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I. Enriquez kernels

Introduced meromorphic but multi-valued ¢/t ;(z, p) on blackboard
[Enriquez 1112.0864; D’Hoker, OS 2502.14769]

II. DHS kernels

Introduced single-valued but non-mero’ f1-1r 7(z,p) on blackboard
[D’Hoker, Hidding, OS 2306.08644]

II1. Polylogs

Constructed polylogs from path-ordered exponentials of

Fnriquez connection g & DHS connection Jpyq



IV. Gauge equivalence DHS vs. Enriquez

Connections g & Jpyg related by gauge transformation U together with

Lie-algebra automorphism (a”,by) — (a”,by) = Lie series in (a®*,by)

(d = Kp(z,y:a.b)) = U(z,p)~ (d = Tpus(z, y; a,0)) U(z, p)
[D’Hoker, Enriquez, OS, Zerbini 2501.07640]



IV. Gauge equivalence DHS vs. Enriquez

Connections g & Jpyg related by gauge transformation U together with

Lie-algebra automorphism (a”,by) — (a”,by) = Lie series in (a®*,by)

(d = Kg(z,y:a,0)) = Uz, p -1 (d — Ipns(z, yw) Uz, p)

series In JpHs series in Jpus polylogs
polylogs and b; & ady, acting on a’, by

[D’Hoker, Enriquez, OS, Zerbini 2501.07640]

e expansion of U(x, p), 0’ b 7 computable order by order in by from

monodromies / poles of Kg & Jppg (no explicit closed formula yet)

omipnezel b
e at genus h = 1, simplify to U(x, p) — ¢ n(7) & (a,b) — (a+1-%, b)

m 7’

e corollary: Enriquez / DHS polylog series at any h > 1 related by

gz, yipia,b) = U, p) ™ pus(e, y;p;a, b) Uy, p)



IV. Gauge equivalence DHS vs. Enriquez

Given that the polylog series obey

pHS(Z, ¥ p; 6, b) = Uz, p) gz, y;pa,b) Uy, p)~?

the associated spaces H(e) of polylogs are related by

i
H(Ipus) = H(byw') - H(Kg) —
antiholo’ iterated }J meromorphic & in fact smallest fct.

— 1,

int’s of !+ @ space that closes under integration

[D’Hoker, Enriquez, OS, Zerbini 2501.07640]

.. where C > coefl’s of f; ol ol may depend on p & moduli of >3y,

d numerous other ways of spanning same polylog space, e.g. using kernels

with higher poles which are both single-valued and meromorphic
[Enriquez, Zerbini 2110.09341, 2212.03119]



V. Single-valued polylogarithms at arbitrary genus

e also for single-valued kernels f] 7, polylogs of ppg exhibit (p- and
I
moduli-dependent) monodromies under [* — [ AT o | I o @

e lesson from single-valued polylogs at genus 0 [Brown 2004] and genus 1:
[Baune, Broedel, Moeckli 2511.15240; OS, Sohnle, Tao 2511.15883]

+ compose polylog series  o(z; €;) ™1 with cplx. conjugate o(z;€;)

x need Lie-algebra automorphism e; — o(e;) “change of alphabet”



V. Single-valued polylogarithms at arbitrary genus

e also for single-valued kernels f] 7, polylogs of ppg exhibit (p- and
I
moduli-dependent) monodromies under [* — [ AT o | I o @

e lesson from single-valued polylogs at genus 0 [Brown 2004] and genus 1:
[Baune, Broedel, Moeckli 2511.15240; OS, Sohnle, Tao 2511.15883]

+ compose polylog series  o(z; €;) ™1 with cplx. conjugate o(z;€;)

x need Lie-algebra automorphism e; — o(e;) “change of alphabet”

e single-valued polylogs V h > 1 via  [Baune, Broedel, Moeckli 2606.17911]

pis(z p;ol(a), (b)) pus(z p;a,b) "
getting Lie series o(a”’) = a’ +--- and o(by) = —=b; — Y707 /4 -

order by order in a”’ , b7 by imposing ! , *5 7 monodromy cancellation.



V1. Multi-variable flat connections

So far: polylogs on punctured surfaced ¥;, \ {p},

— very hard to check closure under [ dp.
e t0 be handled by multi-variable connections — either Jppg(¥) or Kg(Z)
on config. spaces Cf,(3,) or Cf,(3,) of T = (31, -+ , Tp>0) Q 2; # T

e both take values in Lie algebra t, ;, [Bezrukavnikov 1994; see Axel’s talk] With

generatorsa%], bijg@Qi=1,--- nandt;;=1; @1 <1 <j<n
subject to relations (for all pairwise distinct ¢, 5,k =1,2,--- ,n)
I J T J J
_CLZ-,CL]-} = [bi[,bjj_ =0 [bu,aj_ :5[752']'
. _ I-
ai k) = i ti] =0 i1, a; | = —thj

JF



V1. Multi-variable flat connections

Key motivation: 192
[ da;-friendly
by flatness of Kg(Z), Jpus(¥), can change ® L9 ‘
deCQ—
fibration bases for polylogs in their Pexp. | | friendly
¥ :
tailored to integrate over any x;—j ... p D1 T Y1
@ ® >

e components /;(1), J;(Z) below are (1,0)-forms in x;, scalars in Tt

n
Kp(#) =Y dr; K,(7)  mero’ with K;(By, %) = e TPk K, (F)
1=1

[Enriquez 1112.0864]
n

Jpus(®) = Z {da:z- Ji(7) — wdz; b, ij(xz-)} single-valued in &

1=1 [D’Hoker, OS 2602.01461]

— —

o carlier ¢/ ;(z,p), f!

—

7(z,p) kernels suffice to express K;(¥), J;(T)!



V1. 1 Explicit form of components

e components /;(x), J;(£) below are (1,0)-forms in z;, scalars in z ;4

n
r) = Z dx; K;(7) mero’ with K;(B. ;%) = G_QMBMKZ'@)

n

Ipus(®) = Z {da:i Ji(7) — wdz; szw‘](xi)} single-valued in &
1=1

e decompose kernels into p-indep. tracless parts / p-dep. trace
IK IK K o oI
o, p) = 02977 j(x) = 07 0267 (2, p)

o with w j(z):=8,9? ;(x) & shorthand B 7= BBy, for [ =1, - I,

ZB {@x CI)] SCZ a; —|—Zazczg x@axk>tzk}

k#z
and similarly for Ki( r) upon f] (x,p) = g J(x p) in J;(Z)
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VI. 2 Fay / interchange identities from flatness

Flatness conditions on Jpyg(®) > vanishing of |J;(%), Ji.(¥)| Vi # k

— all bilinear identities among f/ g(x,p) [D’Hoker, OS 2602.09108]

e interchange identities among 2 points .,y € 2, including
1 1
wr(@)f* j(y, ) +wi(y)f* sz, y) =0
[D’Hoker, Hidding, OS 2306.08644; D’Hoker, OS 2407.11476]

e [ay identities among 3 points z, y, 2 € 2, including

. ) f k(z0) = o) f e(z0) = Ly )k ly, 2)

71 ez, y) — w ) iz, ) — () ey, @)

[D’Hoker, OS 2407.11476]

Same identities with f! ;(z,p) = ¢ j(z,p) from [K;(Z), K;(Z)] = 0.
[Baune, Broedel, Im, Lisitsyn, Moeckli 2409.08208] [D’Hoker, OS 2602.09108]

—wy(y)
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VII. Moduli variations

Motivation: elliptic polylogs at rational ptsr;, € Q+7QVe=0,1,--- . s,

1;("7}11 .. 7?}5 | ro, T) — iterated / d7 of modular forms

oif r; € ZJJFVTZ, modular forms of congruence subgroup I'(N) of SLo(Z)

[Broedel, Duhr, Dulat, Penante, Tancredi 1803.10256]

oif ro=1and r; € Z, get iterated Eisenstein integrals of SLo(Z)
[Enriquez 1301.3042; Broedel, Matthes, OS 1507.02254]

For oo family of iterated integrals from algebra-valued connection K (x, 7),

p p p a3
Pexp(/ dIK(CE,T)) = 1+/ diEK(ZI?,T)+/ dale(ajl,T)/ drg K(xo,7) + - -
q q q

q

need flat connection J = dax K(x,7) +d7r L(z, 7) N
® 100

dpsJ =J NJ == path indep. Pexp / J
® 70

dx K (x, 7)) integrals from those of dr L(e, ) d p
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VII. 1 Genus h = 1: Calaque-Enriquez-Etingof connection

[n elliptic polylog case, use flat Jopg € (free Lie|a, b] xderivations on Lie|a, b))
[Calaque, Enriquez, Etingof math/0703237]

Jope(z,7) =a d:z:+k§:1 ad]g(a) (dx g(k>(:l:,7)+% g<k+1>(az,7)> +% Lo(T)

.. here specialized to 2 pts 1 = x and w9 = 0 (otherwise: Jcgg € t14)
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VII. 1 Genus h = 1: Calaque-Enriquez-Etingof connection

In elliptic polylog case, use flat Jogg € (free Lie|a, b] xderivations on Lie|a, b])
[Calaque, Enriquez, Etingof math/0703237]

= kd d
Jegp(z,m) = a d:z:+kz:1 ad]g(a) (d:z: g<k>(x,7)+?z g<k+1>(az,7)> +ﬁ7i Lo(T)

Fasily check to be closed, dg +Jogg(x,7) = 0, but leftover flatness condi-

tion Jopg A Jogpe = 0 requires 0et Lie|a, bl-valued, x-independent Lq(7),

Lo(t) = eo+ Y (k=1)Gp(T) 6,

k=2
with holo” Eisenstein Gp.(7) and derivations €, 0. determined by
k/2—1
k—p—1
eo(a) =0, opla)=") (=) [ad}(a),ad, " (a)]
p=1
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VII. 2 Genus h = 1: Tsunogai derivations

For the d7 component of Jeggr(x,7) = dx K(x,7) + d7 L(x,7),

L(z,7) = L { > adf(a) kg (,7) + LO(T)}

2y
k=1

(522)(

evaluation at x = 0 or 1 where g :1:,7) Sy —Gg(T)

combines d;. € 0et Lie|a, b| with inner derivation —[ad]g _1(a), o|

L(x=0o0rl,7) = ¢+ Z(k—l) Gp(T) €.

k=2
[ntroduces famous Tsunogai derivations €5.(X) = 5.(X)— [adlg_l(a),X }
k/2—1
k—p—1
eo(a)= 0, cpla)= ) (=1 [adj(a),ady " (a)]

p=0
[Tsunogai 1995;

€0<b) = a, Ek(b> = adg(a) MANY others]
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VI1I. 3 Higher genus h > 2: extending DHS connection

Now extend n-var. Jpps(Z) by holo’ moduli components Lq(T) € derty,

3h—3
j( ) jDHS ‘|' Z d7a La

Flat only in absence of antiholo’ d7,, i.e. only w.r.t. dy + Zgh 3 d7a0r,!
[D’Hoker, Enriquez, OS, Zerbini 2608.29169]

Map (1, 0)-forms Ly in moduli 7, to (2, 0)-forms Ly, in point w € ¥,
via integration against Beltrami (—1,1)-form differentials pq(w),

1
Lo(%) = ;/Z d*w pa(w) Lipw(T) a=1,---,3h—3
h

Implements variation of complex structure of 3j, (preserving its square —1)

which maps the metric on ¥ from ~ |dz|? to ~ |dz — u(z)dz|?
[Verlinde, Verlinde ’87; D’Hoker, Phong ’88]
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VI1I. 4 Variational derivatives

Study flatness conditions for (2, 0)-form Ly, (7) pointwise in w € ¥y,
! 3h—3
T() = Tous(@ + 3 dra | & pualuw) Lu(®
d a=1 2

Assuming Ly, to have a-degree one just like (1, 0)-form part of Jppg()

flatness of J = 0, Lyw(¥) = 5wwj[<)11{’%)(f)

On RHS: variational derivative 0y = (2, 0)y-form counterpart of 0y, :

0. F(Z,7) = = / dPw po (W) S F(Z, 7)
2

70

If F'(2,7T)is CE'T correlator on Yy, then d,,,, = inserting stress-tensor T'(w)
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VI1I. 4 Variational derivatives

Study flatness conditions for (2, 0)-form Ly, (7) pointwise in w € ¥y,
! Sh—3
T() = Tous(@ + 3 dra | & pualuw) Lu(®
d a=1 2

Assuming Ly, to have a-degree one just like (1, 0)-form part of Jppg()

flatness of J = 0, Lyw(¥) = 5wwj[<)11{’%)(f)

Evaluate RHS via variational der’s dypw! (2) = —w! (0)90:G(w, ) and

.
J J L
Swwfyer,” (@) = > Owfrqr’ (T w) 1 .q,” (W, p)
k=0
while considering ...

a;;7 = YK CLi[( , b;-] = y/8 bijrr  as To-independent

[D’Hoker, OS 2502.14769]
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VI1I. 4 Variational derivatives

Study flatness conditions for (2, 0)-form Ly, (7) pointwise in w € ¥y,

3h—3
1

J(x) = T )+ — d7, dZwOéwwaf
@) = Jos() + 3 f, Penalw) Luut®

Assuming Ly, to have a-degree one just like (1, 0)-form part of Jppg()
flatness of J = 0y Lyw(Z) = 5wwjéll{’%)(f)

Determines desired d7, extension up to z-indep., detty, n—valued ZNLQUw

Lww(®@) = L., ZZ{@wgﬂw 21) w® M (w) BIY B apay
*jkl

+ Z awgf(wa Z‘k) &ng(w, mg) BzU) Bg( ) tkf}
>k

O Iy Iy) _ =(— 1)7“317” ]?B]? & all w, £ in DHS kernels.

with antipode B,
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VII. 5 Derivations from flatness conditions

Besides 0y Lyyw (%) = 5wwj[<)1}’1%> (%), flatness conditions include

[TU@), Lyw(@)] =0, 0, Luno (%) + 7@ () [0, Luno()] = 0

Fixes action of #-independent part E%w of Lyyw (%) on ty, n, generators

I K pP
Lo bf] = w' (W)™ (w) ai + ) dwwA’ 5" B a;x

P+(
1 O(P 9
[Lzouwa az’[} =5 Z {5ww¢4Mﬁ]@N [BZ' <P>az’M7 BZ'QCLZ'N}
P.Q
o P S
— 5wwD13]@ [Bz' <P>tik, Bz'Qtik} }

.. after r-indep. redefinition to render L?U,w holomorphic in w,

n

0 0 J M M I
L,,=1L,, —w (w) g:l {—h—l Ouw® ;" (w)agns + > fi@ Ouw® ;7 (w)BkakM}



VII. 5 Derivations from flatness conditions

Action of Z-independent part LV on ty,, generators

[ngw, bﬂ = w[(w) wK(w) a; + Z 5wwA]]3K BZP%'K

P#()
1 o(P )
Lo air] = 53 0w 55V 1B aing, BEay]
P.Q
o B}
— (Swwpﬁ]@ [BZ- <P>tik, B?tik} }
ki

where coefficients of the t, ,-elements are 0y, variations of

A]KﬁLJ_/ dQCL‘wl(CL‘)WK<ZU>/ d2yg]3(x,y)@L(y)w‘](y)
2 2
|

Ds=j [ el @@ Gar), P

20
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VII. 5 Derivations from flatness conditions

Action of Z-independent part LY~ on ty,, generators

[L%w, bﬂ = w[(w) wK(w) a; + Z 5wwA]]3K BZP%'K

P
1 (P )
Lo air] = 53 0w 55V 1B aing, BEay]
P.Q
e ;
— (Swwpﬁ]@ [BZ- <P>tik, B?tik} }
ki

where coefficients of the t, ,-elements are 0y, variations of

modular tensors A’ KB LJ and D 5 except for the rk-3 case (1-letter P)

Sl p? = wl (1) 9 ®p” (1) + %wL(w) Dy (w) 5 — (1 & )
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VI1I. 6 Higher-genus analogues of Tsunogai derivations

Similar to €.(X) = 0,.(X)— [ad]g_l(a), X | at genus h = 1, shift (L) e]to

0 0 J2
My = Ly — Y 6wuDz Y Bj. by
ﬁ#@ 1<k</t

Simplifies earlier formulae: decouple (a;7, b{ ) at different ¢ € {1,--- ,n}
P
1 (P )
0 M N
M air] = 53 60w 5™ B aing, Baiy
P.Q

MN _  MN I K _ 4 K, slpy <K
where & = Y7/ and & 5" =A 57 +6;Ds0p
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VI1I. 6 Higher-genus analogues of Tsunogai derivations

The 0y variations in Ly, directly translate into 0r in Ly = J| 7>

[Mg,b{] = Z@T&é’[ K B-ﬁai

[M(())wai[] — ZaT gM _’ [BG(P)G’ZMaBZQaZN}

[/

—

At genus h = 1, recover Eisenstein from [ representation (P = Py - - - Py)

0.&! = 0567 Or | dPxGa(a,x)|,_; = (Im7) (r+1)Gppo(7)

"
JPL |h=1" >

Exactly reproduce series in Tsunogai derivations of [L(x=0,7), e ona & b

[Mg,o} ‘hzl — €0+Z(k—1)Gk(T) €. = |L(x=0,7), o]
k=2
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Conclusion & Outlook

e many recent developments on higher-genus polylogs thanks to symbiosis

with conformal field theory, algebraic geometry and topology

e QFT / gravity applications: hope for higher-genus polylogs to facilitate

Feynman-integral evaluations / offer prototypes for higher-dim. varieties

e string-theory applications: tensor generalizations of modular graph forms

& constructing chiral amplitudes from Enriquez kernels / supergravity

e future links to number theory via single-valued polylogs /zeta generators

Thank you for your attention !




