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PHENOMENOLOGY “TODAY" BEYOND COLLIDERS

LIGO Hanford Data Predicted

LHCh Experiment at CERN

\\\\( .\) Run / Event:

Data recorded:

2 THE COSMIC MICROWAVE BACKGROUND
Planck Legacy Release 2018

Strain (10?)

LIGO Livingston Data Predicted

EXPERIMENT

Run: 516024
Event: 91352719
2026-03-08 04:59:32 CET

CMS Experiment at the LHC, CERN

Data recorded: 2026-Mar-07 15:15:29.58
Run /Event /LS: 401623 /11852567 / 49
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LIGO Hanford Data

ALICE

Run 3 pp

Strain (10?%)

Credit: ESA/Planck Collaboration
www.esa.int European Space Agency

LIGO Livingston Data

0.35 0.40
Time (sec)

MULTISCALE AMPLITUDES GRAVITATIONAL WAVE FORMS COSMOLOGICAL CORRELATORS



PRECISION COLLIDER PARTICLE PRYSICS

The NNLO reveolution standard
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THE SPECIAL ROLE OF SPECIAL FUNCTIONS

Special function technology moved the pertubative frontier

1990s 2000s 2010s 2020s
ONE LOOP TWO LOOPS AUTOMATION MANY SCALES AND
FRONTIER FRONTIER (OR NOT?) NEW GEOMETRIES
classical polylogs dtscove‘ry of all. one-loop | 2 — 3 frontier at
in physics multiple amplitudes as Li particle colliders
polylogarithms

dlog canonical
differential
equations beyond
one-loop

Elliptic, Calabi-Yau,
Higher-Genus, Fano (?)

beyond polylogs: the
elliptic world



THE POLYLOG-PARADIGM: DIVIDE ET IMPERA

integrals at 2-3 loops
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THE POLYLOG-PARADIGM: DIVIDE ET IMPERA

10%7 integrals at 2-3 loops =~ =2 Integration by Parts (IBPs)
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THE POLYLOG-PARADIGM: DIVIDE ET IMPERA

10%~7 integrals at 2-3 loops

R e
VA

£

SR
%%ﬁ
FET oy
GGy

‘T A
T o g
T

G
o
o
%
@

i
o o
A
A

T TR AR
@m 9h, ¢
vy g X
P R
vh oy
)

be
Ce
b

9
ig
i
iy

9
) ok

(W

[Chetyrkin, Tkachov; Laporta; ...]
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Special functions (polylogs)

G(CQ, eeey Cpp s tl)

/tl
0

Decompose the problem into “simple” building blocks which naturally evaluate to “good special functions”
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THE POLYLOG-PARADIGM: DIVIDE ET IMPERA

r; : rational (or algebraic) f: : transcendental
poles from single particle branch cuts from multiparticle
states going on-shell states going on-shell

good “special functions” should help manifest physical properties of observables



SPECIAL (POLYLOGARITHMIC) NUMBERS

This “idea”, first applied™ in a systematic way in 1997 to reduce 3loop g-2 to 17 MIs
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[Laporta, Remiddi '97]

*as far as I know...



POLYLOGARITHMIC AMPLITUDES: 3-JET PRODUCTION AT LEP

(pS) T € (pG) Y (p4) q(p ) + q(pz) + g(pg) [g eeeeeeeeeeeeeee i 799]



POLYLOGARITHMIC AMPLITUDES: 3-JET PRODUCTION AT LEP

6_|_ (p5) -+ 6_(]?6) — ’y* (p4) — Q(pl) —+ 6_7(]?2) -+ g(pg) [Gehrmann, Remiddi *99]

[Garland, Gehramnn, Glover, Koukoutsakis, Remiddi ’02]
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POLYLOGARITHMIC AMPLITUDES: 3-JET PRODUCTION AT LEP

€+ (p5) -+ 6_(]?6) — "}/* (p4) — Q(pl) —+ (j(pz) -+ g(pg) [Gehrmann, Remiddi *99]

[Garland, Gehramnn, Glover, Koukoutsakis, Remiddi ’02]
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POLYLOGARITHMIC AMPLITUDES: 3-JET PRODUCTION AT LEP

€_|_ (p5) -+ 6_(]?6) — ’y* (p4) — Q(pl) —+ 6_7(]?2) -+ g(pg) [Gehrmann, Remiddi *99]

[Garland, Gehramnn, Glover, Koukoutsakis, Remiddi ’02]
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SUCCESSES OF POLYLOGS. STATE OF THE ART

Since then, things have changed a lot! State-of-the-art: 2 loop 5 & 6 point - 3 loop 4 point - 4 loop 3 point

_—

1 0 >
Y
2 D
<

3 4
Abreu, Agarwal, Badger, Buccioni, Chawdhry, Chicherin, Bargiela, Bobadilla, Canko, Caola, Henn, Lee, Manteuffel, Schabinger,
Czakon, de Laurentis, Febres-Cordero, Gambuti, Gehrmann, Jakubcik, Gambuti, Gehrmann, Guan, Ruf, Smirnov, Smirnov, Stainhauser,
Henn, Ita, Lo Presti, Manteuffel, Ma, Mitov, Monni, Page, Henn, Lim, Mella, Mistlberger, Wasser, Gehrmann, Sotnikov, Moch, Herzog,
Peraro, Pochelet, Schabinger, Sotnikov, LT, Usovitch, Zhang, Manteuffel, Syrrakos, Smirnov, LT ... Yang...

Crucial: massless internal and mostly massless external legs



THE “DIFFERENTIAL" POINT OF VIEW

differential equations for Feynman integrals




POLYLOGS AND DIFFERENTIAL EQUATIONS

Due to integration by parts identities, master integrals satify linear systems of rational differential equations
[Kotikov ’93] [Remiddi ’97] [Gehrmann, Remiddi ’99]




POLYLOGS AND DIFFERENTIAL EQUATIONS

Due to integration by parts identities, master integrals satify linear systems of rational differential equations
[Kotikov ’93] [Remiddi ’97] [Gehrmann, Remiddi ’99]

X

l ~— lower triangular shape

coupled blocks in general non-trivial

rational functions of s ml.z, D

ke
essential (mysterious?) simplifications in the imit D — 4



CANONICAL BASES IN THE POLYLOG CASE

Turn non-trivial “transport problem” into “trivial” iteration in the dimensional regulator D = 4 — 2¢

[Kotikov ’10] [Arkani-Hamed et al ’10] [Henn ’13]

dl = ¢ e-indep I/ — €-iﬂd€P — 2 Bl’ W;

differential forms w; contain full information to all € orders

Basis choice effectively reorganizes perturbation theory
PHYSICS

The analytic problem becomes a controlled recursion in €
boundary data & connection matrix

note that € = 0 is physics!



CANONICAL BASES IN THE POLYLOG CASE

In the polylog case, differential forms are dlogs: pure single poles  [Kotikov’10] [Arkani-Hamed et al’10] [Henn ’13]

dl = ¢ l e-indep }7

[ e-indep ] — ZBidlogfi

logarithmic singularities manifest in diff equations



CANONICAL BASES IN THE POLYLOG CASE

In the polylog case, differential forms are dlogs: pure single poles  [Kotikov’10] [Arkani-Hamed et al’10] [Henn ’13]

N N PURITY

— -1 d 1
dI 2 € lndep / result is unipotent: — In(x — a) =

dx xX—a
— TRANSCENDENTAL WEIGHT
, uniform weight order by order in €
e-indep | = ) B;dlogf;
l

PHYSICS

boundary data & connection matrix

logarithmic singularities manifest in diff equations




PURITY: THE IMPORTANCE OF BEING UNIPOTENT

Solution in terms of iterated integrals over d-logs to all orders in € are unipotent

I(”)(fl,...,fn;x) = J dlogf. ...dlogf,

Y

K» dI(f,..., 1.5 X) Z dlog ¢, I(”‘l)(fk1 ..... Ji _3X)
k - _

=~

n—1



PURITY: THE IMPORTANCE OF BEING UNIPOTENT

Solution in terms of iterated integrals over d-logs to all orders in € are unipotent

I(”)(fl,...,fn;x) = J dlogf. ...dlogf,

g
: —1 :
\, dl(”)(fl, s ] X) X Z d log ckl(” )(fkl, . ,fkn_l,x)
ke - _ )
n—1
Unipotency central property for definition of special functions: multiple polylogarithms
dt Functions with unipotent monodromy

G(CQ, veey Cpp s tl) on the Riemann sphere

€T
G(c1,co, ...y Cp, ) :/
0 t1—C1
[E.E.Kummer 1840]

T dty " dts fnmt o dt,
— .. [Nielsen, Goncharov, Remiddi, Vermaseren] ...
0 0 0 tn

tl — C1 t2 — C9 . — C
" Numerics: ... [Vollinga, Weinzierl 2004] ...

Result is trivially MPLs if f. are all rational



HOW DO WE FIND THESE BASES?

Integrand analysis, single poles and leading singularities



INTEGRAND ANALYSIS IN THE DLOG CASE

Starting from a right basis at ¢ = 0 (integrands in dlog form) J, = RkJ dlogX ...dlogX,
Y



INTEGRAND ANALYSIS IN THE DLOG CASE

Starting from a right basis at ¢ = 0 (integrands in dlog form) J, = RkJ dlogX ...dlogX,
Y

Diff equations become

Solution matrix is not unipotent at € = (

dJ =(A+eB)J

[ts derivative contains an homogeneous term A # 0

Upon solving homogeneous equation ate =0  J = AJ e



INTEGRAND ANALYSIS IN THE DLOG CASE

Starting from a right basis at ¢ = 0 (integrands in dlog form) J, = RkJ dlogX ...dlogX,
Y

Diff equations become

Solution matrix is not unipotent at € = (

dJ =(A+eB)J

[ts derivative contains an homogeneous term A # 0

— - - ~ >
Upon solving homogeneous equationate =0 J g = AJ o — d | = € B/



INTEGRAND ANALYSIS IN THE DLOG CASE

Starting from a right basis at ¢ = 0 (integrands in dlog form) J, = R, | dlogX , ...dlog X,
Y

Diff equations become

Solution matrix is not unipotent at € = (

dJ =(A+eB)J

[ts derivative contains an homogeneous term A # 0

— — — ~ =
Upon solving homogeneous equation ate =0  J = AJ . —_ dl = eB 1]

Equivalent to dividing out integrals by residues R,: these residues are called “leading singularities”

[Cachazo ’08] [Arkani-Hamed et al’10] [Henn’13] [Henn, Mistlberger, Smirnov, Wasser *20]

Integrals with unit leading singularities satisty unipotent differential equations  [Forner, Mella, Nega, Tancredi, Wagner "26]



FROM POLYLOGS TO ELLIPTICS (AND BEYOND)

from unipotency and ¢ recursion to special functions?



ELLIPTIC FEYNMAN GRAPHS

Electron self-energy in QED @ 2 loops [first computation attempted in 1961 by A. Sabry]

p The electron propagator in QED; A. Sabri 1962

— 1 K ( 16m°>/s >
VBm— V55 +m)E \Bm—5) (/s +m)

[t’s imaginary part “contains” an elliptic integral




BEYOND ELLIPTICS IN GENUS AND DIMENSION

see [Bargiela, Frellesvig, Marzucca, Morales, Seefeld, Wilhelm, Yang ’25] for full classification at 2 loops

Higgs physics

Top physics
EW physics




BEYOND ELLIPTICS IN GENUS AND DIMENSION

see [Bargiela, Frellesvig, Marzucca, Morales, Seefeld, Wilhelm, Yang ’25] for full classification at 2 loops

Higgs physics QED propagator, EW corrections

Top physics
EW physics 0
B ;
5 6
P3 2 4 > i ki + D
p

s = (p1 + p2)?




BEYOND ELLIPTICS IN GENUS AND DIMENSION

see [Bargiela, Frellesvig, Marzucca, Morales, Seefeld, Wilhelm, Yang ’25] for full classification at 2 loops

Higgs physics

Top physics
EW physics
B s P
5 6 7
p; 4 P
p

EW corrections

multi-particle scattering

tt + X production

QED propagator, EW corrections

[Picture from: Kozlowska-Walania ‘20]

s = (p1 + p2)?



COHOMOLOGY BEYOND THE RIEMANN SPHERE

entire space of functions spanned by single poles genus 1, elliptic curve; y = \/ P;(x)

First kind Second kind

dx x
No poles @ ~ | — double poles 71 ~ J—

Y

/i
log(l1 —x/a) = J

Third kind
dx

(x—¢)y

single poles g ~ J



DIFFERENTIAL EQUATIONS AND GEOMETRY

Solution of each hom “block” at € = 0 can
be related to periods of some manifold




DIFFERENTIAL EQUATIONS AND GEOMETRY

Solution of each hom “block” at € = 0 can
be related to periods of some manifold

In a typical multiloop problem,
different manifolds appear:

3
|

dlogs (possibly with roots)

(multiple) elliptic curves

different CY or higher genus

Geometry of the full problem is (potentially) much more complicated than individual blocks

[s it a problem? Differential equations nicely help “separate” blocks and reveal unipotent part!



ELLIPTIC CASE: A TOY EXAMPLE

CEn

1
ﬁ/cdm vVr(l—x)(1—ax)

I¢(a,€) = (x(1—2)(1—ax)),0<a<1,nevZ

Elliptic curve y? = x(1 — x)(1 — ax)



ELLIPTIC CASE: A TOY EXAMPLE

n

1 X
I,ga,e:—/da: z(l—z)(l—ax)),0<a<1l,neZ
(@€ VT Jo \/x(l—x)(l—ax)( ( ) )
Elliptic curve y? = x(1 = x)(1 — ax) Two master integrals: [,(a,€), [i(a,¢€)

2 (IO(aa E)) _ ( 2(11—a) | 1ia 2(11—a) (13—€a) ) (I()(Cl, €)>
o | € —a 2—|—CL €
da \ I (a’ 6) 2a(11—a) " a(l—a) 2a2(1—a) a(l—a) Iy (a’ 6)

Coupled system of differential equations as D — 4, i.e. ¢ — 0



FROM LS T0 SEMISIMPLE-UNIPOTENT SPLITTING




FROM LS T0 SEMISIMPLE-UNIPOTENT SPLITTING

Period matrix: solution at € = 0 is not unipotent

o W1 g O 1 7
W(CL) — 1 | T ;1 Ala) 01/
W Wi wWo =g Ala) Aa)
N e N’
Wiss Wy

Rotating away inverse semi-simple part of the period matrix [Broedel, Duhr, Dulat, Tancredi ’18] [Gorges, Nega, Tancredi, Wagner *23]
[Duhr, Maggio, Nega, Tancredi, Wagner ’25]




FROM LS T0 SEMISIMPLE-UNIPOTENT SPLITTING

Period matrix: solution at € = 0 is not unipotent

o W1 g O 1 7
W(a) — / ;| T ;1 Aa) 01/’
W Wi wWo =g Ala) Aa)
N N —
Wis W

Rotating away inverse semi-simple part of the period matrix [Broedel, Duhr, Dulat, Tancredi ’18] [Gorges, Nega, Tancredi, Wagner *23]
[Duhr, Maggio, Nega, Tancredi, Wagner ’25]

Jq B 10 Il
JQ O % aall

Rotation by the inverse semi-simple matrix defines a basis with unit leading singularities [Forner, Mella, Nega, Tancredi, Wagner ’26]

See talks by Christoph and Felix



UNIPOTENT CANONICAL DIFFERENTIAL EQUATIONS

Choosing second integral with unit leading singularities to O(e"), K,, diff equations become e-factorized

1 1
0 <J1> _ . ( a(l—g) ; a(la)w%) (Jl)
9, N (1—a+a®)w
da e a(l—a) - a(ll—a) 1%




UNIPOTENT CANONICAL DIFFERENTIAL EQUATIONS

Choosing second integral with unit leading singularities to O(e"), K,, diff equations become e-factorized
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In elliptic case, we can do it at the integrand level since the generalization of “dlog”-forms are known [L.L. Yang and Y. Zhang *25]
[Forner, Mella, Nega, Tancredi, Wagner ’26]

— differential forms of pure eMPLs [Brown, Levin ’11][Broedel, Matthes, Schlotterer ’14, *15]
[Broedel, Duhr, Dulat, Penante, Tancredi ’17, ’18]



UNIPOTENT CANONICAL DIFFERENTIAL EQUATIONS

Choosing second integral with unit leading singularities to O(e"), K,, diff equations become e-factorized

1 1

0 J1 B a(l—a) a(l—a)w? J1
9a \ K, ] — ° | _(—ata?)w] L K
¢ 2 a(l—a) a(l—a) 2

In elliptic case, we can do it at the integrand level since the generalization of “dlog”-forms are known [L.L. Yang and Y. Zhang *25]
[Forner, Mella, Nega, Tancredi, Wagner ’26]

— differential forms of pure eMPLs [Brown, Levin ’11][Broedel, Matthes, Schlotterer ’14, *15]
[Broedel, Duhr, Dulat, Penante, Tancredi ’17, ’18]

Can be achieved even without knowing pure kernels both at integrand and diff eq level [Gorges, Nega, Tancredi, Wagner 23]
[Duhr, Maggio, Nega, Sauer, Tancredi, Wagner ’25]

Equivalent step-by-step approach by epsilon-collaboration [Pdgel, Wang, Weinzierl 22, "23] [eps-collaboration *25]
See talks by Pogel, Weinzierl, Melnichenko



UNIPOTENT CANONICAL DIFFERENTIAL EQUATIONS

Choosing second integral with unit leading singularities to O(e"), K,, diff equations become e-factorized

[Forner, Mella, Nega, Tancredi, Wagner ’26]

1 1
9, Jq B _a(l—a)wg J1
oa K2 _a(ll—a) KQ

Observation: differential forms proportional to w; consistently drop from physical results in D = 4

Duhr, Gasparotto, Nega, Tancredi, Weinzierl ’24]

' Forner, Nega, Tancredi, '24]

Becchetti, Coro, Nega, Tancredi, Wagner ’25]

Same pattern observed in GW! Mathematical or physical mechanism behind these cancellations?



NUMERICAL RESULTS FOR ELLIPTIC AND K3 “AMPLITUDES"

2 loop QED Bhabha scattering

Q- Y

Three-loop QED correlators
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Figure 4: Real and imaginary part of Zg“)% (for £ = 0).
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NUMERICAL EVALUATION

Canonical differential equations can be solved numerically using algorithms for rational solutions of diff equations
[Czakon, Tancredi ’26]
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Applied to non trivial case gg — jj @ 2 loops: 16 square roots, 1 elliptic curve




NUMERICAL EVALUATION

Canonical differential equations can be solved numerically using algorithms for rational solutions of diff equations

Simplest example: square root r=4/f(0), fx)e k)

Applied to non trivial case gg — jj @ 2 loops: 16 square roots, 1 elliptic curve

= V/s(s —4m?),
r3 = /(s +1)(4m2 + s + 1),
= \/t(t + 4m2),
r7 = A/st(st —4m?2(s + t)),
rg = A/t(s + t)(t(s + t) — 4m?2s),
ri1 = A/ s(—4m2t2 + s( —m? +1)?),
ri3 = A/t(—4m2s2 + (—m?2 + 5)2t),

ri5 = A/t(—4m?2( s+t) +t(m2 + s+ t)?),

ry = A/t(t — 4m?2),

ry = /s(s +4m?2),

= /(s +t)(s +t—4m?2),

= /s(s 4+ t)(s(s +t) — 4m2t),
rio = \/5(—4m2(s + )2 + s(m2 + s + 1)2),

r

(o)

r

0]

[Czakon, Tancredi ’26]

d 1 1
—_— =

r
dx 2 f(x)

0G(s,t,m?)  m?(16m?s — t(3s + 2t)) wo(s, m?) ro(s, t,m?)

rig = A/(s + t)(4m2t2 + (—m? + t)%(s + 1)),

ria = A/ (s + 1) (4m2s2 + (—m2 + 5)2(s + 1)),

rie = v/ —(m?st(s + t)),

0wo(s,m*) B 4 w(s, m?) B 32m? +s  Owo(s, m?)
o(m2)2  m?2 (16m2 +s) m2(16m2+s) om?
Owo(s,m*) _wo(s,mQ) B m? 0w(s, m?)
0s B s S om2
0*wo(s,m*)  4wp(s,m?) 1 Owo(s, m?)

Osom2 5(16m2 + s) a

16m2+s  o0m? ’

0s (s +t) A(s,t,m?)?

777,2(167712 + 3) ro(s,t,m?) Owo(s, m?)

2(s 4+ t) A(s, t, m?) om?
0G(s,t, m?) B 771232(167712 + S) wo(s, m?) rg(s,t,m?)
ot B t(s +t) A(s,t,m2)?
N m?s(16m?* + s) ro(s, t,m?) dwy(s, m?)
2t(s + t) A(s, t, m?) om?

0G(s,t,m?*)  s(s+ 2t)wo(s, m?) ro(s,t,m?)
om? B A(s,t,m?)>? ’




ITERATED INTEGRALS WITH UNIPOTENT MONODROMY

Result in terms of iterated integrals with unipotent monodromy, which can be evaluated numerically:
see also [Baur, Duhr ’26] and Gideon’s talk on Thursday
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Result in terms of iterated integrals with unipotent monodromy, which can be evaluated numerically:
see also [Baur, Duhr ’26] and Gideon’s talk on Thursday

For specific cases, one can prove one obtains:
dlogs of rational functions: Multiple polylogarithms one single elliptic curve: Elliptic multiple polylogarithms
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ITERATED INTEGRALS WITH UNIPOTENT MONODROMY

Result in terms of iterated integrals with unipotent monodromy, which can be evaluated numerically:

see also [Baur, Duhr ’26] and Gideon’s talk on Thursday

For specific cases, one can prove one obtains:

dlogs of rational functions: Multiple polylogarithms

1

T —c

cec C

G(Cl, ...,Ck;ZC) — / dt T(Clat)G(C% °°°7ck;t)7 T(Ca t) —
0

Already in the pure dlog case, but with algebraic kernels,
it’s not clear what the special functions are

le...wn, w; = d log f; J; & Q(x)

Y

MPLs with algebraic kernels?
eMPLs if roots generate elliptic curve?

one single elliptic curve: Elliptic multiple polylogarithms
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TWO POINTS OF VIEW

GEOMETRY — FUNCTIONS

From geometry to “polylogs”:
- Iterated integrals
- Pure kernels with single poles

- Functions with unipotent monodromy

Results obtained for

- Multiple polylogarithms

- Elliptic multiple polylogarithms

- Dual picture as integrals on elliptic curve

- Recent generalization to higher genus

See Oliver’s lecture on Wednesday!
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GEOMETRY — FUNCTIONS

From geometry to “polylogs”:
- Iterated integrals
- Pure kernels with single poles

- Functions with unipotent monodromy

Results obtained for
- Multiple polylogarithms
- Elliptic multiple polylogarithms

- Dual picture as integrals on elliptic curve

- Recent generalization to higher genus

See Oliver’s lecture on Wednesday!

INTEGRALS — FUNCTIONS

From Feynman integrals to special functions:
- Differential equations
- Semisimple-unipotent splitting

- e-factorized forms for iteration

Results obtained for

- Iterated integrals over dlogs (beyond MPLs)

- Elliptic kernels
- Mix of elliptic and algebraic dlogs
- CY, genus 2, elliptic, algebraic dlogs ...



A CONNECTION THROUGH CANONICAL BASES

GEOMETRY — FUNCTIONS INTEGRALS — FUNCTIONS

multiple polylogs on arbitrary geometries system of canonical differential equations

\—/

Canonical differential equations produce by construction functions which are unipotent in sense above

Is this enough to guarantee that results will be “polylogarithms” on whatever geometry we might encounter?



MY MAIN OPEN QUESTIONS FOR ELLIPTICS AND BEYOND ‘26

WHAT IS AN INTRINSIC MATHEMATICAL CARACTERIZATION OF CANONICAL BASES?

Unipotent monodromy? Logarithmic singularities? ...

WHICH SPECIAL FUNCTIONS?

Can a “correct” canonical basis guarantee that results “land” on the correct special functions?

CAN PHYSICS CONSTRAIN THE GEOMETRIES WE NEED?

Do geometries always have to admit logarithmic degenerations? Is there always a MUM point?
Are some differential forms “unphysical”?

How to embed simplifications in D = 4 in the space of special functions we choose?




THANK YOU!



