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Schwarzschild-de Sitter space

A Schwarzschild black hole horizon radiates at the
Hawking temperature TH “ 1

8πm (units ℏ “ c “ G “ 1)
A de Sitter horizon radiates at the Gibbons-Hawking

temperature TGH “ H
2π “ 1

2π

b

Λ
3

A Schwarschild-de Sitter/Kottler spacetime

ds2 “ ´

ˆ

1 ´
2m
r

´
Λr2

3

˙

dt2`
dr2

1 ´ 2m{r ´ Λr2{3
`r2dΩ2

p2q

has two horizons. If the black hole has size
2m ! H´1 “ Hubble radius, then

TH " TGH

Can these two horizons be at thermal equilibrium at vastly
different temperatures? The standard lore is NO because
TH ‰ TGH , but think again.
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Tolman-Ehrenfest: thermal equilibrium in spacetime

Usually “thermal equilibrium” means:

BT
Bt “ 0 ` “heat flux “ 0”

The Tolman-Ehrenfest criterion (1928-30) applies:
to a test fluid
in a static spacetime
the fluid is at rest in coordinates adapted to the time
symmetry

T
?

´g00 “ const.

T cannot be constant in thermal equilibrium in curved
spacetime (unless g00 ‰ const.) Meaning:
heat “ energy “ mass Ñ sinks in a gravitational field and a
temperature gradient is necessary for equilibrium.
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Here we apply TE to the Hawking`Gibbons-Hawking radiation
fluid in the static SdS spacetime (already done in the literature):

it is a test fluid (neglect backreaction);
SdS is static between the horizons;
heat flux ‰ 0 Ñ need to generalize TE criterion.

There is a chance for the Schwarzschild and de Sitter horizons
to be in thermal equilibrium.
Analogy: stationary heat conduction in a rod with ends in
contact with thermostats. Heat flux density q ‰ 0 but
time-independent.
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Generalized Tolman-Ehrenfest criterion

The stress-energy tensor of a dissipative relativistic fluid is

Tab “ ρuaub ` Phab ` πab ` qaub ` qbua

where ua “ 4-velocity, hab ” gab ` uaub, ρ “ energy density,
P “ isotropic pressure, πab “ anisotropic (trace-free) stresses,
qa “ heat flux density.
Project the eq. of motion ∇bTab “ 0 onto time and 3-space,
assume steady flow 9qa “ 0:

��9ρ ` pP ` ρq��Θ `�πab σ
ab ` ∇aqa ` qa 9ua “ 0

pP ` ρq 9ua`ha
c

´

��9qc ` ∇cP ` ∇b
�πbc

¯

`

´

�ωa
b `�σa

b
¯

qb

`
4��Θ
3

qa “ 0
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Use the Buchdahl relation (1949) valid in static spacetimes

9ua “ ∇a ln p
?

´g00q

and

∇aqa “
1

?
´g

Ba p
?

´g qaq “ ´qa ∇a ln
?

´g00
loooooomoooooon

9ua

“ ´
qj∇jP
P ` ρ

For a static, spherical geometry qa “ p0,qr , 0,0q and P “ wρ,

1
r2

d
dr

´

r2qr
¯

“
1

P ` ρ

dP
dr

“
w

pw ` 1q

dρ
dr
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Integrate

qr prq “
C

b

´g{ sin2 ϑ
ρ

w
w`1

then
∇a pln

?
´g00q `

w
w ` 1

dρ
dr

“ 0 ,

which integrates to

ρprq “ ρ0

ˆ

1
?

´g00

˙
w`1

w

qr prq “
q0

b

g00{ sin2 ϑ

In particular, for the SdS geometry

qr prq “
q0

r2?
´g00

“
q0

r2
a

´2m{r ´ Λr2{3
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Impose Eckart’s constitutive relation (1940)

qa “ ´Khab

´

∇bT ` T 9ub
¯

Ñ

qr “ Kg00

„

dT
dr

` T d
dr

pln
?

´g00q

ȷ

and finally, assuming K “ const.,

T
?

´g00 “ T0 ´
q0

K

ż

dr
r2

`

1 ´ 2m{r ´ Λr2{3
˘

(reduces to the standard TE criterion for q0 “ 0).
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Compute integral explicitly Ñ

T prq “
1

a

1 ´ 2m{r ´ Λr2{3

«

T0

`
q0

2mK

˜

ln x ´
ÿ

i

`

ΛR2
i ´ 3

˘

ln px ´ xiq

3
`

ΛR2
i ´ 1

˘

¸ ff

where
x ” r{r0

Ri are the roots of f prq ” 1 ´ 2m{r ´ Λr2{3 “ 0
xi ” Ri{r0

T prq interpolates between Hawking and Gibbons-Hawking
temperatures at the horizons, generates a static radial heat
flux, and the analog of stationary heat conduction (rod with
ends at thermostats) is established.
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SPECIAL CASES:

Schwarzschild:

T prq “
1

a

1 ´ 2m{r

„

T0 ´
q0

2mK
ln

ˆ

1 ´
2m
r

˙ȷ

reduces to TH as r Ñ `8 if T0 “ 1{p8πmq

(diverges on the horizon).
de Sitter: one must set q0 “ 0 because the
inward-directed radiation travels to r “ 0 and beyond,
exiting the horizon Ñ no net flux:

T prq “
T0

?
1 ´ H2r2

(diverges on the de Sitter horizon).
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TEMPERATURE REGULARIZATION AT THE
HORIZONS

Divergence of T well-known in horizon thermodynamics (Birrell &
Davies 1984; Wald 199; Giddings 2016); related to the vacuum state
of the quantum field used to compute T @ horizons (e.g., the
Boulware vacuum is singular on the S. horizon).
Hawking temperature TH “ κ

2π seen by a static observer at
r “ `8, where κ “ surface gravity.
To remain at a fixed radius, a detector must be accelerated with
uniform acceleration a and, in the inertial vacuum state, it
detects Unruh radiation at TU “ a{p2πq.

T “
κ

2π
?

´K cKc
, K c “ Killing vector
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As the Schwarzschild horizon is approached, r Ñ 2m, one
obtains the surface gravity

κ “ lim
rÑ2m

a

´K cKc

and
T “

a
2π

Ñ
κ

2π
?

´K cKc
.

In coordinates adapted to the local symmetry, K cKc “ g00 and

T
?

´g00 »
a

2π
?

´g00 »
κ

2π

for the Unruh observer, so

local Hawking temperature “ Tolman-Ehrenfest temperature

Applying the TE criterion to the radiation fluid as we did is not
far-fetched, not new.
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Second, the divergence of T at the horizon is illusory: there is
now (some) consensus that the Hawking radiation dos not arise
at the horizon, but in a macroscopic quantum atmosphere
around it, with thickness " Planck size (Giddings 16; Dey ` 17, 19;
Ong & Good 20; Nambu & Soda 22; Kaczmarek & Szcześniak 24).It
extends to

r »
3

?
3

4
p2mq » 1.3rS

Likewise, the wavelength of the typical Hawking quanta is not rs
but

λ » 79rS

(Giddings ’16; Birrell & Davies ’84)
Another way to regularize the temperature is by including the
trace anomaly for the radiation (Eune ` 2017, Eur. Phys. J. C 77, 244)
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CONCLUSIONS

For thermal equilibrium, temperature cannot be constant!
Similarity SdS-stationary heat conduction in a rod with
thermostats; heat flows radially from S to SdS horizon.
T prq and qaprq computed
So, thermal equilibrium is possible but:

Eckart’s thermodynamics is non-causal
is subject to instabilities

Should be revisited with Israel-Stewart’s or other causal
thermodynamics formalism.
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