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Introduction

Symmetries are restored at 
high temperatures/early times
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Fig. from Schmitz [2002.04615] JHEP

Introduction

Pulsar timing arrays

 NANOGrav

 PPTA

 EPTA

◦ IPTA

◦ SKA

Space-based interferometers

◦ DECIGO

◦ BBO

◦ LISA

Ground-based interferometers

 aLIGO + aVirgo (observing run 2)

◦ aLIGO (design)

◦ aLIGO + aVirgo (design)

◦ aLIGO + aVirgo + KAGRA (design)

◦ Cosmic Explorer

◦ Einstein Telescope
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Figure 1. Top: Strain noise spectra. Bottom: PLISCs and GW signal for BP #14. See text.
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FIG. 11. Slices through (0, y, z) for a simulation with vw = 0.44, ↵ = 0.5, corresponding to a deflagration. In the top row we
plot the temperature T/Tc. The midpoint of this colormap corresponds to Tn. The middle row shows the fluid velocity v. The
bottom row shows the vorticity |r⇥ v|. The bubble walls are shaded in black for the top row, and white for the middle and
bottom row.
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FIG. 11. Slices through (0, y, z) for a simulation with vw = 0.44, ↵ = 0.5, corresponding to a deflagration. In the top row we
plot the temperature T/Tc. The midpoint of this colormap corresponds to Tn. The middle row shows the fluid velocity v. The
bottom row shows the vorticity |r⇥ v|. The bubble walls are shaded in black for the top row, and white for the middle and
bottom row.

Figure 2: Slices of a 3D simulation of a DW network at di!erent times specified by m/H with initial
conditions such that m/Hi = 10 and kcut/m = 5 for N3 = 2563. The black square indicates the size
of one Hubble patch.

between them, which accelerates the approach to scaling. For illustration, we present a slice of four
consecutive snapshots from a small simulation with N3 = 2563 grid points, m/Hi = 10, and kcut/m = 5
in Fig. 2. These snapshots illustrate that indeed after less than one e-fold, the dense network evolves
into a simpler, less dense configuration, approaching the scaling regime with O(1) domain walls per
Hubble volume.

3.3 Comparison with the Velocity-dependent One-Scale (VOS) equations

It is interesting to compare the results of our simulations regarding the approach to scaling with the
predictions from the Velocity–dependent One–Scale model for domain walls [46–48, 64, 65, 80, 81].

The VOS model can be deduced from the EoM of the scalar field describing the DW in the thin
wall approximation, plus the condition of energy conservation. One obtains two equations involving
the curvature of a single domain wall and its velocity. Taking then the average of these quantities over
the entire network leads to the following di!erential equations:






dω
dt = (1 + 3v2)Hω+ cwv + d [k0 → kw(v)]

r

dv
dt = (1→ v2)

(
kw(v)

ω → 3Hv

) (VOS equations) , (21)

where

kw(v) = k0
1→ (qv2)ε

1 + (qv2)ε
. (22)

In these equations ω(t) represents the typical lenght scale of the domain wall network, and v(t) the
average velocity. The average energy density of the network is εdw = ϑ/ω and the number of domain
walls per Hubble volume is simply A = 1/(2Hω).

The basic assumption of the VOS is that the entire dynamics of the network is captured only by
the time evolution of ω(t) and v(t). The terms on the right-hand side of the VOS di!erential equations
account for Hubble friction, curvature e!ects on the velocity, and energy loss mechanisms such as
domain wall interactions (chopping) and particle radiation. We have used the following numerical
values taken from [81]: cw = 0, d = 0.26, r = 1.42, q = 3.35, ϖ = 1.08, k0 = 1.77 and we set very small
initial velocity vinitial = 10→5. The evolution of the A parameter is then obtained by using A(t) = t/ω(t).
With this choice of parameters, the asymptotic value for the scaling in the VOS equations is A ↑ 0.9
and v ↑ 0.38, respectively.

We display in gray the parameter A obtained via the VOS in Fig. 1 for each set of initial conditions,
and observe that it provides a faithful description of the evolution towards scaling after a few e-folds,
independently on the initialization of the fluctuations.

10
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Figure 1: Three–dimensional representation of a critical bubble of broken electroweak

symmetry seeded by the QCD axion string. The string is shown in red, and it is taken to

be straight and aligned with the vertical z direction. The Higgs bubble in green is nucleated

around the string with a non–spherical shape, corresponding to the surface where the Higgs

field is h(r, z) → 25GeV for illustration purposes. Detailed information is given in Sec. 5.3.

Let us also mention that, as one expects a large hierarchy between the EW scale and

the PQ scale, our analysis will be based on an e!ective field theory (EFT) for the Higgs field

where the heavy degrees of freedom (including the basic axion string) are integrated out 3.

Our EFT matches the known results for the SM + axion (or ALP) EFT, see e.g. [75–77],

but additionally allows to take into account the presence of the axion string in a simple way.

We will also comment on how the relevance of the di!erent higher–dimensional operators in

the ALP EFT is modified in the string background. We believe that our approach provides

an e”cient framework to study the dynamics of EW–scale states coupled to strings of large

tension, which can be applied to many extensions of the SM.

This paper is organized as follows. In Sec. 2 we introduce our Lagrangian and comment

on the di!erent realizations depending on whether the EW phase transition is first order

or not. We also present a brief overview of the possible QCD axion string solutions allowed

by the model. In Sec. 3 we derive the EFT for the Higgs field in the string background,

and carry out the relevant computations that are needed to study the thermal history of

the Higgs sector. This is discussed in detail in Sec. 4 for the minimal SM + PQ scenario,

and in Sec. 5 for a model with a first order EW phase transition. We conclude in Sec. 6.

2 Setup

Our setup consists of a complex scalar field # charged under a global U(1) Peccei–Quinn

symmetry coupled to the scalar sector of the Standard Model via a portal interaction of

3
See [73, 74] for a similar approach in the context of branes and strings with fluxes.
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2.1 Matching across discontinuities1

The hydrodynamics of the coupled system, where a nucleated bubble expands within the2

primordial plasma, can be described by the conservation of the total energy-momentum3

tensor. The energy-momentum tensor contains two pieces: i) the scalar background, which4

generates the bubble wall profile that we denote „, and ii) the plasma that we denote f and5

that we model as a perfect fluid. Those two contributions respectively read6

T
µ‹
„ = (ˆµ

„)ˆ‹
„ ≠ g

µ‹


1
2(ˆ„)2 ≠ V („)

�
, (scalar field component) (2.1a)

T
µ‹
f = (ef + pf )uµ

u
‹ ≠ g

µ‹
pf , (plasma component) (2.1b)

where u
µ = “(v)(1, v̨) is the fluid four-velocity in the plasma frame with the Lorentz boost7

factor “(v) = 1/
Ô

1 ≠ v2, ef and pf are the fluid energy density and pressure, that vanish8

at zero temperature. V is the e�ective (loop-resummed) scalar potential. However, one9

usually combines the fluid energy density and pressure with the e�ective scalar potential10

energy, e = ef + V („), p = pf ≠ V („). The advantage of writing the energy-momentum11

tensors in terms of e and p is that the matching conditions for hydrodynamic quantities take12

the standard form that appears commonly in the literature. Note that the fluid enthalpy13

writes w = ef + pf = e + p. Therefore, in terms of e and p, the energy-momentum tensor14

for the fluid then takes the following form15

T
µ‹
f = (e + p)uµ

u
‹ ≠ g

µ‹ [p + V („)] . (2.2)

Then, the conservation of the energy-momentum tensor is given by16

ÒµT
µ‹ = Òµ

⇣
T

µ‹
„ + T

µ‹
f

⌘
= 0 . (2.3)

Hydrodynamical flows can develop discontinuities such as shock waves and reaction17

fronts, across which the bulk quantities undergo a jump, as pictorially presented in figure 2.18

The conservation equations in eq. (2.3) can then be used to derive junction conditions of19

these quantities. Those will serve as boundary conditions for the smooth evolution of the20

fluid on both sides of the discontinuity. By integrating eq. (2.3) over a volume containing21

the interface and using Stokes’ theorem, we arrive at the continuity equations governing22

the flow of energy-momentum23

(T z‹
+ ≠ T

z‹
≠ )n‹ = 0 , (T t‹

+ ≠ T
t‹
≠ )n‹ = 0 , (2.4)

where nµ = (0, 0, 0, 1) is the unit 4-vector perpendicular to the bubble interface. Under the24

assumption that the flux along the 3-direction is u
µ = “(z)(1, 0, 0, ≠v(z)), one can obtain25

the junction conditions26

w+“
2

+v+ = w≠“
2

≠v≠ , (2.5a)
w+“

2

+v
2

+ + p+ = w≠“
2

≠v
2

≠ + p≠ , (2.5b)

where w © e + p is the enthalpy and where the subscript “±” denotes quantities in front27

of/behind the bubble wall, so that ≠ always represents the interior of the bubble. To be28
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assumption that the flux along the 3-direction is u
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2.1 Matching across discontinuities1

The hydrodynamics of the coupled system, where a nucleated bubble expands within the2

primordial plasma, can be described by the conservation of the total energy-momentum3

tensor. The energy-momentum tensor contains two pieces: i) the scalar background, which4

generates the bubble wall profile that we denote „, and ii) the plasma that we denote f and5

that we model as a perfect fluid. Those two contributions respectively read6
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Figure 2. Pictorial representation of a discontinuity interface in the wall frame. The fluid ahead of
the discontinuity, (+), is coming towards the wall in the region behind, (≠). For direct PT (+) is
(generically) the symmetric phase, while (≠) is the broken one.

explicit, w+ = ws(T+), w≠ = wb(T≠) (and similarly for p±), where the label “s/b” denotes1

the symmetric/broken phase, see figure 2. Upon rearranging the junction conditions, we2

arrive at the familiar relations between the velocities, the energies and the pressures,3

v+v≠ = p+ ≠ p≠
e+ ≠ e≠

,
v+

v≠
= e≠ + p+

e+ + p≠
. (2.6)

We remind that the velocities v± have to be understood in the front frame (the frame where4

the discontinuity is at rest). To advance and determine the solutions for the system of5

hydrodynamical equations, we must assume a specific equation of state (EoS) for the plasma.6

This EoS will represent a function that relates various thermodynamic quantities.7

2.2 Introducing an Equation of State8

To make further progress, we need to introduce an Equation of State (EoS), which for9

simplicity we take to be the bag EoS:10

e+(T ) = a+T
4 + ‘+, p+(T ) = 1

3a+T
4 ≠ ‘+,

e≠(T ) = a≠T
4 + ‘≠, p≠(T ) = 1

3a≠T
4 ≠ ‘≠, (2.7)

where a± and ‘± are constants and we used the convention ‘+ ≠ ‘≠ © �V . Here, a± describes11

the di�erent light degrees of freedom across the wall, and T± the di�erent temperatures. One12

can explicitly compute the expression of the dof in the high-temperature limit, where they13

can be read from the thermal corrections to the e�ective potential:14
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
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F
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, (2.8)

where B(F ) stands for boson (fermion). From the EoS, it is easy to see that the relations15

in eq. (2.6) become16

v+v≠ = 1 ≠ (1 ≠ 3–+)r
3 ≠ 3(1 + –+)r ,

v+

v≠
= 3 + (1 ≠ 3–+)r

1 + 3(1 + –+)r , (2.9)
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2 Hydrodynamic relations

In this section we introduce the basic concepts and set up the notation used for the hydro-
dynamic analysis of the combined “wall-plasma” system [6, 7, 16].

2.1 Basic concepts

The energy-momentum tensor of the Higgs field ω is given by

T φ
µν = ∂µω∂νω→ gµν

[

1

2
∂ρω∂

ρω→ V0(ω)

]

, (1)

where V0(ω) is the renormalized vacuum potential. The energy momentum-tensor of the
plasma is given by

T plasma
µν =

∑

i

∫

d3k

(2π)3Ei
kµkνfi(k, x), (2)

where the sum is carried out over the species in the plasma and fi(k, x) is the distribution
function for each species. If the plasma is locally in equilibrium (perfect fluid) this can be
parametrized as

T plasma
µν = w uµuν → gµν p, (3)

where w and p are the plasma enthalpy and pressure, respectively. The quantity uµ is the
four-velocity field of the plasma, related to the three-velocity v by

uµ =
(1,v)√
1→ v2

= (γ, γv) . (4)

A constant ω background contributes to the total pressure [see eq. (1)] and from now on we
will use p for this total pressure, including such contribution.

The enthalpy w, the entropy density σ and the energy density e are defined by

w ≡ T
∂p

∂T
, σ ≡

∂p

∂T
, e ≡ T

∂p

∂T
→ p , (5)

where T is the plasma temperature. One then has

w = e+ p . (6)

Conservation of energy-momentum is given by

∂µTµν = ∂µT φ
µν + ∂µT plasma

µν = 0 . (7)

We are primarily interested in a system with a constant wall velocity and, assuming there
is no time-dependence, eq. (7) reads in the wall frame (with the wall and fluid velocities
aligned in the z direction)

∂zT
zz = ∂zT

z0 = 0 . (8)
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Figure 3. Left: In standard direct phase transitions with –+ > 0, we depict contours of constant
–+ in the allowed region in the plane (v≠, v+), where v± are the fluid velocities in the wall frame.
Shaded red regions indicate the presence of deflagrations and detonations, which are forbidden by
hydrodynamical constraints, as we explain in the text. Right: Same as the left panel, but for the
case of inverse phase transitions with –+ < 0. In the shaded red regions we similarly highlight the
impossibility of strong inverse detonations (v+ Æ cs), while strong inverse deflagrations will decay to
inverse hybrids.
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with –N characterizing the strength of the PT at the nucleation temperature TN . It is then2

conventional to define the vacuum energy in the true minimum to be zero: ‘≠ = 0 and ‘+ © ‘.3

Notice that by doing so we are specifying our transition to proceed from a phase with a4

higher vacuum energy to a phase with a lower one. This is the usual behavior expected for a5

cooling phase transition, as it complies with the structure of the zero-temperature potential.6

The parameter r can be eliminated from eq. (2.9) to write v+(v≠, –+),7
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In figure 3 are reported the two di�erent branches ± for constant values of –+. The left8

panel refers to direct PTs, with –+ > 0, while as we will discuss in section 3 the right panel9

refers to inverse PTs, with –+ < 0.10

Phase transitions and discontinuities are accompanied by an increase in the entropy of11

the plasma. We discuss the conservation of entropy current12

ˆµ(su
µ) = 0, s © w

T
(Entropy in continuous waves) . (2.12)
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Figure 2. Pictorial representation of a discontinuity interface in the wall frame. The fluid ahead of
the discontinuity, (+), is coming towards the wall in the region behind, (≠). For direct PT (+) is
(generically) the symmetric phase, while (≠) is the broken one.

explicit, w+ = ws(T+), w≠ = wb(T≠) (and similarly for p±), where the label “s/b” denotes1

the symmetric/broken phase, see figure 2. Upon rearranging the junction conditions, we2
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Figure 3. Left: In standard direct phase transitions with –+ > 0, we depict contours of constant
–+ in the allowed region in the plane (v≠, v+), where v± are the fluid velocities in the wall frame.
Shaded red regions indicate the presence of deflagrations and detonations, which are forbidden by
hydrodynamical constraints, as we explain in the text. Right: Same as the left panel, but for the
case of inverse phase transitions with –+ < 0. In the shaded red regions we similarly highlight the
impossibility of strong inverse detonations (v+ Æ cs), while strong inverse deflagrations will decay to
inverse hybrids.
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with –N characterizing the strength of the PT at the nucleation temperature TN . It is then2

conventional to define the vacuum energy in the true minimum to be zero: ‘≠ = 0 and ‘+ © ‘.3

Notice that by doing so we are specifying our transition to proceed from a phase with a4

higher vacuum energy to a phase with a lower one. This is the usual behavior expected for a5
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In figure 3 are reported the two di�erent branches ± for constant values of –+. The left8

panel refers to direct PTs, with –+ > 0, while as we will discuss in section 3 the right panel9

refers to inverse PTs, with –+ < 0.10

Phase transitions and discontinuities are accompanied by an increase in the entropy of11

the plasma. We discuss the conservation of entropy current12

ˆµ(su
µ) = 0, s © w
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(Entropy in continuous waves) . (2.12)
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3.1 Detonations

A pictorial representation of a typical detonation is depicted in Fig. 3, right plot. The
corresponding velocity profile is as in Fig. 4, lower left plot. More precisely, in detonations
the phase transition wall moves at supersonic speed ωw (ωw > c+s ) hitting fluid that is at rest
in front of the wall. In the wall frame, the symmetric-phase fluid is moving into the wall at
v+ = ωw and entering the broken phase behind the wall where it slows down so that v→ < v+.
In the rest frame of the bubble center, the fluid velocity right after the wall passes jumps to
v(ωw) = µ(v+, v→) (the Lorentz transformation (28) from the frame of the wall to the rest
frame of the center of the bubble) and then slows down until it comes to a stop, at some
ω < ωw, forming a rarefaction wave behind the wall. From the previous discussion we know
that v will go to zero smoothly at ω = c→s .

deflagration
ξw < cs

ξw > cs ξw > cs

hybrid detonation

Figure 3: Pictorial representation of expanding bubbles of different types. The black circle is the
phase interface (bubble wall). In green we show the region of non-zero fluid velocity.

In order to obtain a consistent solution in the region c→s < ω < ωw, one needs 0 < ∂ξv <→
which, using eq. (27), requires µ(ω) > µ(ωw) ≥ c→s behind the wall. Consequently, detonation
solutions are confined to the lower right corner of fig. 2, as indicated. Boosting to the wall
frame this implies v→ ≥ c→s , since v→ = µ(ωw, v(ωw)). Therefore, detonations can be divided
into Jouguet detonations (v→ = c→s ) and weak detonations (v→ > c→s ); strong detonations
(v→ < c→s ) are not consistent solutions of the fluid equations, see fig. 1.2

Fig. 4 shows also the enthalpy profile (bottom right) for a detonation. Concerning this
profile, remember that the matching conditions across the wall give

wN = w+ = w→

(

1− ω2w
ωw

)(

v→
1− v2→

)

, (34)

where the subscript N denotes the plasma at the temperature of nucleation far in front of

2As c−
s

can be different from 1/
√
3 in the most general case, the forbidden region v

−
< c−

s
, shaded in

Fig. 1, will be shifted in those cases.

10
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Figure 3. Left: In standard direct phase transitions with –+ > 0, we depict contours of constant
–+ in the allowed region in the plane (v≠, v+), where v± are the fluid velocities in the wall frame.
Shaded red regions indicate the presence of deflagrations and detonations, which are forbidden by
hydrodynamical constraints, as we explain in the text. Right: Same as the left panel, but for the
case of inverse phase transitions with –+ < 0. In the shaded red regions we similarly highlight the
impossibility of strong inverse detonations (v+ Æ cs), while strong inverse deflagrations will decay to
inverse hybrids.
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the phase transition wall moves at supersonic speed ωw (ωw > c+s ) hitting fluid that is at rest
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In order to obtain a consistent solution in the region c→s < ω < ωw, one needs 0 < ∂ξv <→
which, using eq. (27), requires µ(ω) > µ(ωw) ≥ c→s behind the wall. Consequently, detonation
solutions are confined to the lower right corner of fig. 2, as indicated. Boosting to the wall
frame this implies v→ ≥ c→s , since v→ = µ(ωw, v(ωw)). Therefore, detonations can be divided
into Jouguet detonations (v→ = c→s ) and weak detonations (v→ > c→s ); strong detonations
(v→ < c→s ) are not consistent solutions of the fluid equations, see fig. 1.2

Fig. 4 shows also the enthalpy profile (bottom right) for a detonation. Concerning this
profile, remember that the matching conditions across the wall give

wN = w+ = w→

(

1− ω2w
ωw

)(

v→
1− v2→

)

, (34)

where the subscript N denotes the plasma at the temperature of nucleation far in front of

2As c−
s

can be different from 1/
√
3 in the most general case, the forbidden region v

−
< c−

s
, shaded in

Fig. 1, will be shifted in those cases.
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Figure 4. Left: Reaction and Taub adiabats for a direct PT. The trajectory connecting the blue
dot with the green one is an example of a valid shock wave (connecting two points on the same Taub
adiabat), while the trajectory connecting the blue dot to the orange one (from the Taub adiabat to
the reaction one) is an example of valid reaction front with ‘ ”= 0. Further details are presented in
appendix C. Right: Same for the case of an inverse PT.

2.4 Hydrodynamical equations1

Up to this point, we have discussed the relations between thermodynamic quantities across2

discontinuities. In this section, our focus shifts to examining the di�erent types of solutions3

to the hydrodynamical equations and investigating their properties.4

The relativistic hydrodynamics equations have been shown to allow for self-similar5

solutions. A hydrodynamic solution is said self-similar when it can be described by only6

two quantities with independent dimensions apart from space and time. In such cases, all7

relevant physical quantities can be expressed as functions of a similarity variable, typically8

a combination of spatial and temporal coordinates.9

For large enough bubbles, when the solution reaches a terminal wall velocity, the fluid10

profile can be characterized by the self-similar variable › © r/t (for a comprehensive11

explanation, we refer to [80–82]). Notably, › possesses the dimension of a velocity but can12

be interpreted as a position as well. The velocity of the bubble wall, denoted as ›w, ranges13

between the center of the bubble (› æ 0) and the lightcone (› æ 1).14

Starting from the conservation of the energy-momentum tensor, projecting eq. (2.3)15

along and perpendicular to the flow, assuming spherical symmetry for the solutions and16

finally expressing the system of equations in terms of this self-similar variable, we obtain17

the following form18

(› ≠ v)
ˆ›e

w
= 2v

›
+ [1 ≠ “

2
v(› ≠ v)]ˆ›v , (Euler eq.)

(1 ≠ v›)
ˆ›p

w
= “

2(› ≠ v)ˆ›v . (continuity eq.) (2.24)

We emphasize that v denotes here the velocity of the fluid in the plasma frame (equivalently19

the center of the bubble frame), as opposed to v± defined in the frame of the wall.20
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• Bag EoS has constant speed of sound, relating c2
s = dp/de = 1/3

ξ =
r
t
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Combining those equations leads to the well-known equation for the fluid velocity:1

2v

›
= “

2(1 ≠ v›)


µ
2
pæw

c2
s

≠ 1
�
ˆ›v, µpæw(›, v) = v ≠ ›

1 ≠ ›v
, (2.25)

where µpæw(›, v) is the Lorentz transformed fluid velocity, from the plasma to the wall2

frame. Two qualitatively di�erent types of solutions emerge from the analysis of the equation3

eq. (2.25): i) the rarefaction wave and ii) the compression wave.4

i) The rarefaction wave propagates from the head, moving at the largest velocity ›head to5

the tail, which moves at some smaller velocity ›tail < ›head. Consistency dictates that6

either ›tail = cs or ›head = cs. While this is not true for generic flows, the symmetries7

of an expanding bubble dictate that the flow is at rest at the bubble center and on the8

lightcone, meaning v(› = 0) = v(› = 1) = 0. By imposing these boundary conditions,9

we deduce from eq. (2.25) that for such solutions, ˆ›v > 0. Examining eq. (2.24) and10

focusing on the cases of interest for us, namely › ≠ v > 0 and ˆ›v > 0, we conclude that11

the rarefaction waves are also decompression waves, since ˆ›p > 0, as we travel from12

› = 1 to › = 0, i.e. toward the center of the bubble. Similar conclusions hold for the13

enthalpy w and the temperature T , which we will define, in terms of the wall velocity,14

at the end of this section.15

ii) On the other hand, compression waves accelerate the motion of the plasma toward the16

center of the bubble. The same reasoning as above indicates that the pressure, the17

temperature, and the enthalpy increase across the wave, as we travel toward the center18

of the bubble, i.e. from › = 1 to › = 0.19

Upon solving eq. (2.25) with the matching condition (2.5a), and obtaining the fluid velocity20

profile, we can subsequently compute the enthalpy profile21

w(›) = w(›0) exp
"Z v(›)

v(›0)

✓
1
c2

s
+ 1

◆
“

2(v)µ(›(v), v) dv

#
. (2.26)

From ˆ› ln T = “
2(v)µ(›, v)ˆ›v, we can also obtain the temperature profile that reads22

T (›) = T (›0) exp
"Z v(›)

v(›0)

“
2(v)µ(›(v), v) dv

#
, (2.27)

where ›0 refers to the interface location, both for shock and reaction fronts. Properly23

computing the profile across the wall of the di�erent thermodynamic quantities will be the24

subject of section 4.25

2.5 The types of solutions for direct PTs26

In the previous sections, we have gathered the necessary tools to solve the thermodynamic27

profiles of bubbles. We now apply these tools to various modes of expansion of cosmological28

bubbles. As we shall see, constructing the velocity and temperature profiles of physical phase29

transitions requires gluing together discontinuous fronts and continuous waves.30
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(e+ p)f ′ + f(e+ p)′ − z(e− p)′ +
j

z − 1
(e+ p)(f − 1) = 0 , (11.13)

where
′ :=

∂

∂z
. (11.14)

Note that Eqs. (11.12)–(11.13) can be combined to yield an energy equation which is coordi-
nate independent

e′

e
= 2

(
z − f

z + f

)
f ′

f
, (11.15)

and a momentum equation which involves only terms related to the velocity

(f2 − 4zf + z2)
f ′

f
= j

(
f − 1

z − 1

)
(z + f) . (11.16)

Using now the relations

∂

∂ξ
:=

(1 + z)2

2

∂

∂z
, (11.17)

v′ :=

(
1 + z

1 + f

)2

f ′ , (11.18)

it is possible to rewrite Eqs. (11.11)–(11.13) in the following self-similar form (Steinhardt,
1982; Kurki-Suonio, 1985)

1

ρ

dρ

dξ
=

1

(e+ p)

de

dξ
,

[
(c2sξ

2 − 1)v2 + 2ξ(1− c2s)v + c2s − ξ2
] dv
dξ

=− j
v

ξ
c2s(1− v2)(1− ξv) ,

c2s
(e+ p)

de

dξ
=

(
ξ − v

1− ξv

)(
1

1− v2

)
dv

dξ
.

(11.19)

(11.20)

(11.21)

Equation (11.19) shows that the self-similar solution of the rest-mass density (or of the number
density if the fluid is ultrarelativistic) is proportional to that of the energy density divided by
the enthalpy density. As a result, hereafter we will consider only Eqs. (11.20)–(11.21) since
the expression for ρ can be obtained trivially once that for e is known. Furthermore, note that
these equations are invariant under the simultaneous transformations

ξ → −ξ and v → −v , (11.22)

so that it is necessary to solve them only in one of the half-planes ξ ∈ [0, ± 1] in order to
know the solution in the whole interval ξ ∈ [−1, 1].

Under generic conditions, the system of equations (11.19)–(11.21) does not have analytic
solutions and a numerical approach is therefore necessary to study the properties of these
equations. However, before illustrating the result of such numerical solutions, it is useful to
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Figure 5. Profiles of the fluid velocity v(›) in the plasma frame, both for the case of (standard) direct
phase transitions (–+ > 0), and for inverse phase transitions (–+ < 0). The former case is described in
the quadrant I and has v(›) > 0, while the latter is in the quadrant II with v(›) < 0. The gray shaded
region is unphysical as it would imply that the fluid moves faster than the wall, |v(›)| > |›|. The red
shaded region would similarly give unphysical velocity profiles as the dot-dashed red line indicates the
maximum velocity that a detonation-type of solution can have, i.e. the sound speed in a frame moving
at ›, v(›) = µ(›, cs). The dashed blue line shows the velocity of the shock front for deflagrations,
that is µ(›sh, v(›sh))›sh = c

2
s. The di�erent quadrants describe di�erent physical systems: I) bubble

and II) inverse bubble expansion as › > 0, III) droplet and IV) inverse droplet collapse with › < 0.
The quadrants are related among each other by a mirror symmetry v æ ≠v and › æ ≠›. The
colored profiles in orange, green and blue, in the I quadrant, describe a deflagration, a hybrid, and a
detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).

In this section, we delineate the di�erent types of solutions possible for direct cosmological1

phase transitions. In figure 5 we present all the possible solutions of eq. (2.25). The four2

quadrants describe di�erent physical situations: I) direct bubble expansion [71, 83, 84], II)3

inverse bubble expansion (this work), III) direct droplet collapse (see [74] for a recent study)4

and IV) inverse droplet collapse. In this section we will remind the solutions in quadrant I5

and study in depth the solutions of quadrant II in section 3. Table 1 summarizes the various6

flows that can exist across the discontinuity.7

Direct phase transitions admit three bubble expansion modes: i) detonations ii) defla-8

grations and iii) hybrid solutions.9
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(e+ p)f ′ + f(e+ p)′ − z(e− p)′ +
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z − 1
(e+ p)(f − 1) = 0 , (11.13)

where
′ :=

∂

∂z
. (11.14)

Note that Eqs. (11.12)–(11.13) can be combined to yield an energy equation which is coordi-
nate independent

e′

e
= 2

(
z − f

z + f

)
f ′

f
, (11.15)

and a momentum equation which involves only terms related to the velocity

(f2 − 4zf + z2)
f ′

f
= j

(
f − 1

z − 1

)
(z + f) . (11.16)

Using now the relations
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:=

(1 + z)2
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∂
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, (11.17)

v′ :=

(
1 + z

1 + f

)2

f ′ , (11.18)

it is possible to rewrite Eqs. (11.11)–(11.13) in the following self-similar form (Steinhardt,
1982; Kurki-Suonio, 1985)

1

ρ

dρ

dξ
=

1

(e+ p)

de

dξ
,

[
(c2sξ

2 − 1)v2 + 2ξ(1− c2s)v + c2s − ξ2
] dv
dξ

=− j
v

ξ
c2s(1− v2)(1− ξv) ,

c2s
(e+ p)

de

dξ
=

(
ξ − v

1− ξv

)(
1

1− v2

)
dv

dξ
.

(11.19)

(11.20)

(11.21)

Equation (11.19) shows that the self-similar solution of the rest-mass density (or of the number
density if the fluid is ultrarelativistic) is proportional to that of the energy density divided by
the enthalpy density. As a result, hereafter we will consider only Eqs. (11.20)–(11.21) since
the expression for ρ can be obtained trivially once that for e is known. Furthermore, note that
these equations are invariant under the simultaneous transformations

ξ → −ξ and v → −v , (11.22)

so that it is necessary to solve them only in one of the half-planes ξ ∈ [0, ± 1] in order to
know the solution in the whole interval ξ ∈ [−1, 1].

Under generic conditions, the system of equations (11.19)–(11.21) does not have analytic
solutions and a numerical approach is therefore necessary to study the properties of these
equations. However, before illustrating the result of such numerical solutions, it is useful to
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these equations are invariant under the simultaneous transformations

ξ → −ξ and v → −v , (11.22)

so that it is necessary to solve them only in one of the half-planes ξ ∈ [0, ± 1] in order to
know the solution in the whole interval ξ ∈ [−1, 1].

Under generic conditions, the system of equations (11.19)–(11.21) does not have analytic
solutions and a numerical approach is therefore necessary to study the properties of these
equations. However, before illustrating the result of such numerical solutions, it is useful to
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detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).

In this section, we delineate the di�erent types of solutions possible for direct cosmological1

phase transitions. In figure 5 we present all the possible solutions of eq. (2.25). The four2

quadrants describe di�erent physical situations: I) direct bubble expansion [71, 83, 84], II)3

inverse bubble expansion (this work), III) direct droplet collapse (see [74] for a recent study)4

and IV) inverse droplet collapse. In this section we will remind the solutions in quadrant I5

and study in depth the solutions of quadrant II in section 3. Table 1 summarizes the various6

flows that can exist across the discontinuity.7

Direct phase transitions admit three bubble expansion modes: i) detonations ii) defla-8

grations and iii) hybrid solutions.9

– 11 –

•     

Rezzolla & Zanotti, “Relativistic hydrodynamics” 2013 

proofs JCAP_052P_0724

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

Figure 5. Profiles of the fluid velocity v(›) in the plasma frame, both for the case of (standard) direct
phase transitions (–+ > 0), and for inverse phase transitions (–+ < 0). The former case is described in
the quadrant I and has v(›) > 0, while the latter is in the quadrant II with v(›) < 0. The gray shaded
region is unphysical as it would imply that the fluid moves faster than the wall, |v(›)| > |›|. The red
shaded region would similarly give unphysical velocity profiles as the dot-dashed red line indicates the
maximum velocity that a detonation-type of solution can have, i.e. the sound speed in a frame moving
at ›, v(›) = µ(›, cs). The dashed blue line shows the velocity of the shock front for deflagrations,
that is µ(›sh, v(›sh))›sh = c

2
s. The di�erent quadrants describe di�erent physical systems: I) bubble

and II) inverse bubble expansion as › > 0, III) droplet and IV) inverse droplet collapse with › < 0.
The quadrants are related among each other by a mirror symmetry v æ ≠v and › æ ≠›. The
colored profiles in orange, green and blue, in the I quadrant, describe a deflagration, a hybrid, and a
detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).

In this section, we delineate the di�erent types of solutions possible for direct cosmological1

phase transitions. In figure 5 we present all the possible solutions of eq. (2.25). The four2

quadrants describe di�erent physical situations: I) direct bubble expansion [71, 83, 84], II)3

inverse bubble expansion (this work), III) direct droplet collapse (see [74] for a recent study)4

and IV) inverse droplet collapse. In this section we will remind the solutions in quadrant I5

and study in depth the solutions of quadrant II in section 3. Table 1 summarizes the various6

flows that can exist across the discontinuity.7

Direct phase transitions admit three bubble expansion modes: i) detonations ii) defla-8

grations and iii) hybrid solutions.9

– 11 –

proofs JCAP_052P_0724

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

Figure 5. Profiles of the fluid velocity v(›) in the plasma frame, both for the case of (standard) direct
phase transitions (–+ > 0), and for inverse phase transitions (–+ < 0). The former case is described in
the quadrant I and has v(›) > 0, while the latter is in the quadrant II with v(›) < 0. The gray shaded
region is unphysical as it would imply that the fluid moves faster than the wall, |v(›)| > |›|. The red
shaded region would similarly give unphysical velocity profiles as the dot-dashed red line indicates the
maximum velocity that a detonation-type of solution can have, i.e. the sound speed in a frame moving
at ›, v(›) = µ(›, cs). The dashed blue line shows the velocity of the shock front for deflagrations,
that is µ(›sh, v(›sh))›sh = c

2
s. The di�erent quadrants describe di�erent physical systems: I) bubble

and II) inverse bubble expansion as › > 0, III) droplet and IV) inverse droplet collapse with › < 0.
The quadrants are related among each other by a mirror symmetry v æ ≠v and › æ ≠›. The
colored profiles in orange, green and blue, in the I quadrant, describe a deflagration, a hybrid, and a
detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).

In this section, we delineate the di�erent types of solutions possible for direct cosmological1

phase transitions. In figure 5 we present all the possible solutions of eq. (2.25). The four2

quadrants describe di�erent physical situations: I) direct bubble expansion [71, 83, 84], II)3

inverse bubble expansion (this work), III) direct droplet collapse (see [74] for a recent study)4

and IV) inverse droplet collapse. In this section we will remind the solutions in quadrant I5

and study in depth the solutions of quadrant II in section 3. Table 1 summarizes the various6

flows that can exist across the discontinuity.7

Direct phase transitions admit three bubble expansion modes: i) detonations ii) defla-8

grations and iii) hybrid solutions.9

– 11 –

proofs JCAP_052P_0724

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

Figure 5. Profiles of the fluid velocity v(›) in the plasma frame, both for the case of (standard) direct
phase transitions (–+ > 0), and for inverse phase transitions (–+ < 0). The former case is described in
the quadrant I and has v(›) > 0, while the latter is in the quadrant II with v(›) < 0. The gray shaded
region is unphysical as it would imply that the fluid moves faster than the wall, |v(›)| > |›|. The red
shaded region would similarly give unphysical velocity profiles as the dot-dashed red line indicates the
maximum velocity that a detonation-type of solution can have, i.e. the sound speed in a frame moving
at ›, v(›) = µ(›, cs). The dashed blue line shows the velocity of the shock front for deflagrations,
that is µ(›sh, v(›sh))›sh = c

2
s. The di�erent quadrants describe di�erent physical systems: I) bubble

and II) inverse bubble expansion as › > 0, III) droplet and IV) inverse droplet collapse with › < 0.
The quadrants are related among each other by a mirror symmetry v æ ≠v and › æ ≠›. The
colored profiles in orange, green and blue, in the I quadrant, describe a deflagration, a hybrid, and a
detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).

In this section, we delineate the di�erent types of solutions possible for direct cosmological1

phase transitions. In figure 5 we present all the possible solutions of eq. (2.25). The four2

quadrants describe di�erent physical situations: I) direct bubble expansion [71, 83, 84], II)3

inverse bubble expansion (this work), III) direct droplet collapse (see [74] for a recent study)4

and IV) inverse droplet collapse. In this section we will remind the solutions in quadrant I5

and study in depth the solutions of quadrant II in section 3. Table 1 summarizes the various6

flows that can exist across the discontinuity.7

Direct phase transitions admit three bubble expansion modes: i) detonations ii) defla-8

grations and iii) hybrid solutions.9

– 11 –

proofs JCAP_052P_0724

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

Figure 5. Profiles of the fluid velocity v(›) in the plasma frame, both for the case of (standard) direct
phase transitions (–+ > 0), and for inverse phase transitions (–+ < 0). The former case is described in
the quadrant I and has v(›) > 0, while the latter is in the quadrant II with v(›) < 0. The gray shaded
region is unphysical as it would imply that the fluid moves faster than the wall, |v(›)| > |›|. The red
shaded region would similarly give unphysical velocity profiles as the dot-dashed red line indicates the
maximum velocity that a detonation-type of solution can have, i.e. the sound speed in a frame moving
at ›, v(›) = µ(›, cs). The dashed blue line shows the velocity of the shock front for deflagrations,
that is µ(›sh, v(›sh))›sh = c

2
s. The di�erent quadrants describe di�erent physical systems: I) bubble

and II) inverse bubble expansion as › > 0, III) droplet and IV) inverse droplet collapse with › < 0.
The quadrants are related among each other by a mirror symmetry v æ ≠v and › æ ≠›. The
colored profiles in orange, green and blue, in the I quadrant, describe a deflagration, a hybrid, and a
detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).

In this section, we delineate the di�erent types of solutions possible for direct cosmological1

phase transitions. In figure 5 we present all the possible solutions of eq. (2.25). The four2

quadrants describe di�erent physical situations: I) direct bubble expansion [71, 83, 84], II)3

inverse bubble expansion (this work), III) direct droplet collapse (see [74] for a recent study)4

and IV) inverse droplet collapse. In this section we will remind the solutions in quadrant I5

and study in depth the solutions of quadrant II in section 3. Table 1 summarizes the various6

flows that can exist across the discontinuity.7

Direct phase transitions admit three bubble expansion modes: i) detonations ii) defla-8

grations and iii) hybrid solutions.9

– 11 –

proofs JCAP_052P_0724

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

Figure 5. Profiles of the fluid velocity v(›) in the plasma frame, both for the case of (standard) direct
phase transitions (–+ > 0), and for inverse phase transitions (–+ < 0). The former case is described in
the quadrant I and has v(›) > 0, while the latter is in the quadrant II with v(›) < 0. The gray shaded
region is unphysical as it would imply that the fluid moves faster than the wall, |v(›)| > |›|. The red
shaded region would similarly give unphysical velocity profiles as the dot-dashed red line indicates the
maximum velocity that a detonation-type of solution can have, i.e. the sound speed in a frame moving
at ›, v(›) = µ(›, cs). The dashed blue line shows the velocity of the shock front for deflagrations,
that is µ(›sh, v(›sh))›sh = c

2
s. The di�erent quadrants describe di�erent physical systems: I) bubble

and II) inverse bubble expansion as › > 0, III) droplet and IV) inverse droplet collapse with › < 0.
The quadrants are related among each other by a mirror symmetry v æ ≠v and › æ ≠›. The
colored profiles in orange, green and blue, in the I quadrant, describe a deflagration, a hybrid, and a
detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).

In this section, we delineate the di�erent types of solutions possible for direct cosmological1

phase transitions. In figure 5 we present all the possible solutions of eq. (2.25). The four2

quadrants describe di�erent physical situations: I) direct bubble expansion [71, 83, 84], II)3

inverse bubble expansion (this work), III) direct droplet collapse (see [74] for a recent study)4

and IV) inverse droplet collapse. In this section we will remind the solutions in quadrant I5

and study in depth the solutions of quadrant II in section 3. Table 1 summarizes the various6

flows that can exist across the discontinuity.7

Direct phase transitions admit three bubble expansion modes: i) detonations ii) defla-8

grations and iii) hybrid solutions.9

– 11 –



Simone Blasi - SEWM 2026

Self-similar solutions
• All possible self-similar flows:

Similar and self-similar flows 497

(e+ p)f ′ + f(e+ p)′ − z(e− p)′ +
j

z − 1
(e+ p)(f − 1) = 0 , (11.13)

where
′ :=

∂

∂z
. (11.14)

Note that Eqs. (11.12)–(11.13) can be combined to yield an energy equation which is coordi-
nate independent

e′

e
= 2

(
z − f

z + f

)
f ′

f
, (11.15)

and a momentum equation which involves only terms related to the velocity

(f2 − 4zf + z2)
f ′

f
= j

(
f − 1

z − 1

)
(z + f) . (11.16)

Using now the relations

∂

∂ξ
:=

(1 + z)2

2

∂

∂z
, (11.17)

v′ :=

(
1 + z

1 + f

)2

f ′ , (11.18)

it is possible to rewrite Eqs. (11.11)–(11.13) in the following self-similar form (Steinhardt,
1982; Kurki-Suonio, 1985)

1

ρ

dρ

dξ
=

1

(e+ p)

de

dξ
,

[
(c2sξ

2 − 1)v2 + 2ξ(1− c2s)v + c2s − ξ2
] dv
dξ

=− j
v

ξ
c2s(1− v2)(1− ξv) ,

c2s
(e+ p)

de

dξ
=

(
ξ − v

1− ξv

)(
1

1− v2

)
dv

dξ
.

(11.19)

(11.20)

(11.21)

Equation (11.19) shows that the self-similar solution of the rest-mass density (or of the number
density if the fluid is ultrarelativistic) is proportional to that of the energy density divided by
the enthalpy density. As a result, hereafter we will consider only Eqs. (11.20)–(11.21) since
the expression for ρ can be obtained trivially once that for e is known. Furthermore, note that
these equations are invariant under the simultaneous transformations

ξ → −ξ and v → −v , (11.22)

so that it is necessary to solve them only in one of the half-planes ξ ∈ [0, ± 1] in order to
know the solution in the whole interval ξ ∈ [−1, 1].

Under generic conditions, the system of equations (11.19)–(11.21) does not have analytic
solutions and a numerical approach is therefore necessary to study the properties of these
equations. However, before illustrating the result of such numerical solutions, it is useful to
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shaded region would similarly give unphysical velocity profiles as the dot-dashed red line indicates the
maximum velocity that a detonation-type of solution can have, i.e. the sound speed in a frame moving
at ›, v(›) = µ(›, cs). The dashed blue line shows the velocity of the shock front for deflagrations,
that is µ(›sh, v(›sh))›sh = c

2
s. The di�erent quadrants describe di�erent physical systems: I) bubble

and II) inverse bubble expansion as › > 0, III) droplet and IV) inverse droplet collapse with › < 0.
The quadrants are related among each other by a mirror symmetry v æ ≠v and › æ ≠›. The
colored profiles in orange, green and blue, in the I quadrant, describe a deflagration, a hybrid, and a
detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).

In this section, we delineate the di�erent types of solutions possible for direct cosmological1

phase transitions. In figure 5 we present all the possible solutions of eq. (2.25). The four2

quadrants describe di�erent physical situations: I) direct bubble expansion [71, 83, 84], II)3

inverse bubble expansion (this work), III) direct droplet collapse (see [74] for a recent study)4

and IV) inverse droplet collapse. In this section we will remind the solutions in quadrant I5

and study in depth the solutions of quadrant II in section 3. Table 1 summarizes the various6

flows that can exist across the discontinuity.7

Direct phase transitions admit three bubble expansion modes: i) detonations ii) defla-8

grations and iii) hybrid solutions.9
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phase transitions (–+ > 0), and for inverse phase transitions (–+ < 0). The former case is described in
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shaded region would similarly give unphysical velocity profiles as the dot-dashed red line indicates the
maximum velocity that a detonation-type of solution can have, i.e. the sound speed in a frame moving
at ›, v(›) = µ(›, cs). The dashed blue line shows the velocity of the shock front for deflagrations,
that is µ(›sh, v(›sh))›sh = c
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detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).
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Figure 1: Schematic representation of the thermally corrected potential of a phase transition
triggered by the vacuum energy, denoted as direct PT (blue arrow), and a phase transition
against the vacuum energy, triggered by thermal corrections, referred to as inverse phase
transition (darker red arrow).

1 Introduction

Phase transitions (PTs) in the early universe plasma, usually called cosmological phase
transitions, have recently received much attention mostly due to the broad range of in-
teresting consequences that they can bring to the early universe thermal history. From
a phenomenological perspective, cosmological phase transitions can be at the origin of the
baryogenesis [1–14], the production of heavy dark matter [15–26], primordial black holes [27–
31] and possibly observable gravitational wave (GW) [32–36]. Moreover, from a theoretical
perspective, PTs between a local minimum and a deeper, local or global, minimum are
commonplace in quantum field theory, where it is believed that the vacuum structure is
a complicated manifold. In a related way, PTs appear naturally in a large variety of mo-
tivated BSM models like composite Higgs [37–41], extended Higgs sectors [42–51], axion
models [52, 53], dark Yang-Mills sectors [54, 55], B � L breaking sectors [56, 57].

For all these reasons, the hydrodynamics of cosmological phase transitions have been in-
tensively studied in the past, alongside with their hydrodynamical properties, their e�ciency
to turn vacuum energy into bulk motion, sound speed e↵ects [58–65] and gravitational wave
imprint [66–68]. A thorough classification of the di↵erence modes of expansion of bubbles
wall has been presented [69–72]. Five consistent types of solutions survived the examina-
tion: weak and Chapman-Jouguet (CJ) deflagrations, weak and CJ detonations and hybrid
solutions, which are supersonic deflagrations glued to rarefaction waves. The collapse of
cosmological droplets, because of their possible impact on the production of GW [73] and
PBH production [74], also received attention. In a direct phase transition, the vacuum un-
dergoes a transition from a local higher minimum of the zero–temperature potential to a
deeper minimum, as presented by the blue arrow (direct PT) in Fig.1. The acceleration of
the bubbles of the new phase is then triggered mostly by the vacuum energy release.

A much less studied situation is the expansion of bubbles of inverse phase transitions,
where the transition is from a lower minimum (of the zero–temperature potential) to a higher
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Figure 1: Schematic representation of the thermally corrected potential of a phase transition
triggered by the vacuum energy, denoted as direct PT (blue arrow), and a phase transition
against the vacuum energy, triggered by thermal corrections, referred to as inverse phase
transition (darker red arrow).

1 Introduction

Phase transitions (PTs) in the early universe plasma, usually called cosmological phase
transitions, have recently received much attention mostly due to the broad range of in-
teresting consequences that they can bring to the early universe thermal history. From
a phenomenological perspective, cosmological phase transitions can be at the origin of the
baryogenesis [1–14], the production of heavy dark matter [15–26], primordial black holes [27–
31] and possibly observable gravitational wave (GW) [32–36]. Moreover, from a theoretical
perspective, PTs between a local minimum and a deeper, local or global, minimum are
commonplace in quantum field theory, where it is believed that the vacuum structure is
a complicated manifold. In a related way, PTs appear naturally in a large variety of mo-
tivated BSM models like composite Higgs [37–41], extended Higgs sectors [42–51], axion
models [52, 53], dark Yang-Mills sectors [54, 55], B � L breaking sectors [56, 57].

For all these reasons, the hydrodynamics of cosmological phase transitions have been in-
tensively studied in the past, alongside with their hydrodynamical properties, their e�ciency
to turn vacuum energy into bulk motion, sound speed e↵ects [58–65] and gravitational wave
imprint [66–68]. A thorough classification of the di↵erence modes of expansion of bubbles
wall has been presented [69–72]. Five consistent types of solutions survived the examina-
tion: weak and Chapman-Jouguet (CJ) deflagrations, weak and CJ detonations and hybrid
solutions, which are supersonic deflagrations glued to rarefaction waves. The collapse of
cosmological droplets, because of their possible impact on the production of GW [73] and
PBH production [74], also received attention. In a direct phase transition, the vacuum un-
dergoes a transition from a local higher minimum of the zero–temperature potential to a
deeper minimum, as presented by the blue arrow (direct PT) in Fig.1. The acceleration of
the bubbles of the new phase is then triggered mostly by the vacuum energy release.

A much less studied situation is the expansion of bubbles of inverse phase transitions,
where the transition is from a lower minimum (of the zero–temperature potential) to a higher
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Figure 3. Left: In standard direct phase transitions with –+ > 0, we depict contours of constant
–+ in the allowed region in the plane (v≠, v+), where v± are the fluid velocities in the wall frame.
Shaded red regions indicate the presence of deflagrations and detonations, which are forbidden by
hydrodynamical constraints, as we explain in the text. Right: Same as the left panel, but for the
case of inverse phase transitions with –+ < 0. In the shaded red regions we similarly highlight the
impossibility of strong inverse detonations (v+ Æ cs), while strong inverse deflagrations will decay to
inverse hybrids.
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with –N characterizing the strength of the PT at the nucleation temperature TN . It is then2

conventional to define the vacuum energy in the true minimum to be zero: ‘≠ = 0 and ‘+ © ‘.3

Notice that by doing so we are specifying our transition to proceed from a phase with a4

higher vacuum energy to a phase with a lower one. This is the usual behavior expected for a5

cooling phase transition, as it complies with the structure of the zero-temperature potential.6
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In figure 3 are reported the two di�erent branches ± for constant values of –+. The left8

panel refers to direct PTs, with –+ > 0, while as we will discuss in section 3 the right panel9

refers to inverse PTs, with –+ < 0.10

Phase transitions and discontinuities are accompanied by an increase in the entropy of11

the plasma. We discuss the conservation of entropy current12

ˆµ(su
µ) = 0, s © w

T
(Entropy in continuous waves) . (2.12)
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case of inverse phase transitions with –+ < 0. In the shaded red regions we similarly highlight the
impossibility of strong inverse detonations (v+ Æ cs), while strong inverse deflagrations will decay to
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Figure 3. Left: In standard direct phase transitions with –+ > 0, we depict contours of constant
–+ in the allowed region in the plane (v≠, v+), where v± are the fluid velocities in the wall frame.
Shaded red regions indicate the presence of deflagrations and detonations, which are forbidden by
hydrodynamical constraints, as we explain in the text. Right: Same as the left panel, but for the
case of inverse phase transitions with –+ < 0. In the shaded red regions we similarly highlight the
impossibility of strong inverse detonations (v+ Æ cs), while strong inverse deflagrations will decay to
inverse hybrids.

where we have defined1

–+ © ‘+ ≠ ‘≠
a+T 4

+

, r ©
a+T

4
+

a≠T 4
≠

, –N © ‘+ ≠ ‘≠
a+T 4

N

, (2.10)

with –N characterizing the strength of the PT at the nucleation temperature TN . It is then2

conventional to define the vacuum energy in the true minimum to be zero: ‘≠ = 0 and ‘+ © ‘.3

Notice that by doing so we are specifying our transition to proceed from a phase with a4

higher vacuum energy to a phase with a lower one. This is the usual behavior expected for a5

cooling phase transition, as it complies with the structure of the zero-temperature potential.6

The parameter r can be eliminated from eq. (2.9) to write v+(v≠, –+),7

v+(v≠, –+) = 1
1 + –+

✓
v≠
2 + 1

6v≠

◆
±

s✓
v≠
2 + 1

6v≠

◆2

+ –2
+

+ 2
3–+ ≠ 1

3

�
. (2.11)

In figure 3 are reported the two di�erent branches ± for constant values of –+. The left8

panel refers to direct PTs, with –+ > 0, while as we will discuss in section 3 the right panel9

refers to inverse PTs, with –+ < 0.10

Phase transitions and discontinuities are accompanied by an increase in the entropy of11

the plasma. We discuss the conservation of entropy current12

ˆµ(su
µ) = 0, s © w

T
(Entropy in continuous waves) . (2.12)

– 6 –

“Inverse” hydrodynamics

Espinosa, Konstandin, No, 
Servant [1004.4187] JCAP

27



Simone Blasi - SEWM 2026

proofs JCAP_052P_0724

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Figure 3. Left: In standard direct phase transitions with –+ > 0, we depict contours of constant
–+ in the allowed region in the plane (v≠, v+), where v± are the fluid velocities in the wall frame.
Shaded red regions indicate the presence of deflagrations and detonations, which are forbidden by
hydrodynamical constraints, as we explain in the text. Right: Same as the left panel, but for the
case of inverse phase transitions with –+ < 0. In the shaded red regions we similarly highlight the
impossibility of strong inverse detonations (v+ Æ cs), while strong inverse deflagrations will decay to
inverse hybrids.
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Figure 8. Velocity profiles for inverse detonations (left), inverse hybrids (middle) and inverse
deflagrations (right).

Types of discontinuities for cosmological inverse phase transitions
Inverse Detonations
(p+ < p≠, v+ > v≠)

Inverse Deflagrations
(p+ > p≠, v+ < v≠)

Weak v+ < cs, v≠ < cs v+ > cs, v≠ > cs

Chapman-Jouguet v+ = cs, v≠ < cs v+ = cs, v≠ > cs

Strong v+ > cs, v≠ < cs v+ < cs, v≠ > cs

Table 2. Types of discontinuity for the inverse phase transitions.

Following the same steps as before and eliminating the pressures and the r parameter in1

favor of –+ and v≠, we obtain the same relation between the velocities2

v+(v≠, –+) = 1
1 ≠ |–+|

✓
v≠
2 + 1

6v≠

◆
±

s✓
v≠
2 + 1

6v≠

◆2

+ –2
+

≠ 2
3 |–+| ≠ 1

3

�
, (3.2)

with the only di�erence that –+ is now negative. Notice that the limit –+ æ ≠1 is actually3

smooth. The isocontours with constant –+ are reported in the right panel of figure 3.4

3.2 The types of solutions for inverse PTs5

Similarly to the case of direct phase transitions, we expect that several types of fluid solutions6

can exist for inverse phase transitions. We found five di�erent possible expansion modes,7

analogously to the direct case, that we called: i) inverse detonations (weak and CJ), ii) inverse8

deflagrations (weak and CJ), and iii) inverse hybrids, displayed in the left, right, and middle9

panels, respectively, of figure 8. Our naming of inverse detonations and deflagrations relies10

on the mirror symmetry that can be drawn from figure 5.311

3.2.1 Inverse detonations12

The first possibility, in analogy with detonations, would be to build an inverse detonation by13

gluing a reaction front with ›w = v≠ < cs and a rarefaction wave going from v(›+
w ) to 0 at14

3
The distinguishing physical characteristic of detonations setting it apart from deflagrations, as stated

in [85], is that the fluid just behind the reaction front is in motion rather than the propagation exceeding the

speed of sound. The mirror symmetry flips this physical interpretation, as for instance for inverse detonations

the fluid will be in motion ahead of the reaction front.

– 16 –

• Fluid is sucked in by the advancing bubble wall:

“Inverse” hydrodynamics
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Figure 6. Velocity profiles for detonations (left), hybrids (middle) and deflagrations (right). The
gray shaded region indicates the interior of the bubble.

of solution can be achieved by combining a Chapman-Jouguet deflagration with a rarefaction1

wave behind the wall, ensuring the fulfillment of boundary conditions. This configuration is2

termed hybrid solution (or supersonic deflagration [72]), which become stable when v≠ = cs.3

In the middle panel of figure 6, we present an example of such a hybrid composition.4

2.5.4 Evolving through the di�erent profiles5

When the discussing the various modes of bubble expansion, it is more physical to fix the6

strength of the phase transition, –N , and solve for all the other quantities in terms of it.7

Having fixed the strength there will be only one possible fluid profile for a given wall velocity.8

In figure 7, we present the evolution of v+ ans v≠ as a function of ›w. Since –N is not directly9

specified as an input parameter in the matching conditions, we conducted a scan over v+10

and v≠ to determine which combination gives the appropriate –N . Consequently, we also11

calculated –+/–N and the position of the shock wave, ›sh. The vertical gray lines indicate12

the speed of sound, cs, and the Jouguet velocity, which represents the velocity distinguishing13

the fastest hybrid solution from the slowest detonation. We will properly define the Jouguet14

velocity in section 3.3. In the right panel, we illustrate the scenario where for su�ciently15

large values of –N a solution with ›w within the gray band cannot be found. In other words,16

there cannot exist a (slow) deflagration compatible with such a (large) –N .17

Now that we have examined the relevant characteristics of the solutions for an expanding18

bubble during a direct phase transition and we have set all the necessary notation, we are19

ready, in the next section, to explore the second quadrant of figure 5, which describes the20

case of bubble expansion during an inverse phase transition.21

3 Inverse phase transitions22

After reviewing the hydrodynamic solutions of direct PTs, we now turn to our main interest,23

namely the inverse PTs. These occur from a phase with vanishing vacuum energy to another24

phase with (positive) vacuum energy. We will follow the same presentation as before and25

identify all the expansion modes of inverse PTs.26

3.1 Motivation and basics27

When the system finds itself in a minimum with zero vacuum energy, typically located away28

from the origin of the potential, it may still be advantageous to transition to a state with29

non-zero vacuum energy, albeit with more relativistic (light) degrees of freedom.30
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Figure 8. Velocity profiles for inverse detonations (left), inverse hybrids (middle) and inverse
deflagrations (right).

Types of discontinuities for cosmological inverse phase transitions
Inverse Detonations
(p+ < p≠, v+ > v≠)

Inverse Deflagrations
(p+ > p≠, v+ < v≠)

Weak v+ < cs, v≠ < cs v+ > cs, v≠ > cs

Chapman-Jouguet v+ = cs, v≠ < cs v+ = cs, v≠ > cs

Strong v+ > cs, v≠ < cs v+ < cs, v≠ > cs

Table 2. Types of discontinuity for the inverse phase transitions.

Following the same steps as before and eliminating the pressures and the r parameter in1

favor of –+ and v≠, we obtain the same relation between the velocities2

v+(v≠, –+) = 1
1 ≠ |–+|

✓
v≠
2 + 1

6v≠

◆
±

s✓
v≠
2 + 1

6v≠

◆2

+ –2
+

≠ 2
3 |–+| ≠ 1

3

�
, (3.2)

with the only di�erence that –+ is now negative. Notice that the limit –+ æ ≠1 is actually3

smooth. The isocontours with constant –+ are reported in the right panel of figure 3.4

3.2 The types of solutions for inverse PTs5

Similarly to the case of direct phase transitions, we expect that several types of fluid solutions6

can exist for inverse phase transitions. We found five di�erent possible expansion modes,7

analogously to the direct case, that we called: i) inverse detonations (weak and CJ), ii) inverse8

deflagrations (weak and CJ), and iii) inverse hybrids, displayed in the left, right, and middle9

panels, respectively, of figure 8. Our naming of inverse detonations and deflagrations relies10

on the mirror symmetry that can be drawn from figure 5.311

3.2.1 Inverse detonations12

The first possibility, in analogy with detonations, would be to build an inverse detonation by13

gluing a reaction front with ›w = v≠ < cs and a rarefaction wave going from v(›+
w ) to 0 at14

3
The distinguishing physical characteristic of detonations setting it apart from deflagrations, as stated

in [85], is that the fluid just behind the reaction front is in motion rather than the propagation exceeding the

speed of sound. The mirror symmetry flips this physical interpretation, as for instance for inverse detonations

the fluid will be in motion ahead of the reaction front.
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Figure 6. Velocity profiles for detonations (left), hybrids (middle) and deflagrations (right). The
gray shaded region indicates the interior of the bubble.

of solution can be achieved by combining a Chapman-Jouguet deflagration with a rarefaction1

wave behind the wall, ensuring the fulfillment of boundary conditions. This configuration is2

termed hybrid solution (or supersonic deflagration [72]), which become stable when v≠ = cs.3

In the middle panel of figure 6, we present an example of such a hybrid composition.4

2.5.4 Evolving through the di�erent profiles5

When the discussing the various modes of bubble expansion, it is more physical to fix the6

strength of the phase transition, –N , and solve for all the other quantities in terms of it.7

Having fixed the strength there will be only one possible fluid profile for a given wall velocity.8

In figure 7, we present the evolution of v+ ans v≠ as a function of ›w. Since –N is not directly9

specified as an input parameter in the matching conditions, we conducted a scan over v+10

and v≠ to determine which combination gives the appropriate –N . Consequently, we also11

calculated –+/–N and the position of the shock wave, ›sh. The vertical gray lines indicate12

the speed of sound, cs, and the Jouguet velocity, which represents the velocity distinguishing13

the fastest hybrid solution from the slowest detonation. We will properly define the Jouguet14

velocity in section 3.3. In the right panel, we illustrate the scenario where for su�ciently15

large values of –N a solution with ›w within the gray band cannot be found. In other words,16

there cannot exist a (slow) deflagration compatible with such a (large) –N .17

Now that we have examined the relevant characteristics of the solutions for an expanding18

bubble during a direct phase transition and we have set all the necessary notation, we are19

ready, in the next section, to explore the second quadrant of figure 5, which describes the20

case of bubble expansion during an inverse phase transition.21

3 Inverse phase transitions22

After reviewing the hydrodynamic solutions of direct PTs, we now turn to our main interest,23

namely the inverse PTs. These occur from a phase with vanishing vacuum energy to another24

phase with (positive) vacuum energy. We will follow the same presentation as before and25

identify all the expansion modes of inverse PTs.26

3.1 Motivation and basics27

When the system finds itself in a minimum with zero vacuum energy, typically located away28

from the origin of the potential, it may still be advantageous to transition to a state with29

non-zero vacuum energy, albeit with more relativistic (light) degrees of freedom.30
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FIG. 3. Free energy of the system at finite temperature evaluated at one–loop at the nucleation temperature, with the arrow
indicating the direction of the phase transition towards the minimum with a non–zero x (left panel), together with a sketch of
the expanding bubble and its velocity in red, and the fluid profile in green (central panel) for a characteristic inverse detonation.
The actual fluid profile in the plasma frame is shown in the right panel. Due to its inverse nature, the fluid velocity is always
negative. See main text and Appendix B for details.

between the two phases. This is a structural property
of the vacua of the theory under consideration, and it
should be contrasted with the case of standard FOPTs
whose strength is mostly controlled by the amount of
supercooling that can be achieved in the expanding
universe. In particular, Eq. (9) indicates that an inverse
FOPT is not necessarily stronger when it becomes more
supercooled.

Conclusion and outlook – We presented a simple SUSY
breaking model displaying a window of inverse FOPTs
during the spontaneous breaking of the R–symmetry.
This represents the first explicit example of a BSM model
leading to an inverse FOPT in a cooling cosmology, as
well as a proof of principle for the relevance of this
dynamics in the early universe.

We find that the sign of the generalised pseudo-
trace, ωω in Eq.(6), determines the inverseness of the
transition. As a comparison, we also show that the sign
of the pseudo-trace introduced in Ref. [99] o!ers a fair
estimate for the type of the FOPT as well.

Our study motivates a broader investigation of
inverse FOPTs in explicit BSM models. This
includes establishing a deeper connection between the
inverseness of a FOPT and its fundamental properties

and symmetries, exemplified here within a model of
spontaneous SUSY breaking, as well as identifying
possible non–SUSY realisations of this dynamics.
Finally, FOPTs are powerful sources of gravitational

waves that can be detected at current and forthcoming
GW observatories. This work provides motivation
to characterize the GW spectrum related to inverse
FOPTs, and to determine to which extent this can be
distinguished from the one arising during direct FOPTs.
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between the two phases. This is a structural property
of the vacua of the theory under consideration, and it
should be contrasted with the case of standard FOPTs
whose strength is mostly controlled by the amount of
supercooling that can be achieved in the expanding
universe. In particular, Eq. (9) indicates that an inverse
FOPT is not necessarily stronger when it becomes more
supercooled.

Conclusion and outlook – We presented a simple SUSY
breaking model displaying a window of inverse FOPTs
during the spontaneous breaking of the R–symmetry.
This represents the first explicit example of a BSM model
leading to an inverse FOPT in a cooling cosmology, as
well as a proof of principle for the relevance of this
dynamics in the early universe.

We find that the sign of the generalised pseudo-
trace, ωω in Eq.(6), determines the inverseness of the
transition. As a comparison, we also show that the sign
of the pseudo-trace introduced in Ref. [99] o!ers a fair
estimate for the type of the FOPT as well.

Our study motivates a broader investigation of
inverse FOPTs in explicit BSM models. This
includes establishing a deeper connection between the
inverseness of a FOPT and its fundamental properties

and symmetries, exemplified here within a model of
spontaneous SUSY breaking, as well as identifying
possible non–SUSY realisations of this dynamics.
Finally, FOPTs are powerful sources of gravitational

waves that can be detected at current and forthcoming
GW observatories. This work provides motivation
to characterize the GW spectrum related to inverse
FOPTs, and to determine to which extent this can be
distinguished from the one arising during direct FOPTs.
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Figure 5. Profiles of the fluid velocity v(›) in the plasma frame, both for the case of (standard) direct
phase transitions (–+ > 0), and for inverse phase transitions (–+ < 0). The former case is described in
the quadrant I and has v(›) > 0, while the latter is in the quadrant II with v(›) < 0. The gray shaded
region is unphysical as it would imply that the fluid moves faster than the wall, |v(›)| > |›|. The red
shaded region would similarly give unphysical velocity profiles as the dot-dashed red line indicates the
maximum velocity that a detonation-type of solution can have, i.e. the sound speed in a frame moving
at ›, v(›) = µ(›, cs). The dashed blue line shows the velocity of the shock front for deflagrations,
that is µ(›sh, v(›sh))›sh = c

2
s. The di�erent quadrants describe di�erent physical systems: I) bubble

and II) inverse bubble expansion as › > 0, III) droplet and IV) inverse droplet collapse with › < 0.
The quadrants are related among each other by a mirror symmetry v æ ≠v and › æ ≠›. The
colored profiles in orange, green and blue, in the I quadrant, describe a deflagration, a hybrid, and a
detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).

In this section, we delineate the di�erent types of solutions possible for direct cosmological1

phase transitions. In figure 5 we present all the possible solutions of eq. (2.25). The four2

quadrants describe di�erent physical situations: I) direct bubble expansion [71, 83, 84], II)3

inverse bubble expansion (this work), III) direct droplet collapse (see [74] for a recent study)4

and IV) inverse droplet collapse. In this section we will remind the solutions in quadrant I5

and study in depth the solutions of quadrant II in section 3. Table 1 summarizes the various6

flows that can exist across the discontinuity.7

Direct phase transitions admit three bubble expansion modes: i) detonations ii) defla-8

grations and iii) hybrid solutions.9

– 11 –

?

?
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Heating effects
• Bubbles expanding as deflagrations/hybrids 

heat the plasma ahead (compression waves)


• Heated fluid shells change the environment 
where bubbles expand around percolation


• Not the case for detonations, where fluid 
ahead of the bubble wall is at rest

0.40 0.45 0.50 0.55 0.60 0.65 0.70

0.0
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1.5

Figure 10: Top: Enthalpy, pressure, energy and temperature profiles across the bubble wall
for detonations (left), hybrids (middle), and deflagrations (right). These correspond to the
velocity profiles shown in Fig. 6. The enthalpy and the temperature are normalised to wN

and TN . For the temperature profiles, we have chosen a+/a→ = 1.5. Bottom: Same as in
the top row but for inverse PTs, for solutions corresponding to the profiles in Fig. 8. For
the temperature profiles, we have chosen a+/a→ = 0.8.

The integration range in Eq. (41) needs to include all the region of space where the fluid
is perturbed (v →= 0) for the conservation to hold. This is interpreted as the fact that the
released vacuum energy and the initial thermal energy are converted into bulk fluid kinetic
energy and thermal energy after nucleation. By defining

ωN ↑ 3

4

∫
wNε

2
dε , ωkin =

∫
ϑ
2
v
2
wε

2
dε , (42)

one can introduce the e!ciency parameter ϖdirect,

ωkin

ωtot
↑ ϖdirect

ϱN

1 + ϱN
, (43)

where ωtot is the total energy before nucleation, i.e. the LHS in Eq. (41), and we have
related the various quantities to ϱN defined in Eq. (10) via the bag EoS. The parameter
ϖdirect defined in this way is a measure of the e!ciency for transferring the initial vacuum
energy into bulk fluid motion and takes the form

ϖdirect =
3

ςε3w

∫
ϑ
2
v
2
wε

2
dε . (44)

The fraction of the total energy going into thermal energy can then be directly estimated
by 1↓ ϖdirect.

The numerical results for ϖdirect are displayed in the left panel of Fig. 11, where we
actually plot the combination ϖdirect ϱN/(1 + ϱN) for a better comparison with the inverse
case. The solid black lines are the isocontours with the same ϱN , varying the wall velocity.
We can note that the top right corner, where we have the fastest hybrid solutions, is the most
e!cient in converting the released vacuum energy into kinetic energy, saturating almost to
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Figure 6: Velocity profiles for detonations (left), hybrids (middle) and deflagrations (right).
The gray shaded region indicates the interior of the bubble.

Figure 7: The quantities ω+/ωN , and v+, v→, εsh as a function of εw for fixed values of
ωN = 0.1, 0.5 varying the wall velocity. For deflagrations εw = v→, for hybrids neither v+

nor v→ can be identified as the wall velocity, while for detonations εw = v+. The vertical
lines represent the sound speed and the Jouguet velocity.

the speed of sound, cs, and the Jouguet velocity, which represents the velocity distinguishing
the fastest hybrid solution from the slowest detonation. We will properly define the Jouguet
velocity in section 3.3. In the right panel, we illustrate the scenario where for su!ciently
large values of ωN a solution with εw within the gray band cannot be found. In other words,
there cannot exist a (slow) deflagration compatible with such a (large) ωN .

Now that we have examined the relevant characteristics of the solutions for an expanding
bubble during a direct phase transition and we have set all the necessary notation, we are
ready, in the next section, to explore the second quadrant of Fig. 5, which describes the case
of bubble expansion during an inverse phase transition.

3 Inverse phase transitions

After reviewing the hydrodynamic solutions of direct PTs, we now turn to our main interest,
namely the inverse PTs. These occur from a phase with vanishing vacuum energy to another
phase with (positive) vacuum energy. We will follow the same presentation as before and
identify all the expansion modes of inverse PTs.
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Figure 6: Velocity profiles for detonations (left), hybrids (middle) and deflagrations (right).
The gray shaded region indicates the interior of the bubble.

Figure 7: The quantities ω+/ωN , and v+, v→, εsh as a function of εw for fixed values of
ωN = 0.1, 0.5 varying the wall velocity. For deflagrations εw = v→, for hybrids neither v+

nor v→ can be identified as the wall velocity, while for detonations εw = v+. The vertical
lines represent the sound speed and the Jouguet velocity.

the speed of sound, cs, and the Jouguet velocity, which represents the velocity distinguishing
the fastest hybrid solution from the slowest detonation. We will properly define the Jouguet
velocity in section 3.3. In the right panel, we illustrate the scenario where for su!ciently
large values of ωN a solution with εw within the gray band cannot be found. In other words,
there cannot exist a (slow) deflagration compatible with such a (large) ωN .

Now that we have examined the relevant characteristics of the solutions for an expanding
bubble during a direct phase transition and we have set all the necessary notation, we are
ready, in the next section, to explore the second quadrant of Fig. 5, which describes the case
of bubble expansion during an inverse phase transition.

3 Inverse phase transitions

After reviewing the hydrodynamic solutions of direct PTs, we now turn to our main interest,
namely the inverse PTs. These occur from a phase with vanishing vacuum energy to another
phase with (positive) vacuum energy. We will follow the same presentation as before and
identify all the expansion modes of inverse PTs.
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Heating effects
10

FIG. 11. Slices through (0, y, z) for a simulation with vw = 0.44, ↵ = 0.5, corresponding to a deflagration. In the top row we
plot the temperature T/Tc. The midpoint of this colormap corresponds to Tn. The middle row shows the fluid velocity v. The
bottom row shows the vorticity |r⇥ v|. The bubble walls are shaded in black for the top row, and white for the middle and
bottom row.

11

FIG. 12. Slices through (0, y, z) for a simulation with vw = 0.92, ↵ = 0.5, corresponding to a detonation. In the top row we
plot the temperature T/Tc. The midpoint of this colormap corresponds to Tn. The middle row shows the fluid velocity v. The
bottom row shows the vorticity |r⇥ v|. The bubble walls are shaded in black for the top row, and white for the middle and
bottom row.

Cutting, Hindmarsh, Weir 
[1906.00480] PRL (2020)

• Heating effects first observed in fully 3D numerical simulations of the Higgs-fluid system:

I. Deflagration 

II. Detonation 
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FIG. 4. Comparison of the gravitational waves produced in
our simulations against that predicted by Eq. (12) using U f,exp

found from vw and ↵.

energy than is expected from the behaviour of isolated
bubbles. For deflagrations, we suppose that the deficit
is due to reheating of the metastable phase slowing the
bubble walls during the collision phase. The deficit can
be substantial, with U f,max/U f,exp falling to ⇠ 0.3 for
vw = 0.24 in our simulations, and could fall as low as
0.1 using a naive linear extrapolation to the maximum
possible strength at that wall speed.

The gravitational wave intensity is lower than ex-
pected, by a factor of order 10�3 for the strongest de-
flagration with the lowest wall speed. This can mostly
be accounted for by the kinetic energy deficit. Detona-
tions do not su↵er such a dramatic suppression, with the
smallest suppression factor about 0.2 for vw = 0.92.

Our results have important consequences for gravita-
tional waves from phase transitions. They indicate that
the current model [32, 59] overestimates the gravitational
wave power spectrum for strong transitions, by a factor
of a few for detonations, and by an order of magnitude
or more for deflagrations. We estimate2 that to obtain
a signal to noise ratio of 10 U f must be at least 0.07.
Therefore the kinetic energy suppression we observe will
probably render transitions with vw = 0.24 unobservable
except for within a very small region of parameter space.
Faster walls su↵er less suppression, though the observ-
able parameter space is still reduced.

We plan larger simulations to characterise more pre-
cisely the suppression, and its e↵ect on observability.

The authors would like to thank Chiara Caprini, Kari
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Simulation parameters and measurements

vw ↵ Tn/Tc tfinTc ⌘/Tc U f,max U f,exp v
2
? v

2

✓
⌦gw

Hnt

◆
1

HnR⇤

⌦gw,exp

Hnt

1
HnR⇤
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0.24 0.16 0.33 4.8⇥103 1.8 0.074 0.12 9.1⇥10�4 5.7⇥10�3 6.0⇥10�7 9.5⇥10�6

0.24 0.23 0.30 4.8⇥103 2.4 0.075 0.16 2.0⇥10�3 5.9⇥10�3 4.6⇥10�7 3.3⇥10�5

0.24 0.34 0.28 4.8⇥103 5.1 0.066 0.22 2.9⇥10�3 4.4⇥10�3 2.3⇥10�7 1.2⇥10�4
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0.44 0.11 0.37 2.4⇥103 0.81 0.12 0.12 1.1⇥10�4 1.3⇥10�2 7.0⇥10�6 1.0⇥10�5

0.44 0.16 0.33 2.4⇥103 0.94 0.15 0.16 3.0⇥10�4 2.1⇥10�2 2.0⇥10�5 3.7⇥10�5

0.44 0.23 0.30 2.4⇥103 1.2 0.18 0.22 1.0⇥10�3 3.2⇥10�2 4.3⇥10�5 1.3⇥10�4
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0.56 0.50 0.25 2.8⇥103 1.7 0.28 0.43 5.2⇥10�3 7.8⇥10�2 3.1⇥10�4 1.8⇥10�3

0.56 0.67 0.23 2.8⇥103 2.9 0.30 0.51 1.1⇥10�2 9.0⇥10�2 3.0⇥10�4 3.7⇥10�3

0.82 0.0050 0.79 2.8⇥103 0.11 0.0064 0.0066 2.3⇥10�7 4.0⇥10�5 4.8⇥10�11 1.0⇥10�10

0.82 0.016 0.59 2.8⇥103 0.16 0.019 0.020 2.2⇥10�6 3.6⇥10�4 4.3⇥10�9 9.1⇥10�9

0.82 0.050 0.45 2.8⇥103 0.18 0.055 0.061 1.5⇥10�5 2.8⇥10�3 2.9⇥10�7 7.6⇥10�7

0.82 0.073 0.41 2.8⇥103 0.19 0.076 0.088 2.6⇥10�5 5.2⇥10�3 1.1⇥10�6 3.2⇥10�6

0.82 0.11 0.37 2.8⇥103 0.20 0.11 0.13 4.7⇥10�5 9.4⇥10�3 4.1⇥10�6 1.4⇥10�5

0.82 0.16 0.33 2.8⇥103 0.22 0.15 0.18 8.4⇥10�5 1.6⇥10�2 1.2⇥10�5 5.5⇥10�5

0.92 0.0050 0.79 2.4⇥103 0.053 0.0051 0.0051 3.2⇥10�7 2.6⇥10�5 2.0⇥10�11 3.6⇥10�11

0.92 0.016 0.59 2.4⇥103 0.086 0.015 0.016 3.4⇥10�6 2.4⇥10�4 1.9⇥10�9 3.6⇥10�9
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0.92 0.11 0.37 2.4⇥103 0.10 0.087 0.10 5.8⇥10�5 6.9⇥10�3 2.4⇥10�6 6.0⇥10�6

0.92 0.16 0.33 2.4⇥103 0.11 0.12 0.14 8.8⇥10�5 1.2⇥10�2 8.4⇥10�6 2.3⇥10�5

0.92 0.23 0.30 2.4⇥103 0.11 0.16 0.20 1.4⇥10�4 2.0⇥10�2 2.6⇥10�5 8.0⇥10�5

0.92 0.34 0.28 2.4⇥103 0.12 0.21 0.27 2.5⇥10�4 3.2⇥10�2 8.1⇥10�5 2.9⇥10�4

0.92 0.50 0.25 2.4⇥103 0.13 0.28 0.36 4.6⇥10�4 4.9⇥10�2 2.2⇥10�4 9.3⇥10�4

0.92 0.60 0.24 2.4⇥103 0.14 0.32 0.42 6.3⇥10�4 5.8⇥10�2 3.5⇥10�4 1.6⇥10�3

0.92 0.67 0.23 2.4⇥103 0.15 0.34 0.45 7.8⇥10�4 6.5⇥10�2 4.5⇥10�4 2.2⇥10�3

TABLE I. Key simulation parameters and measured quantities used to generate the graphs in this paper. Note that

✓
⌦gw

Hnt

◆

signifies that we average the quantity inside the brackets over the final �t = 2R⇤ of the simulation.
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• Deflagrations/hybrids were shown to have a large suppression of the GW emission 
compared to single-bubble predictions
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• Suppression in the GW emission comes with a significant slow-down of the bubble walls

Heating effects

4

(a) Early (b) Intermediate (c) Late

FIG. 1. 2D slices of the temperature during a 3D simulation from Ref. [46], showing eight bubbles expanding with an asymptotic
expanding-bubble wall speed ⇠w = 0.24 and a transition strength ↵ = 0.34. The simulation had periodic boundary conditions
and one of the bubbles was nucleated in the corners of the slice. The nucleation temperature was Tn = 0.28 Tc. Black lines are
used to highlight the phase transition boundary.
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FIG. 2. Wall speed in 3D simulations from Ref. [46] of col-
liding bubbles with asymptotic expanding-bubble wall speeds
of ⇠w = 0.24. The di↵erent colours correspond to simulations
with di↵erent transition strengths. The lines end when the
metastable state takes up less than 2% of the total volume.
A late-time wall speed for each simulation is shown with an
orange dashed line. The line extends over the times for which
|vw| is fitted, corresponding to when the broken phase takes
up between 10% and 2% of the total volume. See Table IV for
the late-time values of |vw|. See Appendix A for a discussion
of wall speed estimators.

The results of Ref. [46] indicated that that the walls
slowed down as the transition approached completion,
and that the e↵ect was more pronounced for stronger
transitions. To illustrate how the wall speed slows as
droplets form, we have taken simulations from Ref. [46]
with the same asymptotic expanding-bubble wall speed
⇠w = 0.24 and a variety of transition strengths ↵. For
each simulation, we plot the evolution of the wall speed
vw as a function of time in Fig. 2. As can be seen, ini-
tially the walls accelerate towards ⇠w, but at some point
the fluid shells begin to collide and thus heat up the
metastable state. At the same time the phase bound-

aries start to decelerate. The stronger the phase transi-
tion, the more the metastable state is heated above the
nucleation temperature, and the more the phase bound-
ary decelerates.

The formation of droplets was associated with a de-
crease in the kinetic energy production and substantial
suppression of the gravitational wave signal. The decel-
eration of the phase boundary could also have an e↵ect
on baryogenesis, as it has been shown that the e�ciency
of generating a baryon asymmetry has a strong wall ve-
locity dependence (see e.g. Refs. [30, 75]).

A. Similarity solutions

When the phase boundary of a droplet or a bubble
reaches a terminal wall velocity, the fluid profile ap-
proaches an asymptotic shape. To find the form that
this asymptotic profile takes, we need to match the fluid
velocity and enthalpy across the phase boundary.

Taking the energy–momentum tensor for a perfect
fluid,

Tµ⌫ = (✏ + p)UµU⌫ + gµ⌫p, (17)

with enthalpy w = ✏ + p, the conservation of energy and
momentum density across the phase boundary leads to

w+�̃2
+ṽ2+ + p+ = w��̃2

�ṽ2� + p�, (18)

w+�̃2
+ṽ2+ = w��̃2

�ṽ2�, (19)

where ṽ and �̃ refer to the fluid velocity and the corre-
sponding Lorentz factor in a frame moving along with the
phase boundary. Subscripts + and � refer to the quan-
tities just ahead and just behind the wall, respectively.

Once the velocity and enthalpy have been obtained on
both sides of the phase boundary, it is possible to find
a solution for the rest of the fluid profile by considering
the continuity equation,

@⌫T
µ⌫ = 0. (20)
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TABLE I. Key simulation parameters and measured quantities used to generate the graphs in this paper. Note that

✓
⌦gw

Hnt

◆

signifies that we average the quantity inside the brackets over the final �t = 2R⇤ of the simulation.
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Cutting, Hindmarsh, Weir 
[1906.00480] PRL (2020)
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• Same slow-down observed in later studies of strong phase transitions:

Heating effects
10

Figure 2: Selected volume-averaged quantities for the detonation (ωn = 0.67, vw = 0.92, left-hand-side) and
deflagration (ωn = 0.50, vw = 0.44, right-hand-side). Top: wall speed estimates vw. The velocity estimate vw,ω is
computed from the ratio of kinetic and gradient energy of the scalar field Eq. (35) (purple dotted line), and vw,N

through the rate of change of number of sites in broken phase Eq. (36) (purple solid line). The fraction of sites in
the broken phase fb is plotted in olive green, and a dot-dashed vertical green line indicates when 95% of the sites are
in the broken phase (this also marks tref, the reference time for unequal time correlators). Middle: root mean square
enthalpy-weighted 4-velocities for compressional Ū→ (in red) and vortical Ū↑ (in blue) components, along with their
non-relativistic equivalents v̄→,↑. The total RMS weighted 4-velocity Ū is also shown. Bottom: integral scales, for
the compressional and vortical modes, defined in Eq. (39). We also display fitted decay and growth indexes (ε,ϑ,
respectively) for compressional kinetic energy and integral scale.
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Parameter Value

M
2
/T

2
c 0.0427

µ/Tc 0.168
ω 0.0732
g→ 106.75
G 1

Table I: A summary of the scalar field potential
parameters M2

,ω, µ, number of e!ective relativistic
degrees of freedom of the fluid g→ and gravitational
constant G adopted for the simulations.

the field-fluid simulation code SCOTTS [24]. Here the
scalar field is evolved via standard leapfrog with a 7-point
Laplacian stencil, and the fluid variables via standard
operator splitting [69], where state variables are updated
term-by-term in the equations above. The damping term
is handled via a Crank-Nicholson scheme [70].

For computing the gravitational wave power spectra,
we evolve a 6-component auxiliary symmetric tensor uij ,
obeying the equation [71],

üij →↑2
uij = 16Gw̄

(
UiUj →

1

3
εijU

2

)
, (33)

again with leapfrog and a 7-point Laplacian stencil. The
gravitational wave modes are recovered from projections
of the Fourier transforms ũij(k, t) with the transverse-
traceless projector, h̃ij = ”ij,klũkl.

Our simulation grid has spacing εx = 1.0T↑1
c

, with
timesteps of size εt = 0.2T↑1

c
. In previous works (e.g.

[32]) these choices demonstrated reasonable energy con-
servation (see Appendix B) while capturing the dynam-
ical features of bubble collision and the variation of grav-
itational wave energy density. In particular, this choice
was seen to be su#cient to accurately describe the grav-
itational wave power spectra for our chosen values of vw
and ϑn.

The phase transition is initiated by creating 64 Gaus-
sian bumps in ϖ whose centre is in the broken phase
ϖb = 2.0Tc at random positions on the simulation grid,
while avoiding overlaps. This results in a mean bubble
spacing of R→ = 1024. These bumps are large enough
that they are guaranteed to expand, and during their
evolution they relax towards a self-similar velocity and
enthalpy profile (see Appendix C). The fluid, initially at
rest, is driven by the pressure of expanding scalar field
bubbles to form outward-moving fluid shells.

For consistency with previous works, we will use the
same scalar field potential parameters, the same num-
ber of e!ective relativistic degrees degrees of freedom g→
and gravitational constant G. These are summarised in
Table I.

In order to continue where Ref. [32] left o!, we se-
lect two test cases, the strongest transitions studied in
that paper, one proceeding by deflagrations and the other
by detonations. The deflagration arises from ϑn = 0.5

Phase transition Tn/Tc ε/Tc

ϑn = 0.67, vw = 0.92 0.23 0.15
ϑn = 0.50, vw = 0.44 0.25 3.5

Table II: A summary of nucleation temperature Tn and
field-fluid coupling parameter ϱ chosen to set the
transition strength ϑn and wall speed vw in our
simulations. Upper row corresponds to the detonation,
the lower one to the deflagration.

and vw = 0.44, and the detonation from ϑn = 0.67 and
vw = 0.92. The choices of nucleation temperature Tn and
coupling ϱ that lead to such (ϑn, vw) values are summar-
ised in Table II.
We now list the main observables, which consist of

volume-averaged quantities, power spectra, and unequal-
time correlators.
We have two estimators of the average wall speed [63].

The first is obtained from the volume-averaged kinetic
and gradient energies of the scalar field,

e
ω̇
=

1

V

∫
d3x

1

2
ϖ̇
2
, eD =

1

V

∫
d3x

1

2
(↑ϖ)2, (34)

as

vw,ω =

(
e
ω̇

eD

)1/2

(35)

The second comes from the rate of change of the total
number of points in the broken phase,

vw,b =
1

A

dVb

dt
(36)

where A is the total number of sites where the scalar field
changes sign (ie. sites where ϖiϖi+1 < 0).
Other volume-averaged quantities include the rest en-

ergy density ς̄, the pressure p̄, from which the enthalpy
density w̄ = ς̄+ p̄ is derived.
We also output the volume-averaged weighted 4-

velocity,

Ū
2 =

1

w̄V

∫
d3xU i

U
i
. (37)

Average fluid transverse and longitudinal velocities are
reconstructed from their power spectra. For example, the
root mean square longitudinal (compressional, A =↓) and
transverse (vortical, A =↔) components of the weighted
4-velocity are

Ū
2
A
=

∫
dk

k
PUA(k) (38)

where PUA(k) is the power spectrum of projection A of
the weighted 4-velocity field. Analogously, we construct
the RMS transverse and longitudinal 3-velocities, v↓ and
v↔ from their power spectra PvA(k). Likewise, we meas-
ure the shear stress power spectrum P!(k). The RMS

Correia, Hindmarsh, Rummukainen, 
Weir [2505.17824] PRD (2025)

Deflagration Detonation 
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Droplets from heating
• Slow-down of the bubble walls in relation to the formation of droplets, shrinking regions of 

false vacuum

10

FIG. 11. Slices through (0, y, z) for a simulation with vw = 0.44, ↵ = 0.5, corresponding to a deflagration. In the top row we
plot the temperature T/Tc. The midpoint of this colormap corresponds to Tn. The middle row shows the fluid velocity v. The
bottom row shows the vorticity |r⇥ v|. The bubble walls are shaded in black for the top row, and white for the middle and
bottom row.
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Figure 5. Profiles of the fluid velocity v(›) in the plasma frame, both for the case of (standard) direct
phase transitions (–+ > 0), and for inverse phase transitions (–+ < 0). The former case is described in
the quadrant I and has v(›) > 0, while the latter is in the quadrant II with v(›) < 0. The gray shaded
region is unphysical as it would imply that the fluid moves faster than the wall, |v(›)| > |›|. The red
shaded region would similarly give unphysical velocity profiles as the dot-dashed red line indicates the
maximum velocity that a detonation-type of solution can have, i.e. the sound speed in a frame moving
at ›, v(›) = µ(›, cs). The dashed blue line shows the velocity of the shock front for deflagrations,
that is µ(›sh, v(›sh))›sh = c

2
s. The di�erent quadrants describe di�erent physical systems: I) bubble

and II) inverse bubble expansion as › > 0, III) droplet and IV) inverse droplet collapse with › < 0.
The quadrants are related among each other by a mirror symmetry v æ ≠v and › æ ≠›. The
colored profiles in orange, green and blue, in the I quadrant, describe a deflagration, a hybrid, and a
detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).

In this section, we delineate the di�erent types of solutions possible for direct cosmological1

phase transitions. In figure 5 we present all the possible solutions of eq. (2.25). The four2

quadrants describe di�erent physical situations: I) direct bubble expansion [71, 83, 84], II)3

inverse bubble expansion (this work), III) direct droplet collapse (see [74] for a recent study)4

and IV) inverse droplet collapse. In this section we will remind the solutions in quadrant I5

and study in depth the solutions of quadrant II in section 3. Table 1 summarizes the various6

flows that can exist across the discontinuity.7

Direct phase transitions admit three bubble expansion modes: i) detonations ii) defla-8

grations and iii) hybrid solutions.9
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Figure 5. Profiles of the fluid velocity v(›) in the plasma frame, both for the case of (standard) direct
phase transitions (–+ > 0), and for inverse phase transitions (–+ < 0). The former case is described in
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• Slow-down of the bubble walls in relation to the formation of droplets, shrinking regions of 
false vacuum
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Figure 9. Self–similar solutions for the fluid velocity outside the droplet occurring in the
late stage of a phase transition with strength ωN = 0.15. The di!erent curves correspond to
the di!erent values of the local–friction parameter ε, or equivalently di!erent wall velocities
for the original deflagration. The gray line is given by v(ϑ) = µ(ϑ, →cs), and represents the
maximum velocity that the fluid outside the droplet can have while being consistent with the
hydrodynamical boundary condition of interest, v(→cs) = 0. The vertical dashed-dotted line
represents the maximum allowed (absolute) droplet velocity for the chosen value of ωN . Notice
that, similarly to what happens for detonations, the velocity field smoothly vanishes at the
fixed point ϑw = →cs, represented by the vertical dashed line.
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Figure 10. Characteristic self–similar profiles for the fluid velocity (left) and enthalpy (right)
inside (gray region) and outside (white region) the droplet, obtained for the specific case of a
phase transition with strength ωN = 0.15 and ε ↑ 1.3.

time, until the droplets completely evaporate. The final state of the evolution is then essentially
given by a vanishing fluid velocity and a constant value of the enthalpy everywhere given by
ϖ0 in eq. (36), which in the true vacuum is related to the energy density as e0 = (3/4)ϖ0. In
essence, the droplet converts the kinetic energy surrounding it and the latent heat into thermal
energy.

This very fact suggests a way to identify the appropriate boundary conditions for an ad-
missible droplet solution arising in the late stage of a first order phase transition. In fact, the
temperature inside the droplet is not known a priori, since the plasma has been heated up by

20
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FIG. 11. Slices through (0, y, z) for a simulation with vw = 0.44, ↵ = 0.5, corresponding to a deflagration. In the top row we
plot the temperature T/Tc. The midpoint of this colormap corresponds to Tn. The middle row shows the fluid velocity v. The
bottom row shows the vorticity |r⇥ v|. The bubble walls are shaded in black for the top row, and white for the middle and
bottom row.
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reference radius Rref . In this case, we set Rref = Rd0.
This quantity then provides a measure of the relative e�-
ciency for which a droplet system produces kinetic energy
compared to an isolated, expanding bubble.

From Fig. 7 we see that kinetic energy is produced in
excess of that expected from Kb(Rref). This is most likely
due to the initial shell of fluid produced by the droplet
when it is released from rest. Unlike an expanding bub-
ble which grows to a large size from a microscopic one, a
droplet shrinks from a large size until it evaporates. The
e↵ect of the initial conditions is therefore emphasised in
the droplet simulations. We see that Kd decreases ini-
tially as the droplet shrinks, before rebounding when the
fluid shell hits the origin. After this, Kd slowly decreases
until the droplet evaporates. It is worth noting that if we
used the similarity solution as an initial condition for the
fluid profile, then Kd would simply tend towards zero as
the droplet would shrink, since the fluid shell size of the
similarity solution is relative to the radius of the droplet.

However, it is not clear if a similarity solution would
be reached for a realistic three-dimensional simulation,
where the initial droplet is non-spherical and the initial
velocity field is non-zero. Furthermore, we need to know
the final wall velocity for a given ⌘ corresponding to the
shrinking similarity solution in order to generate appro-
priate initial conditions. Currently, this requires running
a simulation in any case, making the simulation of the
true shrinking similarity solution an iterative process.

Measuring the values for Kd/Kb(Rref) at evaporation,
we compare these to equivalent values from 3D multi-
bubble simulations. For the multi-bubble simulations, we
plot the maximum value of K (see Eq. 25) from the simu-
lation, and normalise to Kb(Rref) with Rref = R⇤/2 and
R⇤ the mean bubble separation in the simulation. The re-
sulting plot is shown in Fig. 9. We note that K/Kb(Rref)
is consistently larger for the spherical droplet simulations
than in the 3D multi-bubble simulations. However, there
is a consistent downward trend in both sets of simula-
tions as ↵ is increased, with the exception of ↵ = 0.005
for the spherical droplets. Looking at the bottom panel of
Fig. 7, we note that the initial value of Kd is significantly
larger than Kb(Rref), with the value for ↵ = 0.005 notice-
ably smaller. This indicates that we can’t fairly compare
our current droplet results to the multi-bubble results
because much more kinetic energy is produced from the
initial condition in the droplet case. On the other hand,
as explained above, if we did use the similarity solution
as an initial condition, the final Kd from a droplet would
be close to zero. An accurate estimation of the kinetic ef-
ficiency for droplets formed in a multi-bubble simulation
using spherical droplet simulations is therefore unlikely,
regardless of the initial conditions used.

A. Self-similar droplets

In this section we explore whether any of the droplets
in our simulations reach a similarity solution before evap-
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FIG. 7. In the top panel we show the evolution of the wall
velocity in the spherical droplet simulations. See Appendix A
for a discussion on wall speed estimators. Each solid line cor-
responds to an individual simulation with a given ↵. These
lines end when the phase boundary reaches the origin. We
average over vw when 0.05Rd0 < Rd < 0.25Rd0 to find The
values of vw,late and the times averaged over are shown with
dashed orange lines. In the bottom panel we show the evolu-
tion of Kd in each simulation. We normalise Kd (see Eq. 27)
according to the value of Kb(Rref) (see Eq. 26) for a bubble
with the same values of ↵ and ⌘ and with radius Rref = Rd0.
The black crosses on the bottom panel refer to the time at
which the phase boundary reaches the origin. Values of vw,late

and of Kd/Kb(Rref) at the black crosses are given in Table IV.

FIG. 8. Late-time wall speeds |vw,late| in both 3D multi-
bubble simulations and spherical droplet simulations. Values
are taken from Table IV, see the caption for details.
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reference radius Rref . In this case, we set Rref = Rd0.
This quantity then provides a measure of the relative e�-
ciency for which a droplet system produces kinetic energy
compared to an isolated, expanding bubble.

From Fig. 7 we see that kinetic energy is produced in
excess of that expected from Kb(Rref). This is most likely
due to the initial shell of fluid produced by the droplet
when it is released from rest. Unlike an expanding bub-
ble which grows to a large size from a microscopic one, a
droplet shrinks from a large size until it evaporates. The
e↵ect of the initial conditions is therefore emphasised in
the droplet simulations. We see that Kd decreases ini-
tially as the droplet shrinks, before rebounding when the
fluid shell hits the origin. After this, Kd slowly decreases
until the droplet evaporates. It is worth noting that if we
used the similarity solution as an initial condition for the
fluid profile, then Kd would simply tend towards zero as
the droplet would shrink, since the fluid shell size of the
similarity solution is relative to the radius of the droplet.

However, it is not clear if a similarity solution would
be reached for a realistic three-dimensional simulation,
where the initial droplet is non-spherical and the initial
velocity field is non-zero. Furthermore, we need to know
the final wall velocity for a given ⌘ corresponding to the
shrinking similarity solution in order to generate appro-
priate initial conditions. Currently, this requires running
a simulation in any case, making the simulation of the
true shrinking similarity solution an iterative process.

Measuring the values for Kd/Kb(Rref) at evaporation,
we compare these to equivalent values from 3D multi-
bubble simulations. For the multi-bubble simulations, we
plot the maximum value of K (see Eq. 25) from the simu-
lation, and normalise to Kb(Rref) with Rref = R⇤/2 and
R⇤ the mean bubble separation in the simulation. The re-
sulting plot is shown in Fig. 9. We note that K/Kb(Rref)
is consistently larger for the spherical droplet simulations
than in the 3D multi-bubble simulations. However, there
is a consistent downward trend in both sets of simula-
tions as ↵ is increased, with the exception of ↵ = 0.005
for the spherical droplets. Looking at the bottom panel of
Fig. 7, we note that the initial value of Kd is significantly
larger than Kb(Rref), with the value for ↵ = 0.005 notice-
ably smaller. This indicates that we can’t fairly compare
our current droplet results to the multi-bubble results
because much more kinetic energy is produced from the
initial condition in the droplet case. On the other hand,
as explained above, if we did use the similarity solution
as an initial condition, the final Kd from a droplet would
be close to zero. An accurate estimation of the kinetic ef-
ficiency for droplets formed in a multi-bubble simulation
using spherical droplet simulations is therefore unlikely,
regardless of the initial conditions used.
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In this section we explore whether any of the droplets
in our simulations reach a similarity solution before evap-
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FIG. 7. In the top panel we show the evolution of the wall
velocity in the spherical droplet simulations. See Appendix A
for a discussion on wall speed estimators. Each solid line cor-
responds to an individual simulation with a given ↵. These
lines end when the phase boundary reaches the origin. We
average over vw when 0.05Rd0 < Rd < 0.25Rd0 to find The
values of vw,late and the times averaged over are shown with
dashed orange lines. In the bottom panel we show the evolu-
tion of Kd in each simulation. We normalise Kd (see Eq. 27)
according to the value of Kb(Rref) (see Eq. 26) for a bubble
with the same values of ↵ and ⌘ and with radius Rref = Rd0.
The black crosses on the bottom panel refer to the time at
which the phase boundary reaches the origin. Values of vw,late

and of Kd/Kb(Rref) at the black crosses are given in Table IV.

FIG. 8. Late-time wall speeds |vw,late| in both 3D multi-
bubble simulations and spherical droplet simulations. Values
are taken from Table IV, see the caption for details.

9

FIG. 5. Evolution of �, v and T for a spherical droplet simulation with ↵ = 0.05. The top panel in each row shows the profile
of the scalar field at various times, the middle panel shows the profile of the fluid velocity, and the bottom panel shows the
temperature. The left column shows the evolution at early times, when the fluid shell is beginning to develop. The middle
column shows intermediate times, after the fluid shell has been reflected at the origin. The right column shows late times,
shortly before the droplet evaporates. As we do not find a similarity solution for weak transitions before the droplet evaporates,
the late-time behaviour of the system appears less straightforward than for the strong transition seen below in Fig. 6. Note
that the y-axis ranges change between columns for v and T . A movie of this simulation is available at Ref. [88]
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FIG. 6. Evolution of �, v and T for a spherical droplet simulation with ↵ = 0.34. As in Fig. 5, we show the situation at early,
intermediate and late times. Note, however, that the exact times di↵er, as the droplet shrinks at a slower rate. Notably, the
late-time behaviour in this case is that of a similarity solution of the fluid equations. Again, the y-axis ranges change between
columns for v and T . A movie of this simulation is available at Ref. [88]
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reference radius Rref . In this case, we set Rref = Rd0.
This quantity then provides a measure of the relative e�-
ciency for which a droplet system produces kinetic energy
compared to an isolated, expanding bubble.

From Fig. 7 we see that kinetic energy is produced in
excess of that expected from Kb(Rref). This is most likely
due to the initial shell of fluid produced by the droplet
when it is released from rest. Unlike an expanding bub-
ble which grows to a large size from a microscopic one, a
droplet shrinks from a large size until it evaporates. The
e↵ect of the initial conditions is therefore emphasised in
the droplet simulations. We see that Kd decreases ini-
tially as the droplet shrinks, before rebounding when the
fluid shell hits the origin. After this, Kd slowly decreases
until the droplet evaporates. It is worth noting that if we
used the similarity solution as an initial condition for the
fluid profile, then Kd would simply tend towards zero as
the droplet would shrink, since the fluid shell size of the
similarity solution is relative to the radius of the droplet.

However, it is not clear if a similarity solution would
be reached for a realistic three-dimensional simulation,
where the initial droplet is non-spherical and the initial
velocity field is non-zero. Furthermore, we need to know
the final wall velocity for a given ⌘ corresponding to the
shrinking similarity solution in order to generate appro-
priate initial conditions. Currently, this requires running
a simulation in any case, making the simulation of the
true shrinking similarity solution an iterative process.

Measuring the values for Kd/Kb(Rref) at evaporation,
we compare these to equivalent values from 3D multi-
bubble simulations. For the multi-bubble simulations, we
plot the maximum value of K (see Eq. 25) from the simu-
lation, and normalise to Kb(Rref) with Rref = R⇤/2 and
R⇤ the mean bubble separation in the simulation. The re-
sulting plot is shown in Fig. 9. We note that K/Kb(Rref)
is consistently larger for the spherical droplet simulations
than in the 3D multi-bubble simulations. However, there
is a consistent downward trend in both sets of simula-
tions as ↵ is increased, with the exception of ↵ = 0.005
for the spherical droplets. Looking at the bottom panel of
Fig. 7, we note that the initial value of Kd is significantly
larger than Kb(Rref), with the value for ↵ = 0.005 notice-
ably smaller. This indicates that we can’t fairly compare
our current droplet results to the multi-bubble results
because much more kinetic energy is produced from the
initial condition in the droplet case. On the other hand,
as explained above, if we did use the similarity solution
as an initial condition, the final Kd from a droplet would
be close to zero. An accurate estimation of the kinetic ef-
ficiency for droplets formed in a multi-bubble simulation
using spherical droplet simulations is therefore unlikely,
regardless of the initial conditions used.

A. Self-similar droplets

In this section we explore whether any of the droplets
in our simulations reach a similarity solution before evap-

FIG. 7. In the top panel we show the evolution of the wall
velocity in the spherical droplet simulations. See Appendix A
for a discussion on wall speed estimators. Each solid line cor-
responds to an individual simulation with a given ↵. These
lines end when the phase boundary reaches the origin. We
average over vw when 0.05Rd0 < Rd < 0.25Rd0 to find The
values of vw,late and the times averaged over are shown with
dashed orange lines. In the bottom panel we show the evolu-
tion of Kd in each simulation. We normalise Kd (see Eq. 27)
according to the value of Kb(Rref) (see Eq. 26) for a bubble
with the same values of ↵ and ⌘ and with radius Rref = Rd0.
The black crosses on the bottom panel refer to the time at
which the phase boundary reaches the origin. Values of vw,late

and of Kd/Kb(Rref) at the black crosses are given in Table IV.
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FIG. 8. Late-time wall speeds |vw,late| in both 3D multi-
bubble simulations and spherical droplet simulations. Values
are taken from Table IV, see the caption for details.
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↵
|vw,late| K/Kb(Rref)

Droplet Multi-bubble Droplet Multi-bubble

0.0050 0.23 — 0.99 —
0.050 0.20 0.22 1.3 0.91
0.073 0.19 0.20 1.2 0.81
0.11 0.16 0.18 1.1 0.63
0.16 0.14 0.15 1.0 0.46
0.23 0.099 0.11 0.91 0.26
0.34 0.045 0.051 0.76 0.11
0.41 0.020 — — —

TABLE IV. Comparison of results from the spherically symmetric 1D droplet simulations and the 3D multi-bubble simulations
of Ref. [46]. We show the late-time wall speed |vw,late| and the relative kinetic e�ciency K/Kb(Rref) for each transition strength.
The value of |vw,late| is found from a fit to |vw| for 0.05Rd0 < Rd < 0.25Rd0 in the spherical droplet simulations, and for when
the broken phase volume is between 10% and 2% in the multi-bubble simulations. See Appendix A for a discussion on wall
speed estimators. The values of K/Kb(Rref) refer to the value of Kd (see Eq. 27) at droplet evaporation in the spherical
simulations, see black crosses in Fig. 7, and to the peak value of K (see Eq. 25) in the multi-bubble simulations. Kb(Rref)
(see Eq. 26) corresponds to the kinetic energy of an isolated bubble with radius Rref = Rd0 for the spherical droplets and with
Rref = R⇤/2 for the multi-bubble simulations.

FIG. 9. Comparison of the relative kinetic e�ciency
K/Kb(Rref) in the spherically symmetric 1D droplet simu-
lations and the 3D multi-bubble simulations of Ref. [46]. The
values of K/Kb(Rref) are taken from Table IV, see the caption
for details.

orating. We qualitatively discuss the process by which a
similarity solution forms and its implications for multi-
bubble simulations.

To begin with, we consider the droplet simulation with
↵ = 0.34. This appeared to display signs of approaching
a similarity solution in the rightmost column of Fig. 6.
We first need to reconstruct ⇠ = r/T , where T is defined
such that T Tc = 0 corresponds to the evaporation of the
droplet (see the detailed discussion in Section IIIA). To
compare the result of our simulation with the similarity
profile, we take T = Rd(t)/vw(t), where vw is negative for
a contracting droplet. The velocity and enthalpy profiles
in the simulation at late times are plotted as a function of
⇠ in Fig. 10. We also plot the similarity curves found by

integrating Eqs. (21-23) starting from ⇠ = vw and with
the initial velocity (enthalpy) taken from the maximum
(minimum) of the corresponding simulation profile. The
predicted enthalpy for the similarity solution inside the
droplet can be found from Eq. (19). From Fig. 10 we
can see that there is good agreement at late times for
the droplet simulation with ↵ = 0.34 and a similarity
solution.

A self-similar solution has the fluid at rest inside
the droplet5. Therefore, for a droplet to become self-
similar, the fluid perturbations arising from the inward-
propagating shell created by the initial conditions must
first exit the droplet. Where we observe this to occur, the
process takes place over multiple collisions of the fluid
perturbations with the phase boundary and the origin.
In each collision with the phase boundary, part of the
fluid perturbation is transmitted to the exterior of the
droplet. Su�cient time is therefore required for the fluid
perturbations to make multiple repeat journeys between
the phase boundary and the origin before the droplet
evaporates.

As can be seen from Fig. 7, stronger phase transi-
tions cause the phase boundary to propagate at a reduced
speed, e↵ectively delaying the evaporation of the droplet
and allowing the interior of the droplet to settle to a con-
stant temperature, with the fluid at rest. It is not clear
if self-similar solutions would be obtained for the weaker
transitions we consider if Rd0 were to be increased; we
leave this for future study.

5 Fluid moving inside the droplet would impose a length scale,
breaking the self-similarity; it would also have to fit into an ever
smaller space as the droplet collapses and T Tc ! 0�.

• Comparison between spherical simulations of droplet collapse and 3D bubble simulations:

Droplets from heating
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reference radius Rref . In this case, we set Rref = Rd0.
This quantity then provides a measure of the relative e�-
ciency for which a droplet system produces kinetic energy
compared to an isolated, expanding bubble.

From Fig. 7 we see that kinetic energy is produced in
excess of that expected from Kb(Rref). This is most likely
due to the initial shell of fluid produced by the droplet
when it is released from rest. Unlike an expanding bub-
ble which grows to a large size from a microscopic one, a
droplet shrinks from a large size until it evaporates. The
e↵ect of the initial conditions is therefore emphasised in
the droplet simulations. We see that Kd decreases ini-
tially as the droplet shrinks, before rebounding when the
fluid shell hits the origin. After this, Kd slowly decreases
until the droplet evaporates. It is worth noting that if we
used the similarity solution as an initial condition for the
fluid profile, then Kd would simply tend towards zero as
the droplet would shrink, since the fluid shell size of the
similarity solution is relative to the radius of the droplet.

However, it is not clear if a similarity solution would
be reached for a realistic three-dimensional simulation,
where the initial droplet is non-spherical and the initial
velocity field is non-zero. Furthermore, we need to know
the final wall velocity for a given ⌘ corresponding to the
shrinking similarity solution in order to generate appro-
priate initial conditions. Currently, this requires running
a simulation in any case, making the simulation of the
true shrinking similarity solution an iterative process.

Measuring the values for Kd/Kb(Rref) at evaporation,
we compare these to equivalent values from 3D multi-
bubble simulations. For the multi-bubble simulations, we
plot the maximum value of K (see Eq. 25) from the simu-
lation, and normalise to Kb(Rref) with Rref = R⇤/2 and
R⇤ the mean bubble separation in the simulation. The re-
sulting plot is shown in Fig. 9. We note that K/Kb(Rref)
is consistently larger for the spherical droplet simulations
than in the 3D multi-bubble simulations. However, there
is a consistent downward trend in both sets of simula-
tions as ↵ is increased, with the exception of ↵ = 0.005
for the spherical droplets. Looking at the bottom panel of
Fig. 7, we note that the initial value of Kd is significantly
larger than Kb(Rref), with the value for ↵ = 0.005 notice-
ably smaller. This indicates that we can’t fairly compare
our current droplet results to the multi-bubble results
because much more kinetic energy is produced from the
initial condition in the droplet case. On the other hand,
as explained above, if we did use the similarity solution
as an initial condition, the final Kd from a droplet would
be close to zero. An accurate estimation of the kinetic ef-
ficiency for droplets formed in a multi-bubble simulation
using spherical droplet simulations is therefore unlikely,
regardless of the initial conditions used.

A. Self-similar droplets

In this section we explore whether any of the droplets
in our simulations reach a similarity solution before evap-

FIG. 7. In the top panel we show the evolution of the wall
velocity in the spherical droplet simulations. See Appendix A
for a discussion on wall speed estimators. Each solid line cor-
responds to an individual simulation with a given ↵. These
lines end when the phase boundary reaches the origin. We
average over vw when 0.05Rd0 < Rd < 0.25Rd0 to find The
values of vw,late and the times averaged over are shown with
dashed orange lines. In the bottom panel we show the evolu-
tion of Kd in each simulation. We normalise Kd (see Eq. 27)
according to the value of Kb(Rref) (see Eq. 26) for a bubble
with the same values of ↵ and ⌘ and with radius Rref = Rd0.
The black crosses on the bottom panel refer to the time at
which the phase boundary reaches the origin. Values of vw,late

and of Kd/Kb(Rref) at the black crosses are given in Table IV.
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FIG. 8. Late-time wall speeds |vw,late| in both 3D multi-
bubble simulations and spherical droplet simulations. Values
are taken from Table IV, see the caption for details.
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↵
|vw,late| K/Kb(Rref)

Droplet Multi-bubble Droplet Multi-bubble

0.0050 0.23 — 0.99 —
0.050 0.20 0.22 1.3 0.91
0.073 0.19 0.20 1.2 0.81
0.11 0.16 0.18 1.1 0.63
0.16 0.14 0.15 1.0 0.46
0.23 0.099 0.11 0.91 0.26
0.34 0.045 0.051 0.76 0.11
0.41 0.020 — — —

TABLE IV. Comparison of results from the spherically symmetric 1D droplet simulations and the 3D multi-bubble simulations
of Ref. [46]. We show the late-time wall speed |vw,late| and the relative kinetic e�ciency K/Kb(Rref) for each transition strength.
The value of |vw,late| is found from a fit to |vw| for 0.05Rd0 < Rd < 0.25Rd0 in the spherical droplet simulations, and for when
the broken phase volume is between 10% and 2% in the multi-bubble simulations. See Appendix A for a discussion on wall
speed estimators. The values of K/Kb(Rref) refer to the value of Kd (see Eq. 27) at droplet evaporation in the spherical
simulations, see black crosses in Fig. 7, and to the peak value of K (see Eq. 25) in the multi-bubble simulations. Kb(Rref)
(see Eq. 26) corresponds to the kinetic energy of an isolated bubble with radius Rref = Rd0 for the spherical droplets and with
Rref = R⇤/2 for the multi-bubble simulations.

FIG. 9. Comparison of the relative kinetic e�ciency
K/Kb(Rref) in the spherically symmetric 1D droplet simu-
lations and the 3D multi-bubble simulations of Ref. [46]. The
values of K/Kb(Rref) are taken from Table IV, see the caption
for details.

orating. We qualitatively discuss the process by which a
similarity solution forms and its implications for multi-
bubble simulations.

To begin with, we consider the droplet simulation with
↵ = 0.34. This appeared to display signs of approaching
a similarity solution in the rightmost column of Fig. 6.
We first need to reconstruct ⇠ = r/T , where T is defined
such that T Tc = 0 corresponds to the evaporation of the
droplet (see the detailed discussion in Section IIIA). To
compare the result of our simulation with the similarity
profile, we take T = Rd(t)/vw(t), where vw is negative for
a contracting droplet. The velocity and enthalpy profiles
in the simulation at late times are plotted as a function of
⇠ in Fig. 10. We also plot the similarity curves found by

integrating Eqs. (21-23) starting from ⇠ = vw and with
the initial velocity (enthalpy) taken from the maximum
(minimum) of the corresponding simulation profile. The
predicted enthalpy for the similarity solution inside the
droplet can be found from Eq. (19). From Fig. 10 we
can see that there is good agreement at late times for
the droplet simulation with ↵ = 0.34 and a similarity
solution.

A self-similar solution has the fluid at rest inside
the droplet5. Therefore, for a droplet to become self-
similar, the fluid perturbations arising from the inward-
propagating shell created by the initial conditions must
first exit the droplet. Where we observe this to occur, the
process takes place over multiple collisions of the fluid
perturbations with the phase boundary and the origin.
In each collision with the phase boundary, part of the
fluid perturbation is transmitted to the exterior of the
droplet. Su�cient time is therefore required for the fluid
perturbations to make multiple repeat journeys between
the phase boundary and the origin before the droplet
evaporates.

As can be seen from Fig. 7, stronger phase transi-
tions cause the phase boundary to propagate at a reduced
speed, e↵ectively delaying the evaporation of the droplet
and allowing the interior of the droplet to settle to a con-
stant temperature, with the fluid at rest. It is not clear
if self-similar solutions would be obtained for the weaker
transitions we consider if Rd0 were to be increased; we
leave this for future study.

5 Fluid moving inside the droplet would impose a length scale,
breaking the self-similarity; it would also have to fit into an ever
smaller space as the droplet collapses and T Tc ! 0�.

• Comparison between spherical simulations of droplet collapse and 3D bubble simulations:

Can we predict this 
from first principles?

Droplets from heating
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Modeling heating effects
• Build some understanding of heating effects knowing only the basics of the phase transition, 

e.g. nucleation temperature and friction between bubble and plasma
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Figure 9. Self–similar solutions for the fluid velocity outside the droplet occurring in the
late stage of a phase transition with strength ωN = 0.15. The di!erent curves correspond to
the di!erent values of the local–friction parameter ε, or equivalently di!erent wall velocities
for the original deflagration. The gray line is given by v(ϑ) = µ(ϑ, →cs), and represents the
maximum velocity that the fluid outside the droplet can have while being consistent with the
hydrodynamical boundary condition of interest, v(→cs) = 0. The vertical dashed-dotted line
represents the maximum allowed (absolute) droplet velocity for the chosen value of ωN . Notice
that, similarly to what happens for detonations, the velocity field smoothly vanishes at the
fixed point ϑw = →cs, represented by the vertical dashed line.
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Figure 10. Characteristic self–similar profiles for the fluid velocity (left) and enthalpy (right)
inside (gray region) and outside (white region) the droplet, obtained for the specific case of a
phase transition with strength ωN = 0.15 and ε ↑ 1.3.

time, until the droplets completely evaporate. The final state of the evolution is then essentially
given by a vanishing fluid velocity and a constant value of the enthalpy everywhere given by
ϖ0 in eq. (36), which in the true vacuum is related to the energy density as e0 = (3/4)ϖ0. In
essence, the droplet converts the kinetic energy surrounding it and the latent heat into thermal
energy.

This very fact suggests a way to identify the appropriate boundary conditions for an ad-
missible droplet solution arising in the late stage of a first order phase transition. In fact, the
temperature inside the droplet is not known a priori, since the plasma has been heated up by

20

ϕ ≠ 0
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Impeding shock
• Fixing  (or the nucleation temperature) and friction determines the wall velocity of the bubble 

right at the beginning of the phase transition
αN
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Figure 1. Field profile ω(z) for one of the solutions of the coupled plasma-wall system.

where the contribution of the equilibrium part can be combined with V0 to give the thermally
corrected one-loop e!ective potential F , and εfi, which gets sourced by the passing bubble
wall, provides the friction on the wall. The fi satisfy a Boltzmann equation, that can be solved
numerically (which is typically done after linearizing in εfi). These deviations from equilibrium
a!ect also the energy-momentum tensor of the fluid, which can also be determined from

T
µω

fl =
∑

i

Ni

∫
d
4
p

(2ϑ)3
p
µ
p
ω
fi(p

µ
, x

µ)ε(p2 → m
2
i
). (4)

In principle, the scalar-field equation of motion, the Boltzmann equations and the condition
of energy-momentum conservation can all be solved to determine the scalar field profile, the
particle distributions, the fluid velocity and temperature profiles, as well as the wall velocity,
see e.g. [27–31]. In practice, however, such a computation is not always feasible, and large-scale
numerical simulations often parameterize the bubble-fluid interactions by the e!ective operator
K in the following way:

ϖµT
µω

fl = ϖ
ω
ω(ϖεpfl + K), ϖµT

µω

ε
= →ϖ

ω
ω(ϖεpfl + K), (5)

where T
µω

fl corresponds to the perfect fluid energy-momentum tensor of eq. (1),1 and the scalar
field energy-momentum tensor is given by

T
µω

ε
= ϖ

µ
ωϖ

ω
ω → g

µω

(
1

2
ϖϑωϖ

ϑ
ω → V0(ω)

)
. (6)

Correspondingly, the scalar field equation of motion is given by

↭ω +
ϖF

ϖω
+ K(ω) = 0 , (7)

where we defined the free energy F = V0 → pfl = →p.
We will assume that the bubbles are su"ciently large such that we can work in the planar

limit, where, in the wall frame, everything becomes only a function of the distance to the bubble
wall z. Energy momentum conservation ϖµT

µω = 0 then prescribes that

T
z0 = k2, T

zz = k2, (8)
1
This assumption neglects deviation from the perfect fluid in the bubble wall. Using WallGo [27] for some

representative benchmark points we have checked that including these deviations from equilibrium a!ect the

wall velocity at the percent level only.
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Figure 2. Temperature and velocity profile obtained from energy-momentum conservation.
The asymptotic values of these quantities both in front and behind the wall obtained from the
matching conditions are also plotted.

where T
µω = T

µω

fl + T
µω

ε
and the two constants k1 and k2 can be determined knowing the

hydrodynamic solutions far in front or far behind the wall (see Appendix A). Inserting explicitly
the form of the total energy-momentum tensor T

µω , the two conditions can be rewritten as

v
2
ω
2
ε → F +

1

2
(ϑzϖ)2 = k1, v

2
ω
2
ε = k2. (9)

These two equations can be solved, once combined with the scalar field equation of motion,
for finding ϖ(z) and the temperature and velocity profiles inside the bubble wall, i.e T (z) and
v(z), as can be seen in Figs. 1 and 2. Two di!erent parameterizations for K appear commonly
in the literature and will be compared in this work.

Constant friction. A simple Lorentz-invariant choice which can be made, even if it does not
lead to the correct behavior for highly relativistic bubble walls described by [32], is to write

K(ϖ) = Tc ϱ u
µ
ϑµϖ, (10)

where a factor of Tc is inserted to keep ϱ dimensionless. This parameterization of the friction
is the one used in most of the hydrodynamical simulations [13,14,17,24].

Field-dependent parameterization. It has been shown in [26, 28, 33], that instead of the
the typical constant friction parameter ϱ, a better parameterization for the friction coe"cient
is

K(ϖ) =
ϱ̃ ϖ

2

T
u
µ
ϑµϖ. (11)

This parameterization occurs naturally when dealing with models for which the masses are
proportional to the vacuum expectation value (VEV) of the scalar field ϖ, i.e. mi ↑ ϖ. The
hydrodynamic simulations of [15] used a field-dependent parameterization of the friction.

3 Benchmark Models

We introduce the benchmark models used for our numerical results. To compare di!erent
models, we find it useful to introduce the phase transition strength defined at the nucleation
temperature, ςN as in eq. (54).
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These two equations can be solved, once combined with the scalar field equation of motion,
for finding ϖ(z) and the temperature and velocity profiles inside the bubble wall, i.e T (z) and
v(z), as can be seen in Figs. 1 and 2. Two di!erent parameterizations for K appear commonly
in the literature and will be compared in this work.

Constant friction. A simple Lorentz-invariant choice which can be made, even if it does not
lead to the correct behavior for highly relativistic bubble walls described by [32], is to write

K(ϖ) = Tc ϱ u
µ
ϑµϖ, (10)

where a factor of Tc is inserted to keep ϱ dimensionless. This parameterization of the friction
is the one used in most of the hydrodynamical simulations [13,14,17,24].

Field-dependent parameterization. It has been shown in [26, 28, 33], that instead of the
the typical constant friction parameter ϱ, a better parameterization for the friction coe"cient
is
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This parameterization occurs naturally when dealing with models for which the masses are
proportional to the vacuum expectation value (VEV) of the scalar field ϖ, i.e. mi ↑ ϖ. The
hydrodynamic simulations of [15] used a field-dependent parameterization of the friction.
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We introduce the benchmark models used for our numerical results. To compare di!erent
models, we find it useful to introduce the phase transition strength defined at the nucleation
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for finding ϖ(z) and the temperature and velocity profiles inside the bubble wall, i.e T (z) and
v(z), as can be seen in Figs. 1 and 2. Two di!erent parameterizations for K appear commonly
in the literature and will be compared in this work.

Constant friction. A simple Lorentz-invariant choice which can be made, even if it does not
lead to the correct behavior for highly relativistic bubble walls described by [32], is to write

K(ϖ) = Tc ϱ u
µ
ϑµϖ, (10)

where a factor of Tc is inserted to keep ϱ dimensionless. This parameterization of the friction
is the one used in most of the hydrodynamical simulations [13,14,17,24].

Field-dependent parameterization. It has been shown in [26, 28, 33], that instead of the
the typical constant friction parameter ϱ, a better parameterization for the friction coe"cient
is
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These two equations can be solved, once combined with the scalar field equation of motion,
for finding ϖ(z) and the temperature and velocity profiles inside the bubble wall, i.e T (z) and
v(z), as can be seen in Figs. 1 and 2. Two di!erent parameterizations for K appear commonly
in the literature and will be compared in this work.

Constant friction. A simple Lorentz-invariant choice which can be made, even if it does not
lead to the correct behavior for highly relativistic bubble walls described by [32], is to write

K(ϖ) = Tc ϱ u
µ
ϑµϖ, (10)

where a factor of Tc is inserted to keep ϱ dimensionless. This parameterization of the friction
is the one used in most of the hydrodynamical simulations [13,14,17,24].

Field-dependent parameterization. It has been shown in [26, 28, 33], that instead of the
the typical constant friction parameter ϱ, a better parameterization for the friction coe"cient
is

K(ϖ) =
ϱ̃ ϖ
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This parameterization occurs naturally when dealing with models for which the masses are
proportional to the vacuum expectation value (VEV) of the scalar field ϖ, i.e. mi ↑ ϖ. The
hydrodynamic simulations of [15] used a field-dependent parameterization of the friction.

3 Benchmark Models

We introduce the benchmark models used for our numerical results. To compare di!erent
models, we find it useful to introduce the phase transition strength defined at the nucleation
temperature, ςN as in eq. (54).
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Choice for local friction:
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(Local friction and perturbation theory)
• For a given change in dofs, the local-friction coefficient  can be connected with the coupling 

constants of the microscopic theory, and therefore bounded by perturbativity
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Figure 8. Lower bounds on the universal Yukawa couplings y for which the maximum value of
the local friction parameter ω could be obtained, corresponding to the Bödeker–Moore friction.
The plot shows the results for di!erent values of the phase transition strength εN and for the
bag model in two di!erent situations: the case of ϑa/a = 5.9 → 10→2 is shown with continuous
lines and aims to resemble the particle content of the SM, with a number NX ↑ 10 of bosonic
degrees of freedom gaining a mass; the one of ϑa/a = 5.9 → 10→3 represents the benchmark
chosen in [17], with NX ↑ 1 the number of degrees of freedom gaining mass.

masses. The second value, denoted by dashed lines, represents the one considered in the
numerical simulations of [17]. We can observe how the bound becomes more stringent as we
increase the strength of the phase transitions: one would need higher values of the Yukawa
coupling to obtain a su"ciently big friction that can stop the wall at the corresponding value
of ϖw. In fact, for εN and ϑa/a = 5.9 → 10→3, the minimum value of the Yukawa coupling is so
large, that it casts doubt on the validity of perturbation theory in the corresponding particle
physics model. We should notice that the value of εN is not the only driver of the bound;
the bound on the Yukawa tends to push the model toward the perturbative limit when going
to higher values of ϑa/a. In essence, deflagrations in strong phase transitions either require
non-perturbative couplings (to enhance friction) or a sizable change of number of degrees of
freedom. The latter would enhance heating e!ects.

6 Slow-down due to droplet formation

In [17, 19, 24], simulations demonstrated the presence of heated, droplet-like4, patches of the
false vacuum in a sea of newly percolated true vacuum in the final stage of the phase transition.
The simulation carried out in Ref. [24] indicates that these droplets can occupy a significant
O(30)% fraction of the whole volume. Eventually, droplets shrink away as the phase transition
completes and the true vacuum is established everywhere.

4
The term ‘droplet’ carries some potential for confusion, as the same term was used in [8] to describe

metastable regions of quark phase in a transition with phase coexistence. The current case is di!erent, as the

droplets disappear on a time scale much shorter than a Hubble time. Nevertheless, from now on, we continue

to follow the terminology of [17,19,24] and thus refer to our regions of false vacuum as droplets.
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Figure 3. Plot of the friction coe!cient ω in blue and ω̃ in orange as a function of the wall
velocity εw. The left panel shows the values for the SM with a low-cuto" with ϑN = 0.021,
corresponding to ! = 650 GeV. This model has a local thermal equilibrium solution represented
in the figure by the purple star that is consistently found as the ω → 0 limit in our procedure
to solve the Klein-Gordon equation of motion. The right panel shows the friction coe!cients
for the Bag Model with ϖa/a = 5.9 ↑ 10→3 and ϑN = 0.11.

limit in the coupled system of hydrodynamics and KG equations. Also notice that not
all chosen parameter points possess a local-thermal-equilibrium (LTE) solution, with the
right panel of fig. 3 being an example of this.

III. The possibility of finding LTE solutions is limited to the region with εw < εJ . Con-
sequently, no stable detonation can be found without friction coming from the out-of-
equilibrium fluctuations of the particles in the plasma.

IV. The two di"erent parameterizations of the friction K(ϱ) appear to di"er quantitatively
rather than qualitatively in the solutions for the friction coe!cients. The impact of these
changes in the friction parameter ω (ω̃) on the correction to the wall velocity εw related
to the heating of the plasma will be discussed in section 5.

5 Slow-down in the background of an impeding shock

In this section, we present our first approach to describe the slow-down of the bubble walls
arising for deflagration and hybrid solutions due to the presence of a shock wave. As detailed
below, this approach takes into account the heating and kinematic e"ects acting on a bubble
that tries to expand in the background of an impeding shock, where the temperature is larger
than TN and the fluid already possesses a non-zero bulk motion.

5.1 Heating and kinematic e!ects

We consider here two e"ects to slow down the wall. One arises from the bulk motion in the
shock and is model-independent. The other stems from the heating in the shock, which depends
on the equation of state in the symmetric phase.

Heating e!ect. The latent heat is injected as thermal energy and bulk motion into
the plasma, thus heating the plasma in front of the wall for deflagrations and hybrids. The
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Figure 10: Top: Enthalpy, pressure, energy and temperature profiles across the bubble wall
for detonations (left), hybrids (middle), and deflagrations (right). These correspond to the
velocity profiles shown in Fig. 6. The enthalpy and the temperature are normalised to wN

and TN . For the temperature profiles, we have chosen a+/a→ = 1.5. Bottom: Same as in
the top row but for inverse PTs, for solutions corresponding to the profiles in Fig. 8. For
the temperature profiles, we have chosen a+/a→ = 0.8.

The integration range in Eq. (41) needs to include all the region of space where the fluid
is perturbed (v →= 0) for the conservation to hold. This is interpreted as the fact that the
released vacuum energy and the initial thermal energy are converted into bulk fluid kinetic
energy and thermal energy after nucleation. By defining

ωN ↑ 3

4

∫
wNε

2
dε , ωkin =

∫
ϑ
2
v
2
wε

2
dε , (42)

one can introduce the e!ciency parameter ϖdirect,

ωkin

ωtot
↑ ϖdirect

ϱN

1 + ϱN
, (43)

where ωtot is the total energy before nucleation, i.e. the LHS in Eq. (41), and we have
related the various quantities to ϱN defined in Eq. (10) via the bag EoS. The parameter
ϖdirect defined in this way is a measure of the e!ciency for transferring the initial vacuum
energy into bulk fluid motion and takes the form

ϖdirect =
3

ςε3w

∫
ϑ
2
v
2
wε

2
dε . (44)

The fraction of the total energy going into thermal energy can then be directly estimated
by 1↓ ϖdirect.

The numerical results for ϖdirect are displayed in the left panel of Fig. 11, where we
actually plot the combination ϖdirect ϱN/(1 + ϱN) for a better comparison with the inverse
case. The solid black lines are the isocontours with the same ϱN , varying the wall velocity.
We can note that the top right corner, where we have the fastest hybrid solutions, is the most
e!cient in converting the released vacuum energy into kinetic energy, saturating almost to
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Figure 4. Heating and kinematic e!ects on the value of the bubble wall velocity ω̃w as a function
of the background wall velocity ωw for di!erent values of the phase transition strength εN in the
SM with low cut-o!. The two di!erent panels represents di!erent friction parameterizations:
on the left the results obtained considering the ϑ parameter constant, on the right the ones
obtained with ϑ = ϑ̃ ϖ

2
/T .

the friction parameterization is easy to understand: the temperature T+ at which ω̃w is com-
puted is very close to the original TN . At TN the pressure di!erence from friction is identical
in both parameterizations by construction, and therefore the results are also very close at T+.
For larger ωw, the di!erence between T+ and TN is larger, and there is no reason to expect that
the two friction terms are still identical. It should therefore be concluded, that the dominant
e!ect is given by the hydrodynamic backreaction term, which is independent from the friction
parameterization and is strongly temperature dependent. Since the heating e!ect is largely in-
dependent of the parameterization, in the remaining part of the paper we will consider only the
constant parameterization of eq. (10), the one also used for the numerical simulations in [17].

5.2 Heating with friction computed with the Boltzmann equation

For comparison, we also compute the value of ω̃w including out-of-equilibrium e!ects in the
Boltzmann equation, using WallGo [27]. The result is shown in the left panel of fig. 6. The
solid lines demonstrate results for a benchmark point in the xSM, the Standard Model coupled
to a singlet. The phase transition strength is varied by treating the nucleation temperature as
a free parameter. Only the out-of-equilibrium contribution of the top quark is included, and its
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on the left the results obtained considering the ϑ parameter constant, on the right the ones
obtained with ϑ = ϑ̃ ϖ
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the friction parameterization is easy to understand: the temperature T+ at which ω̃w is com-
puted is very close to the original TN . At TN the pressure di!erence from friction is identical
in both parameterizations by construction, and therefore the results are also very close at T+.
For larger ωw, the di!erence between T+ and TN is larger, and there is no reason to expect that
the two friction terms are still identical. It should therefore be concluded, that the dominant
e!ect is given by the hydrodynamic backreaction term, which is independent from the friction
parameterization and is strongly temperature dependent. Since the heating e!ect is largely in-
dependent of the parameterization, in the remaining part of the paper we will consider only the
constant parameterization of eq. (10), the one also used for the numerical simulations in [17].

5.2 Heating with friction computed with the Boltzmann equation

For comparison, we also compute the value of ω̃w including out-of-equilibrium e!ects in the
Boltzmann equation, using WallGo [27]. The result is shown in the left panel of fig. 6. The
solid lines demonstrate results for a benchmark point in the xSM, the Standard Model coupled
to a singlet. The phase transition strength is varied by treating the nucleation temperature as
a free parameter. Only the out-of-equilibrium contribution of the top quark is included, and its

12

ϕ6/Λ2

• Effect due to a higher surrounding temperature: 

Child bubble 
velocity

51



Simone Blasi - SEWM 2026

Impeding shock

Child bubble 
velocity

• Effect due to a higher surrounding temperature: for the bag EoS, dependence on the 
change in relativistic dofs between the phases

Corrections to ωw in the Bag Model for two di!erent values of εa/a
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Figure 7. Heating e!ects on the value of the nucleated bubble wall velocity ω̃w as a function of
the wall velocity ωw in the Bag Model. Di!erent colors represents di!erent values of the phase
transition strengths ϑN , while di!erent lines represent a di!erent value for the change in light
degrees of freedom during the phase transition, i.e. εa/a.

Let us take a fixed value of ωw, a fixed value of ϑN , but two di!erent values of εa/a.
Obtaining the same value of ωw for the two di!erent models, requires two di!erent values of
ϖ. The model with the smaller value of εa/a requires a larger value of ϖ than the model with
larger εa/a. A way to see this is provided by [53], where entropy production is interpreted
as an e!ective enhancement of εa/a. As an extreme case, consider the limit when no friction
is required and the entropy current is conserved across the wall (the so-called local thermal
equilibrium solution)

s ϱ v|
+
→ = 0 , (21)

where s = aT
3 is the entropy density. This can be written as the following ratio

1 =
s→ ϱ→ v→

s+ ϱ+ v+
=

(
ς→

ς+

)3/4 (
ϱ→ v→

ϱ+ v+

)(
a→

a+

)1/4

. (22)

The first two factors on the right side are uniquely determined by hydrodynamics once the wall
velocity is fixed and εa/a can be determined for the LTE solution. Larger wall velocities (for
fixed εa/a) or larger εa/a (for fixed ωw) would require negative friction and cannot be realized.

Also away from the LTE solutions, the ratio εa/a will have an impact on the solution. Two
models described by the same ϑN and ωw can have a di!erent εa/a and friction coe"cient ϖ.
Consequently, when the temperature changes, they move on di!erent trajectories through the
space of hydrodynamic solutions. More concretely, close to percolation when a large fraction of
space can be filled by shock fronts, the dynamics will depend on how the heating and kinematic
e!ect influence the wall dynamics. As a proxy, we will study in the following how the wall
velocity changes under a change of ambient temperature, as reflected in the heating e!ect.

Let us now focus on models where the equation of state is close to the bag equation of state,
and the local friction form is a good approximation. We want to demonstrate that, for a given
ϑN and ωw, the strength of the heating e!ect is set by εa/a. Consider the integrated relation
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Figure 6. Heating e!ects on the value of the nucleated bubble wall velocity ω̃w as a function
of the wall velocity ωw, computed with WallGo. Left: di!erent values of the phase transition
strength εN in xSM and the Standard Model with a 34.0 GeV Higgs mass. Right: the bag model
and the xSM, with an out-of-equilibrium top quark, for ε = 0.004 and ε = 0.009 respectively,
and two di!erent values of the quantity multiplying the collision terms Q. The error bars reflect
the truncation error in the solution to the Boltzmann equation.

bag model, we use a momentum basis size of N = 21, and for the xSM a basis size of N = 11
is su"cient. In the bag model, and for ωw ↭ 0.5, we indeed see a small deviation between the
results for Q = 1.0 and Q = 0.05, showing that the shape of the friction indeed (mildly) a!ects
the amount of slow-down due to heating. For the xSM however, the heating e!ect shows no
dependence on the value of Q. The reason is that the hydrodynamic backreaction is relatively
more important for the xSM, as will be discussed in the following subsection. The backreaction
term does not depend strongly on the shape of the friction, and therefore the relation of ω̃w(ωw)
does not depend on Q either.

5.3 Dependence of the strength of the heating e!ect on the ratio of

degrees of freedom in the bag equation of state

From a comparison of fig. 4 and fig. 5, we concluded that the heating e!ect is stronger in the
Standard Model with low cut-o! than in the bag model, even for comparable values of εN .
An important di!erence between these models is the di!erence in degrees of freedom between
the symmetric and the broken phase. By comparing pairs of models with identical εN ’s and
comparable ωw’s, but di!erent ϑa/a, in fig. 7, we indeed see that the strength of the heating
e!ect is sensitive to the value of ϑa/a, the di!erence of degrees of freedom between the two
phases. Here, we aim to understand why the heating e!ect is stronger for larger ϑa/a, and
we argue that (in models well described by the bag equation of state), the ratio of degrees of
freedom largely determines the strength of the heating.

The total pressure acting on the wall is given by

P =

∫ +→

↑→
dz ϖ

↓
[
↫ϖ +

ϱF

ϱϖ
+ K(ϖ)

]
, (19)

and for the physical wall velocity, the total pressure vanishes. For the bag equation of state,
the pressure balance equation becomes

!V0 →
1

3

∫
daT

4
→

∫
dzϖ

↓
K(ϖ) = 0 . (20)
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Figure 9. Self–similar solutions for the fluid velocity outside the droplet occurring in the
late stage of a phase transition with strength ωN = 0.15. The di!erent curves correspond to
the di!erent values of the local–friction parameter ε, or equivalently di!erent wall velocities
for the original deflagration. The gray line is given by v(ϑ) = µ(ϑ, →cs), and represents the
maximum velocity that the fluid outside the droplet can have while being consistent with the
hydrodynamical boundary condition of interest, v(→cs) = 0. The vertical dashed-dotted line
represents the maximum allowed (absolute) droplet velocity for the chosen value of ωN . Notice
that, similarly to what happens for detonations, the velocity field smoothly vanishes at the
fixed point ϑw = →cs, represented by the vertical dashed line.
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Figure 10. Characteristic self–similar profiles for the fluid velocity (left) and enthalpy (right)
inside (gray region) and outside (white region) the droplet, obtained for the specific case of a
phase transition with strength ωN = 0.15 and ε ↑ 1.3.

time, until the droplets completely evaporate. The final state of the evolution is then essentially
given by a vanishing fluid velocity and a constant value of the enthalpy everywhere given by
ϖ0 in eq. (36), which in the true vacuum is related to the energy density as e0 = (3/4)ϖ0. In
essence, the droplet converts the kinetic energy surrounding it and the latent heat into thermal
energy.

This very fact suggests a way to identify the appropriate boundary conditions for an ad-
missible droplet solution arising in the late stage of a first order phase transition. In fact, the
temperature inside the droplet is not known a priori, since the plasma has been heated up by
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inside (gray region) and outside (white region) the droplet, obtained for the specific case of a
phase transition with strength ωN = 0.15 and ε ↑ 1.3.

time, until the droplets completely evaporate. The final state of the evolution is then essentially
given by a vanishing fluid velocity and a constant value of the enthalpy everywhere given by
ϖ0 in eq. (36), which in the true vacuum is related to the energy density as e0 = (3/4)ϖ0. In
essence, the droplet converts the kinetic energy surrounding it and the latent heat into thermal
energy.

This very fact suggests a way to identify the appropriate boundary conditions for an ad-
missible droplet solution arising in the late stage of a first order phase transition. In fact, the
temperature inside the droplet is not known a priori, since the plasma has been heated up by
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The late–time formation of droplets leads to a di!erent wall velocity compared to the initial
expansion of the bubbles following nucleation, and can thus explain the slow-down of the
bubble walls seen in numerical simulations [19,24]. In this section, we shall pursue this second
mechanism that causes slow-down in the final stages of the phase transition. This picture
can also help elucidating the suppression of the GW emission compared to the theoretical
expectations based on the fluid kinetic energy observed in [17]. In fact, it is reasonable to
expect that droplets will suppress GW production: First, the wall velocity for the shrinking
droplets is smaller than the one of the expanding bubbles, and thus the fluid kinetic energy is
reduced. Second, the droplet will eventually convert kinetic energy into heat which will reduce
the kinetic energy that resides in sound waves after percolation.

In the following, we will outline the droplet hydrodynamics and explain how the bubble
wall velocity at late times can be predicted from simple theoretical arguments from the ther-
modynamics of the phase transition. In this regard, we will make a comparison with all the
available results from numerical simulations [17,19,24], and find very good agreement, as shown
in fig. 11. Finally, we will also discuss how the droplet analysis relates to the heating and kine-
matic e!ects in the background of a shock discussed in the previous sections.

6.1 Hydrodynamics of droplets

Droplets are self–similar solutions to the hydrodynamics equations eq. (51) with negative wall
velocities in the plasma frame, ωd < 0, describing the evolution of a collapsing object. The fluid
velocity, v(ω) with ω = →r/t < 0, is instead positive in the same frame, indicating that the
fluid is actually expelled by the shrinking droplet. In the following, we will neglect the e!ects
related to the droplet surface tension and finite width, which are expected to play a role only
in the very final stage of evaporation [22].

The possible solutions of this kind have been discussed in [19–22] as well as in [23]. Here,
we will focus on droplets where the fluid is at rest inside the droplet but has a nontrivial profile
in the broken phase up to ω = →cs. In terms of the usual matching conditions for the fluid
velocity in the wall frame, one then has v+ = |ωd|. The fluid gets extracted by the droplet
forming a rarefaction wave in the broken phase, where it will move at a velocity v→ in the wall
frame, jumping from a temperature T+ to T→ given by the usual matching conditions in eq. (39)
and eq. (40).

The parameter space for the droplet velocity and the fluid velocity expelled by the droplet
is bounded by ωd > →cs and by the requirement v→ < cs. This is plotted as a black line in
fig. 9, where the white region corresponds to consistent droplet solutions. As we shall see, when
searching for droplets that can consistently appear in the final stage of the phase transition,
one obtains a reduced set of solutions. This is indicated by the vertical dashed line in fig. 9,
which represents the largest possible droplet velocity, |ωd|, for a phase transition with strength
εN = 0.15.

It is instructive to investigate how the droplet solution satisfies energy–momentum conser-
vation along the typical profiles shown in fig. 9 (see also fig. 10). By taking into account the
di!erent phases inside and outside of the droplet, as well as the kinetic energy of the fluid in
the region →ω

↑
↑ (→cs, →|ωd|), energy conservation reads:

1

3

(
V0 +

3

4
ϑ+

)
|ωd|

3 +

∫
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|ωd|
ω
↑ 2

dω
↑
[
ϖ
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↑) →
1

4

]
ϑ(→ω

↑) =
1

4
ϑ0c

3
s
, (36)

where ϖ
2(→ω

↑) = 1/(1→v
2(→ω

↑)), ϑ0 = ϑ(→cs), and we have used the bag equation of state with
constant speed of sound, c

2
s

= 1/3. Di!erently than the usual expanding bubbles, droplets are
shrinking. This means that droplets and their fluid shells are becoming smaller and smaller with
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Figure 11. Late-time wall velocity as observed in multi-bubble simulations from Refs. [17,19,
24] (blue dots) with the wall velocity of the initial deflagration fixed to ωw = 0.24 (except the
point with εN = 0.5, where ωw = 0.44), and our theoretical prediction based on the formation
of droplets with boundary conditions specified in eq. (37) (orange triangles).

the bubble collisions at the time of droplet formation. Also the temperature right outside of the
droplet is in principle unknown, as it no longer reflects the temperature T→ inside the original
expanding bubble. What can still be used, however, is (total) energy conservation. Given that
the final state after droplet evaporation is given by the energy density e0 = (3/4)ϑ0 as discussed
above, one needs to require:

3

4
ϑ0 + K = e0 + K

!
= eN =

3

4
ϑN(1 + εN), (37)

where eN is the false-vacuum energy density at the nucleation temperature. In this relation, we
have introduced K as the kinetic energy in the fluid after the transition has completed. This
energy can be in the form of sound waves, and the factor K allows us to take into account the
regions where droplets have not formed and the bubble collisions have occurred in the usual
way. In the following, however, we shall set K = 0, as we have checked that values of K

with K/ϑ0 ↭ 10% (typical for weak and intermediate phase transitions) introduce a negligible
correction to our predictions.

By assuming that the broken phase already reaches a uniform temperature at the moment
that the droplets are formed, one can determine the temperature far away from the droplet as

T0 =

(
eN → V0(ϖb)

3 a(ϖb)

) 1
4

, (38)

where we have used the bag equation of state. This relation fixes the boundary conditions for
the hydrodynamics of droplet collapse, and allows us to predict the droplet velocity, interpreted
here as the late-time velocity of the bubble walls, for a given value of eN at nucleation.

The results of such computations (see the next subsection for more details) are shown in
fig. 11 against simulation data from [17, 19, 24]. As we can see, the droplet solution with the
boundary condition in eq. (37) is able to reproduce the late-time evolution of the bubble walls
that are slowed down by heating e!ects in very good agreement with all the available numerical
simulations. This confirms that the impact of the kinetic fraction K is numerically small.
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Figure 9. Self–similar solutions for the fluid velocity outside the droplet occurring in the
late stage of a phase transition with strength ωN = 0.15. The di!erent curves correspond to
the di!erent values of the local–friction parameter ε, or equivalently di!erent wall velocities
for the original deflagration. The gray line is given by v(ϑ) = µ(ϑ, →cs), and represents the
maximum velocity that the fluid outside the droplet can have while being consistent with the
hydrodynamical boundary condition of interest, v(→cs) = 0. The vertical dashed-dotted line
represents the maximum allowed (absolute) droplet velocity for the chosen value of ωN . Notice
that, similarly to what happens for detonations, the velocity field smoothly vanishes at the
fixed point ϑw = →cs, represented by the vertical dashed line.
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Figure 10. Characteristic self–similar profiles for the fluid velocity (left) and enthalpy (right)
inside (gray region) and outside (white region) the droplet, obtained for the specific case of a
phase transition with strength ωN = 0.15 and ε ↑ 1.3.

time, until the droplets completely evaporate. The final state of the evolution is then essentially
given by a vanishing fluid velocity and a constant value of the enthalpy everywhere given by
ϖ0 in eq. (36), which in the true vacuum is related to the energy density as e0 = (3/4)ϖ0. In
essence, the droplet converts the kinetic energy surrounding it and the latent heat into thermal
energy.

This very fact suggests a way to identify the appropriate boundary conditions for an ad-
missible droplet solution arising in the late stage of a first order phase transition. In fact, the
temperature inside the droplet is not known a priori, since the plasma has been heated up by
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Figure 11. Late-time wall velocity as observed in multi-bubble simulations from Refs. [17,19,
24] (blue dots) with the wall velocity of the initial deflagration fixed to ωw = 0.24 (except the
point with εN = 0.5, where ωw = 0.44), and our theoretical prediction based on the formation
of droplets with boundary conditions specified in eq. (37) (orange triangles).

the bubble collisions at the time of droplet formation. Also the temperature right outside of the
droplet is in principle unknown, as it no longer reflects the temperature T→ inside the original
expanding bubble. What can still be used, however, is (total) energy conservation. Given that
the final state after droplet evaporation is given by the energy density e0 = (3/4)ϑ0 as discussed
above, one needs to require:

3

4
ϑ0 + K = e0 + K

!
= eN =

3

4
ϑN(1 + εN), (37)

where eN is the false-vacuum energy density at the nucleation temperature. In this relation, we
have introduced K as the kinetic energy in the fluid after the transition has completed. This
energy can be in the form of sound waves, and the factor K allows us to take into account the
regions where droplets have not formed and the bubble collisions have occurred in the usual
way. In the following, however, we shall set K = 0, as we have checked that values of K

with K/ϑ0 ↭ 10% (typical for weak and intermediate phase transitions) introduce a negligible
correction to our predictions.

By assuming that the broken phase already reaches a uniform temperature at the moment
that the droplets are formed, one can determine the temperature far away from the droplet as

T0 =

(
eN → V0(ϖb)

3 a(ϖb)

) 1
4

, (38)

where we have used the bag equation of state. This relation fixes the boundary conditions for
the hydrodynamics of droplet collapse, and allows us to predict the droplet velocity, interpreted
here as the late-time velocity of the bubble walls, for a given value of eN at nucleation.

The results of such computations (see the next subsection for more details) are shown in
fig. 11 against simulation data from [17, 19, 24]. As we can see, the droplet solution with the
boundary condition in eq. (37) is able to reproduce the late-time evolution of the bubble walls
that are slowed down by heating e!ects in very good agreement with all the available numerical
simulations. This confirms that the impact of the kinetic fraction K is numerically small.
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Figure 11. Late-time wall velocity as observed in multi-bubble simulations from Refs. [17,19,
24] (blue dots) with the wall velocity of the initial deflagration fixed to ωw = 0.24 (except the
point with εN = 0.5, where ωw = 0.44), and our theoretical prediction based on the formation
of droplets with boundary conditions specified in eq. (37) (orange triangles).

the bubble collisions at the time of droplet formation. Also the temperature right outside of the
droplet is in principle unknown, as it no longer reflects the temperature T→ inside the original
expanding bubble. What can still be used, however, is (total) energy conservation. Given that
the final state after droplet evaporation is given by the energy density e0 = (3/4)ϑ0 as discussed
above, one needs to require:

3

4
ϑ0 + K = e0 + K

!
= eN =

3

4
ϑN(1 + εN), (37)

where eN is the false-vacuum energy density at the nucleation temperature. In this relation, we
have introduced K as the kinetic energy in the fluid after the transition has completed. This
energy can be in the form of sound waves, and the factor K allows us to take into account the
regions where droplets have not formed and the bubble collisions have occurred in the usual
way. In the following, however, we shall set K = 0, as we have checked that values of K

with K/ϑ0 ↭ 10% (typical for weak and intermediate phase transitions) introduce a negligible
correction to our predictions.

By assuming that the broken phase already reaches a uniform temperature at the moment
that the droplets are formed, one can determine the temperature far away from the droplet as

T0 =

(
eN → V0(ϖb)

3 a(ϖb)

) 1
4

, (38)

where we have used the bag equation of state. This relation fixes the boundary conditions for
the hydrodynamics of droplet collapse, and allows us to predict the droplet velocity, interpreted
here as the late-time velocity of the bubble walls, for a given value of eN at nucleation.

The results of such computations (see the next subsection for more details) are shown in
fig. 11 against simulation data from [17, 19, 24]. As we can see, the droplet solution with the
boundary condition in eq. (37) is able to reproduce the late-time evolution of the bubble walls
that are slowed down by heating e!ects in very good agreement with all the available numerical
simulations. This confirms that the impact of the kinetic fraction K is numerically small.
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Figure 12. Droplet velocities, ωd, for di!erent values of the strength parameter εN in the bag
model, compared to the wall velocity, ωw, of the original deflagration/hybrid (diagonal dashed
line). In this case the Higgs equation of motion is solved considering the ϑ parameter constant,
i.e. the friction modeled as K(ϖ) = Tc ϑ u

µ
ϱµϖ. Solid and dashed lines correspond to di!erent

values for the relativistic degrees of freedom, ςa/a, leading however to similar results for the
values considered here.

6.2 Wall velocities from droplets

The droplet velocity that will be realized in the final stage of a first order phase transition can
be determined by following a similar procedure to the one outlined in section 4. For a given
model, εN and ωw related to the original expanding bubble fix the value of the local–friction
parameter ϑ. As ϑ does not depend on the nature of the hydrodynamical solution, we can
solve the Higgs equation eq. (7) determining the droplet velocity ωd by using the same value of
ϑ, with the boundary condition in eq. (38). We have also checked that this procedure can be
extended to the case of local thermal equilibrium with ϑ = 0, showing that LTE deflagrations
can, in principle, consistently end up in LTE droplets, see Appendix A.4 for more details.

Our general results for the bag model are shown in fig. 12. As we can see, droplets are
generically slower than the original deflagration/hybrid solutions, with droplet velocities be-
coming more and more suppressed when εN is increased. For εN = 0.5, the slowest deflagration
actually corresponds to the one simulated in Ref. [24], with the droplet velocity matching the
simulation results as shown in fig. 11. For a fixed εN , the largest value of |ωd| corresponds to
the maximum velocity that a droplet can have consistently with hydrodynamics, as discussed
in section 6.1. Let us also notice that, in contrast to the slow-down e!ects observed in section 5,
the droplet velocity ωd is mostly fixed by εN and ωw, and depends only weakly on ςa/a, as can
be seen by comparing the lines with ςa/a = 5.9 → 10→3 and ςa/a = 5.9 → 10→2. Notice that,
for each value of εN , there exists a maximum initial wall velocity ωw above which a consistent
droplet solution ceases to exist, e.g. ωw ↑ 0.5 for εN = 0.05 and εN = 0.15. This is due to the
the existence of a an upper bound on |ωd| for fixed εN , as shown in fig. 9. The lower end for ωw

is instead simply determined by the requirement of a consistent deflagration for fixed εN .
In fig. 13 we show a comparison between the correction to the original wall velocity, ωw,

given by the heating e!ects discussed in section 5, and by considering droplets as the late–

22

58



Simone Blasi - SEWM 2026

Droplet formation
• Compare theoretical predictions for the droplet velocity with numerical simulations, and make 

new predictions

0.1 0.2 0.3 0.4 0.5
↵N

0.00

0.05

0.10

0.15

0.20

0.25

0.30

⇠
la

te

Simulation

Theory

Figure 11. Late-time wall velocity as observed in multi-bubble simulations from Refs. [17,19,
24] (blue dots) with the wall velocity of the initial deflagration fixed to ωw = 0.24 (except the
point with εN = 0.5, where ωw = 0.44), and our theoretical prediction based on the formation
of droplets with boundary conditions specified in eq. (37) (orange triangles).

the bubble collisions at the time of droplet formation. Also the temperature right outside of the
droplet is in principle unknown, as it no longer reflects the temperature T→ inside the original
expanding bubble. What can still be used, however, is (total) energy conservation. Given that
the final state after droplet evaporation is given by the energy density e0 = (3/4)ϑ0 as discussed
above, one needs to require:

3

4
ϑ0 + K = e0 + K

!
= eN =

3

4
ϑN(1 + εN), (37)

where eN is the false-vacuum energy density at the nucleation temperature. In this relation, we
have introduced K as the kinetic energy in the fluid after the transition has completed. This
energy can be in the form of sound waves, and the factor K allows us to take into account the
regions where droplets have not formed and the bubble collisions have occurred in the usual
way. In the following, however, we shall set K = 0, as we have checked that values of K

with K/ϑ0 ↭ 10% (typical for weak and intermediate phase transitions) introduce a negligible
correction to our predictions.

By assuming that the broken phase already reaches a uniform temperature at the moment
that the droplets are formed, one can determine the temperature far away from the droplet as

T0 =

(
eN → V0(ϖb)

3 a(ϖb)

) 1
4

, (38)

where we have used the bag equation of state. This relation fixes the boundary conditions for
the hydrodynamics of droplet collapse, and allows us to predict the droplet velocity, interpreted
here as the late-time velocity of the bubble walls, for a given value of eN at nucleation.

The results of such computations (see the next subsection for more details) are shown in
fig. 11 against simulation data from [17, 19, 24]. As we can see, the droplet solution with the
boundary condition in eq. (37) is able to reproduce the late-time evolution of the bubble walls
that are slowed down by heating e!ects in very good agreement with all the available numerical
simulations. This confirms that the impact of the kinetic fraction K is numerically small.
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Figure 12. Droplet velocities, ωd, for di!erent values of the strength parameter εN in the bag
model, compared to the wall velocity, ωw, of the original deflagration/hybrid (diagonal dashed
line). In this case the Higgs equation of motion is solved considering the ϑ parameter constant,
i.e. the friction modeled as K(ϖ) = Tc ϑ u

µ
ϱµϖ. Solid and dashed lines correspond to di!erent

values for the relativistic degrees of freedom, ςa/a, leading however to similar results for the
values considered here.

6.2 Wall velocities from droplets

The droplet velocity that will be realized in the final stage of a first order phase transition can
be determined by following a similar procedure to the one outlined in section 4. For a given
model, εN and ωw related to the original expanding bubble fix the value of the local–friction
parameter ϑ. As ϑ does not depend on the nature of the hydrodynamical solution, we can
solve the Higgs equation eq. (7) determining the droplet velocity ωd by using the same value of
ϑ, with the boundary condition in eq. (38). We have also checked that this procedure can be
extended to the case of local thermal equilibrium with ϑ = 0, showing that LTE deflagrations
can, in principle, consistently end up in LTE droplets, see Appendix A.4 for more details.

Our general results for the bag model are shown in fig. 12. As we can see, droplets are
generically slower than the original deflagration/hybrid solutions, with droplet velocities be-
coming more and more suppressed when εN is increased. For εN = 0.5, the slowest deflagration
actually corresponds to the one simulated in Ref. [24], with the droplet velocity matching the
simulation results as shown in fig. 11. For a fixed εN , the largest value of |ωd| corresponds to
the maximum velocity that a droplet can have consistently with hydrodynamics, as discussed
in section 6.1. Let us also notice that, in contrast to the slow-down e!ects observed in section 5,
the droplet velocity ωd is mostly fixed by εN and ωw, and depends only weakly on ςa/a, as can
be seen by comparing the lines with ςa/a = 5.9 → 10→3 and ςa/a = 5.9 → 10→2. Notice that,
for each value of εN , there exists a maximum initial wall velocity ωw above which a consistent
droplet solution ceases to exist, e.g. ωw ↑ 0.5 for εN = 0.05 and εN = 0.15. This is due to the
the existence of a an upper bound on |ωd| for fixed εN , as shown in fig. 9. The lower end for ωw

is instead simply determined by the requirement of a consistent deflagration for fixed εN .
In fig. 13 we show a comparison between the correction to the original wall velocity, ωw,

given by the heating e!ects discussed in section 5, and by considering droplets as the late–
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Figure 11. Late-time wall velocity as observed in multi-bubble simulations from Refs. [17,19,
24] (blue dots) with the wall velocity of the initial deflagration fixed to ωw = 0.24 (except the
point with εN = 0.5, where ωw = 0.44), and our theoretical prediction based on the formation
of droplets with boundary conditions specified in eq. (37) (orange triangles).

the bubble collisions at the time of droplet formation. Also the temperature right outside of the
droplet is in principle unknown, as it no longer reflects the temperature T→ inside the original
expanding bubble. What can still be used, however, is (total) energy conservation. Given that
the final state after droplet evaporation is given by the energy density e0 = (3/4)ϑ0 as discussed
above, one needs to require:

3

4
ϑ0 + K = e0 + K

!
= eN =

3

4
ϑN(1 + εN), (37)

where eN is the false-vacuum energy density at the nucleation temperature. In this relation, we
have introduced K as the kinetic energy in the fluid after the transition has completed. This
energy can be in the form of sound waves, and the factor K allows us to take into account the
regions where droplets have not formed and the bubble collisions have occurred in the usual
way. In the following, however, we shall set K = 0, as we have checked that values of K

with K/ϑ0 ↭ 10% (typical for weak and intermediate phase transitions) introduce a negligible
correction to our predictions.

By assuming that the broken phase already reaches a uniform temperature at the moment
that the droplets are formed, one can determine the temperature far away from the droplet as

T0 =

(
eN → V0(ϖb)

3 a(ϖb)

) 1
4

, (38)

where we have used the bag equation of state. This relation fixes the boundary conditions for
the hydrodynamics of droplet collapse, and allows us to predict the droplet velocity, interpreted
here as the late-time velocity of the bubble walls, for a given value of eN at nucleation.

The results of such computations (see the next subsection for more details) are shown in
fig. 11 against simulation data from [17, 19, 24]. As we can see, the droplet solution with the
boundary condition in eq. (37) is able to reproduce the late-time evolution of the bubble walls
that are slowed down by heating e!ects in very good agreement with all the available numerical
simulations. This confirms that the impact of the kinetic fraction K is numerically small.
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Figure 12. Droplet velocities, ωd, for di!erent values of the strength parameter εN in the bag
model, compared to the wall velocity, ωw, of the original deflagration/hybrid (diagonal dashed
line). In this case the Higgs equation of motion is solved considering the ϑ parameter constant,
i.e. the friction modeled as K(ϖ) = Tc ϑ u

µ
ϱµϖ. Solid and dashed lines correspond to di!erent

values for the relativistic degrees of freedom, ςa/a, leading however to similar results for the
values considered here.

6.2 Wall velocities from droplets

The droplet velocity that will be realized in the final stage of a first order phase transition can
be determined by following a similar procedure to the one outlined in section 4. For a given
model, εN and ωw related to the original expanding bubble fix the value of the local–friction
parameter ϑ. As ϑ does not depend on the nature of the hydrodynamical solution, we can
solve the Higgs equation eq. (7) determining the droplet velocity ωd by using the same value of
ϑ, with the boundary condition in eq. (38). We have also checked that this procedure can be
extended to the case of local thermal equilibrium with ϑ = 0, showing that LTE deflagrations
can, in principle, consistently end up in LTE droplets, see Appendix A.4 for more details.

Our general results for the bag model are shown in fig. 12. As we can see, droplets are
generically slower than the original deflagration/hybrid solutions, with droplet velocities be-
coming more and more suppressed when εN is increased. For εN = 0.5, the slowest deflagration
actually corresponds to the one simulated in Ref. [24], with the droplet velocity matching the
simulation results as shown in fig. 11. For a fixed εN , the largest value of |ωd| corresponds to
the maximum velocity that a droplet can have consistently with hydrodynamics, as discussed
in section 6.1. Let us also notice that, in contrast to the slow-down e!ects observed in section 5,
the droplet velocity ωd is mostly fixed by εN and ωw, and depends only weakly on ςa/a, as can
be seen by comparing the lines with ςa/a = 5.9 → 10→3 and ςa/a = 5.9 → 10→2. Notice that,
for each value of εN , there exists a maximum initial wall velocity ωw above which a consistent
droplet solution ceases to exist, e.g. ωw ↑ 0.5 for εN = 0.05 and εN = 0.15. This is due to the
the existence of a an upper bound on |ωd| for fixed εN , as shown in fig. 9. The lower end for ωw

is instead simply determined by the requirement of a consistent deflagration for fixed εN .
In fig. 13 we show a comparison between the correction to the original wall velocity, ωw,

given by the heating e!ects discussed in section 5, and by considering droplets as the late–
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Figure 11. Late-time wall velocity as observed in multi-bubble simulations from Refs. [17,19,
24] (blue dots) with the wall velocity of the initial deflagration fixed to ωw = 0.24 (except the
point with εN = 0.5, where ωw = 0.44), and our theoretical prediction based on the formation
of droplets with boundary conditions specified in eq. (37) (orange triangles).

the bubble collisions at the time of droplet formation. Also the temperature right outside of the
droplet is in principle unknown, as it no longer reflects the temperature T→ inside the original
expanding bubble. What can still be used, however, is (total) energy conservation. Given that
the final state after droplet evaporation is given by the energy density e0 = (3/4)ϑ0 as discussed
above, one needs to require:

3

4
ϑ0 + K = e0 + K

!
= eN =

3

4
ϑN(1 + εN), (37)

where eN is the false-vacuum energy density at the nucleation temperature. In this relation, we
have introduced K as the kinetic energy in the fluid after the transition has completed. This
energy can be in the form of sound waves, and the factor K allows us to take into account the
regions where droplets have not formed and the bubble collisions have occurred in the usual
way. In the following, however, we shall set K = 0, as we have checked that values of K

with K/ϑ0 ↭ 10% (typical for weak and intermediate phase transitions) introduce a negligible
correction to our predictions.

By assuming that the broken phase already reaches a uniform temperature at the moment
that the droplets are formed, one can determine the temperature far away from the droplet as

T0 =

(
eN → V0(ϖb)

3 a(ϖb)

) 1
4

, (38)

where we have used the bag equation of state. This relation fixes the boundary conditions for
the hydrodynamics of droplet collapse, and allows us to predict the droplet velocity, interpreted
here as the late-time velocity of the bubble walls, for a given value of eN at nucleation.

The results of such computations (see the next subsection for more details) are shown in
fig. 11 against simulation data from [17, 19, 24]. As we can see, the droplet solution with the
boundary condition in eq. (37) is able to reproduce the late-time evolution of the bubble walls
that are slowed down by heating e!ects in very good agreement with all the available numerical
simulations. This confirms that the impact of the kinetic fraction K is numerically small.
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Figure 12. Droplet velocities, ωd, for di!erent values of the strength parameter εN in the bag
model, compared to the wall velocity, ωw, of the original deflagration/hybrid (diagonal dashed
line). In this case the Higgs equation of motion is solved considering the ϑ parameter constant,
i.e. the friction modeled as K(ϖ) = Tc ϑ u

µ
ϱµϖ. Solid and dashed lines correspond to di!erent

values for the relativistic degrees of freedom, ςa/a, leading however to similar results for the
values considered here.

6.2 Wall velocities from droplets

The droplet velocity that will be realized in the final stage of a first order phase transition can
be determined by following a similar procedure to the one outlined in section 4. For a given
model, εN and ωw related to the original expanding bubble fix the value of the local–friction
parameter ϑ. As ϑ does not depend on the nature of the hydrodynamical solution, we can
solve the Higgs equation eq. (7) determining the droplet velocity ωd by using the same value of
ϑ, with the boundary condition in eq. (38). We have also checked that this procedure can be
extended to the case of local thermal equilibrium with ϑ = 0, showing that LTE deflagrations
can, in principle, consistently end up in LTE droplets, see Appendix A.4 for more details.

Our general results for the bag model are shown in fig. 12. As we can see, droplets are
generically slower than the original deflagration/hybrid solutions, with droplet velocities be-
coming more and more suppressed when εN is increased. For εN = 0.5, the slowest deflagration
actually corresponds to the one simulated in Ref. [24], with the droplet velocity matching the
simulation results as shown in fig. 11. For a fixed εN , the largest value of |ωd| corresponds to
the maximum velocity that a droplet can have consistently with hydrodynamics, as discussed
in section 6.1. Let us also notice that, in contrast to the slow-down e!ects observed in section 5,
the droplet velocity ωd is mostly fixed by εN and ωw, and depends only weakly on ςa/a, as can
be seen by comparing the lines with ςa/a = 5.9 → 10→3 and ςa/a = 5.9 → 10→2. Notice that,
for each value of εN , there exists a maximum initial wall velocity ωw above which a consistent
droplet solution ceases to exist, e.g. ωw ↑ 0.5 for εN = 0.05 and εN = 0.15. This is due to the
the existence of a an upper bound on |ωd| for fixed εN , as shown in fig. 9. The lower end for ωw

is instead simply determined by the requirement of a consistent deflagration for fixed εN .
In fig. 13 we show a comparison between the correction to the original wall velocity, ωw,

given by the heating e!ects discussed in section 5, and by considering droplets as the late–
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Figure 5. Profiles of the fluid velocity v(›) in the plasma frame, both for the case of (standard) direct
phase transitions (–+ > 0), and for inverse phase transitions (–+ < 0). The former case is described in
the quadrant I and has v(›) > 0, while the latter is in the quadrant II with v(›) < 0. The gray shaded
region is unphysical as it would imply that the fluid moves faster than the wall, |v(›)| > |›|. The red
shaded region would similarly give unphysical velocity profiles as the dot-dashed red line indicates the
maximum velocity that a detonation-type of solution can have, i.e. the sound speed in a frame moving
at ›, v(›) = µ(›, cs). The dashed blue line shows the velocity of the shock front for deflagrations,
that is µ(›sh, v(›sh))›sh = c

2
s. The di�erent quadrants describe di�erent physical systems: I) bubble

and II) inverse bubble expansion as › > 0, III) droplet and IV) inverse droplet collapse with › < 0.
The quadrants are related among each other by a mirror symmetry v æ ≠v and › æ ≠›. The
colored profiles in orange, green and blue, in the I quadrant, describe a deflagration, a hybrid, and a
detonation, respectively, and in the II quadrant an inverse deflagration, an inverse-hybrid, and an
inverse detonation, respectively. The other profiles are obtained by symmetry (see also [80]).

In this section, we delineate the di�erent types of solutions possible for direct cosmological1

phase transitions. In figure 5 we present all the possible solutions of eq. (2.25). The four2

quadrants describe di�erent physical situations: I) direct bubble expansion [71, 83, 84], II)3

inverse bubble expansion (this work), III) direct droplet collapse (see [74] for a recent study)4

and IV) inverse droplet collapse. In this section we will remind the solutions in quadrant I5

and study in depth the solutions of quadrant II in section 3. Table 1 summarizes the various6

flows that can exist across the discontinuity.7

Direct phase transitions admit three bubble expansion modes: i) detonations ii) defla-8

grations and iii) hybrid solutions.9

– 11 –
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Droplets vs impeding shock
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Figure 13. Ratio between the late–time wall, ω̃w, (solid lines) and droplet velocity, ωd, (dashed
lines) computed by taking into account heating e!ects in the plasma according to the analysis
of section 5 and section 6, respectively, and the original bubble wall velocity ωw. The colors
represent di!erent values of the phase transition strength, εN = {0.05, 0.15, 0.5}. As we can
see, the suppression of the velocity is larger according to the droplet analysis than for the one
in section 5 and the di!erence becomes more prominent for larger εN . Notice also that not for
every initial bubble solution there exists a droplet that can consistently form in the late stage
of the phase transition, as explained in the text.

time stage of the bubble evolution. When a droplet solution exists, the suppression of the
velocity is always more severe for the droplet case. For strong transitions, εN = 0.5, the
strongest suppression is found for the slowest deflagration (here ωw → 0.4), whereas for weak
and intermediate transitions the suppression mildly depends on ωw. In this sense, let us notice
that the numerical simulation in [24], for which ωw = 0.44 and εN = 0.5, is among the most
extreme cases of slow-down both in terms of ωw and εN .

So far, we have only considered slow-down e!ects on the bubble walls. These alone, however,
cannot determine the corresponding suppression of the GW emission, which would at least
require an estimate of the fraction of volume in droplets. In order to better understand the
factors influencing the GW emission, in fig. 14 we plot the GW suppression factor reported in
[17] for phase transitions which start as deflagrations with di!erent velocities. This suppression
factor is determined relatively to the prediction in Refs. [15,16], which relies on the assumption
that the hydrodynamic solution of a single bubble is predictive for the GW spectrum of the
full ensemble of bubbles. We plot the suppression factor against ωd/ωw, and show the width of
the shock of the expanding bubble solution in color coding for each phase transition. We see
that the GW suppression does indeed correlate with the slow-down due to droplet formation
given here by ωd/ωw, but we observe that the shock width plays an important role as well:
the suppression is stronger for wider shocks. This can be understood by noticing that larger
shocks can potentially a!ect a bigger fraction of the entire volume, leading to the formation of
bigger droplets which implies a stronger reduction of the fluid kinetic energy after percolation.
This interpretation is consistent with the fact that none of these suppression e!ects should
be relevant for detonations, which support no shocks ahead of the wall and can be smoothly
obtained from hybrids precisely when the shock width vanishes.

In conclusion, the existence of very slow droplet solutions indicates the possibility of a
strongly suppressed GW emission, but the overall e!ect is parametrically controlled by the size
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Correlation with gravitational waves
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Figure 14. Suppression of GW emission with respect to the theoretical expected values
from [16] as shown in Table 1 of [17] against the ratio of droplet velocity to bubble wall
velocity, ωd/ωw, for di!erent values of εN . The di!erent shapes denote the values of εN , and
the color-coding indicates the shock width, ωsh → ωw. As we can see, a larger suppression in the
GWs relates to slower droplets and larger shock widths. All points correspond to deflagration
solutions.

of the shock due to its importance for the fraction of the volume that can end up in droplets.
Also, the formation of droplets relies on some non-linear dynamics of the fluid which is hard to
assess quantitatively.

7 Conclusion

In this work we explore several e!ects that slow down bubbles and can suppress the gravita-
tional wave spectrum as compared to estimates based on single-bubble solutions. We focus on
hydrodynamical modes featuring a shock, i.e. deflagrations and hybrids. For these modes, the
plasma in front of the bubble wall can heat up significantly, and the strongest suppression of
the gravitational wave emission was in fact found for deflagrations in [17].

In section 5 we explore slow-down of the bubble walls due to heating and motion of the
surrounding plasma, due to the presence of other bubbles. Without doing a proper many-bubble
simulation, we can of course not know the real temperature and fluid motion in front of the
bubbles when they approach each other. Here, we take as an approximation the temperature
and fluid velocity in front of one bubble with ωw, T+ and v+, and use these as the boundary
conditions to recompute the wall velocity ω̃w of another bubble. We expect the real slowdown
e!ect to be less strong than the result of this computation, since the plasma can not everywhere
heat up all the way to T+. Nevertheless, we obtain the following conclusions, that will likely
also apply to a full many-bubble simulation.

First of all, we find that the slow-down e!ect barely depends on the shape of the friction
term, suggesting that the constant friction term used in the simulations gives a reasonable de-
scription for the wall-plasma interactions, despite its deviation from the form expected from the
Boltzmann equations. Second, for fixed εN , we find that the slow-down e!ect is most significant
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Summary
• Phase transitions are key events in the thermal history of our Universe that can shed 

light on new physics beyond the Standard Model via gravitational waves


• Their dynamics is complex as it involves non-perturbative and/or non-linear processes 
taking place across very different scales (e.g. bubble nucleation, bubble expansion)


• New “inverse” hydro solutions exist beyond standard deflagrations/detonations: 
applications in the early Universe (e.g., SUSY) and hadron-to-quark PT in neutron stars?


• Slow-down of bubble walls around percolation can be predicted in terms of “droplet” 
formation, opening to a theoretical modeling of heating effects to be incorporated in the 
gravitational-wave framework


• Dependence on the change of degrees of freedom?
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