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1. Motivation Ø One main goals  of  HIC:

  Mapping QCD phase diagram, 

  in particular, critical point (CP)

Features of CP:

  Diverge of corr. length,  

or present of all lengths of corr.,

  in particular, long range corr.

  Large intermittent fluc., or

  self-similar fractal structure!
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Ø Critical sensitive observables in HIC
Difficulty: 

Order parameter of QCD deconfiment phase transition 

à Polyakov loop 

à unknown corresponding observable? 

(1) Higher order moments of conserved  charges

Based on： equilibrium statistics, or thermal equilibrium models

𝑆𝜎~𝜉!.#,

𝜅𝜎$~𝜉%

M. A. Stephanov, Phys. Rev. Lett. 102, 032301 
(2009); Phys. Rev. Lett. 107, 052301 (2011)
S. Ejiri, F. Karsch, and K. Redlich, Phys. Lett. 
B 633,275 (2006).
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Problems in experimental measurements:

o Baryon ~ net-proton, unknow neutron

o Statistical fluc., need to subtract the Poison baseline

o Non-equilibrium relaxation

o High statistics for precision measurements

o Correlations from conventional mechanisms

Expected critical related non-monotonic energy dependence 
has not yet been observed!
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(2) Factorial moments of multiplicity distributions

A. Bialas and R. Peschanski, Nucl. Phys. B 273, 703(1986).

Based on: fractal like large fluctuations, i.e., intermittency 

Factorial moments is expected to have power law behavior :

However, saturate in 1D,  no exact power law in 2D, 
Maybe:
o
o background subtraction:
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STAR, Phys. Lett. B 845, 138165 (2023).
J. Wu, Y. Lin, Z. Li, X. Luo, and Y. Wu, Phys. Rev. C 104, 034902 (2021).
J.Wu, Z. Li, X. Luo, M. Xu,and Y. Wu, Phys. Rev. C 106, 054905 (2022). 
R. Wang, C. Qiu, C. Hu, Z. Li, and Y. Wu, Phys. Lett. B 864, 139405 (2025). 

Only a few 1-2%  critical signal!

Experimental results of factorial moments measurements 
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Search for the CP is challenging！

More sensitive, or effective, observables are called for!
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Ø Current development on Eigen-Microstate Approach (EMA)
Xiaosong Chen et al.,  Sci. China Phys. Mech. Astron. 62, 990511 (2019).

Based on： generalized the microstate description from Gibbs-
ensemble theory to arbitrary event ensembles, by constructing the 
temporal-spatial correlated matrix, EMA as well as principal 
component analysis (PCA),  can
extract the dominant collective
mode and reveal its condensation, 
analogous to Bose–Einstein 
condensation!

L. Wang, Phys. Rev. B 94, 195105 (2016).
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EMA is able to reveal critical patterns for both equilibrium, i.e., 
1D, 2D and 3D Ising models, and non-equilibrium systems, i.e., 
Vicsek model, Karman vortex street, Atmospheric, Social 
systems, …, and so on, 

Xiaosong Chen et al.,  Commun. Theor. Phys. 73, 065603 (2021);
Chin. Phys. B 30, 128703 (2021); Sci. China-Phys. Mech. Astron. 67, 110511 (2024); 
Chinese Phys. Lett. 39, 080503 (2022).

and provide accessible to order parameter!
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EM patterns for first three largest eigenvalues in 2D Ising near Tc

First three largest
 eigen microstate patterns.

First three largest
 eigen values 

near critical temperature
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2. Eigen-Microstate Approach (EMA) in HIC

Ø Formulation of Original Microstates (OM)
Generalizing the concept of microstate in Gibbs ensemble! 

Temporal：
Under identical macro conditions, such as,

    collider nuclear，collision energy，impact parameter （centrality)
A given event   à a specified evolution time 
Spatial：
Transverse momentum space
Binning the space, each bin is specified by △Nch

M event sample à Generalized ensemble with 𝑀 microstates

An event à An original microstate (OM)

Ranran Guo, Jin Wu, Mingmei Xu, Xiaosong Chen, Zhiming Li,   
Zhengning Yin, Yuanfang Wu arXiv:2510.20336.
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Ø Original microstate --- An event in HIC

∆𝑁!",$% = 𝑁!",$% − 𝑁!",$𝑁!",$ =
1
𝑀*

%&'

(

𝑁!",$%An event: 𝑁+, in px-py

An original microstate
(OM)

𝑨% =
1
𝒩

∆𝑁!",&
%

∆𝑁!",'
%

⋮
∆𝑁!",(

%

à 𝑁 = 𝐿) bins
I  = 1, 2, … M events  
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Ø Temporal-spatial correlation matrix of 𝑀 microstates

𝐶%) = [𝑨%]*- 𝑨)

𝐶𝒃% = 𝜆%𝒃%

𝑬%=∑+,&- 𝑏+%𝑨+

Define Eigen-Microstate (EMI)

𝑬% )= 𝑬% * / 𝑬%= 𝜆%

Weight of each EM 𝑤% = 𝜆%

*
%&'

(

𝑤% = 1

They are orthogonal and normalized to 1 ! 

Satisfying,

• If lim
-→/

𝑤% = 7inite，

à a condensation !

[𝑬%]*/ 𝑬+ = 0

lim
-→/

𝑤% = 0𝑤% =
&
-
,

• For a disordered system

Order EM1 , EM2 , EM3 …, by

𝑤5 > 𝑤$ > 𝑤6 …

Its eigenvalue (   ) equation,𝜆%
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Ø Weight cumulant is defined as 

The speed of EM goes to saturation.

The faster the speed, the more dominated leading EM’s  contributions! 
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3. Models and corresponding EM patterns and eigenvalues
(A) Non-critical models
Ø UrQMD

Including almost all conventional mechanisms,
i.e., energy-momentum, charge conservations, resonance decay, elliptic flow, and so on.
Aim: see the contribution of background to its EM.

Ø Stochastic model (Stoch. I))
same Nch dis. as  UrQMD, pTx, pTy, uniformly & randomly dis. in (-1, 1) GeV
No specified mechanism at all! 
Aim: compare with UrQMD’s EM

Ø Restricted stochastic model (Stoch. II)
same Nch dis. as  UrQMD

basic energy-momentum conservations.
Aim: see the contributions of energy-momentum conservation and elliptic flow 

Ranran Guo, et,al, arXiv:2602.00537.
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UrQMD
EM1: similar to  <Nch>

uniform & rotational symmetry
EM2: random red–blue fluctuations
EM3: random red–blue fluctuations
Stoch. II
EM1: same as that of UrQMD
EM2: random red–blue fluctuations
EM3: random red–blue fluctuations
Stoch. I 
EM1: uniform distribution
EM2: random red–blue fluctuations
EM3: random red–blue fluctuations

ØEM patterns of three largest eigenvalues for three non-critical models  

Stable pattern for M = 20,000 !
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ØWeight cumulants for three non-critical models  
Stoch. I 

C(m) increases almost linearly with m ! 

No preferred mode ! 

UrQMD & Stoch. II

A rapid initial rise followed by early saturation !

à A common global energy-momentum cons.

enhances leading noncritical modes!

The overlap of UrQMD and  Stoch. II 

à EMA is sensitive to the global pt and ϕ dis.

rather than detail mechanisms of UrQMD.
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(B) Critical Monte Carlo (CMC) model

<𝜌 𝑝$ =
𝜈𝑝0123

1 − 𝑝012
𝑝045

3 𝑝$6&63, 𝑖 = 𝑥, 𝑦,

Ø Transverse momentum follows Levy random walks, i.e.,

à particles have fractal fluctuations in momentum space!

N.G. Antoniou, F.K. Diakonos and A.S. Kapoyannis, Phys. Rev. Lett. 97, 032002 (2006). 

𝜈 : fractal exponent, 
belonging to the 3D-Ising 
universality class! 

(2) Replace a fraction 𝛼, of UrQMD events by CMC events!

critical signal strength!

(1) Replace a fraction 𝛼- of particles in each of UrQMD events by CMC particles!

Two ways to add critical components：
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With increase of critical component, 2- & 4-patch pattern appear, 
which indicate the appearance of nascent critical mode (new phase)!

Ø First three EM patterns for two ways of adding critical signal 
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Ø Why 2-, 4-, 6-patch, or cluster like pattern？

At critical point à correlation length diverges 

& all length correlations appear,

in particular, long range correlations, 

in contrast to short range corr. in UrQMD

Different number of clusters in fact correspond to various sizes or 

corr. lengths. The largest size of cluster corresponds to the longest      

correlation length, similar to those in 2D Ising model.

Critical EM pattern is independent of specified critical model! 
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Ø w1 increases with 𝛼9, 𝑜𝑟 𝛼: , 

then saturates.

Acts as an order parameter!

Ø Larger critical fraction,

Fewer leading EMs dominate,

More concentrated, 

& enhanced condensation!

Ø First three eigenvalues and weight cumulant
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EM pattern & eigenvalue are sensitive to critical fluctuations!
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4. Finite size scaling behavior of EM pattern and eigenvalue 

Self-similar across different scales 𝑳, 𝐢. 𝐞., 𝐟𝐫𝐚𝐜𝐭𝐚𝐥𝐢𝐭𝐲!

(1). Scale Invariance of Critical Patterns



25

(2) Fixed-point behavior 

𝛼: > 9% 

all size points overlap to a point!

𝛼9 > 2%, 

all size points overlap to a point!
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Signal EM pattern & eigenvalue 

have well defined finite size scaling behavior!
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Summary

• EMA successfully extracts critical patterns from 
event samples.

• Eigenvalue provides robust order-parameter–like 
indicator.

• Advantages:
-- Works without equilibrium assumptions, ideal for HIC
-- Insensitive to backgrounds
-- Much less events than high-order cumulants (~20k sufficient)



Thank you for your attention！
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Replacements:
𝑝*787 − 𝑝*

9:;8< < 0.2 GeV/𝑐

Applying STAR kinematic cuts:
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III. EIGEN-MICROSTATES OF NON-CRITICAL
MODELS

We first study non-critical reference systems to under-
stand how conventional dynamical correlations influence
the eigenvalue spectra and EM patterns. We consider
UrQMD and two stochastic ensembles that share the
same event-by-event multiplicity distribution but di↵er
in whether they impose global kinetic constraints. Un-
less otherwise stated, we analyze ensembles of Mevent =
20, 000 events.

A. UrQMD baseline

As a realistic non-critical baseline, we use the UrQMD
model [24, 25]. We generate 0–5% most-central Au+Au
collisions at

p
sNN = 19.6 GeV using UrQMD (v3.4).

Final-state charged particles are selected within the
STAR acceptance [11, 26]:

• pseudorapidity |⌘| < 0.5,

• transverse momentum windows

0.2 < pt < 1.6 GeV/c for ⇡± and K±,

0.4 < pt < 2.0 GeV/c for p and p̄.

These cuts define the baseline event ensemble and are
applied to all model and hybrid samples analyzed in this
work.

UrQMD incorporates essential non-critical dynamics
of heavy-ion collisions, including energy–momentum and
charge conservation, resonance production and decay,
hadronic rescatterings, and collective flow. We will exam-
ine to what extent these conventional mechanisms leave
an imprint in the EM patterns.

B. Stochastic models with and without kinetic
constraints

To separate the influence of global spectral shapes from
that of true dynamical correlations, we construct two
stochastic reference ensembles:

• Stochastic model I without kinetic con-
straints. In each event, the total charged mul-
tiplicity is drawn from the same multiplicity dis-
tribution as UrQMD. Particle momenta are then
assigned independently and uniformly in px, py 2
(�1, 1) GeV/c. No azimuthal modulation or
transverse-momentum structure is imposed; this
ensemble contains no inter-particle correlations and
no common momentum shape.

• Stochastic model II with kinetic constraints.
Events again share the UrQMD multiplicity dis-
tribution, but particle transverse momenta pt are

drawn from global momentum distribution p(pt) =
1

�(k) �k pk�1
t e�pt/� where �(k) is the Gamma func-

tion, k and � are parameters which are ob-
tained by fitting pt spectrum of UrQMD sam-
ples. The azimuthal angle � is sampled from
a weakly anisotropic flow-modulated distribution
p(�) = 1

2⇡ (1 + 0.08 cos 2�). These constraints im-
pose a global momentum-shape structure (a realis-
tic pt spectrum and small elliptic-flow–like modu-
lation) but do not introduce any particle–particle
correlations.

These two stochastic ensembles thus provide clean
baselines “without” and “with” kinetic constraints, al-
lowing us to isolate the role of global momentum shapes
from that of UrQMD-specific dynamical correlations.

C. Eigen-microstate patterns and eigenvalue
cumulants

Figure 1 displays the first three EMs (EM1, EM2,
EM3) for the UrQMD ensemble and for the two stochas-
tic reference models. Each EM is shown as a color map
in the (px, py) plane. Red and blue denote positive and
negative values of �Nch. Several non-critical features are
evident:

• EM1 is essentially uniformly colored for all three
ensembles. Because the overall sign of an eigenvec-
tor is arbitrary, EM1 appears as either uniformly
red or uniformly blue. This corresponds to a global
mode reflecting the overall radial momentum dis-
tribution, with no internal cluster structure.

• EM2 and EM3 display random red–blue fluctuations
with no stable patch-like or directional structure.
They resemble noise patterns superimposed on the
broad global mode.

• The qualitative pattern of EM1–EM3 is very similar
among UrQMD, the uniform stochastic model, and
the kinetic-constraint stochastic model.

These observations indicate that conventional short-
range correlations in UrQMD—including resonance de-
cays, energy–momentum conservation, and collective
flow—do not generate any coherent cluster-like EM pat-
terns. The EMA thus filters out most non-critical corre-
lations, leaving EMs that reflect only global momentum
shapes but no critical structure.
To quantify the eigenvalue hierarchy, Fig. 2 shows the

cumulative weight C(m) for the three ensembles. In the
uniform stochastic model I (without kinetic constraints),
C(m) increases almost linearly with m, indicating that
no preferred mode exists and the weights are distributed
broadly over many EMs. By contrast, both the kinetic-
constraint stochastic model II and UrQMD exhibit a
rapid initial rise of C(m) followed by early saturation,


