = ϱ(q)ς(p)
p

T
e→p

2
/2T

. (48)

Note that (48) is normalized. The solution can be expressed using the Fourier transform

ε(q, p; t) =

∫
dxdy

(2φ)2
ε̃(x, y; t)eiqx+ipy

, (49)

where ε̃ is found in Appendix A. We do not need the full solution here. Substituting (49)

into the re-crossing probability (16), we obtain

R
(+) = lim

t↑+↓

+↓∫

→↓

dx

2φi

ε̃(x, 0; t)

x → i↼
, (50)

where ↼ ↑ 0+. We see that the probability depends on ε̃ only at y = 0.

Simplifying the solution from Appendix A at late times, we have

ε̃(x, 0; t) ↓ F0

(
x

e→ω→t

↽+ → ↽→

)
exp

[
→ x

2 Tϑ↽+

2ϖ2
→(↽+ → ↽→)2

e→2ω→t

]
, t ↔

1

↽+
, (51)

where

↽± =
ϑ

2
±

√
ϖ
2
→ +

ϑ2

4
, F0(z) =

1

T

↓∫

0

dp p e→p
2
/2T→ipz

. (52)

Substitution into (50) then yields

R
(+) =

ϑ↽+

ϖ
2
→

↓∫

0

d⇀ ⇀ e→εω+ϑ
2
/2ϖ2

→

+↓∫

→↓

dz

2φi(z → i↼)
e→z

2
/2→iϑz

. (53)

Integrating by parts in ⇀ and evaluating the remaining Gaussian integrals, we arrive at

R
(+) =

1

2

(
1 →

1√
1 + ϑ↽+/ϖ

2
→

)
=

1

2

(
1 →

√

1 +
ϑ2

4ϖ2
→

+
ϑ

2ϖ→

)
, (54)

where in the second equality we used the explicit form of ↽+. Finally, substituting this

expression into Eq. (13) and taking into account that R
(→) = R

(+), we obtain Eq. (45).

Note that the distribution function in this subsection has been restricted to a small

vicinity of the TS and the re-crossing probabilities attain the limiting value right after a

single dynamical time, see Eq. (51). This implies that the result (54) accounts for prompt

re-crossings.
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From now on, we restrict to the phase-space of the negative mode and denote (q→, p→)

simply by (q, p). We also omit the sub- and superscripts on the distribution function. The

FP equation reads
ωε

ωt
= ϑT

ω
2
ε

ωp2
+ ϑ

ω

ωp
(pε) → ϖ

2
→q

ωε

ωp
→ p

ωε

ωq
. (47)

We need to solve it with the initial condition (see Eq. (15)),

ε(q, p; t = 0) = ϱ(q)ς(p)
p

T
e→p

2
/2T

. (48)

Note that (48) is normalized. The solution can be expressed using the Fourier transform

ε(q, p; t) =

∫
dxdy

(2φ)2
ε̃(x, y; t)eiqx+ipy

, (49)

where ε̃ is found in Appendix A. We do not need the full solution here. Substituting (49)

into the re-crossing probability (16), we obtain

R
(+) = lim

t↑+↓

+↓∫

→↓

dx

2φi

ε̃(x, 0; t)

x → i↼
, (50)

where ↼ ↑ 0+. We see that the probability depends on ε̃ only at y = 0.

Simplifying the solution from Appendix A at late times, we have

ε̃(x, 0; t) ↓ F0

(
x

e→ω→t

↽+ → ↽→

)
exp

[
→ x

2 Tϑ↽+

2ϖ2
→(↽+ → ↽→)2

e→2ω→t

]
, t ↔

1

↽+
, (51)

where

↽± =
ϑ

2
±

√
ϖ
2
→ +

ϑ2

4
, F0(z) =

1

T

↓∫

0

dp p e→p
2
/2T→ipz

. (52)

Substitution into (50) then yields

R
(+) =

ϑ↽+

ϖ
2
→

↓∫

0

d⇀ ⇀ e→εω+ϑ
2
/2ϖ2

→

+↓∫

→↓

dz

2φi(z → i↼)
e→z

2
/2→iϑz

. (53)

Integrating by parts in ⇀ and evaluating the remaining Gaussian integrals, we arrive at

R
(+) =

1

2

(
1 →

1√
1 + ϑ↽+/ϖ

2
→

)
=

1

2

(
1 →

√

1 +
ϑ2

4ϖ2
→

+
ϑ

2ϖ→

)
, (54)

where in the second equality we used the explicit form of ↽+. Finally, substituting this

expression into Eq. (13) and taking into account that R
(→) = R

(+), we obtain Eq. (45).

Note that the distribution function in this subsection has been restricted to a small

vicinity of the TS and the re-crossing probabilities attain the limiting value right after a

single dynamical time, see Eq. (51). This implies that the result (54) accounts for prompt

re-crossings.
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is the energy loss in one oscillation. In the last equality we have assumed E0 → Ets and

expressed ω through the action integral along the separatrix of the conservative system (i.e.

the trajectory with E = 0). Dots in the expression for the variance (62) stand for terms

suppressed by powers of ε/ϑ→. Note that only the second term from (60) contributes to the

energy variance at leading order.

In the re-crossing problem the initial energy of the particles is not fixed but is distributed

according to Eq. (48). To get the energy distribution after one oscillation, we have to take

a convolution of (61) with the initial distribution,

P1(E) =

↑∫

0

dE0

T
e→E0/T

1
↑

4ϖT ω
exp

[
↓

(E ↓ E0 + ω)2

4Tω

]
. (64)

The fraction of particles escaping after one oscillation is R
(→)
1 =

∫↑
0 dE P1(E). On the other

hand, the particles with negative energies remain in the well and will come again to the

barrier after a second oscillation with the energy distribution

P2(E) =

0∫

→↑

dE1
↑

4ϖT ω
exp

[
↓

(E ↓ E1 + ω)2

4Tω

]
P1(E1) . (65)

The probability to escape at the second oscillation is then R
(→)
2 =

∫↑
0 dE P2(E). Continuing

this reasoning, we write for the total escape probability,

R
(→) =

↑∑

n=1

R
(→)
n

=

↑∫

0

dE

↑∑

n=1

Pn(E) , (66)

where the distributions Pn(E) are constructed inductively using the convolution similar to

Eq. (65). Summation of this series is performed in Appendix B with the result

R
(→) = 1 ↓ exp

[ ↑∫

→↑

dz

ϖ(z2 + 1)
ln
(
1 ↓ e→(z2+1)ω/4T

)]
. (67)

Substituting into Eq. (13) for the decay rate and using that R
(+) = 0, we recover the result

of Ref. [43].

The limiting behavior of the expression (67) is R
(→)

↔ 1 ↓ ω/T at ω/T → 1. For a

potential without large hierarchy of parameters, we can estimate ω ↗ εEts/ϑ→, so the re-

crossing probability indeed goes to 1 at vanishing damping. On the other hand, R
(→) vanishes

exponentially for ω/T ↗ εEts/ϑ→T ↘ 1. This provides an idea of how many sloshings the

29

, R(+) = 0

The friction and random force acting on the particle change its energy, which we also

decompose into the deterministic and stochastic parts,

E(t) = Ē(t) + Ê(t) , Ē(t) =
˙̄q2

2
+ V (q̄) , Ê(t) = ˙̄q ˙̂q +

dV (q̄)

dq̄
q̂ . (57)

The deterministic part decreases due to friction,

Ē(t) = E0 →

t∫

0

dt
→
ω ˙̄q2(t→) . (58)

In the stochastic part, we substitute the expression for the perturbation of the trajectory

(56). Simplifying the result by means of the relations

˙̄q ˙̂q1 +
dV

dq̄
q̂1 = ˙̄q ¨̄q +

dV

dq̄
˙̄q =

dĒ

dt
= →ω ˙̄q2 , (59a)

˙̄q ˙̂q2 +
dV

dq̄
q̂2 = ˙̄q ˙̂q2 → (¨̄q + ω ˙̄q)q̂2 = q̂1

˙̂q2 → ˙̂q1q̂2 → ωq̂1q̂2 = e↑ωt
→ ωq̂1q̂2 , (59b)

we obtain,

Ê(t) = →ω ˙̄q(t)q̂(t) +

t∫

0

dt
→
ε(t→) ˙̄q(t→) eω(t

→↑t)
. (60)

Note that the first term is suppressed by a factor ω, compared to the second one. Since Ê(t)

is linearly related to the Gaussian noise ε(t), it is itself a Gaussian random variable.

Consider a collection of particles starting at t = 0 from q = 0 with a given energy E0.

At t > 0 the energy distribution shifts and broadens. It is Gaussian, with mean Ē(t) and

variance ↑Ê
2(t)↓:

P(E; t, E0) =
1√

2ϑ↑Ê2(t)↓
exp

[
→

(
E → Ē(t)

)2

2↑Ê2(t)↓

]
, (61)

where the dependence on E0 on the r.h.s. is implicit inside Ē(t) and ↑Ê
2(t)↓. When the

particles come back to the barrier after one oscillation in the potential well, the mean and

variance of their energy distribution take the form,

Ē1 = E0 → ϖ , ↑Ê
2
1↓ = 2Tϖ + . . . , (62)

where

ϖ = ω

∮
˙̄q2(t) dt = ω

∮
p dq (63)

28

where

where  is the negative e.v. of the critical bubbleω2
−

Consider classical-mechanical system coupled to thermal bath with the damping coefficient .η

many d.o.f.; moderate to strong damping

  +… 
       +…
R = Rprompt

= Rpert

To LO in :T/Ets

1 d.o.f.; weak damping

 +…R = Rslosh

Langer 69
Mel’nikov, Meshkov 86

V

qqts

V

qqts

oscillons?..

tplat. ∼ tslosh ∼
1
η

T
Ets
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1
−
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Figure 5: Scalar field potentials for the numerical investigation of the turnaround probability.

(a): the quartic potential, (b): the Liouville potential.fig:potentials

is analogous to the reactive flux method used in physical chemistry [15]. In the absence

of external damping and noise, we will see that the non-perturbative contribution can be

surprisingly big and dominate the turnaround probability at T/Es ↭ 10→1. Moreover, in the

model (95a) the sloshing turnarounds dominate over prompt ones down to T/Es → 10→2, due

to the presence of long-lived oscillons. Nevertheless, we will show that the non-perturbative

corrections vanish exponentially fast in the limit T/Es ↑ 0. Furthermore, we will see that

Rpert. = O(T ) if the dividing surface passes through the tree-level TS (critical bubble). Thus,

!/!TST ↑ 1 at T/Es ↑ 0 in the conservative case. In the dissipative case we will see that in

the limit of small T/Es the turnaround probability approaches the theory prediction eq. (69).

In this section, the decay rate ! is understood as the decay probability per unit time and

unit length.

4.1 Sloshing turnarounds and oscillons
ssec:non-pert

We begin with the model with the quartic potential (95a) and zero dissipation and noise.

This model (also with ω < 0 and in (3 + 1) dimensions) has been extensively studied in the

context of vacuum decay [18, 26, 50] and thermalization [51, 52]. The critical bubble profile

and its energy are given by

εs(x; x0) =

√
2

ω

m

cosh m(x ↓ x0)
, Es =

4m3

3ω
, (96) {Sph_Esph}

where x0 is the position of the center of the bubble. The weak coupling expansion of the

theory is controlled by the dimensionless parameter

T̂ =
ωT

m3
. (97) {TT}
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T/Ets
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100

R

Figure 8: The re-crossing probability R measured in simulations in the model with the

quartic potential (75a) (black dots). Perturbative (blue triangles) and non-perturbative

(red squares) contributions to R are also shown. The blue dashed line is the linear fit to

the perturbative contribution, the red dash-dotted line is the exponential fit to the non-

perturbative contribution, and the black solid line is the sum of the two.

prepare a suite of 105 trajectories16 with the initial conditions drawn from the surface-flux

distribution and evolve them for tsim. = 200/m, which ensures that tdyn. → tsim. → tdec..17

If a decay is detected (max |ω(x)| > 10), the simulation is stopped and the stopping time

is identified as the re-crossing time. If, during the evolution, the maximum of |ω(x)| over

the lattice drops below 1, we mark this trajectory as sloshing; all non-sloshing re-crossings

are labeled as prompt. The fraction of decayed trajectories as a function of time gives us

R
(→)(t). We see numerically that it reaches a plateau during the simulation, i.e. tplat. < tsim..

Measurement of R
(→)(tsim.) gives us the stationary-flux value R

(→).

Similarly, one can find R
(+) by evolving trajectories with the initial momentum of the

negative mode directed towards the true vacuum and measuring the fraction of non-decayed

trajectories. Our simulations showed no such trajectories, R
(+) = 0. This is consistent with

the theoretical expectation [72].

The re-crossing probability measured in simulations is shown in Fig. 8. The plot also

16We run a large number of simulations since we want to analyze contributions to R from di!erent types

of trajectories. For the purpose of just measuring R, much fewer simulations would su”ce.
17We estimate the decay time as t→1

dec. = # = #TST · (1 ↑R) with the one-loop TST rate computed in [18].
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Figure 7: Left: Number density of the decay times of turnaround trajectories, as a function

of time. Perturbative (prompt) turnarounds are painted blue and turnarounds via sloshing

are painted red. We take T̂ = 0.05 corresponding to T/Es = 0.0375. The initial gap is due to

the decay trigger requiring max |ω(x)| > 10. Right: Distribution of turnarounds in number

of oscillations across the false vacuum, at the same temperature.fig:density_phi4

the equilibrium decay rate and the rate measured in direct simulations [18]. Remarkably,

even at T/Es → 10→2 (exponential suppression relevant for cosmological phase transitions)

the e!ect from sloshing is still comparable to the prompt turnarounds.

Sloshing trajectories are clearly distinguishable from direct turnarounds since they survive

longer. To cross-check that we correctly identify the type of trajectories, in Fig. 7 we plot

the distributions of their decay times. We take the temperature T̂ = 0.05 as an example.

We see that all direct turnarounds decay within t < 10/m, which is consistent with the

expected barrier crossing time ↑ 1/|ε→| · log(Es/T ), where ε
2
→ = ↓3m2 for the quartic

potential [18]. On the other hand, sloshing trajectories start decaying later and have a

broad time-distribution, with clear peaks corresponding to integer number of half-oscillations

around the false vacuum. The distribution of turnarounds in the number of oscillations is

also shown in Fig. 7.

The surprisingly big non-perturbative contribution to the turnaround probability may

be explained by noticing that the quartic potential (95a) supports long-lived nonlinear os-

cillatory solutions – oscillons. Studies of the dynamics of critical bubble nucleation revealed

that in systems with long thermalization times, the critical bubble is always preceded by an

oscillon [17,18]. Conversely, the oscillon is an intermediate product of the critical bubble de-

cay. Until the oscillon is dissipated, the system maintains an exponentially enhanced decay

probability. Note that the decay rate remains exponentially suppressed, since oscillons have
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T
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= 0.05

Re-crossings as a function of time

   R = Rprompt + Rslosh

     = Rpert + Rnon−pert

weak 
coupling

Sloshing re-crossings can be important in field theory!

They are amplified in theories with oscillons.

Example: scalar field with unstable quartic potential in (1+1)d, 
                 Hamiltonian dynamics

N.B.:  at .R → 0 T/Ets → 0

V(ϕ) =
m2ϕ2

2
−

λϕ4

4

where we have used Eq. (69). Substituting into Eq. (71), we obtain a bound,

→q̂
2(t)↑ ↭ (!q)2

2T

|E|
·

ω

ε→
ln

√
Ets

T
, t ↭ tosc . (73)

Since for a typical trajectory |E| ↓ T , we conclude that the condition (ω/ε→) ln
√

Ets/T ↔ 1

is su”cient to ensure that the deviation of the trajectory from the mean remains small over

a whole oscillation.

4 Re-crossings in field theory

This section is dedicated to the study of the re-crossing probability R in the stationary

flux regime in weakly-coupled field theory. The investigation of how the system approaches

this regime starting from the initial thermal distribution (4) in the false vacuum region is

postponed to Sec. 5.

Our goal is to analyze two types of contributions to R: prompt (perturbative) re-crossings

and sloshing (non-perturbative) re-crossings. The perturbative contribution Rpert. can, in

principle, be evaluated analytically [22, 72], whereas the non-perturbative one, Rnon-pert.,

generally requires the use of numerical methods.14 We perform real-time classical lattice

simulations of a single scalar field in (1 + 1) dimensions, with the action

S =

∫
dt dx

(
(ϑµϖ)2

2
↗ V (ϖ)

)
. (74)

We consider two benchmark potentials: one with the quartic nonlinearity and another with

the exponential (Liouville) nonlinearity,

V1(ϖ) =
m

2
ϖ
2

2
↗

ϱϖ
4

4
, (75a)

V2(ϖ) =
m

2
ϖ
2

2
↗ ⊋ eω , (75b)

where ϱ,⊋ > 0. The potentials are plotted in Fig. 7. The theory with the quartic potential

is known to have oscillons [18]; on the other hand, the Liouville potential does not support

oscillons at small enough ⊋ (see below).

Based on the results of Sec. 2, we give a practical recipe of evaluating R in numerical

simulations, at a much lower cost than the direct decay simulations require. Similar numerical

techniques have been used in physical chemistry within the reactive flux approach [15,28]. In

14With a notable exception of 1d stochastic mechanics at weak noise considered in Sec. 3.2.

31

x

t

critical bubble

critical bubble

os
ci

llo
n

N.B.: No oscillons  sloshing re-crossings are suppressed, but still there.→



10�2 10�1 100 101

⌘/m

0.0

0.2

0.4

0.6

0.8

1.0

1
�

R

T̂ = 0.01

T̂ = 0.1

T̂ = 0.1
direct decays

Figure 13: Dynamical prefactor in the dissipative case, in the theory with the potential (75a),

as a function of the dissipation coe!cient, for temperature T̂ = 0.01 (blue dots) and T̂ = 0.1

(red squares). The black dashed line shows the leading-order analytic prediction (54). The

black triangles show ”/”TST at T̂ = 0.1, with ” measured from the direct simulations of

decays [73].

strength of the dissipation at fixed temperature. This dependence is compared in Fig. 13 with

the leading-order analytic result following from Eq. (54). At the low temperature T̂ = 0.01,

the numerical data perfectly agrees with the analytic result, implying that the perturbative

and non-perturbative corrections are negligible. On the other hand, at T̂ = 0.1 the dynamical

prefactor deviates from the prediction of Eq. (54). Rather, the non-monotonic shape of

(1 → R) resembles the behavior of the dynamical prefactor in 1d stochastic systems [15, 58].

This is not accidental: in both cases, this behavior is caused by sloshing re-crossings that

are active at small dissipation, ω/m ↭ 10→1. At larger dissipation, sloshings disappear and

the residual ↑ 20% discrepancy between the numerical data and the analytic expression is

due to 2-loop perturbative corrections.

At T̂ = 0.1, when the exponential suppression is not too large, the nucleation rate can

be measured in direct numerical simulations of decays. Black triangles in Fig. 13 show the

ratio of the rate measured in Ref. [73] to the 1-loop TST rate. This ratio is in very good

agreement with the dynamical prefactor (1 → R) determined from re-crossings.
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Figure 12: Re-crossing probabilities R
(±) in the dissipative case in the theory with the

potential (75a), as functions of temperature and at two values of the dissipation coe!cient:

ω/m = 10→2 (left) and ω/m = 10→1 (right). The black dashed line is the leading-order

perturbative prediction (54). Filled and empty dots show R
(→) and R

(+), respectively. Blue

triangles (red squares) stand for perturbative (non-perturbative) contribution into R
(→). The

error bars reflect the statistical uncertainty of the measurement.

Figure 12 shows the probabilities R
(±) in the range 10→3 ↭ T/Ets ↭ 10→1 and for two

values of the dissipation coe!cient, ω/m = 10→2 and 10→1. We observe that the stochastic

noise leads to non-zero forward re-crossing probability R
(+); it is due entirely to prompt

re-crossings. In the limit T/Ets → 0 at fixed ω, the probabilities R
(±) are equal and tend

to the theory prediction (54). At nonzero temperature, the probabilities deviate from this

value, with R
(→) growing and R

(+) decreasing at higher T/Ets. At T/Ets ↫ ω/2m, the

forward probability R
(+) becomes negligible, whereas the perturbative contribution into R

(→)

essentially coincides with its value for Hamiltonian dynamics (cf. Fig. 8). One the other

hand, the non-perturbative contribution is suppressed. For ω/m = 10→2, it still dominates

the re-crossings at moderately high temperature, but for ω/m = 10→1 it is almost as small as

for the Liouville potential (cf. Fig. 10). This points again at the role of oscillons in sloshing

re-crossings, since large dissipation damps the oscillons [18].

Though we do not present explicitly the temperature dependence of R
(±) for ω/m ↫ 1, its

form is clear from the previous discussion: The non-perturbative contribution is negligible,

whereas the perturbative part is given by Eq. (54) and is order-one, up to perturbative

corrections of order O(T/Ets).

It is instructive to measure the dependence of the dynamical prefactor (1 ↑ R) on the

costly to evolve. It is su!cient for accurate measurement of the re-crossing probabilities R(±).
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Figure 5: Scalar field potentials for the numerical investigation of the turnaround probability.

(a): the quartic potential, (b): the Liouville potential.fig:potentials

is analogous to the reactive flux method used in physical chemistry [15]. In the absence

of external damping and noise, we will see that the non-perturbative contribution can be

surprisingly big and dominate the turnaround probability at T/Es ↭ 10→1. Moreover, in the

model (95a) the sloshing turnarounds dominate over prompt ones down to T/Es → 10→2, due

to the presence of long-lived oscillons. Nevertheless, we will show that the non-perturbative

corrections vanish exponentially fast in the limit T/Es ↑ 0. Furthermore, we will see that

Rpert. = O(T ) if the dividing surface passes through the tree-level TS (critical bubble). Thus,

!/!TST ↑ 1 at T/Es ↑ 0 in the conservative case. In the dissipative case we will see that in

the limit of small T/Es the turnaround probability approaches the theory prediction eq. (69).

In this section, the decay rate ! is understood as the decay probability per unit time and

unit length.

4.1 Sloshing turnarounds and oscillons
ssec:non-pert

We begin with the model with the quartic potential (95a) and zero dissipation and noise.

This model (also with ω < 0 and in (3 + 1) dimensions) has been extensively studied in the

context of vacuum decay [18, 26, 50] and thermalization [51, 52]. The critical bubble profile

and its energy are given by

εs(x; x0) =

√
2

ω

m

cosh m(x ↓ x0)
, Es =

4m3

3ω
, (96) {Sph_Esph}

where x0 is the position of the center of the bubble. The weak coupling expansion of the

theory is controlled by the dimensionless parameter

T̂ =
ωT

m3
. (97) {TT}
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V(ϕ) =
m2ϕ2

2
−

λϕ4

4

where we have used Eq. (69). Substituting into Eq. (71), we obtain a bound,

→q̂
2(t)↑ ↭ (!q)2

2T

|E|
·

ω

ε→
ln

√
Ets

T
, t ↭ tosc . (73)

Since for a typical trajectory |E| ↓ T , we conclude that the condition (ω/ε→) ln
√

Ets/T ↔ 1

is su”cient to ensure that the deviation of the trajectory from the mean remains small over

a whole oscillation.

4 Re-crossings in field theory

This section is dedicated to the study of the re-crossing probability R in the stationary

flux regime in weakly-coupled field theory. The investigation of how the system approaches

this regime starting from the initial thermal distribution (4) in the false vacuum region is

postponed to Sec. 5.

Our goal is to analyze two types of contributions to R: prompt (perturbative) re-crossings

and sloshing (non-perturbative) re-crossings. The perturbative contribution Rpert. can, in

principle, be evaluated analytically [22, 72], whereas the non-perturbative one, Rnon-pert.,

generally requires the use of numerical methods.14 We perform real-time classical lattice

simulations of a single scalar field in (1 + 1) dimensions, with the action

S =

∫
dt dx

(
(ϑµϖ)2

2
↗ V (ϖ)

)
. (74)

We consider two benchmark potentials: one with the quartic nonlinearity and another with

the exponential (Liouville) nonlinearity,

V1(ϖ) =
m

2
ϖ
2

2
↗

ϱϖ
4

4
, (75a)

V2(ϖ) =
m

2
ϖ
2

2
↗ ⊋ eω , (75b)

where ϱ,⊋ > 0. The potentials are plotted in Fig. 7. The theory with the quartic potential

is known to have oscillons [18]; on the other hand, the Liouville potential does not support

oscillons at small enough ⊋ (see below).

Based on the results of Sec. 2, we give a practical recipe of evaluating R in numerical

simulations, at a much lower cost than the direct decay simulations require. Similar numerical

techniques have been used in physical chemistry within the reactive flux approach [15,28]. In

14With a notable exception of 1d stochastic mechanics at weak noise considered in Sec. 3.2.
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where Tmc(E) → E/N is the e!ective “microcanonical temperature” (cf. [81]), and the pref-

actor Amc(E) is a slowly varying function whose precise form is unimportant for us. This

assumption is reasonable as long as the energies of the systems are well above the TS en-

ergy. Substituting this form into Eqs. (87), (88) and taking the integrals in the saddle-point

approximation we obtain,

”|t=0 = Amc(NT )e→Ets/T eω/2 , ω
2
!mc

∣∣
t=0

= A
2
mc(NT )e→2Ets/T

(
e2ω ↑ eω

)
, ε →

E
2
ts

NT 2
. (91)

From the first expression we observe that the rate averaged over the canonical ensemble is

enhanced with respect to the microcanonical rate evaluated at the same temperature by a

factor eω/2. This di!erence is unimportant if the condition (12) is satisfied, so that ε ↓ 1.

For ε > 1, however, the enhancement is significant. It constitutes the so-called finite-heat-

bath correction to the rate [81, 82] and is due to fast decay of the members of the ensemble

at the high-energy tail of the energy distribution (86).

The second equation in (91) shows that for small ε the variance ω
2
!mc

is also small and

tdrift from Eq. (89) is longer than tdec.. This implies absence of drift on the decay time scales,

confirming our assertion that, for ergodic systems, the condition ε ↓ 1 is su#cient for

existence of a steady-state decay rate. On the other hand, for large ε, the variance exceeds

the square of the rate and the drift time gets parametrically shorter than the decay time,

tdrift ↔ tdec. e
→ω

, (92)

where we still define tdec. through the inverse rate, tdec. = ”→1
|t=0. Only at time scales shorter

than tdrift can we view the rate as being stationary.

Does this result agree with the exact formula for the time-dependent rate (30) obtained

in Sec. 2.2 ? The answer is yes. In evaluating the re-crossing probabilities R
(±)
R (t), we have

to start from the surface flux ensembles describing thermal excitations with temperature T

on top of the TS. Consider the ensemble of systems evolving towards the metastable vacuum

(i.e. contributing to R
(→)
R (t)). After possible prompt and sloshing re-crossings, the systems

remaining in the metastable well will form an approximately thermal distribution. However,

the temperature of this distribution is higher than T due to the energy release from the

decay of the TS back to the metastable vacuum,

T
↑
↗ T +

Ets

N
, (93)

where we have assumed that inside each system the released energy gets equally distributed

over all degrees of freedom. This temperature shift, though small, enhances the decay rate
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Moreover, Γcanonical = eβ/2 ⋅ Γmicrocanonical

 

 Big systems with poor thermalization ( ) are small.ttherm. > tdec.

t
0

We see this in numerical simulations of direct decays.

Can be important in quantum simulators. Not in cosmology, perhaps.
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Application to cosmological phase transitions

Application to quantum simulators

Revisiting Coleman’s tunnelling

Other  effectsN3



GW signal

frequency

sensitivity of future 
experiments

Motivation

First order phase transitions in the early universe 

Experimental tests of nucleation theory

15

Metastability of the Standard Model vacuum

Generation of baryon asymmetry of the universe

Nucleating, propagating and colliding bubbles generate gravitational waves (GWs).

potential for the 
SM vacuum

energy 
 scale

We are here

1010 GeV0

In habitable parts of the present-day universe the decay probability is very small.

Expanding bubbles moving through cosmic plasma can generate asymmetry 
between particles and anti-particles.

Zenesini et al, Nature Physics 20, 558–563 (2024) — first experimental result using a cold atom system

A. Shkerin, Perimeter Institute

This is a motivation to improve the existing and build new GW detectors.

According to the measured values of the parameters of the Standard Model (SM), 
our “fundamental” vacuum may itself be metastable.

This may not be so in extreme environments (e.g. black holes) 
or earlier epochs (e.g. inflation).

 

 

 

https://www.nature.com/nphys
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2

Below, we compare this expression with the results of
real-time numerical simulations.

Survival probability under Hamiltonian evolu-

tion — We discretize the action (3) on a periodic spa-
tial lattice with step a and length L using the second-
order finite-di↵erence approximation for spatial deriva-
tives. This leads to multi-dimensional Hamiltonian dy-
namics, whose classical equations are evolved using the
4th-order operator-splitting pseudo-spectral method [43].
Most runs are performed with a ' 0.012/m, L = 100/m,
and time step �t ' 0.8a. We have verified the con-
vergence of our results by varying the lattice param-
eters in the ranges ma 2 [5 · 10�3, 4 · 10�2], mL 2
[50, 400], �t/a 2 [0.4, 0.8]. The simulations were also
cross-checked with an independent code [42] based on a
10th-order Gauss-Legendre pseudo-spectral scheme, and
choosing ma = 0.04, mL 2 [80, 100] and �t ' 0.17a.

The initial conditions are picked up from an ensemble
of Gaussian perturbations around the false vacuum with
the thermal Rayleigh-Jeans spectrum. Namely, we de-
compose the field and its canonical momentum ⇡ ⌘ �̇ at
t = 0 in Fourier modes,

�i =
1p
L

N�1X

j=0

eikjxi �̃j , N ⌘ L

a
, kj ⌘

2⇡j

L
, (6)

with �̃⇤
j = �̃N�j , and similarly for ⇡i. The complex am-

plitudes �̃j , ⇡̃j are then drawn from independent Gaus-
sian distributions with the variances

h|�̃j |2i = T/⌦2
j , h|⇡̃j |2i = T . (7)

We include the thermal correction to the mass [44] in the
lattice mode frequencies,

⌦2
j =

2

a2
(1� cos akj) +m2

th , m2
th = m2 � 3�T

2m
. (8)

For the temperatures considered in our work this correc-
tion is ⇠ 15% and cannot be neglected.

We generate an ensemble of simulations with temper-
ature T and monitor them until they decay into the true
vacuum. At each moment of simulation time t, we count
the number of configurations that have not yet decayed.
The survival probability Psurv(t) is then defined as the
ratio of this number to the total initial number of con-
figurations in the ensemble. This measurement is re-
peated for several choices of temperature in the range
0.09 6 �T/m3 6 0.13. A typical result is shown by the
upper curve in Fig. 1.

For decays obeying the exponential distribution, the
survival probability follows the law

lnPsurv(t) = const� �L · t . (9)

The dotted line in Fig. 1 shows such a curve, using the
Euclidean prediction (5) for the rate. We see a clear dis-
crepancy between the prediction and the real-time data,
which calls for an explanation.

FIG. 1. Blue thick: Survival probability in real-time simula-
tions of Hamiltonian dynamics for �T/m3 = 0.1. Blue dashed:
Straight line tangent to the previous curve at t = 0. Red thin:
Survival probability from Langevin dynamics (Eq. (13)), at
the same temperature and with ⌘ = 0.01m. Wiggles in the
curve correspond to Poisson fluctuations. Black dotted: Pre-
diction of the Euclidean theory.

Flattening of lnPsurv:‘Classical Zeno e↵ect’ —
The measured survival curve in Fig. 1 is not straight:
it flattens out as time increases, implying a decrease of
the decay rate. The reason for this behavior lies in the
dynamics of bubble nucleation. The critical bubble is
composed of long modes with wavenumbers k . m, while
most of the field energy is stored in shorter modes. The
latter provide a thermal bath for the former. However,
the energy exchange between di↵erent modes is ine�cient
[44]. In the model at hand, it is dominated by 2 $ 4 and
3 $ 3 scattering2. The corresponding thermalization
time is estimated as (see Supplemental Material),3

tth ⇠ (2⇡)3

m

✓
m3

�T

◆4

. (10)

For the temperatures in our simulations tth & 106/m
which is longer than the typical decay time tdec ⇠
(�L)�1 ⇠ 104/m. The initial power contained in the
long modes is then essentially preserved for each indi-
vidual simulation and controls its lifetime. A simulation
which, due to a statistical fluctuation, has a higher long-
mode power decays faster, while the one with lower power
lives longer.
This, in turn, biases the statistical properties of the

surviving ensemble. As the time goes on, the average
long-mode power decreases. The e↵ect is apparent in
Fig. 2, where we plot the e↵ective temperature of long
modes (defined as the variance of their canonical mo-
menta), averaged over the surviving configurations at

2 2 $ 2 scattering preserves the energy distribution due to (1+1)-
dimensional kinematics.

3 Its parametric form can be found on dimensional grounds by first
restoring ~ and then requiring that it drops o↵ tth in the classical
limit.Simulation vs TST prediction

Take scalar field theory in (1+1) dimensions, with unstable potential, evolve it on a classical 
lattice, measure the survival probability.
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Real-time dynamics of critical 
bubble nucleation

Stationary flux regime

·ϕ = π
·π = Δϕ − m2ϕ + λϕ3{

Here we evolve massive scalar field with negative quartic coupling:

Pirvu, Johnson, Sibiryakov 23; Pirvu, AS, Sibiryakov 24


