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QCD phase diagram and neutron stars



QCD matter under extreme conditions
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QCD matter under extreme conditions
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Neutron stars

Laboratories of dense matter

Macroscopic properties of the star Microscopic properties of matter
| 4001
2 T
g | TOV =
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R [km]

Mass-radius relation Equation of State (EoS)



Neutron star EoS

What we know

Neutron stars are strongly interacting cold and dense systems

Neutron star EoS ~ dense QCD matter EoS

with
¢ Tﬁ O’IMB >O

» [-equilibrium and charge neutrality

e d.o.f. from hadrons to 3-flavor
quark matter
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Dense QCD matter EoS
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Dense QCD matter EoS

First-principles QCD information only at low and high densities
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Dense QCD matter EoS

First-principles QCD information only at low and high densities

0.8F Perturbative QCD (pQCD)
: NS core densities quarks and gluons
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Dense QCD matter EoS

First-principles QCD information only at low and high densities

Perturbative QCD (pQCD)

quarks and gluons

Talk by
Oleg
Chiral effective field Komoltsev
theory (CEFT)
nucleons and pions -
YO0 15 20 25

Baryon chemical potential gz [GeV]



Dense QCD matter EoS
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Dense QCD matter EoS

 Model-independent Bayesian
iInference;

Annala, Gorda, Hirvonen, Komoltsev, Kurkela,
Nattila, Vuorinen Nat. Comm. 14 (2023)

(and many more refs...)
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Dense QCD matter EoS

 Model-independent Bayesian
iInference;

Annala, Gorda, Hirvonen, Komoltsev, Kurkela,
Nattila, Vuorinen Nat. Comm. 14 (2023)

(and many more refs...)

Current bottleneck:
pQCD constraint has a large
renormalization scale uncertainty

= Push pQCD result to higher order
to decrease the uncertainty



Quark matter equation of state from pQCD
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Quark matter EoS from pQCD

» Quantity: massless unpaired 3-flavor QCD pressure at 7= 0 and g > 0



Quark matter EoS from pQCD

» Quantity: massless unpaired 3-flavor QCD pressure at 7= 0 and g > 0

» Framework: small-a, expansion of QCD partition function
p(//tB) ~ InZ = 111[@1/7 @w A g_SQCD[l/_/al//,A]

_ 2
—  Ptree + P19 + Pr0

5o N coupling (g;s ~ \@
3 Ioop 4-loop o ‘quark y (ug > 0)

“LO” “NLO!! “NZLO” “NSLO”

+ pgaf + ...
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Loop integrals
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Loop integrals

K —1K 578
= — J Ir (—igs}/”Ta) 21 (_igsnyb) 22 = 2
KK Kl K2 (Kl E KZ)
= [intermediate steps] @O ....................... .
A Ki — (klo_l_lluB/B’kl)
_ HB o
5473 °

Chemical potential /g
shifts loop energies kio



Renormalization scale uncertainty

P(Up) = Prree + P1a(A) + pry(A)af(A) + p3(A)a (A) + ...

Uncertainty comes from missing higher-order terms )
= estimated by varying the unphysical renormalization scale A
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. Hard scale ~ ug: Full theory diagrams within naive o, expansion
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1. Hard scale ~ ug: Full theory diagrams within naive o, expansion
& & OO g>dr-40
IR finite IR divergent

2. Softscale ~ ,/aug: Hard Thermal Loop (HTL) effective theory Braaten, Pisarski
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oo number of diagrams contribute at 053



Soft resummations

Caveat starting at 3-loops o’

1. Hard scale ~ ug: Full theory diagrams within naive o, expansion
& & OO g>dr-40
IR finite IR divergent

2. Softscale ~ ,/aug: Hard Thermal Loop (HTL) effective theory Braaten, Pisarski

NPB 337 (1990)
medium-induced . N N . .
gluon mass R =
~ Ay

oo number of diagrams contribute at 053 UV divergent



Soft resummations

Caveat starting at 3-loops o’

Hard Soft
\ s UB
1 ~ In ~ Ina,
HB A
IR divergent UV divergent

Divergences cancel but non-analytic terms remain!



Quark matter EoS from pQCD

History and progress

p(ug)

Pftree

2 2 3
=1+p 0+ (P Ina,+p,ga; + (p3,In"a,+ p; Inag + p;gla) + ...



Quark matter EoS from pQCD

History and progress

p(ug)

Pftree

=1+ p 0+ (py Ina +p2,0)aS2 + (P37 In” a, + p;31 Ina; +p3,0)as3 + ...

N2LO (3-|OOp)Z Freedman, McLerran PRD 16 (1977)

ost INLO
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Quark matter EoS from pQCD

History and progress

p(ug)

Pftree

2 3
=1+ p 0+ (py Ina +p2,0)aS2 + (p3oIn“ag+ p; Inag + psgla) + ...

N2LO (3-|OOp)Z Freedman, McLerran PRD 16 (1977)

Improvements:

« MS scheme and analytic result: vuorinen PRD 68 (2003)

e Quark mass: Kurkela, Romatschke, Vuorinen PRD 81 (2010)
Gorda, Sappi PRD 105 (2022)
Fernandez, Kneur PRD 111 (2025)

 [emperature: Kurkela, Vuorinen PRL 117 (2016)



Quark matter EoS from pQCD

History and progress

p(ug)

Pftree

N3LO (4-loop):

2 3
=1 + P11 + (p2,1 Ina, + pz,o)ocs2 - (p3,2 In“a, + P31 Ina, + p3,o)aS -

"

LS,

@
@} :



Quark matter EoS from pQCD

History and progress

p(ug)
p 5 =1+ P19+ (pyInag + pz,o)asz + (P32 In” o, + p3lna, + P3,0)0‘s3 T
free
NSLO (4‘IOOp) Hard@ @
e HTL-resummed soft and mixed contributions: /

. Gorda, Kurkela, Sappi, Romatschke, Vuorinen PRL 121 (2018) Mixed

o
p 3,2 Gorda, Kurkela, Paatelainen, Sappi, Vuorinen PRL 127 & PRD 104 (2021) / Soft
Fernandez, Kneur PRL 129 (2022) @} 6



Quark matter EoS from pQCD

History and progress

p(ug)
p 5 =1+ P19+ (pyInag + pz,o)asz + (P32 In” o, + p3lna, + P3,0)0‘s3 T
free
NSLO (4‘IOOp) Hard@ @
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o
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Quark matter EoS from pQCD

History and progress

p(ug)
p 5 =1+ P19+ (pyInag + pz,o)asz + (P32 In” o, + p3lna, + P3,0)0‘s3 T
free
NSLO (4‘IOOp) Hard@ @
e HTL-resummed soft and mixed contributions: /

. Gorda, Kurkela, Sappi, Romatschke, Vuorinen PRL 121 (2018) Mixed

o
p 3,2 Gorda, Kurkela, Paatelainen, Sappi, Vuorinen PRL 127 & PRD 104 (2021) / Soft
Fernandez, Kneur PRL 129 (2022) @} 6

o p3,11 Gorda, Paatelainen, Sappi, KS PRL 131 (2023) <«
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e Hard contributions:

Brings result on par with its
high-1" counterpart:

e D3 - KnOown up to a single number ¢, Kajantie et al. PRD 67 (2003)




Possibility for dramatic improvement!

Bayesian estimate of ¢, based on lower order results:
Gorda, Paatelainen, Sappi, KS PRL 131 (2023)

1.0 . —
0s} NLO
06 > N2LO
AX
S04t 5 :
" N3LO
02F - : il
. . co=—23
00 e ; :

us [GeV]

Baryon chemical potential ug [GeV ]

= Completing the N3LO calculation could significantly improve the neutron star EoS!
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Huge challenge

Evaluation of 52 four-loop QCD Feynman diagrams with nonzero ug
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IR finite, UV div IR and UV div
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Huge challenge

Evaluation of 52 four-loop QCD Feynman diagrams with nonzero ug

______

IR finite, UV div

CO ~ (30 diagrams) N, + (9 diagrams) ]\9«2

UV div’s: renormalization of o,
IR div’s: should cancel against soft HTL parts

fﬁ} ﬂf@ {égzp @E}@ %ﬁé} @Dfﬂ;}}@
qz -GG €D @ ap | ) L3

iﬁm@@w@ €3

IR and UV div

+ (1 diagram) ]\6?



EDITORS' SUGGESTION
Quark Matter at Four Loops: Hardships and How to Overcome Them

Organization

Aapeli Karkkainen, Pablo Navarrete, Mika Nurmela, Risto Paatelainen, Kaapo Seppanen, and Aleksi Vuorinen

Phys. Rev. Lett. 135, 021901 (2025) - Published 7 July, 2025

A new theoretical framework simplifies the four-loop Feynman diagrams for dense QCD to few infrared-finite

Ké rkké i nen ; N ava rrete, N urme I ad ; integrals, which brings the higher-order calculation of the pressure inside cold and dense quark matter within

Paatelainen, KS, Vuorinen PRL 135 (2025) reach
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Karkkainen, Navarrete, Nurmela,
Paatelainen, KS, Vuorinen PRL 135 (2025)
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A new theoretical framework simplifies the four-loop Feynman diagrams for dense QCD to few infrared-finite
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Gauge invariance: ¢ drops out at integrand level



Organization

Karkkainen, Navarrete, Nurmela,
Paatelainen, KS, Vuorinen PRL 135 (2025)

We have demonstrated:
. Reduction of O(10°) scalarized integrals to O(100) 4-loop masters

» Gauge invariance: & drops out at integrand level
* Cancellation of IR divergences against already-computed HTL parts



Remaining computational barrier

Computation of O(100) IR finite but UV divergent 4-loop master integrals
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Remaining computational barrier

Computation of O(100) IR finite but UV divergent 4-loop master integrals

G GUSPIV S I =LA YIA
@@O@O@Ow%%@

“Difficulty”:
o “Easy”: factorized topologies

 Medium: doable analytically but very tedious

* Hard: traditional analytic methods not enough in practice ? 9. '7
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o State-of-the-art vacuum QFT multi-loop methods (e.g. IBP and differential
equations) hard to generalize to finite i due to “broken” Lorentz symmetry
kY = kO + iu
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equations) hard to generalize to finite 1 due to “broken” Lorentz symmetry
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Lack of powerful analytic tools at i > 0

o State-of-the-art vacuum QFT multi-loop methods (e.g. IBP and differential
equations) hard to generalize to finite i due to “broken” Lorentz symmetry

kY = kO + iu

 Cutting rules traditionally used at ¢ > 0:

RN L7 T~ \ /
D ey Co [ OB TN OWeEROu-By) ...
\ , P 2E; . pJq A4EzEz /; \

pu=0 p?—iEs p?—iEz
pn=0 q0—>iEq»
p=0

3d phase-space integrals over on-shell 4 = 0 amplitudes

“..». DUt involve spurious divergences between cuts
~..w» analytic computation typically hopeless at 4-loops



Stuck with analytic methods?



Go fully numerical!

®
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Numerical Loop-Tree Duality

Direct numerical integration in momentum space via Loop-Tree Duality (LTD)
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Numerical Loop-Tree Duality

Direct numerical integration in momentum space via Loop-Tree Duality (LTD)

[A(K) = CT(K)] + J CI(K)
\ - Jk

1. Subtract divergences to make J AK) =J
integrand locally finite in D = 4 . .

= fin(K)



Inspiration from collider physics

Numerical Loop-Tree Duality

Direct numerical integration in momentum space via Loop-Tree Duality (LTD)
finitein D =4
1K) = CTU0O) + | CT(K)

_ K
= (K) counterterms (D # 4)

1. Subtract divergences to make J AK) =J
integrand locally finite in D = 4 . .




Inspiration from collider physics

Numerical Loop-Tree Duality

Direct numerical integration in momentum space via Loop-Tree Duality (LTD)

finitein D =4
1. Subtract divergences to make J J(K) =J [AK) — CT(K)] +J CT(K)
integrand locally finite in D = 4 ’ ST counterterms (D # 4)

[ - [ [0
Kfﬁn — (2][)3 )T fﬁn

-

= 2400y



Inspiration from collider physics

Numerical Loop-Tree Duality

Direct numerical integration in momentum space via Loop-Tree Duality (LTD)

finitein D =4
1. Subtract divergences to make J J(K) =J [AK) — CT(K)] +J CT(K)
integrand locally finite in D = 4 ’ ST counterterms (D # 4)

2. Using residue theorem (=LTD), B,

4 3
compute all k" integrals analytically J Jin(K) = J (;1”1;
K

Jd—ko (K)
N7 fﬁn

-

= /246



Inspiration from collider physics

Numerical Loop-Tree Duality

Direct numerical integration in momentum space via Loop-Tree Duality (LTD)

finitein D =4
1. Subtract divergences to make J J(K) =J [AK) — CT(K)] +J CT(K)
integrand locally finite in D = 4 ’ ST counterterms (D # 4)
2. Using residue theorem (=LTD), ; 7 0
compute all kY iIntegrals analytically J Jin(K) = J J—fﬁn(K)
o (27z)3‘ 27
3. Using Monte Carlo integration, "7 =R
evaluate k integrals numerically L
J K iy ~iﬁ‘,1f3d<l?>
(271_)3 fin N 4 1/ fin \"i




Inspiration from collider physics

Numerical Loop-Tree Duality

In collider context:

* Highly developed tool for numerical
computation of multi-loop multi-scale
scattering amplitudes

Capatti, Hirschi, Kermanschah, Ruijl PRL 123 (2019)

* One step further: direct numerical
integration of differential cross sections

using Local Unitarity (yLLoop)

Capatti, Hirschi, Pelloni, Ruijl JHEP 04 (2021)

e)

1 AN
Sev Vi

OB ORORO
[ &,

>

G Reference Numerical LTD N [10°] [us]
a)* [33] 14.31638 107" i4.31637(19) -10~7 110 1.1
b) [33] 10.358640 i0.358646(29) 210 5.9
c) [7] 1.1339(5)-10"*  1.133719(58)-10"* 5500 2.5
c)* [7] 4.398(1) -107®  4.39825(17) -107° 5500 2.5
d)* [7] 2.409(1) -107°%  2.40869(27) -10~® 5500 3.5
e) [34] —1.433521 -107° —1.4338(18) -107° 1500 27.4
f) [35] i5.26647 -107° i5.236(38) -107° 7000 3.3
g)* [7] i1.7790(6) - 1070 i1.77648(48) -10~'° 22000 11

h) [35] —8.36515 -107° —8.309(31) -10"° 7000 15.8




Dense Loop-Tree Duality

Natural generalization

Extends to finite yug naturally

&k [k g A
[ (27)3 [ Z_ﬂf(k k) — J (27)3 [z_ﬂf (K™ + 1pg/ 3,k)

LTD dLTD
= dense Loop-Tree Duality (dLTD)

Navarrete, Paatelainen, KS PRD 110 (2024)



Dense Loop-Tree Duality

Natural generalization

Extends to finite yug naturally

&k [k g A
[ (27)3 [ Z_ﬂf(k k) — J (27)3 [z_ﬂf (K™ + 1pg/ 3,k)

3 LTD dLTD

= dense Loop-Tree Duality (dLTD)

Navarrete, Paatelainen, KS PRD 110 (2024)
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Dense Loop-Tree Duali

Fully automated pipeline
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Dense Loop-Tree Duality

Fully automated pipeline

1. All-order UV local subtraction via
BPHZ R-operation

2. All-order automated analytic energy
integration (=LTD) involving Laplace
transforms of graph polytopes




Fully automated pipeline

1. All-order UV local subtraction via
BPHZ R-operation

2. All-order automated analytic energy
integration (=LTD) involving Laplace
transforms of graph polytopes

3. Monte Carlo sampling using efficient
compiled Symbolica evaluators

@ Symbolica

Dense Loop-Tree Duality

Input expression

X*5xy + cos(x) +
axb”3 - sqrt(z)
+ sin(a)”™2 + ...

Optimized kernel

ldr do, [x0]
fmul d1, do, do
fadd do, di, d2
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Dense Loop-Tree Duality

Benchmarks
Diagram e 21073 e '[107%] &) i [107%]  &dpp [107°] N [109]  [ps]
—1 @ 0 0 —3.849743  —3.8495(12) 30 5.8
—1 @ 0 —0.219409 —1.682136  —1.68210(23) 200  12.9

.Y CX@ 0 0.001 563 0.023 186 0.023 18(6) 500 21.0
1 QQ:} 0.014068  0.173504 1.174 161 1.17423(10) 500  13.0




Dense Loop-Tree Duality

Benchmarks
Diagram 5_2 [10_3] 5_1 [10_3] 81(:)raditional [10_3] ggLTD [10_3] N [106] [}18]
—1 @ 0 0 —3.849 743 —3.8495(12) 30 5.8
—1 @ 0 —0.219 409 —1.682136 —1.68210(23) 200 12.9

1 CX@ 0 0.001 563 0.023186  0.02318(6) 500  21.0
%@%* 0.014068  0.173504 1174161 1.17423(10) 500  13.0

.
L
.

UV poles analytically from BPHZ R-operation: J CT(K)

K



Dense Loop-Tree Duality

Benchmarks
Diagram e 2[107°] e [107°]  Efaditional 107°]  Eqrrp 107°] N [10°]  [ps]
—1 @ 0 0 —3.849743  —3.8495(12) 30 5.8
~1 @ 0 —0.219 409 ~1.682136  —1.68210(23) 200  12.9
~1 Cm 0 0.001 563 0.023 186 0.023 18(6) 500  21.0
-1 Cz% 0.014068  0.173504 1.174 161 1.17423(10) 500  13.0

Numerical finite part matches with literature value



Dense Loop-Tree Duality

Benchmarks
v

Diagram e 21073 e [107%] &) giiona 11070 €9ypp [107°] N [10°]  [ps]

—1 @ 0 0 —3.849743  —3.8495(12) 30 5.8

—1 @ 0 —0.219409 —1.682136  —1.68210(23) 200  12.9

%CX@) 0 0.001 563 0.023 186 0.023 18(6) 500  21.0
1 Cj% 0.014068  0.173504 1.174 161 1.17423(10) 500  13.0

Performance scales well with number of loops



Ready to evaluate ¢,




Evaluation of 4-loop masters

56 ints @( )KJ@@@@@@ 35 ints
@@O@O@OMQ@% 26 ints




Evaluation of 4-loop masters

56 ints @ (

> -

P VYOO LWVAO ssins

............ S 0 S0 G0 OO ORI 2ims

. Cutting rules:

. Al@®
e |IRdiv.of @




Evaluation of 4-loop masters
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Evaluation of 4-loop masters

56 ints @( )K\@@@@@@ 35 ints

.
5 3
®

Cutting rules:

. Al@®
e IR div. of @

CPU-hours: ~ 10°
Ta MC samples: ~ 10!
dLTD: = e >

- Al@® +
e IR fin.of @

CSC



Evaluation of 4-loop masters

56 ints @( )K\@@@@@@ 35 ints

.
5 3
®

Talk by
- . York
.o cuttingrules: .. > Gross-checks (IBP. RG inv.. efc) < L York
. Al@® P
IR div. of @ :
CPU-hours: ~ 10°
Ta MC samples: ~ 10!
dLTD: = e >

- Al@® +
e IR fin.of @

CSC



Evaluation of 4-loop masters

56 ints @( )K\@@@@@@ 35 ints

.
5 3
®

Cutting rules:

".,* .......................... > CFOSS—CheCkS (IBP, RG inv., etC.)
- AI@® P ;
* IR div. of @ :
CPU-hours: ~ 10° .
Ta MC samples: ~ 10!
dLTD: = e >

C, computed

- Al@® + upto~1%0
e IR fin. of @

CSC



Evaluation of 4-loop masters

26 Ints @C ><>@@@@@@ 35 ints

""" i H 4% P
"""""""" YT Q@
........... O (0 0o o oK 26ints
...... R Bs Bs B, T T T
o Cutting rules: e > Gross-checks (IBP. RG inv., etc)
- AIl@® P ;
* IR div. of @ :
CPU-hours: ~ 10°
Ta MC samples: ~ 10!
dLTD: e >

- Al@® }
e IR fin.of @

CSC




QED limit
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QED limit

Pftree

» D3 - hard contribution reduces to 75 4-loop masters

_ _ o _ _
(//te) ae ae ae ae ae
pQED =1+ pl,l — | + p2,1 In Nf + p2,0 + p3,2 1n2 ]\9 + p3,1 In ]\9 + pg,()




QED limit

Pftree

e D3 hard contribution reduces to 75 4-loop masters

» D5 1. HTL-resummed contribution already computed before
Gorda, Kurkela, Osterman, Paatelainen, Sappi, Schicho, KS, Vuorinen PRD 107 (2023)

_ - 2 - -
PQED(Me) a, a, a, a, a, 04
=1+p; (—) + |pp 1 In (Nf ) + P20 ( ) T |P32 In” (1\9 ) +p3In (1\9 ) T D30 (_



QED limit

pQED(:ue)

Pftree

_ - 2 - -
Pe X, X, ) e X, 24
=1+p;, (?) + (P21 In (Nf7> T P20 (7) + |P3pl I +p3, In (1\9;) T P30 (;

e D3 hard contribution reduces to 75 4-loop masters

» D5 1. HTL-resummed contribution already computed before
Gorda, Kurkela, Osterman, Paatelainen, Sappi, Schicho, KS, Vuorinen PRD 107 (2023)

e P3,:vanishes in QED



QED limit

PoEp(He) a, ' a, 1 /a 2 7T i e
=1+p | — )+ |ppiln Nf7 +pol | — ) + |P3nIn ]\97:
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Thermal Loop-Iree Duality

New precision era in thermal perturbation theory

(TR )

work in progress...




Thermal LTD

New precision era in thermal perturbation theory

 dLTD extends naturally to finite temperature: j — %E KS PhD Thesis (2025)
* Also particle masses and external momenta can be included
* Algorithmic procedure independent of loop order

Goal: Automated evaluation of perturbative corrections in thermal field theory

e Model

 Observable Numerical prediction

e # of loops



Thermal LTD

Proofs of principle

Already successfully used in many applications including 7' > 0:

 Phase-quenched QCD:

Navarrete, Paatelainen, KS PRD 110 (2024)

Gorda, Navarrete, Paatelainen, Sandbote,
KS 2511.09627 [hep-ph]

Ppg — Pocp = Iml@] +0(a]")

c1(T, pg) [GeV? T [MeV] N[10°] [ms]

0.2401(8) 25 462 7.2
0.1853(7) 50 29 74
-0.09523(31) 125 29 7.6
-0.19729(20) 175 2.9 95




Thermal LTD

Proofs of principle

Already successfully used in many applications including 7" > O:

 Thermal effective potential

| expansion:

Navarrete, Paatelainen, KS, Tenkanen

without high
JHEP 01 (2026)

;E %E ;E with two masses



Thermal LTD

.. Poster by Leon Sandbote
Proofs of principle

Already successfully used in many applications including 7" > O:

e Four-loop hot Yang-Mills pressure: DYDS @ WA
In preparation (2026/2027) @ @Q @Q @Q

00000000000

00000000000

00000000

00000000000




Thermal LTD

Future directions

Thermal LTD
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Future directions

Thermal LTD
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Thermal LTD

Future directions e > Real-time observables
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Thermal LTD

Future directions e > Real-time observables
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All-order IR subtraction &
matching to EFT (EQCD, HTL, etc.)
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Performance improvements:
e.g. variance reduction via
neural importance sampling



Thermal LTD

Future directions e > Real-time observables
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Public implementation within yLLoop

All-order IR subtraction &
matching to EFT (EQCD, HTL, etc.)
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Performance improvements:
e.g. variance reduction via
neural importance sampling



Thermal LTD

Future directions e > Real-time observables

b,
o

b,y
N
......

uy
uy
LN |

“““““““ } . . -
= Public implementation within yLLoop
All-order IR subtraction &
matching to EFT (EQCD, HTL, etc.)
Applications:
Y « QCD pressure at finite 1, 4, and m
Performance improvements:  Cosmological phase transitions
e.g. variance reduction via . Producti t
neural importance sampling roauction rates

e Etc.



Summary



Summary

* EOS of strongly-interacting dense matter connects microscopic QCD,
neutron star observables, and the QCD phase diagram
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Summary

e pQCD provides an important high-density constraint
= strong motivation to extend the calculation to full N3LO

Deconfined
quark matter?

WO TS 20 2

Baryon chemical potential ug [GeV |



Summary

o After ~10 years of work, the full N3LO EoS of cold quark matter has been
completed by evaluating the hard contribution ¢
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Summary

 New precision era in thermal perturbation theory via dense/thermal LTD

direct numerical integration iIn momentum space
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What have we learned from the EoS inference?

Strong evidence for deconfined quark matter in cores of most massive neutron stars

14M® QM@ MTOV

0.8F

WEoTTIs T 20 26

Baryon chemical potential ip [Ge V]

Annala, Gorda, Hirvonen, Komoltsev, Kurkela,
Nattila, Vuorinen Nat. Comm. 14 (2023)
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