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Cold dense matter equation of state (EOS)
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(1) low-density nuclear many-body theories
(2) pQCD at extremely high densities
(3) observational data (GW170817, NICER, ...)
(4) heavy-ion collision data
(5) inference algorithms (Bayesian, ML, NN, ...)
(6) others

EOS-parameter ¢p = P/e

(w in cosmology)

dimensionless trace anomaly A = 1/3 — ¢

T=0:EOS — P=P(c)
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Tolman-Oppenheimer-Volkoff (TOV) equationsgr

VT =0

matter correction matter-geometry coupling same as Newtonian -1
- g g SWGTM, = R.w -2 gm,R

p Me' [ P\ /. 4rxPP\ 2GM M > spherical metri
d_:_G €(|—|——2) (l—l— s ) (|— ) ; d—=47rr25/c2 spherical metric

dr r? ec Mc? rc? dr _
= ~ - SN HYDROSTATIC
Newtonian geometry correction ot FQUILIBRIUM
A - ~ 7
total matter+geometry corrections: > | P ~ p/3
Newtonian
. . . A . .
gravity in GR is stronger p dimensionless
. ’ ' 28 Y
than Newtonian’s R ~ b 79((:5 _ P/€)
¢ = P/<: dimensionless strong gravity in GR: <|

conventionally, one adopts a model for dense

' o matter, solves the general-relativistic structural ‘19 —> MTOV
Tolman, PR, 1939 Oppenheimer and Volkoff, PR, 1939  equations, and infers the properties of the matter

3




Inverse problem is very difficult
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(Mns, R) — (P,¢) is difficult

model construction for P(e):

{
neutrons/protons

quarks, gluons

heavy-ion collision data
exotics: A, B0F, ACE++ L.
dark matter (DM), - -
phase transitions (PTs), - - -

| continuous crossover, - - -

T

Example: limitation of /./@. N
the bottom-up approach LS @
(EOS of an URFG) @ 5

P=¢/3>y=1

« inconsistent
TOV Egs. — v 2 4/3



Extreme gravity and fundamental physics

by Bangalore Sathyaprakash, Alessandra Buonanno, Luis Lehner, Chris Van Den Broeck, P. Ajith, Archisman
Ghosh, Katerina Chatziicannou, Paolo Pani, Michael Puerrer, Thomas Sotiriou, Salvatore Vitale, Nicolas
Yunes, K.G. Arun, Enrico Barausse, Masha Baryakhtar, Richard Brito, Andrea Maselli, Tim Dietrich, William
East, lan Harry, Tanja Hinderer, Geraint Pratten, Lijing Shao, Nicola Tamanini, Maaretn van de Meent, Vijay
Varma, Justin Vines, Huan Yang, and Miguel Zumalacarregui

Future gravitational-wave observations will enable unprecedented and unique science in
extreme gravity and fundamental physics, that form the core topics of the Thematic Area 7 of
Astro-2020 decadal survey.

e The nature of gravity. Can we prove Einstein wrong? What building-block principles
and symmetries in nature invoked in the description of gravity can be challenged?

e The nature of dark matter. Is dark matter composed of particles, dark objects or modifi-
cations of gravitational interactions?

e The nature of compact objects. Are black holes and neutron stars the only astrophysical
extreme compact objects in the Universe? What is the equation of state of densest matter?

Sathyaprakash et al., 2019

*  What is the nature of gravity?
*  What is the nature of dark matter?
*  What is nature of compact objects

What is the EOS of densest matter?
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Zel'dovich 1961: EOS at the highest densities

SOVIET PHYSICS JETP VOLUME 14, NUMBER 5 MAY, 1962
THE EQUATION OF STATE AT ULTRAHIGH DENSITIES AND ITS RELATIVISTIC b qq /J - e
. e il
LIMITATIONS S h

Ya. B, ZEL’DOVICH
Submitted to JETP editor May 31, 1961
J. Exptl. Theoret. Phys. (U.S.5.R.) 41, 1609-1615 (November, 1961)

vector field

The most rigid equation of state compatible with the requirements of relativity theory is
p=¢€~n% D— c, where p is the pressure, € the volume density of energy, n the density
of baryons, D the speed of sound, and ¢ the speed of light. This differs from the previously
proposed asymptotic behavior 3p = € ~ n*/3, D — 3712, The case of interaction of the
baryons through a vector field is considered and it is shown (both by considering the interac-
tion of pairs of baryons and by using the stress tensor of the field) how in this case the equa-
tion p = € ~ n? is realized and how the transition to the equation 3p = € occurs as the mass
of the field quanta goes to zero.

Zel’dovich ( 196 | ) example: w-meson in Walecka model (at ultra-high densities)

| | = |
P/Ef — | " 52 — | L, = Emiwuw“ - waw‘“’ — WPy = e~ P~ imiwz ~ p*
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Bjorken 1983: ultra-relativistic Fermi gas EOS
(approximate conformal symmetry of quark matter)

Highly relativistic nucleus-nucleus collisions: The central rapidity region
1. D. Biorken ideal ultra-relativistic Fermi gas
Fermi National Accelerator Laboratory,* P.O. Box 500, Batavia, Illinois 60510 l dP |
For equations of state to be discussed in the next & 3 de 3

section,
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The method: perturbation around NS center
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Mys
I . in MeV/f 3 1/2 Densest Matter <+ Largest £ = Mng/R
length scale: Q = A ~ 10 - (E n 60?) m ) km ~ typical NS radius
P Mg P 3P WM\ M s
—=—=[(1+= | + —= | — — )T — (c=G=1)
dr T2 5 M dr

(strong gravity reduces the radius)

dM
densest matter <+ peak position <> AL
dP ats
s = —
© de.

small r =~ 0; X =P/,
X

observations

I 3/2
o \/e:_c(|+3x2+4x)

microscopic combination (EOS)

<l ¢d=Plec<X<0.374
| 1 +3X% +4X
2 (|+§ +3X* + )

macroscopic ~

=0— < nonlinear

| — 3X2
8 * P = /3 is inconsistent with NSs
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IPAD-TOV: Intrinsic and Perturbative Analyses of Dimensionless TOV Equations

A p 3D/ .
iﬁ: _tM (1+P/€)(1i7 P/M) iM_gr , & core/central EOS
dr = 1—2M/7 Codr E(p,0) = Ey(p) + Esym(p)d
Howtv t‘;) o 8 + trace anomaly A
S e; Mys P _dP dlnP numerical input dense matter EOS 5
= R e de dlne + sound speed s
T 0| -
: (2 g P=Ple.~X+ bz’-'”z + 64?44-- .o others,... - - sharp PTs?
; - & E=¢efe.~ 1+ af + afi+- - inference algorithms E = .
= 3 n < « conformality?
O 3 c el | 1 .z astrophysical data = %
T ° 5 = 3 le 50’21P L e _ o 5 8 + maximum NS mass
i1 T O heavy ion collision data e
o 2 = T2 =l = «+ Newtonian limit
Q. ol E /€er transitions, exotic particles E \C
Q25 ™ e & « NS binding energy
d O O i g nuclear structure quantities = R
% S L{/u(,m1+ Z ’U,z'jX[J, o 3 . .
=B i+j>1 nuclear model selected o= + moments of inertia
(double-element expansion) CEFT (XEFT): low-density + tidal deformability

«+ slope of MR curve

* ultimate goal: core/central EOS in NSs bottom-up

(based on model construction) arXiv:2501.18676
9



IPAD-TOV: analogy to Apple’s IPAD

English meaning of Apple’s iPad from
Cambridge Dictionary: a brand name for a
tablet (aka, small computer) that is controlled

by touch rather than having a keyboard.

In our IPAD-TOV approach, certain properties
of supra-dense NS matter governed by the

TOV equations are probed perturbatively

Steven Paul Jobs (2/24/ 1955-10/5/201 |) without using a specific input model EOS.




Mass and radius scalings from IPAD-TOV

ok

EOS lists (#=104):

* chiral mean fields (CMFs)

* strange quark stars (SQM3)

TOV with anisotropies

14 27
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Implication: can a massive NS have RS 10km?
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this boundary SHOULD be checked
by observational NS data/GWV signals

 Runae/km > 4.73M22 /M + 1.14
MZ2 /Mo 2 2 — R = 10.6 km
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Compactness probes the trace anomaly A

0.30
(a)  68% CI,r-value ~ 0.972 X(IL)
PSR J0740+6620*
0.25] (2081587 Mo, 12.30 5 4
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6 \ /2 | X 3/2
MNSN(@) '\/si<l+3x2+4x)
. 3\2 X 1/2
mG) e \ 143X+ 4X

derivative

| s’ =dP/de = —edA/de+ 37' — A
A, = § — X ——
central EOS-parameter X = P. /¢,
Mns 2X X
£= 08 = ~ =11
R | +3X2+4X | +3X2+4X  °°

the dimensionless trace anomaly A can be
directly extracted from the compactness

13



GR refines the lower bound for A

lower bound on A =1/3 — P/e

¢=P/e <0374 A=3"—P/e > —0.04

0.5
’ Brandes et al., 2023
0.4 @ Caoetal, 2023
. Ecker et al., 2023 . o
W’A T:k::s; ; al., 2023 low-density limit for A:1/3
0.3 asnis chal, 2024 pQCD/CEFT /mean field models
: Lo ni‘:;’ il MR/GW (tidal deformability)
0.2 B Musolino et al. .2,024 Bayesian inference/ML
7% Pang et al., 2024 .
0.11 op Jimenez et al, 2024 T
%
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0 - T d@/df it 992
R=~0O(1)
0 T
A=1/3-P/e
1/3 ~&.— — low-energy nuclear theories
+ordinary NSs

* massive/compact NSs

accessible in NSs  g,~150MeV/fm3

PQCD bound

0 N £~ 350g, In(e/ep)

GR bound, (4 ~8)gD R inaccessible in NSs
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Scaling for dimensionless tidal deformability

256 TI3(1 — 4I1,)?
5 Hy/H, + 3(1 — 411,)2 In(1 — 4I1,)

ka(X, ) ~

scaling factor D(X, ¥) = 2k, (X, ¥)/3¢°

2dIn M — H =2—-Y+4II.(Y— |
= — 20 ¢~ 2l HI 1211 er Y( oI )SY 8)] + 32I1°H
ne — c - + c - + c
canonical NSs ¢ TOV NSs 2 [ ( )

1500 70 Y=2—2 X (I+36X+99X2+i)
microscopic EOSs o microscopic EOSs 10 71+3X | +4X 4+ 3X2 S%
orn %] © Walecka g0’ H=13— 1Y+ 2IL,(3Y —2) + 8I12(1 +Y)
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Previously, A is mainly used to constrain the P(2po). 15 IR AN NS
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Example: central sound speed in canonical NSs®&%) 727287

J_

mass/radius/compactness — s> ~ 0.47 & 0.09 300 o0
Sun&Lattimer, 2025 n)oox‘f"’
1.0 ] Q-
B Eckeretal., 2022 250 =t / Q//
3 Brandes et al., 2023 100 Q
Mys+ R-scalings for X
» 0.8 ® ¢-scaling for X 200
Z. @ PSR J0030+0451 (¢-scaling for X) g
§ ‘ PSR J0437-4715 (&-scaling for X) E
S 06 sT T % 150
. 2| 3
5 B S, O °
kit = ¢ ;4 ™ 100
0.4 R
R e e T
0 X =0 Avs 68% CI
' r Mys=14M, 8 Mys+Ais
0.0l 0.06 0 ' - . . , : -
190 S A4 S 580 — 039700 St $0.627 50, 200 300 400 500 600 700 800 900 1000

ec MeV/fm?)
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Summary of my talk

obserlfables
(1) Mxs, R EN) > Poyee, X = Pofeg, 82, -+

IPAD-TOV: Intrinsic and Perturbative Analyses of Dimensionless TOV Equations

~~ d5_ EM (14 P/e)1+7P/M) d S ,
EOS-related quantities . & TR 1 oM /7 F G = E(p,8) = Eo(p) + Egu(p)d
ow to
2 =P/ <0.374 A=1/3 > _0.04 BRIt Mys P _ dP dinP numerical input dense matter EOS
(2) p=P/e S0. <+ A=1/3-¢2 0. oz R e & " dne
- & B | PoPlenX b bt others,...
(3) boundary: R/kIIl 2 473MN3/M® + | |4 ; i % E=c/ee 1+ as + ajfi+- - - inference algorithms E g—
- <
) (@ I 2 TR S SPU astrophysical data ;5‘ %
. © = B = =T
[ IECJ= X =Pfe, p=e—1 N _ , 5 B
. . "c‘n = transitions, exotic particles 7] U,SI
(5) A encodes the core EOS information O2s Lo e o @
g O O UIU. ~1 Z Xiy nuclear structure quantities = B
® S / =1+ s = e
- E i+j=>1 nuclear model selected o ;,
7]
(double-element expansion) CEFT (XEFT): low-density

bottom-up

I h k * ultimate goal: core/central EOS in NSs .
a n yo u (based on model construction)
| |

17



Related: is “pressure<energy density” sufficient?

speed of light is the upper limit of any signal (special relativity/causality):
s =dP/de < | < P<ce¢

(1) Can strong-field gravity
in General Relativity (GR)
tell us a more refined
upper limit on P/e?

(2) What'’s this upper limit?

This bound tells vividly how
gravity influences strongly-
interacting dense matter!

18



oe) £ 9 k &

Stellar radius scaling: dimensienal analysis Lo N

P M
d—:—G ° v P~ Grre? sinceM ~ er = R ~ —— [
dr r \/ VEE

.- _/
Y

Newtonian gravity o ¢ = P/c ~ dimensionless
as energy density increases:

y (1) radius decreases; (2) while mass increases
NS

Densest Matter <> Largest £ = Mys/R

Oppenheimer-Volkoff limit

**core of NSs at the TOV configuration contains

R the densest visible matter existing in our universe
19
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IMP mass measurements: streng implications

IMP: s2 > 0.4 — exceeding the conformal bound RS 0.183 < £ <0.259 3

0.4 | / 3 Mass measurements show slowdown of rapid
________________________________________________ $0353 proton capture process at waiting-point
e | nucleus **Ge

0.310.183 ~0.259

¢ Received: 14 June 2022 X.Zhou", M. Wang®'? -, Y.H.Zhang@"? , Yu. A. Litvinov®'* -, Z, Meisel®,

K.Blaum®°%, X. H. Zhou'?, S, Q. Hou®'?%, K. A. Li', H. 5. Xu'?, R. J. Chen'?,

Accepted: 24 March 2023 H.Y.Deng', C. Y. Fu', W. W. G, J. J. He®’, W. J. Huang ®%, H. Y. Jiac'?, H. F. Li*?,

GS 1 8 26_24 Published online: 1 May 2023 J.G.LI" T. Liao'?, 5. A. Litvinov'?, M. L. Liu', Y. F. Niu®?, P. Shua, J. Y. Shi'?,
Y.N.Song'?, M. Z. Sun’, Q. Wang'?, Y. M. Xing', X. Xu®', F.R. Xu®'®, X. L. Yan',
* Check for updates J.C.Yang'?, Y. Yu'Z, Q. Yuan™, Y. J. Yuan®'?, Q. Zeng", M. Zhang'? & S. Zhang @ °
a X-ray bursts are among the brightest stellar objects frequently observed

inthe sky by space-based telescopes. Atype-1 X-ray burstis understood as a
violentthermonuclear explosion on the surface of a neutron star, accreting
matter from acompanion star in a binary system. The bursts are powered

14 -

Smax - M§1§X/Rmax
<
[N

0.1

Redshift, (1 +2)
@
T

%

X :
{.(J,G! ”””” Llndblom, 1984 Q Updated by anuclear reaction sequence known as the rapid proton capture process
enables a bypass. One of the handful of rp process waiting-point nuclidesis
*Ge, which plays a decisive role in matter flow and therefore the produced
PSR J0030+0451
125 AME'20 anduse themasinputs for X-ray burst model calculations, We obtain the X-ray
burst light curve to constrain the neutron-star compactness, and suggest that
@® EXO 1745-248 g p g
0_% : . ‘ : N |
. 0 02 04 0.6 0. 8 1 .O 5.6 5.8 6.0 6.2 6.4 thethermalstructure of accreting neutron stars, which will subsequently
Distance (kpc) maodify the calculations of associated observables.

135 - (rp process), which involves hundreds of exotic neutron-deficient nuclides.
ZhOll et 3,1 L) 2023 Atso-called waiting-point nuclides, the process stalls until a slower B* decay
LOEA PSR J0740+6620
X-ray flux. Here we report precision measurements of the masses of *Ge,
45545 and **“Se—the relevant nuclear masses around the waiting-point **Ge—
thedistance to the X-ray burster GS1826-24 needs to be increased by about
1 1 1 6.5% to match astronomical observations. The nucleosynthesis results affect
s2=dP,/de
c C C 20 Zhou et al., Nat. Phys., 2023



Extracting central NS EQS via similar idea(s)

Ofengeim et al., PRD, 2024 Sun and Lattimer, ApdJ, R025
max _ P_?; | max _ |Pe | power law fitting: P = ApPZP <SP for P = M2, Ra*
NS — f/p -\’ WS — (D -\
Eg fM(Pc:Ec), 53 fR(Pc:Ec)

Ap,Bp, Cp: fitting parameters, RMS accuracy < 0.5%
fm, fr: fitting functions with 3 parameters for each

E=Rutherford et 'al. CS'
— 500 E=3Rutherford et al. PP
1.5 - E=Brandes, Kaiser, & Weise
L) ! 200 region (M,R,dR/dM)~(e,P/¢)
O nucleons 1 L0 | PSR J0740+6620
z A + hyperons - 2 200 M =2.07+£0.07 Mg =
~> B & isobars] ~ - R =12.49+1.08 km
[:é . O + quarks g 0% IE 160 Z
= . ] & A= /PSR J0437-4715
0.5 - X = _ M =1.42+0.04 M,
0.6 2 o0 R =11.36+0.79 km
1 | L e
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Mass distribution of neutron stars in binary pulsar systems

1.174 + 0.004M,, [J0453+1559]

https://www3.mpifr-bonn.mpg.de/staff/pfreire/NS_masses.html
: soft EOSs are basically excluded

Heaviest : 2.08 & 0.07M,, [J0740+6620]
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Summary for n(k) with (isespin-dependent) HMT € "* ij%wﬂwﬁf

zero-momentum depletion

Hen et al., RMP, 2017; Hen et al., Science, 2014
A+ Bk /KL, 0 < (k| < K

"’k(pa 5) =
G (ke / |k|)*, ke < |k| < ki

7>,=7>o(|+7J37>,5)

} — strong isospin dependence

— 25% HMT: SNM
B 19%-2% HMT: PNM

LO& MoMENTUM DISTRIBTION

NucLEoN MoMENTUM analogy: angle-resolved photoemission spectroscopy (ARPES)->electron wf

nuclear interaction is more complicated (p, 9, k, spin) . e oo momogenstes  eomestoncomemon
spectral function: A(k,w) =2ImG(k —i0") ~do ™ &t / i
=k2 2M— phosphor g g
hole p Nl Gl . :
A(k’ CU) /271- — Zk5 (w - ek) +C°ntinuu m cemera D angle A angle angle A momentum
O d ) - dispersion analysis: MDC / EDC fitting - spectral feature enhancement
w C D:;:haq:lyssls - self-energy extract_ion - spec_tra! weight analy§is
nk — / 2_ A (k w) Zk (,_,) (_ ek) _|_ | k | 4 C,_.) (ek) - energy gap analysis = multi-dimensional fitting
T
23 Sobota et al., RMP, 2021



PhySical erigin. why o maximum mass
must exist for stable NSS?

Y = ec/eo
upper bounded =
. " 3/2 Y—I— ~ (Mhis/Mo)™
(1) self-gravitating: Myg ~ | ( X ) — €c ~ M3 =
VEe \ I +3X2 +4X ) ~ (Mns/Mo)
Y_ ©
(2) stability condition: dMys/de. > 0 — ¢, increases with Mns %
<,
=
& 5 21.71 e Y_|_ < R %’ inverted Y_ > Y,
€0 (MNS/MG) + 0.08) ~ +» no such stable NSs
2 y
— v + 5 R
: ~ . e
canonical NSs Mys/Mo =~ 1 .4: /g0 < 9.9 Mys/Ms

massive NSs Myg/Mg ~ 2.3: . /eo < 3.8

g0 ~ I50MeV/fm®  Strange?
24

~ massive NSs : Mns/Mg >, 2



Extraction directly from TOV equations {/ﬁ g% F

FUDAN UNIVERSITY

Mrov ~ (2.28 & 0.28)M,, Rrov ~ (11.91 £ 1.51)km
3 16
« X<0.374 (a) —— PSR J0030+0451 (b)
i Mroy = Mg?;x PSR J0740+6620
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estimates on Mgy since the work of Rhoades et al. in 1974 —
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Moy = My§™ (M)



