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Top-quark pair production in association with a hadronic jet

Precision calculation for LHC process
Modern method to compute multi-loop scattering amplitudes



Top-quark sector of the Standard Model
⇒ heaviest particle in the SM, largest Yukawa coupling
⇒ short lifetime → decays before hadronizing
    → study top-quark properties from its decay products
⇒ precision tests of SM (mtop, αs, coupling to EW gauge bosons)
⇒ windows to new physics  
⇒ abundantly produced at the LHC  (mainly through pp→tt production)
⇒ highest-energy observation of quantum entanglement

~3x108 tt events 
have been produced
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t→Zq and t→γq 
suppressed in SM
BSM enhancement

main decay 
mode: t→Wb

~3x108 tt events 
have been produced



tt+jet production at the LHC
large fraction of tt events accompanied by additional jets (~40% for pTj>40 GeV)
→ wide range of phenomenological studies due to richness of 2→3 kinematics
→ improve the description of pp→tt (theoretically and experimentally)
tt+jets measurements available from ATLAS and CMS

[ATLAS;JHEP08(2024)182]

pp→ttj

pp→tt→(eνeb)(μνμb) 



mtop measurement ⇒ assess EW vacuum stability

[Alioli,Fernandez,Fuster,Irles,Moch,Uwer,Vos;1303.6415]
[Alioli,Fuster,Garzelli,Gavardi,Irles,Melini,Moch,Uwer,Vos;2202.07975]

[Bass,DeRoeck,Kado;Nat Rev Phys 3,608–624(2021)]

Top-quark mass extraction using tt+jet final state

Data
Theory
Template

Extracted top mass
We are living at the edge!!!

Adrea Castro, Int. J. Mod. Phys. A 29 (2014) pp.1430029 

employ observables sensitive to mtop variations



Taken from Simone Zoia’s talk at University of Zurich, December 10, 2024
https://www.physik.uzh.ch/dam/jcr:89cf407b-5202-463a-8985-e1947084478e/zoia_UZH_2024.pdf

Perturbative QFT predictions for the LHC

Master formula for pp cross section:
 parton distribution functions (PDF)
  partonic cross section → perturbative   
                                         computation

Pythia,Herwig,Sherpa ...



← new physics??

Do we need higher order corrections?
partonic cross section →
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Anatomy of Higher-Order Calculation
partonic cross section →

A textbook example: @NLO
d = 4 - 2ε



Rational coefficients

Feynman integrals/special functionsNeed loop scattering amplitudes!!

ki → loop (undetermined) momentum
work in d dimensions: d = 4 - 2ε

Multi-loop Scattering Amplitudes



A textbok example: electron self energy

rational coefficients: f(d,p2,m2)   independent set of integrals: I1 and I2    special function: ln

d = 4 - 2ε
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“Algebraic” complexity “Analytic” complexity
# of variables external/internal masses



Analytic complexity: function space of Feynman integrals

“PolyLogarithmic”

“Elliptic”

Goncharov PolyLogarithm of weight k



Taming Analytic Complexity: integrating by differentiating

Recall our textbook example: two independent Feynman integrals

Derive differential equation w.r.t  y Transform to “canonical basis”

Solve order-by-order in ε

Rational coefficients
Feynman integrals or
special functions



Taming Analytic Complexity: integrating by differentiating

Recall our textbook example: two independent Feynman integrals

Derive differential equation w.r.t  y Transform to “canonical basis”

Solve order-by-order in ε

Rational coefficients
Feynman integrals or
special functions

More complicated cases:
Give up canonical basis

Solve the DE numerically



Taming algebraic complexity: analytics from numerics

Illustration by Gaia Fontana

Replace algebraic operations with 
numerical evaluation over finite fields
Reconstruct analytic expressions from 

numerical samples



Two-loop amplitudes for ttj production at the LHC
⇒ Two scattering processes: gg→ttg and qq→ttg
⇒ Work in the leading colour approximation: only planar diagrams

⇒ 3 planar Feynman integral families

“polylogarithmic” solution in terms of iterated integrals as close to canonical as possible→ elliptic curves
→ nested square roots

⇒ construct a basis of special functions f  → analytically cancel IR/UV singularities → finite remainder

Construct DEs for f
Solve numerically

[Badger,Becchetti,Brancaccio,HBH,Zoia(2024)]



Analytic reconstruction summary:

N/D: max polynomial degrees
in the numerator/denominator mom. twistor variables

mass-renormalised
amplitude

all-order ϵ dependence
linear

relations
denominator

guessing partial fraction 
in x5123

(no x5123 dependence)

more
denominator

guessing

Numerical evaluation of the hard functions from analytic finite remainders

independent helicities 
evaluated simultaneously

finite 
remainder

Two-loop amplitudes for ttj production at the LHC
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Numerical evaluation of the hard functions from analytic finite remainders

independent helicities 
evaluated simultaneously

finite 
remainder

Two-loop amplitudes for ttj production at the LHC

Ready to be deployed for phenomenology!!!



Summary &  Outlook
✔ Derive two-loop five-particle amplitude contributing to pp→ttj prediction at NNLO QCD

➢ Simplification of two-loop amplitudes
➢ NNLO QCD cross sections: compare with data, top-mass extraction, αs extraction, ...

Jake Bourjaily talk at Amplitudes 2025
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