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Superposition states: Phase states:

• Store information in Qubit

Binary states:

Quantum Computing
• Utilizes property of quantum mechanics to manipulate information

Initial 
state

Final 
state Result

Evolve MeasurePrepareDefault 
state

Utilize quantum algorithm

Paradigm of quantum computer:



Performance of Algorithm

Quadratic speed-up

Example: Search target item in unordered database of N items

Number of operation:

Lov K. Grover. (1996) A fast quantum mechanical algorithm for database search 
Kitaev, A.Y. (1995) Quantum Measurements and the Abelian Stabilizer Problem

Using Grover’s Algorithm

• How does the number of operation scales with amount of information N

Linear scaling:Exponential scaling:
୒

Logarithmic scaling 

• Big O notation

Quantum computer improve scaling of certain class of algorithm



Paring Interaction Coefficient

BCS Hamiltonian:
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BCS gap equation with Strutisky averaging:
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௜௝௞௟ is the pairing coefficient

Meng-Hock K., P.Quentin (2024) Determination of pairing matrix elements from average single particle level densities

• Current quantum hardware can only simulate light nuclei

௤ is average single 
particle level density

• Quantum computer can directly simulate Hamiltonian of a system



Evaluating Pairing Matrix Element
Average single particle level density:

Generalize Laguerre Polynomial:

௤
ᇱ

ାஶ

ିஶ

ெ
ଵ/ଶ ଶ

ଶ௡
ଶ௡

ெ

௡ୀ଴

• Does not have an 
analytical solution

• Need to solve using 
Numerical Integration

Gaussian Function:

ି௫మ



Numerical Integration
• A method to approximate the definite integral of a function

Deterministic method  e.g. Trapezoid Rule
• Approximate function into interval of 

area 

Probabilistic method e.g. Monte Carlo
• Sampling area with random 

distribution ௜ with sample points

Number of operation scales with  

Number of operation scales with 𝟏

𝝐𝟐
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Quantum Numerical Integration Algorithm

Prepare 
initial state

Integral 
Evaluation 
Algorithm

Input MeasureQuantum 
Amplitude 
Estimation

Value of 
Definite 
Integral

Number of operation scales with ୒

ఢమ

୪୭୥ ୒

𝝐

Abrams, D. S. & Williams, C. P. (1999) Fast quantum algorithms for numerical integrals and stochastic processes

ଶ

Deterministic 
Method

Probabilistic 
Method

• Hybrid of deterministic and probabilistic method

Enable Quantum 
Speed-up

Encode 
function



Various Numerical Integration Algorithm

SpeedIntegral EvaluationAlgorithm

𝑂(𝑁ௗ)Area ApproximationTrapezoid rule

𝑂
1

𝜀ଶ

Random Distribution 
Sampling

Monte Carlo

𝑂 logଶ 𝑁Fourier Series 
Approximation

Fourier Quantum Monte Carlo 
Integration (2021)

𝑂 logଶ 𝑁ௗRegion EvaluationGeneral Quantum Integration 
Algorithm (2024)

𝑂 logଶ 𝑁ௗMatrix ManipulationPartial Sum Integration (2024)

Shimada, N. H. & Hachisuka, T. (2020) Quantum coin method for numerical integration
Herbert, S. (2021) Quantum monte-carlo integration: The full advantage in minimal circuit depth
Shu, G., Shan, Z., Xu, J. et al.(2024) A general quantum algorithm for numerical integration

Classical
Algorithm

Quantum
Algorithm



General Quantum Integration Algorithm (GQIA)

Final state:

is the normalize 
area of integral

Discretize the area 
to be integrated

Evaluate 
each point

Prepare Evolve Measure

Shu, G., Shan, Z., Xu, J. et al.(2024) A general quantum algorithm for numerical integration



Methodology

Equation to integrate

Quantum software development kit: Qiskit

FucntionType

2𝑥 + 1Linear

4𝑥ଶ + 1Quadratic

𝑥ସ − 𝑥ଶ + 1Polynomial order 4

2 variation of GQIA:
• Without speed-up algorithm
• With speed-up algorithm

• Quantum Phase Estimation

Resolution of the discretize area, 

Based on General 
Laguerre Polynomial



Circuit for General Quantum Intergration Algorithm

Computational 
Basis State

Quantum Phase Estimation

GQIA

Quantum Instruction is represented by quantum gates



Preliminary finding using GQIA with Simulated QC

DepthMeasurementErrorQubit 
used

Function

1701 ∗ 10଺5.5 %13Linear

7301 ∗ 10଺8.0 %21Quadratic

3.1 ∗ 10ଷ1 ∗ 10଺22.4 %27Polynomial 
order 4

GQIA only

DepthMeasurementErrorQubit 
used

Function

1.6 ∗ 10଺12.8 ∗ 10ଷ5.9 %20Linear

6.9 ∗ 10଺12.8 ∗ 10ଷ10.0 %28Quadratic

---34Polynomial 
order 4

GQIA with 
speed-up 
algorithm



Preliminary finding using GQIA with Simulated QC

DepthMeasurementErrorQubit 
used

Function

1701 ∗ 10଺5.5 %13Linear

7301 ∗ 10଺8.0 %21Quadratic

3.1 ∗ 10ଷ1 ∗ 10଺22.4 %27Polynomial 
order 4

GQIA only

DepthMeasurementErrorQubit 
used

Function

1.6 ∗ 10଺12.8 ∗ 10ଷ5.9 %20Linear

6.9 ∗ 10଺12.8 ∗ 10ଷ10.0 %28Quadratic

---34Polynomial 
order 4

GQIA with 
speed-up 
algorithm

• Low resolution was 
used to discretize 
the area

• Speed-up algorithm 
does not increase 
the error too much



Preliminary finding using GQIA with Simulated QC

DepthMeasurementErrorQubit 
used

Function

1701 ∗ 10଺5.5 %13Linear

7301 ∗ 10଺8.0 %21Quadratic

3.1 ∗ 10ଷ1 ∗ 10଺22.4 %27Polynomial 
order 4

GQIA only

DepthMeasurementErrorQubit 
used

Function

1.6 ∗ 10଺12.8 ∗ 10ଷ5.9 %20Linear

6.9 ∗ 10଺12.8 ∗ 10ଷ10.0 %28Quadratic

---34Polynomial 
order 4

GQIA with 
speed-up 
algorithm

• Number of 
measurement does 
decrease with the 
use of speed-up 
algorithm



Preliminary finding using GQIA with Simulated QC

DepthMeasurementErrorQubit 
used

Function

1701 ∗ 10଺5.5 %13Linear

7301 ∗ 10଺8.0 %21Quadratic

3.1 ∗ 10ଷ1 ∗ 10଺22.4 %27Polynomial 
order 4

GQIA only

DepthMeasurementErrorQubit 
used

Function

1.6 ∗ 10଺12.8 ∗ 10ଷ5.9 %20Linear

6.9 ∗ 10଺12.8 ∗ 10ଷ10.0 %28Quadratic

---34Polynomial 
order 4

GQIA with 
speed-up 
algorithm

• Depth of the circuit 
increase dramatically 
when speed-up 
algorithm was used



Summary

• Use different quantum amplitude estimation algorithm
• Use integration algorithm that require less circuit depth

On going work

• Quantum Numerical Integration was used to integrated part of  the integral in 
the Gap equation

• Quantum Phase Estimation does help in reducing the measurement needed
• The quantum instruction needed exceed the current capability of quantum 

computer



Thank You



Unused slide



Preliminary finding using FQMCI
Gate usedMeasurementErrorQubit 

used
Function

88100,0001 %13Linear

88100,000>0.1 %13Quadratic

88100,000>0.1 %13𝑥ସ

ସ ଶ଼

଴

ସ ଶ
଼

଴

Analytical Constant term in the approximation

ସ ଶ
଼

଴

ସ ଶ ସ ௡

ସ ସ ଶ
ଶ ଶ

଻

௫ୀ଴௡ୀଵ

Contribution from 
cosine term is 
less then 0.01%



Error estimated using 
GQIA classical for 

ଶ

Additional 
Qubit

Error𝚫𝐱

08.1%1

42.1%0.5

80.4%0.25

120.125

Simulation 
Time

DepthTotal qubit for 
GQIA Full

5m42s36k25

23m56s67k26

1h28m14s137k27

5h57m05s277k28

23.8h-29

3.97d-30

15.9d-31



Limit of current generation of quantum computer

• Use different quantum amplitude estimation algorithm
• Use integration algorithm that require less circuit depth

On going work

• Noisy, low coherent time
• Working qubit: ~100 to 150
• Circuit depth: few hundred



General Quantum 
Integration Algorithm 
(GQIA)

Final state:

is the normalize 
area of integral

Discretize the area 
to be integrated

Evaluate 
each point

Fourier Quantum 
Monte Carlo Integration
(FQMCI)

௫೑

௫೔

଴ ௡

௫೑
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௡

ஶ

௡ୀଵ

Evaluate using FQMCI



Superposition states:

Phase states:

States of Qubit

Quantum Operation 

Binary states:

Quantum Computing

Bloch Sphere

Rotate about X-axis 
Rotate about Y-axis 
Rotate about Z-axis

ଵ

ଶ
Rotate on X and Z axis

• utilizes property of quantum mechanics to 
manipulate information

Quantum Circuit Model

Quantum Algorithm 



Implementation of Quantum Numerical Integration

Initial state preparation Integral Evaluation Algorithm Quantum Speed-up 
Algorithm• Boolean algebra

• Quantum arithmetic
• Parameterize circuit

• General Quantum Integral 
Algorithm (GQIA)

• Fourier Quantum Monte Carlo 
Integration (FQMCI)

• Grover’s Algorithm + 
Quantum Phase Estimation

• Modified Grover’s Algorithm
• Quantum Amplitude 

Estimation

Initial state 
preparation

Integral Evaluation 
Algorithm

Input Measure

Quantum Speed-up 
Algorithm

Value of Definite 
Integral

Simulated 
quantum 
computer

IBM’s quantum 
computer



Output of GQIA basic

• GQIA only needs 
operations to acquire final 
state

Final state:

Number of operation N required to 
reconstruct the final state with an 
error :

𝟐

Measurement 1:  
Measurement 2:  
Measurement 3:  
Measurement 4:  

• Measuring the final state will 
collapse the wavefunction

Repeat measurement 
to reconstruct the 
final state

Same as classical 
probabilistic method



Preliminary Result – Integral of Linear Function

OperationErrorAreaMethod

-0.0%56.00Analytical

-0.0%56.00Trapezoid

1,000,0000.0%56.00Monte Carlo

1285.5%59.06GQIA 
Classical

1,000,0005.5%59.07GQIA Basic

12,8005.9%59.30GQIA Full

଻

଴

Qubit used: 
• QGIA Basic : 13 qubits
• QGIA Full     : +7 qubits
• Total :  20 qubits

Resolution: 
•
•

Classical

Quantum



Preliminary Result – Integral of Quadratic Function

OperationErrorAreaMethod

-0.0%464.3Analytical

-1.0%469.0Trapezoid

1,000,0000.2%465.0Monte Carlo

1,000,0008.1 %502.0GQIA 
Classical

1,000,0008.0%501.2GQIA Basic

12,80010.0%510.9GQIA Full

ଶ
଻

଴

Qubit used: 
• QGIA Basic : 21 qubits
• QGIA Full     : +7 qubits
• Total :  28 qubits

Resolution: 
•
•

Classical

Quantum



Integration via Quantum Counting

Integration via Amplitude Amplification

Number of measurement 
operation required is:

𝒕

Quadratic speed up

Number of measurement 
operation required is:

𝟐

Quadratic speed up

Initial state 
preparation GQIA BasicInput

MeasureGrover Algorithm Value of 
Definite 
Integral

Quantum Phase 
Estimation (QPE)

Initial state 
preparation

GQIA Basic
Input

Measure

Modified Grover Algorithm
Value of 
Definite 
Integral



Quantum Numerical Integration Algorithm

Prepare 
initial state

Integral Evaluation 
Algorithm

Input
Output

Variable 
state

Function 
state

Measure

Quantum Algorithm 
for Speed-up

Value of Definite 
Integral

Post 
Processing

௙

௚

௕

௔

• Grover Algorithm
• Quantum Phase 

Estimation

Number of operation 

scales with 𝟏

𝝐

Abrams, D. S. & Williams, C. P. (1999) Fast quantum algorithms for numerical integrals and stochastic processes



Big-O Notation

Amount of Information, n

• A benchmark to evaluate performance of an algorithm

Exponential 
scaling

Linear or 
logarithmic scaling



Classical vs Quantum Algorithm

Shor’s Algorithm
• Identify prime factor of a value N

Sub-exponential speed-up

Quadratic speed-up

Grover’s Algorithm
• search target item in unordered database

Number of operation:

Number of operation:

Lov K. Grover. (1996) A fast quantum mechanical algorithm for database search 
Kitaev, A.Y. (1995) Quantum Measurements and the Abelian Stabilizer Problem



Research Framework

Prepare 
initial state Integral Evaluation 

Algorithm

Input
Quantum Algorithm 

for Speed-up

Polynomial 
Function

Single 
particle

energy level

Average Single 
Particle Level 

Density

Pairing Matrix 
Element

Implementation

Quantum 
Instruction

Quantum 
Computer

Simulated 
Quantum 
Computer

Quantum Numerical 
Integration Algorithm



Quantum Algorithm – Quantum Phase Estimation

଴

ଵ

ଶ

ଷ

ସ

ହ

଺

଻

଼

Period 

Step 1

Step 2
Identify 
period

Step 3

• Finding prime factors of a number N

Prime of ௥/ଶ

Classical Algorithm:

Quantum Algorithm:
Quantum Fourier 

Transform

𝟏/𝟑 𝐥𝐨𝐠 𝑵

𝟑

Number of operations for step 2

Classical Algorithm 
for finding period is 

not efficient

Kitaev, A.Y. (1995) Quantum Measurements and the Abelian Stabilizer Problem



Quantum Algorithm – Grover’s Algorithm
• Find M target items from an unordered list of N items

Classical Algorithm:

Quantum Algorithm:
Grover’s Algorithm

Number of operations

Example:
Finding a keyword from a book 

with N total words without 
referring to any index

• Run through every page to find 
the target item

Lov K. Grover. (1996) A fast quantum mechanical algorithm for database search 



Numerical Integration – Deterministic Method
• Divide function into small interval of area 

௜

௕

௜ୀ௔

௕

௔

For N slices of area
Number of operation:  

• Accuracy increase as 

௫→଴
௜

௕

௜ୀ௔

௕

௔

Curse of dimensionality: 𝒅



Numerical Integration – Probabilistic Method
• Sampling area with random distribution ௜

with N sample points

௜

ே

௜ୀଵ

௕

௔

ே→ஶ
௜

ே

௜ୀଵ

௕

௔

• Accuracy increase as 

Sample pointsError 𝜖

1000.1

100000.01

10000000.001

Number of sample point/operation 
required to achieve an error is:

𝟐



Research Question
• Can quantum numerical integration be use to evaluate paring coefficient
• What is the computation resource needed to execute the numerical 

integration

Objective
• Evaluate pairing matrix element of a nucleus using quantum numerical 

integration algorithm (QNIA)
• Implement QNIA on a quantum platform
• Benchmark QNIAs on it’s performance and resource requirement



Hamiltonian Simulation

Quantum: Direct simulation of Hamiltonian System

Hamiltonian 
of a system Qubit System

Mapping Evolve
Ground state

Energy

Classical: Calculate each term in the Hamiltonian Equation

• Number of term scales exponentially with number of particle
• Runs in exponential time 

• Runs in polynomial time



Types of Quantum Simulator

Analogue Digital

• Hardware based (connection limitation)
• Limited Hamiltonian types

• Quantum gate based
• Universally 

programmable
• Any Hamiltonian



Strutinsky Approximation

• ௧௢௧௔௟ ௟௜௤௨௜ௗ ௗ௥௢௣ ௦௛௘௟௟ 

Original Gap equation
Need to solve variationally

1

𝑉௤
= න

𝜌෤௤ 𝑒

𝑒 − 𝜆ሚ௤
ଶ

+ Δ෩௤
ଶ

𝑑𝑒
ఒ෩೜ାஐ

ఒ෩೜ିஐ

Strutinsky Approximation



• Randering supersampling of simple texture



• Evaluation of cross section of scarttering of 2 HEP



GQIA classical
ଶ

Additional 
Qubit

Error𝚫𝐱

08.1%1

42.2%0.5

80.4%0.25

Approximate area 
with points

𝜆 ≤ 1, automatically normalized



Simulation time
Simulation 

Time
DepthTotal qubit for 

GQIA Full

5m42s36k25

23m56s67k26

1h28m14s137k27

5h57m05s277k28

23.8h-29

3.97d-30

15.9d-31

Number of 
qubit

Register

2௞భ|𝑥⟩

2௞మ|𝑦⟩

2௞మ|𝑓(𝑥)⟩

2ancillary

tPhase

Qubit count

𝑘ଵ- controls resolution of x

𝑘ଶ- depends on the max value of x

𝑡- controls the resolution of GQIA Full



GQIA Basic

Step 1 Step 2 & 
Step 3

GQIA Classical

x = 2^3
y = 2^8
f(x) = 4x^+1

for i in x:
for j in y:

if j > f(i): count ++

normalize_area = count/(x*y)



Working of GQIA Full
Final state convert 
into computational  

basis state
• Measuring this 

basis state gives:

1 − 𝜆 0 + 𝜆|1⟩

𝟎

𝟏

1 − 𝜆 0 + 𝜆|1⟩

Rotate state 
vector which 

create a period

𝜆 is encoded in 
phase space

Apply Quantum Phase 
Estimation

(equivalent to discrete 
Fourier transform)

Number of measurement
operation required is:

𝑶 𝟐𝒕 𝑵

Each Grover iteration rotate the 
statevector of the final state in the 

Hilbert Space

Classical Deterministic method need O 𝑁
This is a quadratic speed up

Final state

Apply Grover’s 
Algorithm

Apply iQFT



Working of GQIA Full
Final state convert 
into computational  

basis state 𝑁
• Measuring in this 

basis state gives:

1 − 𝜆 0 + 𝜆|1⟩
Rotating 

statevector
𝜆 is encoded in 

phase space 𝐾
QPE

Final state 𝜆

Grover’s 
Algorithm

Apply iQFT

ଵ
௜ఏ

ଵ

ଶ
௜ଶఏ

ଶ

ଷ
௜ସఏ

ଷ

Let 𝜆 = sin 𝜃
Each Grover iteration shifts 𝜃

into different value while 
changing the phase 𝑒௜ఏ

ଷ
௜ଶಿషభఏ

ே

௧

ଶగ௜௞௝/ଶ೟

ଶ೟ିଵ

௞ୀ଴

After discrete Fourier transform

𝜃 =
ଶగ௝

ଶ೟ , and j = n



What happen if we don’t run j times?
• We can actually run Grover operator as many time as we want

Output of GQIA basic 

Output of k Grover Operator ଶ୩ାଵ థ

ଶ ௔௥௘௔
ଶ୩ାଵ థ

ଶ ௡௢௧

Problem:
Runing Grover Operator k times 

give different ௞

We have no idea which ௞ is 
correct

𝜆 is the normalize area of integration



More Detail look at QFT
• Each qubit of phase register have ௝ rotation in phase space

௜ఏ

𝟐௜ఏ

𝟒௜ఏ

௧

௜ఏ ଶ௜ఏ ଷ௜ఏ

ସ௜ఏ ହ௜ఏ

௧

௜௞ఏ

ଶ೟ିଵ

௞ୀ଴

௧

ଶగ௜௞௝/ଶ೟

ଶ೟ିଵ

௞ୀ଴

௝

ଶ೟

௜ఏ



Integration via Amplitude Amplification
• Iteratively “zoom in” on the error range of the final state using Grover’s algorithm

Final: 

1st Iteration: E ଵ

Number of measurement 
required : 𝒌→ஶ (𝒌/(𝒌ା𝟏))

ଵ

ଶ
ଶ

ଷ
ଷ

2nd Iteration: E ଶ
ଶ

3rd Iteration: E ଷ
ଷ

ଶ
Classical 

Monte Carlo:

measure

zoom in and measure

zoom in and measure

Abrams, D. S. & Williams, C. P. (1999) Fast quantum algorithms for numerical integrals and stochastic processes



Integration via Amplitude Amplification

True answer: 0.4643

1st Iteration: E

2nd Iteration: E

3rd Iteration: E

Abrams, D. S. & Williams, C. P. (1999) Fast quantum algorithms for numerical integrals and stochastic processes

4th Iteration: E

Number of operation

Monte Carlo IAA

10 10

1,010 20

101,010 30

10,101,010 40

𝟐



Measure
Output

Measure
Output

GQIA Basic with 
modified Grover

Depth 
Depth on QC 

There will be multiple 
copy of Grover iteration

1st Iteration starts 
with GQIA Basic

Later Iteration

GQIA basic

Output interact with the gate 
to update its parameter

Quantum Coin Integration by modifying grover iteration



Integrated 
Fourier series

Limitation of FQMCI
- must be constant

Run on quantum computer for each m

After calculating m term, sum-up all the 
result on classical computer

IBMDepth

~2.3 k60GQIA basic

888FQMCI

Fourier Quantum Monte Carlo Integration



Total Query Complexity
Total Query 
complexity

Finding PhaseSearching 
coordinate of 

area

Evaluation of 
Area

Classical

Classical 
GQIA

௧௧Quantum 
GQIA

Even with overhead, Quantum GQIA is faster than 
classical numerical integration

Number of measure qubit

GQIA Basic
ேGrover Algorithm

Quantum Phase Estimation


