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Precision calculation for LHC process

Modern method to compute multi-loop scattering amplitudes
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Top-quark sector of the Standard Model

= heaviest particle in the SM, largest Yukawa coupling

= short lifetime —» decays before hadronizing
— study top-quark properties from its decay products

= precision tests of SM (M, as, coupling to EW gauge bosons)

= windows to new physics

= abundantly produced at the LHC (mainly through pp-tt production) fukémm,.w ]
0 . j‘ b Enf—GlaSae”
= highest-energy observation of quantum entanglement
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s s
Top-quark sector of the Standard Model

= heaviest particle in the SM, largest Yukawa coupling

= short lifetime —» decays before hadronizing
— study top-quark properties from its decay products

A7
main decay
= windows to new physics mode: t—>b

= precision tests of SM (M, as, coupling to EW gauge bosons)

t—»Zq and t-yq
suppressed in SM
BSM enhancement

= abundantly produced at the LHC (mainly through pp-tt production)

= highest-energy observation of quantum entanglement
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tt+jet production at the LHC

large fraction of tt events accompanied by additional jets (~40% for p1;>40 GeV) " q
+ —
— wide range of phenomenological studies due to richness of 2-3 kinematics t w v, q'
- improve the description of pp-tt (theoretically and experimentally)
tt+jets measurements available from ATLAS and CMS b
MS Experiment at the LHC, CERN % r IA'"l.ASI I | | ‘E
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Miwp Measurement = assess EW vacuum stability

Top-quark mass extraction using tt+jet final state
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Perturbative QFT predictions for the LHC

Scattering amplitudes IR subtraction

Pythia,Herwig,Sherpa ...

-

Detector
simulation

PDFs Monte Carlo event

_\ generator

Parton
showers

Resummatoj
Hadronisation /

Experimental data

It takes a village to make a prediction!
Taken from Simone Zoia’s talk at University of Zurich, December 10, 2024

Y
https://www.physik.uzh.ch/dam/jcr:89cf407b-5202-463a-8985-e1947084478e/zoia_UZH_2024.pdf

Master formula for pp cross section:
_— —— parton distribution functions (PDF)

Ve

’f?;/p(ajl)fj/p($2)\\(da'(’l:j — X)1—> partonic cross section - perturbative
\‘ computation

do(pp — X) = Z/da:ldwg
ij
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Do we need higher order corrections?

do = do'% +ads' +a2ds® + ...

partonic cross section - -~ N
LO ONLO SNNLO

60

ATLAS®

3

< new physics??

o(pp—~H+X)[pb]

8

LO

= pp - H+X @ 13 TeV

Georgi et al
! 1978




Do we need higher order corrections?

partonic cross section —»

o(pp—~>H+X)[pb]

do = do'% +ads' +a2ds® + ...

~~ [
LO ONLO OJNNLO
ATLAS®
] NNLL+NNLO QCD+NLO EW N3LO QCD+NLO EW
Anastasiou et al

LO

Georgi et al
1978

M. Grazzini, D. de Florian
2003-2016

Dawson, Spira et al
1991-2003

pp = H+X

2016-

13 TeV




Anatomy of Higher-Order Calculation

dé = dé(9 + « da(l) + « d0(2) + .

partonic cross section - ——" N
LO SNLO SNNLO
2 o A textbook example: y*/Z - qq @NLO
Le I; d=4-2¢
9 if 9
a ~e Y ) U 2 3
. o VIRT _ aBomCF% e -
SNLD . Y 71 v 27T & (=
(e 3
Vickual @QO\
CNNLO! % % K )
3 7 9 B - L O_REAL - O_BornCF% 2 R 3 + 9 - 7('2
VV RV RR '? o \ €2 2
lim (oREAL 4 oVIRT) — (1, 3as oBorn

e—0 4 7




Multi-loop Scattering Amplitudes

(2m)*6™ (pi + p; — pr
AN e X )

d°p
40sj+x = /( (27 32fEf lM‘
L

3 ¥ d%k; N
. (L) —
o, o= [(I165) 50

q ~aq | 9 v ki = loop (undetermined) momentum
work in d dimensions: d = 4 - 2¢

SNLD.

* 7 Nickuol Rea)
A(L): Ci\6, i€
ConLo: E Q j Z ( J{pm( )

Rational coefficients

Need loop scattering amplitudes!! Feynman integrals/special functions




A textbok example: electron self energy

. . Ak, _
p—k 2a(p) = (_@6)2/ amt” k;%n;@ie”/ (0 — lf)22 tie

{ 3 o [ A% (2 d)f+dm
= = /<

2m)¢ (k? —m?)(k — p)?

2—-d

Yo =pA+mB A=ie® S
p

[(p2 +m?) 17 (p*;m?,0) + IlD(mQ)]

- 4m B = i€2dIQD(p2§m2aO)

A= —
Dy, 2 d’k 1 2| 1 2
Iy (m*) = ~m E+1—ln(m) + O(e)

d%k 1 1 m? —p?  m?—p?
ID 2. 2 O :f ~ — 2—1 2 1
5 (p“;m=,0) (2m) (K2 — m2)(k — p)? e—l— n(m-)+ ) D +0O(e)

rational coefficients: f(d,p?,m?) independent set of integrals: I; and I, special function: In




) °“?{$m | # loops
, @@fﬂ/ i K+m) —i
! (mZ e (p— k)2 +ie
s ' Difficulty grows with:
_ e Loop order — d)f +dm
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“Analytic” complexity
external/internal masses

“Algebraic” complexity
# of variables

rational coefficients: f(d,p?,m?) independent set of integrals: I; and I, special function: In




Analytic complexity: function space of Feynman integrals

sy
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Taming Analytic Complexity: integrating by differentiating

(L) ‘el —— Rational coefficients p—k
A - Z Ci(e’ {p}) f@'(E, {p}) Feynman integrals or { g
i X special functions - . -
Recall our textbook example: two independent Feynman integrals
dk 1 dik 1 > (1P (p?;m?)0)
D 2y — ID 2, 2 _ / > — 2 ) 9
I (m*) / 2m)d (k2 —m2) 5 (p7;m=,0) (2m)? (k2 — m?)(k — p)? f ( IlD(m2)
Derive differential equation w.r.t y TZ_QQ :_“‘yW Transform to “canonical basis”

) 0 0 s - 0 0 ,
df: ( 1—e¢ + —1+e -1 + g_|_ﬁ )dyf —_— df 26( 2 )dyf,
Yy

3 i
—1+y I+y  —14y I+y y oy 14y

Solve order-by-order in €
G(0;y) = log(y)
fi = —e(l — )T (e — 1) G(0,0:) = 5 log?(y)
5= —2eG(0;y) + €’ [—2G(0,0;y) +4G(—1,0;y) + 2¢2] G(—1,0;y) = log(y) log(1 — y) + Liz(—y)



Taming Analytic Complexity: integrating by differentiating

(L) ‘el —— Rational coefficients p—k
A - Z Ci(e’ {p}) f@'(E, {p}) Feynman integrals or { g
i X special functions - . -
Recall our textbook example: two independent Feynman integrals
dk 1 dik 1 > (1P (p?;m?)0)
D 2y — ID 2, 2 _ / > — 2 ) 9
I (m*) / 2m)d (k2 —m2) 5 (p7;m=,0) (2m)? (k2 — m?)(k — p)? f ( IlD(m2)
Derive differential equation w.r.t y TZ_QQ :_“‘yW Transform to “canonical basis”

B} 0 0 4 , 0 0 B}
df — ( g 4 —14e — 4 & 4 9% ) dyf — df = € ( 2 ) dyf’
Y

3 i
—1+y I+y  —14y I+y y oy 14y

Solve order-by-order in € More complicated cases:

fi=—€(l—e€)eEl(e—1) Give up canonical basis
fh = —2eG(0;y) + €2 [—2G(0,0;y) +4G(—1,0; ) + 2] Solve the DE numerically



Taming algebraic complexity: analytics from numerics

A
Algebraic
complexity
Input:
Feynman diagrams
T

In[1]:=

In[4]:=
Output:
Scattering amplitude In{ol:=
out[9]=
] In[10]:=
Out[10]=
In[14]:=
Out[14]=

Out[15]=

In[15]:=

<< FiniteFlow®

prime = 9223372036854 7757833
a=-3/723

b=5/3;

aFF = FFRatMod[a, prime]

4611686018427 387890

bFF = FFRatMod[b, prime]

3074457 345618258596

abFF = FFRatMod[aFF « bFF, prime]

4611686018427 387889

FFRatRec[abFF, prime]
5

2

AP = "ei(e, {p}) file,{p})
Replace algebraic operations with
numerical evaluation over finite fields

Reconstruct analytic expressions from
numerical samples

Reconstructed in

(e, {p}r ﬂ-‘ &, {p}) mod r

# points

eval. time S

# cores

=




A A LR M L R H
Two-loop amplitudes for ttj production at the LHC

[Badger,Becchetti,Brancaccio,HBH,Zoia(2024)]
= Two scattering processes: gg-ttg and gg-ttg
= Work in the leading colour approximation: only planar diagrams

= 3 planar Feynman integral families

2 2
N 2 NES dg(z, €) = e dA(Z) - G(Z, €) L dgp(T,€) = ) " QM(Z) - Gp(T, €)
Atk 3
LI R 2 4k + ke 4 ,_
dA(Z) = E c; dlog W; (&
s s [2% . ) - gWi(Z) 5 . OBz }:A(’“ (%) dlogW;( :L’)+§:B(k)wj (%)
“polylogarithmic” solution in terms of iterated integrals - elliptic curves

- nested square roots 25 close to canonical as p055|b|e

= construct a basis of special functions f — analytically cancel IR/UV singularities —» finite remainder

1 e 2% . 15 2 2
g15(,¢) = o + 6{ M _opM 4ot Zfé”] ¢ [Tf(:’) + 787+ 4°C2 - ( 1“’) +15F M D 8 (fz(g)) +} Construct DEs for f

Solve numerically

3 2 -
e R A N R D WA A R ARG
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Two-loop amplitudes for ttj production at the LHC

Analytic reconstruction summary:

MIs SF's #1 #2 #3 #4 | # of points
TTA@NE | 1404/393| | 3144303 | 201/280 | 291/0 | 44/40 | 4470 | 137076

[ ]
[LA@-NE | 398/389 | 30| N/D: max polynomial degrees [0 | 89624
[LEA@-NZTR | 411/402 | 32| in the numerator/denominator [0 | 161482
[ ]

—

h

riA@NIR | 420/411 | 3267317 T 3047290 [ 30470 [ 58/54 [ 56/0 | 179838

— / / VS~

mass-renormalised . : i . . more
amplitude finite linear denominator partial fraction

remainder  relations guessing in x
all-order e dependence Sy
(no xs123 dependence)

Numerical evaluation of the hard functions from analytic finite remainders

HO) — Z]:(U)*]:(U)

L 4602 207 8513 as =018
— 12 — —=rns 23 — oo 34 = ——==,

M _y O+ F) 57095 8151 67193’ pg =17
U=y FOFD LT g, amn

HE = 2ReY FOHFE 4y FOFO TE 22 BT 7620 T oon6at M0 T Db

independent helicities
evaluated simultaneously

=+++++—+-+)

mom. twistor variables

(834,12, 23, a5, t51, T5123)

denominator
guessing

gg — ttg
HO) | 440.908

HD) | -1377.071
H@ | 1981.615
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Two-loop amplitudes for ttj production at the LHC

Analytic reconstruction summary:

_ Mis SFs 71 72 73 74 # of points independept helicities
[DTARNNIR | 404/393 | 314/303 | 291/280 | 201/0 | 44/40 | 44/0 | 137076 _ evaluated simultaneously
h=H++++—-,+—+
[TIA®R)-NR | 398/389 | 305/296 | 287/278 | 287/0 | 55/51 | 54/0 89624 ( )
TEA®@NEE | 4117402 | 321/312 | 299/293 | 299/0 | 57/54 | 54/0 | 161482 mom I SLoTgY aNIRics
b 4(2).N2R (834,t12,t23, ta5, t51, T5123)
[ChA@-NEE | 420/411 | 326/317 | 304/299 | 304/0 | 58/54 | 56/0 | 179838

— / / VS~

mass-renormalised - ; ' : , more
- finite linear  denominator a4 ia| fraction denominator
amplitude remainder  relations guessing iN Xs123 -
all-order € dependence guessing
(no xs123 dependence)

Numerical evaluation of the hard functions from analytic finite remainders 99 — tig
(0) _ (0)% (0)

WO =) FOF L 602 U 513 as=0118 | () | 440.908

— 12 = Tonne 23 — SiEq1 34 — T Le1aa’

(1) — (0)+ 7(1) 57095 8151 67193’ pr =17

HY = 2Re) FOUF LT 14201, 1701 . H | -1377.071
(2) — (0)x =(2) (1)* (1) 45 = 55 15 = — y My = ) ij = Pi-Py

H® =2ReY FOFE £y "FF 22 77626 90164 4@ | 1981615




A A LR M L R H
Two-loop amplitudes for ttj production at the LHC

Analytic reconstruction summary:

— Mis SFs 71 72 #3 74 # of points independept helicities
[DTARNNIR | 404/393 | 314/303 | 291/280 | 201/0 | 44/40 | 44/0 | 137076 _ evaluated simultaneously
2 h=H++,++—+—+)
[TIA®R)-NR | 398/389 | 305/296 | 287/278 | 287/0 | 55/51 | 54/0 89624
LEA@-NZTR | 411/402 | 321/312 | 299/293 | 299/0 | 57/54 | 54/0 | 161482 ARl EIEE VR EIseE
+ 2. (534,12, 123, ta5, t51, T5123)
[CLAGENETR | 420/411 | 326/317 | 304/299 | 304/0 | 58/54 | 56/0 179838
mass-reno@v / - / d \ t \ \ more
amplitude finite rel;g’ggrrws egnuoerz_l,ri]r?gor partial fraction denominator
all-order e dependence SRR IN Xs123 guessing

Numerical evaluation of the hard functions from analytic finite remainders

3O _ if(o)*

H = 2Re> F

(no xs123 dependence)




Summary & Outlook

v Derive two-loop five-particle amplitude contributing to pp-ttj prediction at NNLO QCD

’ 0
o

Amvlztudes a Virtuous Cycle

Compute Something
beyond the reach of
recent imagination \

Exploit Simplicity
to build more powerful
computational technology

Discover Simplicity
beyond expectations

Understand Why

study it, understand it,
& explore consequences

\ Jake Bourjaily E;alk at Amplitudes 2025 24
> Simplification of two-loop amplitudes

» NNLO QCD cross sections: compare with data, top-mass extraction, as extraction,
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