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INTRODUCTION
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Deep Inelastic Scattering 
Kinematics

𝑒 𝑙 + 𝑝 𝑃 → 𝑒 𝑙′ + 𝑋(𝑃𝑋)

We can construct some Lorentz invariant 
kinematic variables:

Photon virtuality

𝑥𝐵 =
𝑄2

2𝑃 ⋅ 𝑞

𝑠 = 𝑃 + 𝑙 2

𝑊2 = 𝑃 + 𝑞 2

Fig. 1

𝑄2 = 𝑞 2 = 𝑙 − 𝑙′ 2

Parton fractional longitudinal momentum

Electron-proton center of mass energy

Photon-proton center of mass energy
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Proton at small-𝑥

Longitudinal direction (𝑧)

Fig. 2
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Deep Inelastic Scattering in 
Dipole Picture

𝑑𝜎𝑇,𝐿
𝛾∗𝑝→𝑉𝑝

𝑑𝑡
=

1

16𝜋
𝒜𝑇,𝐿

𝛾∗𝑝→𝑉𝑝 2
1 + 𝛽𝑇,𝐿

2 𝑅𝑔
2

Depends on photon-meson vector 

wavefunction Ψ∗Ψ𝑉 𝑇,𝐿(𝑧, 𝒓⊥) and 

the dipole scattering amplitude 

ො𝜎(𝑥, 𝒓⊥, 𝒃⊥)

Depends on proton 

transversal color charge 

distribution 𝑇(𝒃⊥)

Phenomenological 

correction

Skewedness 

correction
Fig. 3
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Three-Hotspot Model
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The Three-Hotspot Model

𝑇𝐻 𝒃⊥ = (𝑏𝑥, 𝑏𝑦) =
1

2𝜋𝑅𝑝
2𝑁𝑞

෍

𝑖=1

𝑁𝑞=3

exp −
𝑏𝑥 − 𝑏𝑥,𝑖

2
+ 𝑏𝑦 − 𝑏𝑦,𝑖

2

2𝑅𝑝
2

𝑏𝑥

𝑏𝑦

𝑏0

𝑅𝑝
𝜃

We introduce three degree-of-
freedom (dof) on the hotspot model: 
1. The overall impact–parameter 

size of each hotspot 𝑅𝑝.
2. The radial displacement of 

constituent quarks from the 
proton center 𝑏0.

3. Azimuthal rotation applied to the 
quark configuration 𝜃.

Based on a large-𝑥proton 
picture which consist of 
three valence quarks. 

Assumption:
The color charge is emitted 
around the constituent 
quarks and is concentrated 
at each quark, forming a 
Gaussian distribution with a 
width of 𝑅𝑝.Fig. 4
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RESULT AND DISCUSSION
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• The effect of 𝑅𝑝 variations to the 𝑡-slope and the HERA data

𝛾 𝑝 → 𝐽/𝜓 𝑝 An increase in the impact 

parameter size (𝑅𝑝) corresponds 

to a “steeper” 𝑡 −slope, in the 

differential elastic cross-section 

𝑑𝜎/𝑑𝑡.

Fig. 5

𝑊 = 90 GeV
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• The effect of 𝑏0 variations to the 𝑡-slope and the HERA data

𝑊 = 90 GeV

Fig. 6

𝛾 𝑝 → 𝐽/𝜓 𝑝 
An increase in the radial 

displacement of each quarks (𝑏0) 

also corresponds to a 

“steeper” 𝑡 − slope, and more 

sensitive compared to the 𝑅𝑝 

variation.
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• The uncertainties of 𝑑𝜎/𝑑𝑡 due to azimuthal rotations with fixed 
𝑏0 and 𝑅𝑝 on certain values of 𝑡.

We rotated the constituent quark position 

clockwise and relative to the Fig. 7.

Fig. 7
Fig. 8

𝜃 = 0 The differential cross 

section 𝑑𝜎/𝑑𝑡  value 

fluctuates with a period 

of 𝜋/3.

The larger the 𝑡 value, 

the uncertainties of the 

differential cross section 

also becomes larger.
𝑄2 = 0.05 GeV2

𝑊 = 90 GeV
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• Fit to coherent 𝐽/𝜓 production data from HERA using the best-
fit parameters 𝑏0 and 𝜃, while fixing the 𝑅𝑝 = 0.77 GeV−1.

𝑊 = 90 GeV

𝛾∗𝑝 → 𝐽/𝜓 𝑝 

Fig. 9 Fig. 10
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𝑊 = 90 GeV

𝛾∗𝑝 → 𝐽/𝜓 𝑝 



• Fit to coherent 𝐽/𝜓 production data from HERA using the best-
fit parameters 𝑏0 and 𝜃, while fixing the 𝑅𝑝 = 0.77 GeV−1.

𝑄2 = 0.05 GeV2

𝛾 𝑝 → 𝐽/𝜓 𝑝 

Fig. 11 Fig. 12
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𝑄2 = 0.05 GeV2

𝛾 𝑝 → 𝐽/𝜓 𝑝 

𝑊 = (𝑃 + 𝑞) dependence data



CONCLUSIONS

14



1. The geometric parameters of the three-hotspot model, the hotspot 
size (𝑅𝑝) and their radial separation (𝑏0), directly control the 
steepness of the differential cross-section's 𝑡 −slope.

2. The model predicts an uncertainty in the differential cross-section 
(𝑑𝜎/𝑑𝑡) due to the valence quark azimuthal orientation, an effect 
which becomes significantly larger at higher momentum transfer 
(𝑡).
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BACKUP SLIDES
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Parton Distribution Functions

At small values of 𝑥, the probability of 
finding a parton carrying a certain 
fraction of the proton’s momentum 
increases significantly.

At even smaller values of 𝑥, the color 
charge density in the proton becomes 
so high that the nonlinear effects 
become important → gluon saturation.
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Mclerran and 
Venugopalan (MV) Model

Accomodates total cross 
section saturation using 
𝒓⊥ dependence 

Golec-Biernat and 
Wusthoff (GBW) Model 

Using constant saturation 
scale 𝑄𝑠

2

Modify constant saturation 
scale so that becomes 
𝑥 dependence.

𝑄𝑠
2 𝑥 =

𝑥0

𝑥

𝜆

GBW model manages to give 
us a good description of HERA 
data at small-𝑥 (𝑥 < 10−2) 

ො𝜎 𝒓⊥ = 1 − exp −
1

4
𝒓⊥

2 𝑄𝑠
2 ln

1

𝒓⊥
2 Λ2

+ 𝑒
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Our Model

𝑄𝑠
2 𝑥, 𝒓⊥, 𝒃⊥ = ҧ𝜒

𝑥0

𝑥

𝜆

𝛼𝑠 𝒓⊥ 𝑇𝐻(𝒃⊥)
MV like model, accomodates 
impact parameter dependent 
and GBW parameterization.

𝒜𝑇,𝐿
𝛾∗𝑝→𝑉𝑝

= 2𝑖 න
0

∞

𝑑2𝒓⊥ න
0

∞

𝑑2𝒃⊥ න
0

1 𝑑𝑧

4𝜋
Ψ∗Ψ𝑉 𝑇,𝐿 𝑒

−𝑖 𝒃⊥−
1
2−𝑧 𝒓⊥ ⋅𝚫⊥ ො𝜎(𝑥, 𝒓⊥, 𝒃⊥) 
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Photon-meson vector Wavefunction 

Ψ∗Ψ𝑉 𝑇  = Ƹ𝑒𝑓𝑒
𝑁𝑐

𝜋𝑧 1 − 𝑧
𝑚𝑓

2𝐾0 𝜖𝒓⊥ − 𝑧2 + 1 − 𝑧 2 𝜖𝐾1 𝜖𝒓⊥ 𝜕𝒓⊥
𝜙𝑇 𝒓⊥, 𝑧

Ψ∗Ψ𝑉 𝐿  = Ƹ𝑒𝑓𝑒
𝑁𝑐

𝜋
2𝑧 1 − 𝑧 𝑄𝐾0 𝜖𝒓⊥ 𝑀𝑉 + 𝛿

𝑚𝑓
2 − ∇𝒓⊥

2

𝑀𝑉𝑧(1 − 𝑧)
𝜙𝐿 𝒓⊥, 𝑧



Boosted-Gaussian Model

𝜙𝑇,𝐿 𝒓⊥, 𝑧 = 𝒩𝑇,𝐿𝑧 1 − 𝑧 exp 𝑎1 𝑧 𝒓⊥ + 𝑎2 𝑧

With 𝑎1 𝑧 = −
2𝑧 1−𝑧

ℛ2  and 𝑎2 = −
𝑚𝑓

2ℛ2

8𝑧 1−𝑧
+

𝑚𝑓
2ℛ2

2
.

The parameters are listed in Kowalski, et.al. (2006): 𝒩𝑇 = 0.578, 𝒩𝐿 = 0.575, ℛ2 = 2.3 GeV-2 , and 𝑀𝑉 = 3.097 GeV.
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