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INTRODUCTION & MOTIVATION

- Fundamental Question : How are hadrons, like the pion, composed of their
fundamental constituents: quarks and gluons?
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(Noguera, TheuBl, & Vento, 2004)
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INTRODUCTION & MOTIVATION

- @Generalized Parton Distributions
(GPDs) :

> GPDs provide a comprehensive,
multi-dimensional picture of
hadron structure.

> They unify Parton Distribution
Functions (PDFs), which describe
longitudinal momentum
distribution.

> And Form Factors (FFs), which
describe the spatial distribution
of charge.

(Jin-Li Zhang, 2025)

(Hutauruk, Cloet, & Thomas, 2016)
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INTRODUCTION & MOTIVATION

- Goal: To calculate the vector and tensor GPDs of the pion using the Nambu—Jona-
Lasinio (NJL) model and analyze their properties.

Details of the internal partonic structure of
the pion have remained elusive because it
cannot be probed as a fixed target

Parton Distribution Function

(PDF)

Phenomenological Models: Nambu—Jona-Lasinio Model offer a complementary
approach:

- Chiral symmetry & dynamic breaking;

- Quark-antiquark bound state.
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FUTURE EXPERIMENTAL LANDSCAPE
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THE NAMBU-JONA-LASINIO (NJL) MODEL

The NJL model is an effective field theory for QCD at low energies.

A key feature is its preservation of chiral symmetry, which is dynamically broken to generate
dressed quark masses.

The SU(2) flavor Lagrangian for the system is given by:
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The dressed quark propagator is found by solving the Mass Gap Equation:
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CALCULATING PION GPDS

The two leading-twist quark GPDs of the pion are the vector GPD, H(x, &, t), and the tensor
GPD, E(x,¢,t).

They are defined through non-forward matrix elements of quark operators:
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In the NJL model, these are calculated using the loop diagrams shown below:
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KEY CALCULATION STEPS & TECHNIQUES

To manage the loop integrals for the GPDs, several standard field theory techniques are
necessary:

Feynman Parameterization: This method is used to combine the three different propagator
denominators from the loop diagram into a single denominator, which simplifies the
momentum integral. The general formula for three denominators is:

1 1 1l—ax 1
92/ 4 d
ABC /U T/O A+ (B— Az + (C — Ay

Variable Shifting: After combining denominators, the momentum term (k) in the denominator

is shifted (e.g., k = k + L') to complete the square and eliminate terms linear in k. This makes
the subsequent integration symmetric.

Wick Rotation: The integral is rotated from 4D Minkowski space to 4D Euclidean space
(k® - ikE,). This makes the momentum integral convergent and easier to solve.

dr dkp i
s g = k2. dk>
f 2mi f (2m)% ~ 1672 / EWE

—
o

G¢0¢c/81/8



KEY CALCULATION STEPS & TECHNIQUES

- Proper Time Regularization (PTR): Because the NJL model is non-renormalizable, a
regularization scheme is required to handle divergent integrals. PTR is used, which involves
introducing ultraviolet and infrared cutoffs (Ayy, Ajr).
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PRELIMINARY RESULT:DYNAMICAL QUARK
MASS (M)

- The expression for consistuent quark mass equation
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- Resulting
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RESULT:DYNAMICAL QUARK M

Gn

Gerit

Dynamical quark mass (Dressed Mass (M) vs Coupling/Critical Coupling (

Dynamical Quark Mass vs Coupling Ratio
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ASS (M)

) represented based on the bare mass
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PRELIMINARY RESULT:DECAY CONSTANT

(f =)

In NJL model the pion decay constant can be defined by:
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PRELIMINARY RESULT: THE VECTOR GPD, H(x, ¢, t)

- The final expression for the vector GPD is a complex function involving integrals over the

regulator functions:
N.Z

T2

H(z,§,t) = [Hy + Hy + Hs + Hy]

«  Which consisting:
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PRELIMINARY RESULT: THE VECTOR GPD,
H(x, &, t)

- Plotting the vector GPD for t = {0, —0.1}

Plot of H(x, &, t) fort = -0.1
1.0
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PRELIMINARY RESULT: THE VECTOR GPD,
H(x, &, t)

Plotting the vector GPD for t = {—0.5, —1.0}

Plot of H(x, &, t) fort=-1.0

Plot of H(x, &, t) fort = -0.5
. 1.0
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PRELIMINARY RESULT: THE TENSOR GPD,
E(x, &, t)

- Similarly, the tensor GPD is calculated to be:

1 1—ex 2
Bt t)= NeZn [Cao [ apls (2EEZUHOB )2 [ 4r ora*—p0-pymi-a(i-a—p )1
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- There is similarity between the tensor GPD and the last term of vector
GPD (H,). This makes easier for us to calculate the tensor GPD.
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PRELIMINARY RESULT: THE TENSOR GPD,
E(x, &, t)

Plot of E(x, &, t) fort=0 Plot of E(x, &, t) for t = -0.1
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PRELIMINARY RESULT: THE TENSOR GPD,
E(x, &, t)

Plot of E(x, &, t) for t = -0.5 Plot of E(x, &, t) for t = -1.0
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ANALYSIS: PROPERTIES & LIMITING CASES

To validate our results, we check them against known theoretical requirements.
Forward Limit

In the limit where § - 0 and t — 0, the vector GPD must reduce to the standard Parton
Distribution Function (PDF), u(x). This is expressed as H(x, 0,0) = u(x)

Polynomiality & Form Factors

The moments of GPDs must be polynomials in €. The first moment of the vector GPD gives the

pion's Electromagnetic Form Factor, E,(Q?).
|

f H(x,& t)dx = Ay o(t) = Fr(Q7)

—1

The first moment of the tensor GPD gives the Tensor Form Factor, EX (Q?) .
1

fE(Y‘q"fIlﬂ’f—Bm!}— (0%).
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ANALYSIS: PROPERTIES & LIMITING CASES

- Impact Parameter Space

The Fourier transform of the GPD at zero skewness (¢ = 0) gives the spatial distribution of quarks
in the transverse plane. The relationship is:

q(x,bi)z (p+,Rl:0L|5(x,bL)|p+,Ri:ﬂl)

q(x’ bl B W eibl.qu(x' 0, _qJZ_)
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WHAT’S NEXT?

Generalized Form Factor (GFF)

e Obtained through vector & tensor GPDs momentum fraction
Integration

Gravitational Form Factor

e Obtained from Generalized Form Factor
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COMPARISON WITH LATTICE QCD DATA

A key validation step is to compare our calculated Generalized Form Factors (GFFs) with data
from Lattice QCD (IQCD) simulations

Electromagnetic Form Factor (F,,): The dressed form factor (EP) is very close to the monopole
form (EMom) extracted from experiments, especially in the low Q2 region.

Vector GFFs (43 ¢, 4, 2): The calculated quark mass distribution (A3 ) does not compare well,

but the quark pressure distribution (Alz),z) compares well at small Q2 before becoming "harder"
(falling off slower) than the lattice data.

Tensor GFFs (B4 ¢, B2 ): The calculated tensor form factors (B, and B2,) are also harder
than the corresponding lattice data.
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COMPARISON WITH LATTICE QCD DATA

NJL

(Jin-Li Zhang, 2021)

Lattice QCD Data Analysis

h = P
. CJ22
B NNPDF4.0
N JAM25

107" 0.2 0.1 0.6
x

(Good et al., 2025)

Note:

CJ22 - CTEQ-Jlab 2022

NNPDF4.0 ->Neural Network PDF 4.0

JAM25 - Jefferson Lab Angular Momentum 2025

(Ceruttiet al., 2025) (Ball, R. D., 2021) (Cocuzza et al., 2025)
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SUMMARY & CONCLUSION

We successfully calculated the pion's vector (H) and tensor (E') Generalized Parton
Distributions using the Nambu—Jona-Lasinio (NJL) model.

The results were validated and found to correctly satisfy fundamental theoretical properties
like the forward limit (reducing to PDFs) and the polynomiality condition (reducing to Form
Factors).

When compared to experimental fits and lattice data, this model provides a good description of
the pion's electromagnetic form factor, with some deviations in other generalized form factors.

The NJL model proves to be a rather good and simple framework for describing pion
phenomenology. The consistency between my own difficult calculations and the published
research validates the methodical approach.
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