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A. Nuclear pairing and its importance 

B. Current practice to estimate pairing strengths

C. Our proposal: Seniority force (constant pairing matrix elements)

D. Our newer proposal: Extension to delta residual interaction

Signposts for the talk



A. Nuclear pairing & its importance

Mass parabola showing the effect 
of pairing correlations.

Even-even nuclei are more stable
than odd-odd nuclei (even 
though the number of nucleons 
are the same).

Most stable nucleus 
for the A = 125 chain

Odd-odd nuclei chain are 
less stable (less binding) 
as compared to even-
even nuclei.

52
128Te can decay 
immediately to 54

128Xe 
by double beta-decay 
process.  
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After one obtains the single-particle (s.p.) 
solutions, one can approximate the total 
energy as the sum of the s.p. energies

𝐸𝐸 ≈�
𝑖𝑖=1

𝐴𝐴

𝑒𝑒𝑖𝑖 .

However, when considering pairing correlations 
one obtains a lower (stronger bound) solution.

Consider for now, 
the two neutrons in 
the 1d3/2 state.



A. Nuclear pairing & its importance

Effect of nuclear pairing 
occupancy of each single-particle 

is between 0 and 1.

 In pure Hartree-Fock (no residual 
pairing) each sp levels are either

• occupied (v2 = 1), or 
• empty (v2 = 0).

Fermi 
level

Far below the 
Fermi level, the sp 
level is almost fully 
occupied.

Occupancy drops to 
zero when its far above 
the Fermi level.

Within microscopic approaches, 
pairing can be described using:
Hartree-Fock-plus-BCS

Hartree-Fock Bogoliubov



B. Current practice to estimate pairing 
strengths

Within the Skyrme Hartree-Fock + Bardeen-Cooper-
Schrieffer (HF+BCS) approach, the residual pairing 
interaction is approximated by:
• Seniority force (constant pairing matrix element)

• Delta force
Volume pairing
Surface pairing
Mixed pairing

Within the collaboration, we usually make use of the
seniority force: 

�𝑉𝑉𝑝𝑝
(𝑞𝑞) =

𝐺𝐺𝑞𝑞
11 + 𝑁𝑁𝑞𝑞

with 𝑞𝑞 representing neutron or proton, and 𝐺𝐺𝑞𝑞 is the 
pairing strength.

Pairing strengths fitted based on:
• Moment of inertia

• Odd-even mass differences
• Pairing gaps
• First 2+ energy

• Charge radii



B. Current practice to estimate pairing 
strengths

Abstract

“… We discuss the pairing gap, a measure for nuclear pairing correlations, in chains of spherical, semi-magic 
nuclei in the framework of self-consistent nuclear mean-field models. … ”

“… Various definitions of the pairing gap are discussed as three-point, four-point and five-point mass-
difference formulae, averaged matrix elements of the pairing potential, and single-quasiparticle energies. …”

“… We find that the five-point mass difference formula gives a very robust description of the odd-even 
staggering, other approximations for the gap may differ from that up to 30% for certain nuclei. …”



B. Current practice to estimate pairing 
strengths

Abstract
A method for the determination of the pairing-strength constants, in the neutron–proton (n–p) isovector plus 
isoscalar pairing case, is proposed in the framework of the BCS theory. It is based on the fitting of these 
constants to reproduce the experimentally known pairing gap parameters as well as the root-mean-squared 
(r.m.s) charge radii values. The method is applied to some proton-rich even–even nuclei. The single-particle 
energies used are those of a deformed Woods–Saxon mean field. It is shown that the obtained value of the 
ratio GT=0np/GT=1np is of the same order as the ones, arbitrary chosen, of some previous works. The effect 
of the inclusion of the isoscalar n–p pairing in the r.m.s matter radii is then numerically studied for the same 
nuclei.



B. Current practice to estimate pairing 
strengths

“One is made on the odd-even staggering of masses by comparing measured and explicitly calculated three-
point binding-energy differences centered on odd-even nuclei. Another deals with the moments of inertia of 
the first 2+ states”

“… the two fits yield sets of strengths in excellent agreement: about 0.1% for the neutron parameters and 
0.2% for protons.”

“… that moments of inertia and odd-even staggering in selected nuclei were excellent measuring sticks of 
nuclear pairing correlations. ”



C. Our proposal: Seniority Force

• The amount of pairing depends on the underlying mean-field single-particle spectra.

• With some connections to data, one defines a method to estimate the pairing 
strengths based on the density of single-particle levels near the Fermi surface.

• Suppose that one has at hand, the “amount of pairing” for a given ground-state:
 Higher single-particle density, the lower the pairing strength will be.
 Lower density, one needs a stronger pairing strengths.

Z = 72
N = 98



C. Our proposal: Seniority Force

The averaged single-particle level densities calculated using the 
equation

where 𝑓𝑓 𝑥𝑥  is the curvature correction: 

with P 𝑥𝑥  is the generalized Laguerre polynomial

and 𝑤𝑤 𝑥𝑥  is a weight factor given by:

The factor γ 
plays a role in 
smoothing out 

the shell-effects.



C. Our proposal: Seniority Force

• The constant pairing matrix elements Vq are then determine using the equation

• Connection to the data comes from the Moller-Nix pairing gap ansatz 
[Nucl. Phys. A536, 1990].
 Connection to data via the odd-even mass differences.
 Based on “effective-interaction pairing gap” formula, instead of direct 

experimental data.

“The isospin-dependent pairing-gap expression with the parameter set determined 
earlier[17] seems unsuitable as a model for the effective-interaction pairing gap.”

“… perform full microscopic calculations and compare pairing gaps obtained for 
different microscopic parameter sets to odd-even mass differences.”



C. Our proposal: Seniority Force

• The Moller-Nix pairing ansatz is given by:

∆𝑛𝑛=
4.8
𝑁𝑁1/3  ;  ∆𝑝𝑝 =

4.8
𝑍𝑍1/3

corresponds to “perfect” mean-field solution.

• But the Slater approximation used for the exchange Coulomb 
part results in a more dense (less uniform) level densities.

Source: J.L. Bloas, M.-H. Koh, P. Quentin and L. Bonneau, Phys. Rev. C84, 
0143310 (2011)

Illustration on the proton s.p. energies

Exact Coulomb 
exchange calc.

(more uniformly 
distributed)

Slater approx. 
calc.

(more dense)

𝐸𝐸𝐹𝐹 𝐸𝐸𝐹𝐹



C. Our proposal: Seniority Force

• The proton pairing ansatz is corrected by a factor 𝑅𝑅𝑝𝑝:

∆𝑝𝑝=
4.8
𝑍𝑍1/3  𝑅𝑅𝑝𝑝

• With the correction factor obtained from the ratio of the 
exact Coulomb and Slater approximation BCS proton gaps:

𝑅𝑅𝑝𝑝 =
∆𝑝𝑝𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

∆𝑝𝑝𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆
= 0.0181𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑝𝑝 + 0.781 3 types of Skyrme forces used to generate the 
𝑅𝑅𝑝𝑝 data for well and rigid deformed nuclei in 
the rare-earth and actinide region.



C. Our proposal: Seniority Force

For 23 rare earth & about 12 actinide well deformed & 
rigid nuclei, we determined three types of root-mean-
square deviations for 3 Skyrme forces.

Note: Calculated MOI multiplied by a factor of 1.32 to account for the Thouless-
Valatin correction.

RMS deviation of 1.75 ℏ2/MeV for 
a direct fit on moment of inertia in 
Phys. Rev. C99, 064306 (2019).

Results for odd-even mass differences for rare-earth 
nuclei

RMS deviations Chin. Phys. C 49 
(2025) [keV]

Previous direct 
fit to OES [keV]

Neutron 78 87

Proton 182 172



D. Our proposal: Extension to residual delta 
interaction

• Drawback of using the seniority force:
 No information regarding the structure of the single-

particle spectra.

𝑖𝑖 ̂𝚤𝚤 𝑉𝑉 𝑗𝑗 ̂𝚥𝚥 =
𝐺𝐺𝑞𝑞

11 + 𝑁𝑁𝑞𝑞
≡ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

• Beyond the seniority force, one can assume a delta residual 
pairing interaction such that

𝑖𝑖 ̂𝚤𝚤 𝑉𝑉 𝑗𝑗 ̂𝚥𝚥 = �𝜙𝜙𝑖𝑖∗𝜙𝜙 ̅𝚤𝚤
∗𝑉𝑉𝜙𝜙𝑗𝑗𝜙𝜙𝚥̅𝚥𝑑𝑑𝑟𝑟𝑑𝑑𝑟𝑟′

 One needs to consider the overlap of the single-particle 
wavefunctions.



D. Our proposal: Extension to residual delta 
interaction

• Having access to the sp 
structural dependence, one may 
consider going beyond the 
ground-state deformation.

• One example is for the study on 
fission path from a normally 
deformed ground-state.

Connection with data at 
the ground-state for a 
given sp level densities.



D. Our proposal: Extension to residual delta 
interaction

• We propose to connect the microscopic seniority force 
information using the average pair condensation energy
defined as:

𝐸𝐸𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑞𝑞,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 =

∆𝑞𝑞,𝐵𝐵𝐵𝐵𝐵𝐵
2

𝑉𝑉𝑞𝑞
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

• For residual delta interaction, the average pair condensation 
energy is computed via

𝐸𝐸𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑞𝑞,𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = �

𝑖𝑖

�𝑘𝑘𝑖𝑖 �∆𝑖𝑖

�𝑘𝑘𝑖𝑖 =
1
𝛾𝛾
�𝑓𝑓

(𝑒𝑒 − 𝑒𝑒𝑖𝑖)
𝛾𝛾

𝑘𝑘 𝑒𝑒, 𝜆̃𝜆,∆𝑖𝑖  𝑑𝑑𝑑𝑑

𝑘𝑘 𝑒𝑒, 𝜆̃𝜆,∆𝑖𝑖 =
∆𝑖𝑖

2 𝑒𝑒 − 𝜆̃𝜆 2 + ∆𝑖𝑖2

Discrete (average) k_HFB given by:

Which is averaged via the Strutinsky 
method via: 

Source: M. Brack and P. Quentin, Nucl. Phys. A 361, (1981).



D. Our proposal: Extension to residual delta 
interaction

Comparison of Moment of Inertia using residual 
delta pairing strength fitted to each nucleus

Nuclear region RMS MOI 
(Seniority)

RMS MOI 
(Delta)

Rare earth 1.6 1.9

Actinide 2.2 3.7

Note:
For seniority force, a self-consistent process 
was implemented for the proton pairing 
strength.
 Better agreement in MOI rms with respect 

to exp. data.

For delta force, a rather good agreement were 
obtained despite a slightly larger rms.
 Results are dependent on the s.p. spectrum 

of the underlying mean-field.
 Note: for seniority force, a constant pairing 

matrix element is used such that

𝑖𝑖 ̂𝚤𝚤 𝑉𝑉 𝑗𝑗 ̂𝚥𝚥 =
𝐺𝐺𝑞𝑞

11 + 𝑁𝑁𝑞𝑞
≡ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐



D. Our proposal: Extension to residual delta 
interaction

Comparison of Moment of Inertia using average residual 
delta pairing strengths according to nuclear region

Nuclear region RMS MOI 
(Seniority)

RMS MOI 
(Delta)

RMS MOI
(Delta ave)

Rare earth 1.6 1.9 1.7

Actinide 2.2 3.7 2.8

Nuclear 
region

Vn 
[MeV fm3]

Vp
[MeV fm3]

Rare earth -351 -392

Actinide -317 -376

Substantial improvement in the MOI rms 
when using the averaged pairing strengths.

 Averaging the pairing strengths reduces 
the dependence on the wrong 
underlying mean-field sp spectra.



CONCLUSION

1. We devise a framework to estimate the delta (volume) residual pairing strengths 
based on the Strutinsky averaging method.

2. The approach is based on the average (semi-classical) pair condensation energy.

3. Connection to experimental data is through the odd-even mass differences tailored 
for theoretical calculations of Moller-Nix.

4. The approach has potential applications for other types of residual pairing 
interactions.

5. Highly relevant for regions without access to experimental data for usual fitting 
method.
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