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I. Enriquez kernels

Introduced meromorphic but multi-valued gI1···IrJ(z, p) on blackboard
[Enriquez 1112.0864; D’Hoker, OS 2502.14769]

II. DHS kernels

Introduced single-valued but non-mero’ fI1···IrJ(z, p) on blackboard
[D’Hoker, Hidding, OS 2306.08644]

III. Polylogs

Constructed polylogs from path-ordered exponentials of

Enriquez connection KE & DHS connection JDHS
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IV. Gauge equivalence DHS vs. Enriquez

Connections KE & JDHS related by gauge transformation U together with

Lie-algebra automorphism (aJ , bI) → (âJ , b̂I) = Lie series in (aK, bL)(
d−KE(x, y; a, b)

)
= U(x, p)−1

(
d− JDHS(x, y; â, b̂)

)
U(x, p)

[D’Hoker, Enriquez, OS, Zerbini 2501.07640]
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IV. Gauge equivalence DHS vs. Enriquez

Connections KE & JDHS related by gauge transformation U together with

Lie-algebra automorphism (aJ , bI) → (âJ , b̂I) = Lie series in (aK, bL)(
d−KE(x, y; a, b)

)
= U(x, p)−1

(
d− JDHS(x, y; â, b̂)

)
U(x, p)︸ ︷︷ ︸

series in JDHS

polylogs and bI

︸︷︷︸
series in JDHS polylogs
& adbK acting on aJ , bI

[D’Hoker, Enriquez, OS, Zerbini 2501.07640]

• expansion of U(x, p), âJ , b̂I computable order by order in bI from

monodromies / poles of KE & JDHS (no explicit closed formula yet)

• at genus h = 1, simplify to U(x, p) → e
2πib

Im (x−p)
Im (τ ) & (â, b̂) →

(
a+ πb

Im τ , b
)

• corollary: Enriquez / DHS polylog series at any h ≥ 1 related by

ΓE(x, y; p; a, b) = U(x, p)−1 ΓDHS(x, y; p; â, b̂)U(y, p)
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IV. Gauge equivalence DHS vs. Enriquez

Given that the polylog series obey

ΓDHS(x, y; p; â, b̂) = U(x, p)ΓE(x, y; p; a, b)U(y, p)−1

the associated spaces H(•) of polylogs are related by

H(JDHS) = H(bI ω̄
I) · H(KE)

antiholo’ iterated

int’s of ω̄I1 · · · ω̄Ir

}
meromorphic & in fact smallest fct.

space that closes under integration

[D’Hoker, Enriquez, OS, Zerbini 2501.07640]

... where C ∋ coeff’s of
∫ x
y ω̄I1 · · · ω̄Ir may depend on p & moduli of Σh

∃ numerous other ways of spanning same polylog space, e.g. using kernels

with higher poles which are both single-valued and meromorphic

[Enriquez, Zerbini 2110.09341, 2212.03119]
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V. Single-valued polylogarithms at arbitrary genus

• also for single-valued kernels f I⃗J , polylogs of ΓDHS exhibit (p- and

moduli-dependent) monodromies under
∫ x →

∫ AI ·x or
∫BI ·x or •

p

• lesson from single-valued polylogs at genus 0 [Brown 2004] and genus 1:

[Baune, Broedel, Moeckli 2511.15240; OS, Sohnle, Tao 2511.15883]

∗ compose polylog series Γ•(x; ei)−1 with cplx. conjugate Γ•(x; ei)

∗ need Lie-algebra automorphism ei → σ(ei) “change of alphabet”

single-valued polylogs ∀ h ≥ 1 via [Baune, Broedel, Moeckli 2606.17911]

ΓDHS
(
z, p; σ(a), σ(b)

)
ΓDHS(z, p; a, b)

−1

getting Lie series σ(aJ) = aJ + · · · and σ(bI) = −bI −YIJa
J/π+ · · ·

order by order in aJ , bI by imposing AI , BJ monodromy cancellation.
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VI. Multi-variable flat connections

So far: polylogs on punctured surfaced Σh \ {p},

−→ very hard to check closure under
∫
dp.

• to be handled by multi-variable connections – either JDHS(x⃗) or KE(x⃗)

on config. spaces Cfn(Σh) or Cfn(Σ̃h) of x⃗ = (x1, · · · , xn≥2) @ xi ̸= xj

• both take values in Lie algebra th,n [Bezrukavnikov 1994; see Axel’s talk] with

generators aJi , biJ @ i = 1, · · · , n and tij = tji @ 1 ≤ i < j ≤ n

subject to relations (for all pairwise distinct i, j, k = 1, 2, · · · , n)[
aIi , a

J
j

]
=
[
biI , bjJ

]
= 0

[
biI , a

J
j

]
= δJI tij[

aIi , tjk
]
=
[
biI , tjk

]
= 0

[
biI , a

I
i

]
= −

∑
j ̸=i

tij
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VI. Multi-variable flat connections

Key motivation:

by flatness of KE(x⃗), JDHS(x⃗), can change

fibration bases for polylogs in their Pexp,

tailored to integrate over any xj=1,··· ,n y1

y2

•p2

•x2

•
p1 •

x1

∫
dx1-friendly∫

dx2-

friendly

• components Ki(x⃗), Ji(x⃗) below are (1, 0)-forms in xi, scalars in xj ̸=i

KE(x⃗) =

n∑
i=1

dxiKi(x⃗) mero’ with Ki(BkJ ·x⃗) = e−2πiBkJKi(x⃗)

JDHS(x⃗) =

n∑
i=1

{
dxi Ji(x⃗)− π dx̄i biJ ω̄

J(xi)
}

single-valued in x⃗

• earlier gI⃗J(z, p), f I⃗J(z, p) kernels suffice to express Ki(x⃗), Ji(x⃗)!

[Enriquez 1112.0864]

[D’Hoker, OS 2602.01461]
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VI. 1 Explicit form of components

• components Ki(x⃗), Ji(x⃗) below are (1, 0)-forms in xi, scalars in xj ̸=i

KE(x⃗) =

n∑
i=1

dxiKi(x⃗) mero’ with Ki(BkJ ·x⃗) = e−2πiBkJKi(x⃗)

JDHS(x⃗) =

n∑
i=1

{
dxi Ji(x⃗)− π dx̄i biJ ω̄

J(xi)
}

single-valued in x⃗

• decompose kernels into p-indep. tracless parts / p-dep. trace

f I⃗KJ(x, p) = ∂xΦ
I⃗K

J(x)− δKJ ∂xG I⃗(x, p)

• with ωJ(x):=∂xΦ∅
J(x) & shorthandB

iI⃗
= BiI1· · ·BiIr for I⃗ = I1 · · · Ir,

Ji(x⃗) =
∑
I⃗

B
iI⃗

{
∂xiΦ

I⃗
J(xi) a

J
i +

∑
k ̸=i

∂xiG
I⃗(xi, xk) tik

}
and similarly for Ki(x⃗) upon f I⃗J(x, p) → gI⃗J(x, p) in Ji(x⃗)
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VI. 2 Fay / interchange identities from flatness

Flatness conditions on JDHS(x⃗) ∋ vanishing of [Ji(x⃗), Jk(x⃗)] ∀ i ̸= k

=⇒ all bilinear identities among f I⃗J(x, p) [D’Hoker, OS 2602.09108]

• interchange identities among 2 points x, y ∈ Σh including

ωI(x)f
I
J(y, x) + ωI(y)f

I
J(x, y) = 0

[D’Hoker, Hidding, OS 2306.08644; D’Hoker, OS 2407.11476]

• Fay identities among 3 points x, y, z ∈ Σh including

fIJ(y, z)f
J
K(z, x) = fIJ(y, x)f

J
K(z, x)− fIJ(z, y)f

J
K(y, x)

−ωJ(y)f
IJ

K(z, y)− ωJ(y)f
JI

K(z, x)− ωJ(z)f
JI

K(y, x)

[D’Hoker, OS 2407.11476]

Same identities with f I⃗J(x, p) → gI⃗J(x, p) from [Ki(x⃗), Kj(x⃗)] = 0.

[Baune, Broedel, Im, Lisitsyn, Moeckli 2409.08208] [D’Hoker, OS 2602.09108]
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VII. Moduli variations

Motivation: elliptic polylogs at rational pts ri ∈ Q+τQ ∀ i = 0, 1, · · · , s,

Γ̃
( n1 ··· ns
r1 ··· rs

∣∣ r0, τ) −→ iterated

∫
dτ of modular forms

• if ri ∈ Z+τZ
N , modular forms of congruence subgroup Γ(N) of SL2(Z)

[Broedel, Duhr, Dulat, Penante, Tancredi 1803.10256]

• if r0 = 1 and ri ∈ Z, get iterated Eisenstein integrals of SL2(Z)
[Enriquez 1301.3042; Broedel, Matthes, OS 1507.02254]

For∞ family of iterated integrals from algebra-valued connectionK(x, τ ),

Pexp

(∫ p

q

dxK(x, τ )

)
= 1 +

∫ p

q

dxK(x, τ ) +

∫ p

q

dx1K(x1, τ )

∫ x1

q

dx2K(x2, τ ) + · · ·

need flat connection J = dxK(x, τ ) + dτ L(x, τ )

dx,τJ = J ∧ J =⇒ path indep. Pexp

∫
J

dxK(x, τ0) integrals from those of dτ L(•, τ ) x

τ

•τ0

•i∞

•
q

•
p
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VII. 1 Genus h = 1: Calaque-Enriquez-Etingof connection

In elliptic polylog case, use flatJCEE ∈ (free Lie[a, b]⋊derivations on Lie[a, b])

[Calaque, Enriquez, Etingof math/0703237]

JCEE(x,τ ) = a dx+

∞∑
k=1

adkb (a)

(
dx g(k)(x,τ )+

k dτ

2πi
g(k+1)(x,τ )

)
+
dτ

2πi
L0(τ )

... here specialized to 2 pts x1 = x and x2 = 0 (otherwise: JCEE ∈ t1,n)
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VII. 1 Genus h = 1: Calaque-Enriquez-Etingof connection

In elliptic polylog case, use flatJCEE ∈ (free Lie[a, b]⋊derivations on Lie[a, b])
[Calaque, Enriquez, Etingof math/0703237]

JCEE(x,τ ) = a dx+
∞∑
k=1

adkb (a)

(
dx g(k)(x,τ )+

k dτ

2πi
g(k+1)(x,τ )

)
+
dτ

2πi
L0(τ )

Easily check to be closed, dx,τJCEE(x,τ ) = 0, but leftover flatness condi-

tion JCEE∧JCEE = 0 requires derLie[a, b]-valued, x-independent L0(τ ),

L0(τ ) = ϵ0 +
∞∑
k=2

(k−1)Gk(τ ) δk

with holo’ Eisenstein Gk(τ ) and derivations ϵ0, δk determined by

ϵ0(a) = 0 , δk(a) =

k/2−1∑
p=1

(−1)p
[
ad

p
b(a), ad

k−p−1
b (a)

]
ϵ0(b) = a , δk(b) = 0
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VII. 2 Genus h = 1: Tsunogai derivations

For the dτ component of JCEE(x,τ ) = dxK(x,τ ) + dτ L(x,τ ),

L(x,τ ) =
1

2πi

{ ∞∑
k=1

adkb (a) k g
(k+1)(x,τ ) + L0(τ )

}
evaluation at x = 0 or 1 where g(ℓ≥2)(x,τ ) → −Gℓ(τ )

combines δk ∈ derLie[a, b] with inner derivation −[adk−1
b (a), •]

L(x = 0 or 1, τ ) = ϵ0 +
∞∑
k=2

(k−1)Gk(τ ) ϵk

Introduces famous Tsunogai derivations ϵk(X) = δk(X)−
[
adk−1

b (a), X
]

ϵ0(a) = 0 , ϵk(a) =

k/2−1∑
p=0

(−1)p
[
ad

p
b(a), ad

k−p−1
b (a)

]
ϵ0(b) = a , ϵk(b) = adkb (a)

[Tsunogai 1995;

MANY others]
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VII. 3 Higher genus h ≥ 2: extending DHS connection

Now extend n-var. JDHS(x⃗) by holo’ moduli components Lα(x⃗) ∈ der th,n

J (x⃗) = JDHS(x⃗) +

3h−3∑
α=1

dταLα(x⃗)

Flat only in absence of antiholo’ dτ̄α, i.e. only w.r.t. dx +
∑3h−3

α=1 dτα∂τα!

[D’Hoker, Enriquez, OS, Zerbini 2608.29169]

Map (1, 0)-forms Lα in moduli τα to (2, 0)-forms Lww in point w ∈ Σh

via integration against Beltrami (−1, 1)-form differentials µα(w),

Lα(x⃗) =
1

π

∫
Σh

d2w µα(w)Lww(x⃗) , α = 1, · · · , 3h−3

Implements variation of complex structure of Σh (preserving its square−1)

which maps the metric on Σh from ∼ |dz|2 to ∼ |dz − µ(z)dz̄|2
[Verlinde, Verlinde ’87; D’Hoker, Phong ’88]
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VII. 4 Variational derivatives

Study flatness conditions for (2, 0)-form Lww(x⃗) pointwise in w ∈ Σh,

J (x⃗) = JDHS(x⃗) +
1

π

3h−3∑
α=1

dτα

∫
Σh

d2w µα(w)Lww(x⃗)

Assuming Lww to have a-degree one just like (1, 0)-form part of JDHS(x⃗)

flatness of J ⇒ ∂xLww(x⃗) = δwwJ
(1,0)
DHS (x⃗)

On RHS: variational derivative δww ∼= (2, 0)w-form counterpart of ∂τα:

∂ταF (x⃗, τ⃗ ) =
1

π

∫
Σh

d2w µα(w) δwwF (x⃗, τ⃗ )

If F (x⃗, τ⃗ ) is CFT correlator on Σh, then δww
∼= inserting stress-tensor T (w)

F (x⃗, τ⃗ ) =

〈 n∏
j=1

ϕ(xj)

〉
Σh

=⇒ δwwF (x⃗, τ⃗ ) =

〈
T (w)

n∏
j=1

ϕ(xj)

〉
Σh
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(1,0)
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Evaluate RHS via variational der’s δwwω
I(x) = −ωI(w)∂w∂xG(w, x) and

δwwfI1···Ir
J(x, p) =

r∑
k=0

∂wfI1···IkL
J(x,w) fIk+1···Ir

L(w, p)

while considering ...

... aiJ = YJK aKi , bJi = Y JK biK as τα-independent

[D’Hoker, OS 2502.14769]
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VII. 4 Variational derivatives

Study flatness conditions for (2, 0)-form Lww(x⃗) pointwise in w ∈ Σh,

J (x⃗) = JDHS(x⃗) +
1

π

3h−3∑
α=1

dτα

∫
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d2w µα(w)Lww(x⃗)
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flatness of J ⇒ ∂xLww(x⃗) = δwwJ
(1,0)
DHS (x⃗)

Determines desired dτα extension up to x⃗-indep., der th,n-valued L̃0
ww

Lww(x⃗) = L̃0
ww −

∑
I⃗ ,J⃗

n∑
k=1

{
∂wGI⃗(w, xk) ∂wΦJ⃗

M (w)B
θ(I⃗)
k BJ⃗

k akM

+

n∑
ℓ>k

∂wGI⃗(w, xk) ∂wGJ⃗(w, xℓ)B
θ(I⃗)
k B

θ(J⃗)
ℓ tkℓ

}
with antipodeB

θ(I1I2···Ir)
k =(−1)rBIr

k · · ·BI2
k B

I1
k & allw, x⃗ in DHS kernels.
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VII. 5 Derivations from flatness conditions

Besides ∂xLww(x⃗) = δwwJ
(1,0)
DHS (x⃗), flatness conditions include[

J (1,0)
DHS (x⃗), Lww(x⃗)

]
= 0 , ∂x̄iLww(x⃗) + πω̄J(xi)

[
bJi , Lww(x⃗)

]
= 0

Fixes action of x⃗-independent part L̃0
ww of Lww(x⃗) on th,n generators[

L0
ww, b

I
i

]
= ωI(w)ωK(w) aiK +

∑
P⃗ ̸=∅

δwwAI
P⃗
K BP⃗

i aiK

[
L0
ww, aiI

]
=

1

2

∑
P⃗ ,Q⃗

{
δwwAM

P⃗IQ⃗
N [

B
θ(P⃗ )
i aiM , B

Q⃗
i aiN

]
− δwwDP⃗ IQ⃗

∑
k ̸=i

[
B
θ(P⃗ )
i tik, B

Q⃗
i tik

]}
... after x⃗-indep. redefinition to render L0

ww holomorphic in w,

L0
ww = L̃0

ww − ωJ(w)

n∑
k=1

{
1

h−1
∂wΦJ

M(w)akM +
1

h

∑
I⃗ ̸=∅

∂wΦJI⃗
M(w)B I⃗

kakM

}
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VII. 5 Derivations from flatness conditions

Action of x⃗-independent part L0
ww on th,n generators[

L0
ww, b

I
i

]
= ωI(w)ωK(w) aiK +

∑
P⃗ ̸=∅

δwwAI
P⃗
K BP⃗

i aiK

[
L0
ww, aiI

]
=

1

2

∑
P⃗ ,Q⃗

{
δwwAM

P⃗IQ⃗
N [

B
θ(P⃗ )
i aiM , B

Q⃗
i aiN

]
− δwwDP⃗ IQ⃗

∑
k ̸=i

[
B
θ(P⃗ )
i tik, B

Q⃗
i tik

]}
where coefficients of the th,n-elements are δww variations of

AI
KP⃗L

J =

∫
Σh

d2xωI(x) ω̄K(x)

∫
Σh

d2y G
P⃗
(x, y) ω̄L(y)ω

J(y)

D
P⃗
=

1

h

∫
Σh

d2xωI(x) ω̄I(x)GP⃗ (x, x) , P⃗ ̸= ∅
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VII. 5 Derivations from flatness conditions

Action of x⃗-independent part L0
ww on th,n generators[

L0
ww, b

I
i

]
= ωI(w)ωK(w) aiK +

∑
P⃗ ̸=∅

δwwAI
P⃗
K BP⃗

i aiK

[
L0
ww, aiI

]
=

1

2

∑
P⃗ ,Q⃗

{
δwwAM

P⃗IQ⃗
N [

B
θ(P⃗ )
i aiM , B

Q⃗
i aiN

]
− δwwDP⃗ IQ⃗

∑
k ̸=i

[
B
θ(P⃗ )
i tik, B

Q⃗
i tik

]}
where coefficients of the th,n-elements are δww variations of

modular tensors AI
KP⃗L

J and D
P⃗
except for the rk-3 case (1-letter P⃗ )

δwwAI
P
J = ωI(w) ∂wΦP

J(w) +
1

h−1
ωL(w) ∂wΦL

I(w) δJP − (I ↔ J)
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VII. 6 Higher-genus analogues of Tsunogai derivations

Similar to ϵk(X) = δk(X)−
[
adk−1

b (a), X
]
at genus h = 1, shift [L0

ww, •] to

M0
ww = L0

ww −
∑
P⃗ ̸=∅

δwwDP⃗

∑
1≤k<ℓ

BP⃗
k tkℓ

Simplifies earlier formulae: decouple (aiI , b
I
i ) at different i ∈ {1, · · · , n}[

M0
ww, b

I
i

]
=

∑
P⃗

δwwEIP⃗
K BP⃗

i aiK

[
M0

ww, aiI
]
=

1

2

∑
P⃗ ,Q⃗

δwwEMP⃗IQ⃗
N [

B
θ(P⃗ )
i aiM , B

Q⃗
i aiN

]
[
M0

ww, tij
]
= 0

where EMN = −YMN/π and EI
JP⃗L

K = AI
JP⃗L

K + δIJ DP⃗
δKL
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VII. 6 Higher-genus analogues of Tsunogai derivations

The δww variations in Lww directly translate into ∂τα in Lα = J |dτα,[
M0

α, b
I
i

]
=

∑
P⃗

∂ταE
I
P⃗
K BP⃗

i aiK

[
M0

α, aiI
]
=

1

2

∑
P⃗ ,Q⃗

∂ταE
M

P⃗IQ⃗
N [

B
θ(P⃗ )
i aiM , B

Q⃗
i aiN

]
At genus h = 1, recover Eisenstein from

∫
representation (P⃗ = P1 · · ·Pr)

∂τEIJP⃗L
K
∣∣
h=1 = δIJδ

K
L ∂τ

∫
Σ1

d2xG
P⃗
(x, x)

∣∣
h=1 = (Im τ )r(r+1)Gr+2(τ )

Exactly reproduce series in Tsunogai derivations of [L(x=0, τ ), •] on a & b[
M0

α, •
] ∣∣

h=1 = ϵ0 +
∞∑
k=2

(k−1)Gk(τ ) ϵk = [L(x=0, τ ), •]
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Conclusion & Outlook

•many recent developments on higher-genus polylogs thanks to symbiosis

with conformal field theory, algebraic geometry and topology

•QFT / gravity applications: hope for higher-genus polylogs to facilitate

Feynman-integral evaluations / offer prototypes for higher-dim. varieties

• string-theory applications: tensor generalizations of modular graph forms

& constructing chiral amplitudes from Enriquez kernels / supergravity

• future links to number theory via single-valued polylogs/zeta generators

Thank you for your attention !


