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FIG. 1: The Higgs boson as the keystone of the Standard Model is connected to numerous fundamental questions that can be
investigated by studying it in detail.

References 40

I. ABSTRACT

A future Higgs Factory will provide improved precision on measurements of Higgs couplings beyond those obtained
by the LHC, and will enable a broad range of investigations across the fields of fundamental physics, including
the mechanism of electroweak symmetry breaking, the origin of the masses and mixing of fundamental particles, the
predominance of matter over antimatter, and the nature of dark matter. Future colliders will measure Higgs couplings
to a few per cent, giving a window to beyond the Standard Model (BSM) physics in the 1-10 TeV range. In addition,
they will make precise measurements of the Higgs width, and characterize the Higgs self-coupling.

II. WHY THE HIGGS IS THE MOST IMPORTANT PARTICLE

Over the past decade, the LHC has fundamentally changed the landscape of high energy particle physics through
the discovery of the Higgs boson and the first measurements of many of its properties. As a result of this, and no
discovery of new particles or new interactions at the LHC, the questions surrounding the Higgs have only become
sharper and more pressing for planning the future of particle physics.

The Standard Model (SM) is an extremely successful description of nature, with a basic structure dictated by
symmetry. However, symmetry alone is not su�cient to fully describe the microscopic world we explore: even after
specifying the gauge and space-time symmetries, and number of generations, there are 19 parameters undetermined by
the SM (not including neutrino masses). Out of these parameters 4 are intrinsic to the gauge theory description, the
gauge couplings and the QCD theta angle. The other 15 parameters are intrinsic to the coupling of SM particles to the
Higgs sector, illustrating its paramount importance in the SM. In particular, the masses of all fundamental particles,
their mixing, CP violation, and the basic vacuum structure are all undetermined and derived from experimental
data. As simply a test of the validity of the SM, all these couplings must be measured experimentally. However, the
centrality of the Higgs boson goes far beyond just dictating the parameters of the SM.

The Higgs boson is connected to some of our most fundamental questions about the Universe. Its most basic
role in the SM is to provide a source of Electroweak Symmetry Breaking (EWSB). While the Higgs can describe
EWSB, it is merely put in by hand in the Higgs potential. Explaining why EWSB occurs is outside the realm of
the Higgs boson, and yet at the same time by studying it we may finally understand its origin. There are a variety
of connected questions and observables tied to the origin of EWSB for the Higgs boson. For example, is the Higgs
mechanism actually due to dynamical symmetry breaking as observed elsewhere in nature? Is the Higgs boson itself
a fundamental particle or a composite of some other strongly coupled sector? The answers to these questions have a
number of ramifications beyond the origin of EWSB.

If the Higgs boson is a fundamental particle, it represents the first fundamental scalar particle discovered in nature.

PRECISION COLLIDER PARTICLE PHYSICS

Precision is essential for discoveries and exclusions … 



THE SPECIAL ROLE OF SPECIAL FUNCTIONS
Special function technology moved the pertubative frontier
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Decompose the problem into “simple” building blocks which naturally evaluate to “good special functions”
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good “special functions” should help manifest physical properties of observables



QED Mass-independent term: 3-loop contribution
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• The final analytical expression was obtained by S.L. and Ettore Remiddi in 1996.

• Ettore Remiddi begun the analytical calculation of C3 in 1969. I joined him and his group in

Bologna in 1989 as a graduate student.

• In 1989 there were 21 diagrams (3groups) still not known analytically. It took us 7 years to complete

the analytical calculations.
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[Laporta, Remiddi ’97]

QED Mass-independent term: 2-loop contribution
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obtained independently by Petermann and Sommerfield in 1957.

(The two-loop coefficient was also computed analytically by Karplus and Kroll in 1950, but

unfortunately their result was wrong)
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This “idea”, first applied  in a systematic way in 1997 to reduce 3loop g-2 to 17 MIs∗

 as far as I know…∗

SPECIAL (POLYLOGARITHMIC) NUMBERS



POLYLOGARITHMIC AMPLITUDES: 3-JET PRODUCTION AT LEP

qq̄ → gg, qq̄ → gγ and qq̄ → γγ), only the squared, helicity-averaged two-loop matrix elements were computed
so far [39–42].

The method employed here to extract the two-loop helicity amplitudes for e+e− → qq̄g is similar to the
approach of [22] by applying projections on all components of the Lorentz-invariant decomposition of the
amplitude. Using this approach, the corresponding one-loop helicity amplitudes were derived in [6]. The
master integrals relevant in the present context are massless four-point functions with three legs on-shell and
one leg off-shell. The complete set of these two-loop integrals was computed in [43], while earlier partial results
had been presented in [44,45]1. The master integrals in [43] are expressed in terms of two-dimensional harmonic
polylogarithms (2dHPLs). The 2dHPLs are an extension of the harmonic polylogarithms (HPLs) of [48]. All
HPLs and 2dHPLs that appear in the divergent parts of the planar master integrals have weight ≤ 3 and can
be related to the more commonly known Nielsen generalized polylogarithms [49, 50] of suitable arguments.
The functions of weight 4 appearing in the finite parts of the master integrals can all be represented, by
their very definition, as one-dimensional integrals over 2dHPLs of weight 3, hence of Nielsen’s generalized
polylogarithms of suitable arguments according to the above remark. A table with all relations is included
in the appendix of [43]. Numerical routines providing an evaluation of the HPLs [51] and 2dHPLs [52] are
available.

After carrying out ultraviolet renormalization of the amplitudes in the MS scheme, one is left with poles
which are purely of infrared origin. The infrared pole structure of the amplitudes can be predicted using
Catani’s infrared factorization formula [53]. We use this formalism to present the infrared poles and the finite
parts of the helicity amplitudes in a compact form.

This paper is structured as follows: in Section 2, we outline the calculational method used to derive the
helicity amplitudes and discuss the techniques used to extract the ultraviolet and infrared pole structure.
We also elaborate on the relation to previous work. The two-loop helicity amplitudes are computed (in the
Weyl–van der Waerden formalism, which is briefly described in the Appendix) in Section 3. Finally, Section 4
contains a discussion of the results and conclusions.

2 Method

2.1 Notation

We consider the production of a quark–antiquark–gluon system in electron–positron annihilation,

e+(p5) + e−(p6) → γ∗(p4) −→ q(p1) + q̄(p2) + g(p3) . (2.1)

It is convenient to define the invariants

s12 = (p1 + p2)
2 , s13 = (p1 + p3)

2 , s23 = (p2 + p3)
2 , (2.2)

which fulfil
p24 = (p1 + p2 + p3)

2 = s12 + s13 + s23 ↔ s123 , (2.3)

as well as the dimensionless invariants

x = s12/s123 , y = s13/s123 , z = s23/s123 , (2.4)

which satisfy x+ y + z = 1.
The renormalized amplitude |M〉 can be written as

|M〉 = V µSµ(q; g; q̄) , (2.5)
1Note that an alternative approach avoiding the need to use the integration-by-parts and Lorentz-invariance identities to

reduce the integrals appearing in the Feynman diagrams to a basis set has recently been proposed [46,47]. This method relies on
obtaining analytic expressions for the basic topologies with arbitrary powers of the propagators and arbitrary dimensions, which
can often be found in terms of nested sums involving Γ-functions. The Γ-functions can be directly expanded in ε and the nested
sums related to multiple polylogarithms.

2

[Gehrmann, Remiddi ’99]
[Garland, Gehramnn, Glover, Koukoutsakis, Remiddi ’02]
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→36H(0; z)G(0, 1→ z, 0; y)→ 66H(0; z)G(0; y) + 126H(0; z)G(0, 0; y)→ 18H(0; z)G(0, 1, 0; y)

+18H(0; z)G(1, 1→ z, 0; y)→ 3H(0; z)G(1, 0; y)→ 36H(0; z)G(1, 0, 0; y) +
23

2
H(0, 0; z)

+72H(0, 0; z)G(0; y) + 36H(0, 0; z)G(0, 0; y) + 72H(0, 0, 1, 0; z) + 3H(0, 1, 0; z)→ 18H(0, 1, 0; z)G(1→ z; y)

+36H(0, 1, 0; z)G(→z; y) + 18H(0, 1, 0; z)G(0; y)→ 18H(0, 1, 0; z)G(1; y) + 36H(0, 1, 1, 0; z)

→71H(1, 0; z)→ 66H(1, 0; z)G(1→ z; y) + 18H(1, 0; z)G(1→ z, 0; y) + 36H(1, 0; z)G(→z, 1→ z; y)

→36H(1, 0; z)G(→z, 0; y)→ 36H(1, 0; z)G(0, 1→ z; y) + 96H(1, 0; z)G(0; y) + 18H(1, 0; z)G(1, 1→ z; y)

→18H(1, 0; z)G(1, 0; y) + 72H(1, 0, 0; z) + 36H(1, 0, 0; z)G(0; y) + 72H(1, 0, 1, 0; z)

+36H(1, 1, 0; z)G(1→ z; y)→ 36H(1, 1, 0; z)G(→z; y)→ 18H(1, 1, 0; z)G(1; y) + 36H(1, 1, 0, 0; z)

+18H(1, 1, 1, 0; z) + 18G(1→ z, 0, 1, 0; y) + 66G(1→ z, 1, 0; y) + 36G(1→ z, 1, 1, 0; y)
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]
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in the appendix of [43]. Numerical routines providing an evaluation of the HPLs [51] and 2dHPLs [52] are
available.

After carrying out ultraviolet renormalization of the amplitudes in the MS scheme, one is left with poles
which are purely of infrared origin. The infrared pole structure of the amplitudes can be predicted using
Catani’s infrared factorization formula [53]. We use this formalism to present the infrared poles and the finite
parts of the helicity amplitudes in a compact form.

This paper is structured as follows: in Section 2, we outline the calculational method used to derive the
helicity amplitudes and discuss the techniques used to extract the ultraviolet and infrared pole structure.
We also elaborate on the relation to previous work. The two-loop helicity amplitudes are computed (in the
Weyl–van der Waerden formalism, which is briefly described in the Appendix) in Section 3. Finally, Section 4
contains a discussion of the results and conclusions.

2 Method

2.1 Notation

We consider the production of a quark–antiquark–gluon system in electron–positron annihilation,

e+(p5) + e−(p6) → γ∗(p4) −→ q(p1) + q̄(p2) + g(p3) . (2.1)

It is convenient to define the invariants

s12 = (p1 + p2)
2 , s13 = (p1 + p3)

2 , s23 = (p2 + p3)
2 , (2.2)

which fulfil
p24 = (p1 + p2 + p3)

2 = s12 + s13 + s23 ↔ s123 , (2.3)

as well as the dimensionless invariants

x = s12/s123 , y = s13/s123 , z = s23/s123 , (2.4)

which satisfy x+ y + z = 1.
The renormalized amplitude |M〉 can be written as

|M〉 = V µSµ(q; g; q̄) , (2.5)
1Note that an alternative approach avoiding the need to use the integration-by-parts and Lorentz-invariance identities to

reduce the integrals appearing in the Feynman diagrams to a basis set has recently been proposed [46,47]. This method relies on
obtaining analytic expressions for the basic topologies with arbitrary powers of the propagators and arbitrary dimensions, which
can often be found in terms of nested sums involving Γ-functions. The Γ-functions can be directly expanded in ε and the nested
sums related to multiple polylogarithms.

2

[Gehrmann, Remiddi ’99]
[Garland, Gehramnn, Glover, Koukoutsakis, Remiddi ’02]

+
2149

12
H(0; z)→ 66H(0; z)G(1→ z, 0; y)→ 18H(0; z)G(1→ z, 1, 0; y) + 36H(0; z)G(→z, 1→ z, 0; y)

→36H(0; z)G(0, 1→ z, 0; y)→ 66H(0; z)G(0; y) + 126H(0; z)G(0, 0; y)→ 18H(0; z)G(0, 1, 0; y)

+18H(0; z)G(1, 1→ z, 0; y)→ 3H(0; z)G(1, 0; y)→ 36H(0; z)G(1, 0, 0; y) +
23

2
H(0, 0; z)

+72H(0, 0; z)G(0; y) + 36H(0, 0; z)G(0, 0; y) + 72H(0, 0, 1, 0; z) + 3H(0, 1, 0; z)→ 18H(0, 1, 0; z)G(1→ z; y)

+36H(0, 1, 0; z)G(→z; y) + 18H(0, 1, 0; z)G(0; y)→ 18H(0, 1, 0; z)G(1; y) + 36H(0, 1, 1, 0; z)

→71H(1, 0; z)→ 66H(1, 0; z)G(1→ z; y) + 18H(1, 0; z)G(1→ z, 0; y) + 36H(1, 0; z)G(→z, 1→ z; y)

→36H(1, 0; z)G(→z, 0; y)→ 36H(1, 0; z)G(0, 1→ z; y) + 96H(1, 0; z)G(0; y) + 18H(1, 0; z)G(1, 1→ z; y)

→18H(1, 0; z)G(1, 0; y) + 72H(1, 0, 0; z) + 36H(1, 0, 0; z)G(0; y) + 72H(1, 0, 1, 0; z)

+36H(1, 1, 0; z)G(1→ z; y)→ 36H(1, 1, 0; z)G(→z; y)→ 18H(1, 1, 0; z)G(1; y) + 36H(1, 1, 0, 0; z)

+18H(1, 1, 1, 0; z) + 18G(1→ z, 0, 1, 0; y) + 66G(1→ z, 1, 0; y) + 36G(1→ z, 1, 1, 0; y)

→36G(→z, 1→ z, 1, 0; y)→ 36G(→z, 0, 1, 0; y) + 36G(0, 1→ z, 1, 0; y) +
49

3
G(0; y) + 160G(0, 0; y)

→36G(0, 0, 1, 0; y)→ 30G(0, 1, 0; y) + 36G(0, 1, 1, 0; y)→ 18G(1, 1→ z, 1, 0; y) + 71G(1, 0; y)

→126G(1, 0, 0; y) + 54G(1, 0, 1, 0; y)→ 66G(1, 1, 0; y) + 36G(1, 1, 0, 0; y)→ 36G(1, 1, 1, 0; y)
]

+iπ

{

→
11

16(1→ z)2
H(0; z) +

1

16(1→ z)

[

→ 11→ 22H(0; z)
]

+ 2ε3 +
1

48

[

→
44π2

3
→

2345

18
→ 11H(0; z)

→66H(0; z)G(0; y)→ 66H(1, 0; z)→ 110G(0; y) + 66G(1, 0; y)
]

}

Dα(y, z) =

1

12y(1→ z)
H(0; z)→

1

12y(1→ y → z)
H(0; z) +

z

6(1→ y → z)2

[π2

6
+ H(0; z)G(0; y) + H(1, 0; z)

→G(1, 0; y)
]

+
z

4(1→ y → z)

[

→
π2

3
+ H(0; z)→ 2H(0; z)G(0; y)→ 2H(1, 0; z)→G(0; y) + 2G(1, 0; y)

]

+
z2

4(1→ y → z)2

[

→
π2

6
→H(0; z)G(0; y)→H(1, 0; z) + G(1, 0; y)

]

→
1

12(1→ y)
G(0; y)

+
1

72(1→ z)2

[

π2 + 25H(0; z)→
3

2
H(0; z)G(0; y)→ 9H(0, 0; z) + 6H(1, 0; z)

]

+
1

144(1→ z)

[

4π2 + 38 + 37H(0; z)→ 6H(0; z)G(0; y)→ 36H(0, 0; z) + 24H(1, 0; z)→ 3G(0; y)
]

+
1

12(1→ y → z)

[

H(0; z) + 2G(0; y)
]

+
π2

72

[395

12
→H(0; z) + 2G(1→ z; y)→G(0; y)→ 2G(1; y)

]

→
19

36
ε3 +

1

144

[3661

18
→ 25H(0; z) + 24H(0; z)G(1→ z, 0; y) + 29H(0; z)G(0; y)→ 36H(0; z)G(0, 0; y)

+6H(0; z)G(1, 0; y)→ 28H(0, 0; z)→ 36H(0, 0; z)G(0; y)→ 6H(0, 1, 0; z) + 40H(1, 0; z)

+24H(1, 0; z)G(1→ z; y)→ 30H(1, 0; z)G(0; y)→ 36H(1, 0, 0; z)→ 24G(1→ z, 1, 0; y) + 53G(0; y)

→82G(0, 0; y) + 6G(0, 1, 0; y)→ 40G(1, 0; y) + 36G(1, 0, 0; y) + 24G(1, 1, 0; y)
]

+iπ

{

1

8(1→ z)2
H(0; z) +

1

8(1→ z)

[

1 + 2H(0; z)
]

+
1

48

[8π2

3
→

28

3
+ 13H(0; z) + 12H(0; z)G(0; y)

+12H(1, 0; z) + 31G(0; y)→ 12G(1, 0; y)
]

}

Aβ(y, z) =

15

POLYLOGARITHMIC AMPLITUDES: 3-JET PRODUCTION AT LEP

fi

ri



qq̄ → gg, qq̄ → gγ and qq̄ → γγ), only the squared, helicity-averaged two-loop matrix elements were computed
so far [39–42].

The method employed here to extract the two-loop helicity amplitudes for e+e− → qq̄g is similar to the
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HPLs and 2dHPLs that appear in the divergent parts of the planar master integrals have weight ≤ 3 and can
be related to the more commonly known Nielsen generalized polylogarithms [49, 50] of suitable arguments.
The functions of weight 4 appearing in the finite parts of the master integrals can all be represented, by
their very definition, as one-dimensional integrals over 2dHPLs of weight 3, hence of Nielsen’s generalized
polylogarithms of suitable arguments according to the above remark. A table with all relations is included
in the appendix of [43]. Numerical routines providing an evaluation of the HPLs [51] and 2dHPLs [52] are
available.

After carrying out ultraviolet renormalization of the amplitudes in the MS scheme, one is left with poles
which are purely of infrared origin. The infrared pole structure of the amplitudes can be predicted using
Catani’s infrared factorization formula [53]. We use this formalism to present the infrared poles and the finite
parts of the helicity amplitudes in a compact form.

This paper is structured as follows: in Section 2, we outline the calculational method used to derive the
helicity amplitudes and discuss the techniques used to extract the ultraviolet and infrared pole structure.
We also elaborate on the relation to previous work. The two-loop helicity amplitudes are computed (in the
Weyl–van der Waerden formalism, which is briefly described in the Appendix) in Section 3. Finally, Section 4
contains a discussion of the results and conclusions.

2 Method

2.1 Notation

We consider the production of a quark–antiquark–gluon system in electron–positron annihilation,

e+(p5) + e−(p6) → γ∗(p4) −→ q(p1) + q̄(p2) + g(p3) . (2.1)

It is convenient to define the invariants

s12 = (p1 + p2)
2 , s13 = (p1 + p3)

2 , s23 = (p2 + p3)
2 , (2.2)

which fulfil
p24 = (p1 + p2 + p3)

2 = s12 + s13 + s23 ↔ s123 , (2.3)

as well as the dimensionless invariants

x = s12/s123 , y = s13/s123 , z = s23/s123 , (2.4)

which satisfy x+ y + z = 1.
The renormalized amplitude |M〉 can be written as

|M〉 = V µSµ(q; g; q̄) , (2.5)
1Note that an alternative approach avoiding the need to use the integration-by-parts and Lorentz-invariance identities to

reduce the integrals appearing in the Feynman diagrams to a basis set has recently been proposed [46,47]. This method relies on
obtaining analytic expressions for the basic topologies with arbitrary powers of the propagators and arbitrary dimensions, which
can often be found in terms of nested sums involving Γ-functions. The Γ-functions can be directly expanded in ε and the nested
sums related to multiple polylogarithms.
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Figure 3. Thrust distribution at Q = MZ at LO
(blue), NLO (green) and NNLO (red). The solid
lines represent the prediction for renormalisation
scale µ = Q and αs(MZ) = 0.1189, while the
shaded region shows the variation due to varying
the renormalisation scale between µ = Q/2 and
µ = 2Q. The data is taken from [2].

and C) the full kinematical range is not yet re-
alised for three partons, but attained only in the
multi-jet limit. For the thrust distribution 1→T ,
as seen in Fig. 3, the multi-jet limit corresponds
to 1→ T > 0.5. Consequently, the fixed-order de-
scription is expected to be reliable in a restricted
interval bounded by the two-jet limit on one side
and the multi-jet limit on the other side.

In the intermediate region, we observe that in-
clusion of NNLO corrections (evaluated at the Z-
boson mass, and for fixed value of the strong cou-
pling constant) typically increase the previously
available NLO prediction. The magnitude of
this increase differs considerably between differ-
ent observables[12], it is substantial for T (18%),
BT (17%) and C (15%), moderate for ρ and BW

(both 10%) and small for Y3 (6%). For all shape
variables, we observe that the renormalization
scale uncertainty of the NNLO prediction is re-
duced by a factor 2 or more compared to the NLO
prediction. We observe that the NNLO prediction
describes the shape of the measured event shape
distributions over a wider kinematical range than
the NLO prediction, both towards the two-jet and

the multi-jet limit.

4. Determination of the strong coupling
constant

Using the newly computed NNLO corrections
to event shape variables, we performed [17] a
new extraction of αs from data on the standard
set of six event shape variables measured by the
ALEPH collaboration [2] at centre-of-mass ener-
gies of 91.2, 133, 161, 172, 183, 189, 200 and 206
GeV. The combination of all NNLO determina-
tions from all shape variables yields

αs(MZ) = 0.1240 ± 0.0008 (stat)

± 0.0010 (exp) ± 0.0011 (had)

± 0.0029 (theo).

We observe a clear improvement in the fit qual-
ity when going to NNLO accuracy. Compared
to NLO, the value of αs is lowered by about
10%, but still higher than for NLO+NLLA [2],
which shows the obvious need for a matching of
NNLO+NLLA for an even more precise result.
Work is in progress in this direction [18].
As can be seen in Figure 4, the scatter among

the αs-values extracted from different shape vari-
ables is lowered considerably when going to
NNLO accuracy and the theoretical uncertainty
is decreased by a factor 2 (1.3) compared to NLO
(NLO+NNLA). The different sizes of the NNLO
corrections for different observables is responsi-
ble for these large improvements. One infers that
the scatter present at next-to-leading order was
largely due to missing higher order perturbative
corrections.

5. Outlook

Our results for the NNLO corrections to the
3-jet cross section and related event shape distri-
butions in electron-positron annihilation open up
a whole new range of possible comparisons with
the LEP data. The potential of these studies is
illustrated by comparisons of the NNLO fixed or-
der results with jet and event-shape data from
ALEPH. The corrections are sizable for all vari-
ables, but yield a considerably better consistency
between the observables indicating a stabilization
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Since then, things have changed a lot!  State-of-the-art: 2 loop 5 & 6 point - 3 loop 4 point - 4 loop 3 point
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Figure 1: The two-loop six-point integral topologies considered in this work. All two-loop
six-point planar integrals can be reduced to these topologies by integration by parts relations.
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Figure 2: Hexa-box topology. The blue labels give the index of the propagators according
to the conventions of Eq. (3.2).

equations (now containing also the extra relations) and count the number of master integrals
associated to each of the six-point topologies. The on-shell number of master integrals for
each of the six-point topologies is recorded in Table 1, and agrees with the results of [21].
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Crucial: massless internal and mostly massless external legs



THE “DIFFERENTIAL” POINT OF VIEW
differential equations for Feynman integrals



POLYLOGS AND DIFFERENTIAL EQUATIONS
[Kotikov ’93] [Remiddi ’97] [Gehrmann, Remiddi ’99]

∂
∂sij

⃗I

2. Feynman Integrals and Differential Equations

equations for a master integral Ij with respect to some kinematic invariant si take the
form

∂Ij

∂si
= Â

k
(Asi)jk({sn}, d)Ik, (2.22)

where k runs over master integrals in the same sector and subtopologies. It is convenient
to introduce the vector ~I =

�
I1 . . . In

�T, where we order the master integrals by
increasing sector ID. The differential equations may then be written in matrix notation,

∂~I
∂si

= Asi({sn}, d)~I . (2.23)

Due to the properties mentioned above equation (2.25), the matrix A has, in general, a
lower block-triangular form

Asi =

0

BBBBBBBBBBBBBBBB@

⇤

⇤

0
⇤

⇤

⇤

⇤
. . .

⇤

1

CCCCCCCCCCCCCCCCA

. (2.24)

The diagonal part of the matrix represents the homogeneous equations. There may be
blocks of size m ⇥ m on the diagonal for sectors of dimension m, i.e. with m master
integrals. They arise since integrals of the same sector couple to each other in general.
Note that at one loop, there are no sectors with more than one master integral. Below
the (block-)diagonal are the couplings of the master integrals to their subtopologies.

We can write down differential equations in all the kinematic invariants si, including
masses. This set of differential equations can be written in a compact form using the
total differential,

d~I = A~I , where A = Asi dsi , (2.25)

i.e. A is a matrix of one-forms. It satisfies the integrability condition

dA � A ^ A = 0 (2.26)

11

⃗I

Due to integration by parts identities, master integrals satify linear systems of rational differential equations
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lower triangular shape 

coupled blocks in general non-trivial
rational functions of sij, m2

i , D

Due to integration by parts identities, master integrals satify linear systems of rational differential equations

essential (mysterious?) simplifications in the limit D → 4



d ⃗I = ϵ [ ϵ-indep ] ⃗I

Turn non-trivial “transport problem” into “trivial” iteration in the dimensional regulator D = 4 − 2ϵ
[Kotikov ’10] [Arkani-Hamed et al ’10] [Henn ’13]

[ ϵ-indep ] = ∑
i

Bi ωi

Basis choice effectively reorganizes perturbation theory

The analytic problem becomes a controlled recursion in ϵ
PHYSICS

boundary data & connection matrix

differential forms  contain full information to all  ordersωi ϵ

note that  is physics!ϵ = 0

CANONICAL BASES IN THE POLYLOG CASE



d ⃗I = ϵ [ ϵ-indep ] ⃗I

CANONICAL BASES IN THE POLYLOG CASE
In the polylog case, differential forms are dlogs: pure single poles [Kotikov ’10] [Arkani-Hamed et al ’10] [Henn ’13]

[ ϵ-indep ] = ∑
i

Bi d log fi

logarithmic singularities manifest in diff equations



d ⃗I = ϵ [ ϵ-indep ] ⃗I

CANONICAL BASES IN THE POLYLOG CASE
In the polylog case, differential forms are dlogs: pure single poles [Kotikov ’10] [Arkani-Hamed et al ’10] [Henn ’13]

[ ϵ-indep ] = ∑
i

Bi d log fi

logarithmic singularities manifest in diff equations

PURITY

result is unipotent: 
d

dx
ln(x − a) =

1
x − a

TRANSCENDENTAL WEIGHT

uniform weight order by order in ϵ

PHYSICS

boundary data & connection matrix



Solution in terms of iterated integrals over d-logs to all orders in  are unipotentϵ

PURITY: THE IMPORTANCE OF BEING UNIPOTENT

I(n)( f1, . . . , fn; x) = ∫γ
d log fn . . . d log f1

d I(n)( f1, . . . , fn; x) ∝ ∑
k

d log ck I(n−1)( fk1
, . . . , fkn−1

n−1

; x)



PURITY: THE IMPORTANCE OF BEING UNIPOTENT

Unipotency central property for definition of special functions: multiple polylogarithms

G(c1, c2, ..., cn, x) =

Z x

0

dt1
t1 � c1

G(c2, ..., cn, t1)

=

Z x

0

dt1
t1 � c1

Z t1

0

dt2
t2 � c2

...

Z tn�1

0

dtn
tn � cn
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Functions with unipotent monodromy 
on the Riemann sphere

[E.E.Kummer  1840]

Solution in terms of iterated integrals over d-logs to all orders in  are unipotentϵ

Numerics: … [Vollinga, Weinzierl 2004] …

[Nielsen, Goncharov, Remiddi, Vermaseren] …

Result is trivially MPLs if  are all rationalfi

I(n)( f1, . . . , fn; x) = ∫γ
d log fn . . . d log f1

d I(n)( f1, . . . , fn; x) ∝ ∑
k

d log ck I(n−1)( fk1
, . . . , fkn−1

n−1

; x)



HOW DO WE FIND THESE BASES?
integrand analysis, single poles and leading singularities



INTEGRAND ANALYSIS IN THE DLOG CASE
Starting from a right basis at  (integrands in dlog form)  ϵ = 0 Jk = Rk ∫γ

d log Xm . . . d log X1



d ⃗J = (A + ϵ B) ⃗J
Solution matrix is not unipotent at ϵ = 0
Its derivative contains an homogeneous term A ≠ 0

Diff equations become

Upon solving homogeneous equation at ϵ = 0 d ⃗JH = A ⃗JH

Starting from a right basis at  (integrands in dlog form)  ϵ = 0

INTEGRAND ANALYSIS IN THE DLOG CASE
Jk = Rk ∫γ

d log Xm . . . d log X1



d ⃗I = ϵ B̃ ⃗I

d ⃗J = (A + ϵ B) ⃗J
Solution matrix is not unipotent at ϵ = 0
Its derivative contains an homogeneous term A ≠ 0

Diff equations become

Upon solving homogeneous equation at ϵ = 0 d ⃗JH = A ⃗JH

Starting from a right basis at  (integrands in dlog form)  ϵ = 0

INTEGRAND ANALYSIS IN THE DLOG CASE
Jk = Rk ∫γ

d log Xm . . . d log X1



d ⃗I = ϵ B̃ ⃗I

d ⃗J = (A + ϵ B) ⃗J
Solution matrix is not unipotent at ϵ = 0
Its derivative contains an homogeneous term A ≠ 0

Equivalent to dividing out integrals by residues :   these residues are called “leading singularities”Rk

Jk = Rk ∫γ
d log Xm . . . d log X1

Diff equations become

Upon solving homogeneous equation at ϵ = 0 d ⃗JH = A ⃗JH

Starting from a right basis at  (integrands in dlog form)  ϵ = 0

INTEGRAND ANALYSIS IN THE DLOG CASE

[Henn ’13] [Henn, Mistlberger, Smirnov, Wasser ’20][Cachazo ’08] [Arkani-Hamed et al ’10]

Integrals with unit leading singularities satisfy unipotent differential equations [Forner, Mella, Nega, Tancredi, Wagner ’26]



FROM POLYLOGS TO ELLIPTICS (AND BEYOND)
from unipotency and  recursion to special functions?ϵ



ELLIPTIC FEYNMAN GRAPHS

=
1p

(3m�
p
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p
s+m)3
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✓
16m3ps

(3m�
p
s)(
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s+m)3

◆
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The sunrise integral
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Figure 1: The Feynman graphs contributing to the two-loop electron self-energy.

p

1 2

4 5

3

Figure 2: The kite graph. This graph is equivalent to the second graph in fig. 1.

with the propagators

D1 = k2
1 −m2, D2 = k2

2, D3 = (k1 − k2)
2 −m2, D4 = (k1 − p)2, D5 = (p− k2)

2 −m2 (10)

and ν12345 = ν1+ν2 +ν3+ν4 +ν5. The internal momenta are denoted by k1 and k2, the internal
mass by m, the external momentum by p and the dimension of space-time by D = 4−2ε. The
arbitrary scale µ renders the integral dimensionless. In the following we set µ = m. We further

define

x =
p2

m2
. (11)

The five propagators D1-D5 are indicated by the numbers 1-5 in fig. 2. We note that all propa-
gators of the rainbow diagram and the fermion loop insertion diagram are a subset of these. In
order to show this, we labelled all propagators in fig. 1 with the appropriate numbers. Therefore

it is sufficient to consider only the master integrals of the kite integral. In order to present these
master integrals let us first denote by ψ1 and ψ2 two independent solutions of the second-order
differential equation [2, 36]

[

x(x−1)(x−9)
d2

dx2
+
(

3x2 −20x+9
) d

dx
+ x−3

]

ψ = 0. (12)

Of course, this does not fully specify ψ1 nor ψ2, but for the moment this is all what we would

like to assume about ψ1 and ψ2. The exact definitions of ψ1 and ψ2 will be given in section 6.
We denote the Wronskian by

W = ψ1
d

dx
ψ2 −ψ2

d

dx
ψ1. (13)

6

The electron propagator in QED; A. Sabri 1962

Electron self-energy in QED @ 2 loops   [first computation attempted in 1961 by A. Sabry]

K(x) =

Z 1

0

dzp
(1� z2)(1� x z2)
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It’s imaginary part “contains” an elliptic integral
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Figure 4. The double box graph.

The external momenta satisfy p21 = p22 = p23 = 0 and p24 = M2.
With Mandelstam variables defined by s = (p1 + p2)2 and t = (p1 + p3)2, the family

depends on a total of four dimensionful or, by dimensional analysis, three dimensionless
variables. Further, we set d = 4� 2✏ for this example.

This graph contributes to the planar corrections to the production of a Higgs boson
and a jet through a loop of massive quarks and was studied at length in the literature,
see [85, 86], where a complete calculation could only be achieved numerically.13 In the
literature, a total of 73 master integrals had been identified. A new reduction performed
with Kira 2.0 [87] reveals an additional relation, originating from a higher sector, which
reduces this number to 72. The relation reads

I0,1,0,0,1,1,2,0,0 =
s

M2 � t
I0,1,2,0,1,1,0,0,0 +

M2
� s

M2 � t
I0,2,1,0,0,1,1,0,0 �

t

M2 � t
I1,0,0,0,1,1,2,0,0 .

(4.27)
In [85], 64 independent candidate integrals for a canonical basis for all but one subsector

had been identified (in the notation of [85], fA
19 is no longer independent and we remove it

from our basis). Moreover, four suitable candidates on the maximal cut of the top topology
have been derived. The remaining four integrals lie in an elliptic subsector depicted in
figure 5, which is obtained from the top topology by pinching line number three. Here, we
wish to complement these results by applying our method to find suitable basis integrals for
the elliptic sector, such that a complete basis satisfying ✏-factorised differential equations
is at hand. In the following, we will give an overview of the relevant details of each step.

1

2 4

5 6 7

p21

p22

p23

p24

Figure 5. Feynman graph of the elliptic sector inside the double box.

As a starting basis to apply our method, we use a slight variation of the integrals

13Note that compared to [85], our propagator definitions (4.26) differ by a sign.
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to $0
0(z) and the non-✏-factorised term can be removed by shifting the integrals by a total

derivative. The full rotation can then be obtained as

T =

0

B@
9⇥9 0

0
1 0

1�24z
z2 $2

0 1

1

CA

0

B@
9⇥9 0

0
✏4 0

0 ✏3

1

CA

 
9⇥9 0

0 W
ss

!�1 
T

sub 0

0 �
1
z 2⇥2

!
. (4.9)

With this, the ✏-factorised GM equations are given by
d

dz
J = ✏GM

✏ J with J = T I , (4.10)

where the Gauss-Manin connection GM
✏ is given in appendix A eq. (A.1). We see here

that in this single-scale problem we do not need additional new functions. In fact, only
the holomorphic solution $0 is needed, while its derivative $0

0 does not appear in GM
✏.

The absence of the derivative of the period is an indication that all differential forms are
independent under integration by parts identities. Nevertheless, we stress that we have not
proven this last statement formally and we cannot exclude that non-trivial relations exist.

4.2 A second single-scale elliptic three-point function

1

3

2

4

2

5 6s

p21

p22

Figure 3. The graph of non-planar triangle number 2.

The next family of Feynman integrals we consider is given by another triangle graph (see
figure 3) but with a different mass configuration of the propagators and numerator

D1 = (k1 � p1)
2 , D2 = (k2 � p1)

2 , D3 = (k1 + p2)
2 ,

D4 = (k1 � k2 + p2)
2 , D5 = (k1 � k2)

2
�m2 , D6 = k22 �m2 ,

N1 = k21 .

(4.11)

For the external momenta, we again consider p21 = p22 = 0 and work with the dimensionless
variable

z =
s

m2
=

(p1 + p2)2

m2
. (4.12)

As before, we study these integrals in d = 4 � 2✏ and set for simplicity m = 1. We recall
here that this class of integrals contributes to the so-called electroweak form factor and was
first studied in [32] and later on in [59].11

11Also in this case, we thank Xing Wang for having shared his results for this integral family with us
prior to publication [84].
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Step 3: Transformation to upper triangular ✏-form

The third step of the procedure involves typically nothing more than just adjusting some
factors of ✏, as well as potentially swapping the position of some of the integrals in the
basis, such that terms that are not ✏-factorised appear only below the diagonal of the new
Gauss-Manin connection matrix GM. Further, all of these terms are either constant or go
with inverse powers of ✏. Notice that at this point, poles in ✏ typically appear.

Step 4: Clean up of the homogeneous differential equations

As the next step, we integrate out these remaining terms systematically in each homo-
geneous block. This is achieved by shifting the master integrals which generate non ✏-
factorised homogeneous equations, by terms proportional to the other master integrals
in the same sector. Frequently, this amounts to removing total derivatives involving the
objects already introduced by the rotation by the inverse of W

ss. However, for more com-
plex problems it happens that not all non-✏-factorised terms can be removed in this way. In
these cases, it becomes necessary to introduce new functions, which are defined as (iterated)
integrals of products of rational or algebraic functions and the transcendental functions in-
troduced by W

ss. This leads to new types of integration kernels in the final ✏-factorised
differential equations. It is desirable that these new objects are linearly independent under
integration by parts identities as discussed around eq. (2.5). We will comment on this below
when looking at explicit cases.

Step 5: Clean up of the inhomogeneous differential equations

After having completed the ✏-factorisation of all homogeneous blocks, the factorisation of the
whole system can be achieved by performing suitable shifts in the definitions of the master
integrals of a given sector, by integrals in lower sectors. This is in principle a straightforward
procedure. In practice, however, it can become tricky as also the functional dependence
on ✏ of the coefficient functions in these shifts might be complicated. Moreover, if a given
subsector exhibits singularities which were not present in the homogeneous equations for the
sector considered, the introduction of new functions might be required. These are likewise
(iterated) integrals of functions already present in the differential equations.

3 Application to the two-loop sunrise family

k1

k2

k1 + k2 � p

p p

Figure 1. The two-loop sunrise graph.

Let us see explicitly how our procedure works in the case of the two-loop sunrise graph [28–
31, 68–75] shown in figure 1. We work as it is customary in d = 2�2✏ space-time dimensions
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Higgs physics 

Top physics 

EW physics

BEYOND ELLIPTICS IN GENUS AND DIMENSION
see [Bargiela, Frellesvig, Marzucca, Morales, Seefeld, Wilhelm, Yang ’25] for full classification at 2 loops
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see [85, 86], where a complete calculation could only be achieved numerically.13 In the
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to $0
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With this, the ✏-factorised GM equations are given by
d
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J = ✏GM

✏ J with J = T I , (4.10)

where the Gauss-Manin connection GM
✏ is given in appendix A eq. (A.1). We see here

that in this single-scale problem we do not need additional new functions. In fact, only
the holomorphic solution $0 is needed, while its derivative $0

0 does not appear in GM
✏.

The absence of the derivative of the period is an indication that all differential forms are
independent under integration by parts identities. Nevertheless, we stress that we have not
proven this last statement formally and we cannot exclude that non-trivial relations exist.
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For the external momenta, we again consider p21 = p22 = 0 and work with the dimensionless
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As before, we study these integrals in d = 4 � 2✏ and set for simplicity m = 1. We recall
here that this class of integrals contributes to the so-called electroweak form factor and was
first studied in [32] and later on in [59].11

11Also in this case, we thank Xing Wang for having shared his results for this integral family with us
prior to publication [84].
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The third step of the procedure involves typically nothing more than just adjusting some
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basis, such that terms that are not ✏-factorised appear only below the diagonal of the new
Gauss-Manin connection matrix GM. Further, all of these terms are either constant or go
with inverse powers of ✏. Notice that at this point, poles in ✏ typically appear.
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As the next step, we integrate out these remaining terms systematically in each homo-
geneous block. This is achieved by shifting the master integrals which generate non ✏-
factorised homogeneous equations, by terms proportional to the other master integrals
in the same sector. Frequently, this amounts to removing total derivatives involving the
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troduced by W

ss. This leads to new types of integration kernels in the final ✏-factorised
differential equations. It is desirable that these new objects are linearly independent under
integration by parts identities as discussed around eq. (2.5). We will comment on this below
when looking at explicit cases.

Step 5: Clean up of the inhomogeneous differential equations

After having completed the ✏-factorisation of all homogeneous blocks, the factorisation of the
whole system can be achieved by performing suitable shifts in the definitions of the master
integrals of a given sector, by integrals in lower sectors. This is in principle a straightforward
procedure. In practice, however, it can become tricky as also the functional dependence
on ✏ of the coefficient functions in these shifts might be complicated. Moreover, if a given
subsector exhibits singularities which were not present in the homogeneous equations for the
sector considered, the introduction of new functions might be required. These are likewise
(iterated) integrals of functions already present in the differential equations.

3 Application to the two-loop sunrise family
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Let us see explicitly how our procedure works in the case of the two-loop sunrise graph [28–
31, 68–75] shown in figure 1. We work as it is customary in d = 2�2✏ space-time dimensions
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5 Cases beyond a single elliptic curve

In the previous sections, we have provided examples of how our procedure can be applied
to multi-scale elliptic problems to obtain fully ✏-factorised systems of differential equations.
Here, we want to test the applicability of our procedure beyond the elliptic case, considering
families of Feynman graphs with different underlying geometries. We start with a family
with two elliptic curves and then consider a three-loop example characterised by a K3
surface.

5.1 The three-loop ice cone

Our first example of a Feynman graph family with underlying geometry beyond a single
elliptic curve is the three-loop ice cone family (see figure 6).

k1

k2

k3

P
i ki � p1

P
i ki + p2

p21 = 0 p22 = 0

s = (p1 + p2)2

Figure 6. The three-loop ice cone graph.

As it was argued in [66], by studying the maximal cut of the three-loop ice cone in d = 2

one finds two different elliptic curves, which can be both related to the elliptic curve of the
two-loop sunrise graph. We follow the conventions from [66] and define the propagators
and irreducible scalar products of the ice cone family as

D1 = k21 �m2 , D2 = k22 �m2 , D3 = k23 �m2 ,

D4 = (k1 + k2 + k3 � p1)
2
�m2 , D5 = (k1 + k2 + k3 + p2)

2
�m2 ,

N1 = (k1 + k2 + k3)
2 , N2 = k1 · k3 ,

N3 = k2 · k3 , N4 = k2 · p1 , N5 = k2 · p2 , N6 = k3 · p1 , N7 = k3 · p2 .
(5.1)

Again following [66], we take as the set of starting master integrals14

I1 = I1,1,1,0,0,0,0 , I2 = I1,1,1,1,0,0,0 , I3 = I2,2,0,1,1,0,0 ,

I4 = I1,1,1,1,1,0,0 , I5 = I1,1,1,1,1,�1,0 , I6 = I2,1,1,1,1,0,0 , I7 = I2,1,1,1,1,�1,0 ,

I8 = I1,1,1,1,1,�1,�1 +
1

6
I2 +

1

6
I4 �

1� z + z2

6z
I5 .

(5.2)

14For simplicity we only write down the first seven ⌫i’s. The other numerators are not needed for our
choice of master integrals.
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Figure 1. The l-loop banana graph with external momentum p and internal masses mi.

the integral only depends on the propagator masses and the dot products between the
external momenta. We refer to these collectively as the scales xk, and we collect them
into the vector x = (xk)1ÆkÆN . By dimensional analysis, the only non-trivial functional
dependence is through the ratios

zk := xk+1/x1 , 1 Æ k < N . (2.2)

It is well known that not all the integrals in this family are independent. We can
use integration-by-parts (IBP) relations to write every member of this family as a linear
combination of a certain set of basis elements, conventionally referred to as master inte-
grals [95, 96]. The basis of master integrals is known to be always finite [97–99]. In the
following it will be useful to group the members of the family into sectors, i.e., integrals that
share the same set of denominators in the integrand in eq. (2.1) (though the denominators
may be raised to di�erent powers). More precisely, consider the map Ë : Zp æ {0, 1}p

which sends ‹ = (‹j)1ÆjÆp to Ë(‹) = (◊(‹j))1ÆjÆp, where ◊(m) denotes the Heaviside step
function:

◊(m) =
I

1 , if m > 0 ,

0 , if m Æ 0 .
(2.3)

We say that I‹(x; D) and I‹Õ(x; D) belong to the same sector if Ë(‹) = Ë(‹ Õ). There is a
natural partial order on sectors, given by Ë(‹) Æ Ë(‹ Õ) if and only if ◊(‹ Õ

i) ≠ ◊(‹i) Ø 0, for
all 1 Æ i Æ p.

We work in dimensional regularization, and each member of this family is interpreted
as a Laurent series in the dimensional regularization parameter ‘ = (D0 ≠ D)/2, with D0

a positive integer, cf., e.g., ref. [100]. For algebraic values of the scales x, the Laurent
coe�cients are periods [1] in the sense of Kontsevich and Zagier [2]. This motivates the
use of techniques from algebraic geometry to compute Feynman integrals. One of the
main goals of this paper is to study how some methods from geometry to compute periods
can be used to compute multi-loop Feynman integrals in dimensional regularization. Our
recurrent example will be a special class of l-loop Feynman integrals in D = 2 ≠ 2‘ with at
most p = l + 1 propagators, known as banana integrals (see figure 1), and the propagators
are given by

Dj = k2

j ≠ m2

j , 1 Æ j Æ l ,

Dl+1 = (k1 + . . . + kl ≠ p)2 ≠ m2

l+1 .
(2.4)

– 6 –

QED propagator, EW correctionsHiggs physics 

Top physics 

EW physics

BEYOND ELLIPTICS IN GENUS AND DIMENSION
see [Bargiela, Frellesvig, Marzucca, Morales, Seefeld, Wilhelm, Yang ’25] for full classification at 2 loops



1 3

2 4

5 6 7

p21

p22

p23

p24

Figure 4. The double box graph.

The external momenta satisfy p21 = p22 = p23 = 0 and p24 = M2.
With Mandelstam variables defined by s = (p1 + p2)2 and t = (p1 + p3)2, the family

depends on a total of four dimensionful or, by dimensional analysis, three dimensionless
variables. Further, we set d = 4� 2✏ for this example.

This graph contributes to the planar corrections to the production of a Higgs boson
and a jet through a loop of massive quarks and was studied at length in the literature,
see [85, 86], where a complete calculation could only be achieved numerically.13 In the
literature, a total of 73 master integrals had been identified. A new reduction performed
with Kira 2.0 [87] reveals an additional relation, originating from a higher sector, which
reduces this number to 72. The relation reads

I0,1,0,0,1,1,2,0,0 =
s

M2 � t
I0,1,2,0,1,1,0,0,0 +

M2
� s

M2 � t
I0,2,1,0,0,1,1,0,0 �

t

M2 � t
I1,0,0,0,1,1,2,0,0 .

(4.27)
In [85], 64 independent candidate integrals for a canonical basis for all but one subsector

had been identified (in the notation of [85], fA
19 is no longer independent and we remove it

from our basis). Moreover, four suitable candidates on the maximal cut of the top topology
have been derived. The remaining four integrals lie in an elliptic subsector depicted in
figure 5, which is obtained from the top topology by pinching line number three. Here, we
wish to complement these results by applying our method to find suitable basis integrals for
the elliptic sector, such that a complete basis satisfying ✏-factorised differential equations
is at hand. In the following, we will give an overview of the relevant details of each step.

1

2 4

5 6 7

p21

p22

p23

p24

Figure 5. Feynman graph of the elliptic sector inside the double box.

As a starting basis to apply our method, we use a slight variation of the integrals

13Note that compared to [85], our propagator definitions (4.26) differ by a sign.
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to $0
0(z) and the non-✏-factorised term can be removed by shifting the integrals by a total

derivative. The full rotation can then be obtained as
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. (4.9)

With this, the ✏-factorised GM equations are given by
d

dz
J = ✏GM

✏ J with J = T I , (4.10)

where the Gauss-Manin connection GM
✏ is given in appendix A eq. (A.1). We see here

that in this single-scale problem we do not need additional new functions. In fact, only
the holomorphic solution $0 is needed, while its derivative $0

0 does not appear in GM
✏.

The absence of the derivative of the period is an indication that all differential forms are
independent under integration by parts identities. Nevertheless, we stress that we have not
proven this last statement formally and we cannot exclude that non-trivial relations exist.

4.2 A second single-scale elliptic three-point function

1

3

2

4

2

5 6s

p21

p22

Figure 3. The graph of non-planar triangle number 2.

The next family of Feynman integrals we consider is given by another triangle graph (see
figure 3) but with a different mass configuration of the propagators and numerator

D1 = (k1 � p1)
2 , D2 = (k2 � p1)

2 , D3 = (k1 + p2)
2 ,

D4 = (k1 � k2 + p2)
2 , D5 = (k1 � k2)

2
�m2 , D6 = k22 �m2 ,

N1 = k21 .

(4.11)

For the external momenta, we again consider p21 = p22 = 0 and work with the dimensionless
variable

z =
s

m2
=

(p1 + p2)2

m2
. (4.12)

As before, we study these integrals in d = 4 � 2✏ and set for simplicity m = 1. We recall
here that this class of integrals contributes to the so-called electroweak form factor and was
first studied in [32] and later on in [59].11

11Also in this case, we thank Xing Wang for having shared his results for this integral family with us
prior to publication [84].
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Step 3: Transformation to upper triangular ✏-form

The third step of the procedure involves typically nothing more than just adjusting some
factors of ✏, as well as potentially swapping the position of some of the integrals in the
basis, such that terms that are not ✏-factorised appear only below the diagonal of the new
Gauss-Manin connection matrix GM. Further, all of these terms are either constant or go
with inverse powers of ✏. Notice that at this point, poles in ✏ typically appear.

Step 4: Clean up of the homogeneous differential equations

As the next step, we integrate out these remaining terms systematically in each homo-
geneous block. This is achieved by shifting the master integrals which generate non ✏-
factorised homogeneous equations, by terms proportional to the other master integrals
in the same sector. Frequently, this amounts to removing total derivatives involving the
objects already introduced by the rotation by the inverse of W

ss. However, for more com-
plex problems it happens that not all non-✏-factorised terms can be removed in this way. In
these cases, it becomes necessary to introduce new functions, which are defined as (iterated)
integrals of products of rational or algebraic functions and the transcendental functions in-
troduced by W

ss. This leads to new types of integration kernels in the final ✏-factorised
differential equations. It is desirable that these new objects are linearly independent under
integration by parts identities as discussed around eq. (2.5). We will comment on this below
when looking at explicit cases.

Step 5: Clean up of the inhomogeneous differential equations

After having completed the ✏-factorisation of all homogeneous blocks, the factorisation of the
whole system can be achieved by performing suitable shifts in the definitions of the master
integrals of a given sector, by integrals in lower sectors. This is in principle a straightforward
procedure. In practice, however, it can become tricky as also the functional dependence
on ✏ of the coefficient functions in these shifts might be complicated. Moreover, if a given
subsector exhibits singularities which were not present in the homogeneous equations for the
sector considered, the introduction of new functions might be required. These are likewise
(iterated) integrals of functions already present in the differential equations.

3 Application to the two-loop sunrise family

k1

k2

k1 + k2 � p

p p

Figure 1. The two-loop sunrise graph.

Let us see explicitly how our procedure works in the case of the two-loop sunrise graph [28–
31, 68–75] shown in figure 1. We work as it is customary in d = 2�2✏ space-time dimensions
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5 Cases beyond a single elliptic curve

In the previous sections, we have provided examples of how our procedure can be applied
to multi-scale elliptic problems to obtain fully ✏-factorised systems of differential equations.
Here, we want to test the applicability of our procedure beyond the elliptic case, considering
families of Feynman graphs with different underlying geometries. We start with a family
with two elliptic curves and then consider a three-loop example characterised by a K3
surface.

5.1 The three-loop ice cone

Our first example of a Feynman graph family with underlying geometry beyond a single
elliptic curve is the three-loop ice cone family (see figure 6).
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Figure 6. The three-loop ice cone graph.

As it was argued in [66], by studying the maximal cut of the three-loop ice cone in d = 2

one finds two different elliptic curves, which can be both related to the elliptic curve of the
two-loop sunrise graph. We follow the conventions from [66] and define the propagators
and irreducible scalar products of the ice cone family as

D1 = k21 �m2 , D2 = k22 �m2 , D3 = k23 �m2 ,

D4 = (k1 + k2 + k3 � p1)
2
�m2 , D5 = (k1 + k2 + k3 + p2)

2
�m2 ,

N1 = (k1 + k2 + k3)
2 , N2 = k1 · k3 ,

N3 = k2 · k3 , N4 = k2 · p1 , N5 = k2 · p2 , N6 = k3 · p1 , N7 = k3 · p2 .
(5.1)

Again following [66], we take as the set of starting master integrals14

I1 = I1,1,1,0,0,0,0 , I2 = I1,1,1,1,0,0,0 , I3 = I2,2,0,1,1,0,0 ,

I4 = I1,1,1,1,1,0,0 , I5 = I1,1,1,1,1,�1,0 , I6 = I2,1,1,1,1,0,0 , I7 = I2,1,1,1,1,�1,0 ,

I8 = I1,1,1,1,1,�1,�1 +
1

6
I2 +

1

6
I4 �

1� z + z2

6z
I5 .

(5.2)

14For simplicity we only write down the first seven ⌫i’s. The other numerators are not needed for our
choice of master integrals.
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5

FIG. 3. Examples of hyperelliptic Feynman integrals in which
genus drop via an extra involution can be observed. These
integrals contribute to gg ! tt with a top loop, and Møller
scattering e�e� ! e�e� with the exchange of three Z bosons.

and another that contributes to Møller scattering. The
maximum cut of both diagrams involve curves of genus 3
in momentum space that enjoy an extra involution sym-
metry and can be mapped to curves of genus 2.

It is also possible to see genus drop via the same mech-
anism in special kinematic limits. For instance, a further
involution symmetry appears in the equal-mass nonpla-
nar crossed box diagram when s = �2t. In this limit
there is a permutation symmetry that exchanges p1 $ p2,
and the curve becomes

y2 = 8t2
�
2ẑ2�m2t

� �
4ẑ2�2m2t�t2

� �
4ẑ2+6m2t�t2

�
,

with ẑ = z � t
2
. This makes it evident that the maximal

cut of this diagram drops from genus 2 to genus 1 in this
limit [93]. This is consistent with the Picard–Fuchs oper-
ator associated with this integral, which we also observe
to drop from order 4 to order 2 when s = �2t.

Finally, a similar genus drop can be observed for the
five-point box-pentagon-box integral shown in Figure 4,
for massless external particles and equal internal masses.
In momentum space, we find that the maximal cut of
this integral gives rise to a curve of genus 5 using Sin-
gular [94], which matches our expectations from the
results of [20]. We also find that the maximal cut ob-
tained using a loop-by-loop Baikov parametrization can
be identified with a period of a hyperelliptic curve of
genus 3. Notably—unlike the other examples we have
considered—the momentum space curve is in this case
not hyperelliptic; even so, we expect that a mechanism
similar to the one we have described for hyperelliptic
curves is responsible for this genus drop.

Conclusion

In this letter we have studied Feynman diagrams that
give rise to integrals over hyperelliptic curves, and high-
lighted the fact that di↵erent integral representations of
these diagrams can lead to curves with di↵erent genera.
Importantly, this drop in genus represents a significant
simplification in the types of functions that these dia-
grams are expected to evaluate to. In all of our hyper-
elliptic examples, we have observed that discrepancy in
genus can be explained by the presence of an extra invo-
lution symmetry that allows the higher-genus curve to be
algebraically mapped to the curve with lower genus. We

FIG. 4. The three-loop box-pentagon-box integral with equal
internal masses and massless external momenta, which ex-
hibits a genus drop from 5 to 3.

expect that the presence of extra involutions in the mo-
mentum representation can follow from discrete Lorentz
symmetries (spacetime parity or time reversal). We also
presented an algorithm to detect when an extra involu-
tion exists, and showed that this symmetry leads to linear
relations among the periods of the corresponding curve.

While it is important to be able to diagnose which class
of special functions a given Feynman integral is expected
to be expressible in terms of, it will be even more es-
sential to develop the technology for working with these
classes of functions. Despite remarkable recent progress
on iterated integrals involving elliptic curves (see [95] for
an overview), much less technology has currently been
developed for iterated integrals over hyperelliptic curves
(however, for recent work see [96–98]). The nonplanar
crossed box with equal internal masses represents an ideal
example on which to develop such technology, given that
it only involves a curve of genus 2 and depends on two
dimensionless variables [99].

Having identified a novel class of simplifications that
can occur in hyperelliptic Feynman integrals, it is natural
to wonder whether analogous simplifications can occur in
Feynman integrals that involve integrals over more gen-
eral varieties, such as curves that are not hyperelliptic or
higher-dimensional Calabi–Yaus. One way to search for
evidence of such simplifications would be to look for un-
expected relations between entries of the period matrix.
We leave this enticing possibility to future work.
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the integral only depends on the propagator masses and the dot products between the
external momenta. We refer to these collectively as the scales xk, and we collect them
into the vector x = (xk)1ÆkÆN . By dimensional analysis, the only non-trivial functional
dependence is through the ratios

zk := xk+1/x1 , 1 Æ k < N . (2.2)

It is well known that not all the integrals in this family are independent. We can
use integration-by-parts (IBP) relations to write every member of this family as a linear
combination of a certain set of basis elements, conventionally referred to as master inte-
grals [95, 96]. The basis of master integrals is known to be always finite [97–99]. In the
following it will be useful to group the members of the family into sectors, i.e., integrals that
share the same set of denominators in the integrand in eq. (2.1) (though the denominators
may be raised to di�erent powers). More precisely, consider the map Ë : Zp æ {0, 1}p

which sends ‹ = (‹j)1ÆjÆp to Ë(‹) = (◊(‹j))1ÆjÆp, where ◊(m) denotes the Heaviside step
function:

◊(m) =
I

1 , if m > 0 ,

0 , if m Æ 0 .
(2.3)

We say that I‹(x; D) and I‹Õ(x; D) belong to the same sector if Ë(‹) = Ë(‹ Õ). There is a
natural partial order on sectors, given by Ë(‹) Æ Ë(‹ Õ) if and only if ◊(‹ Õ

i) ≠ ◊(‹i) Ø 0, for
all 1 Æ i Æ p.

We work in dimensional regularization, and each member of this family is interpreted
as a Laurent series in the dimensional regularization parameter ‘ = (D0 ≠ D)/2, with D0

a positive integer, cf., e.g., ref. [100]. For algebraic values of the scales x, the Laurent
coe�cients are periods [1] in the sense of Kontsevich and Zagier [2]. This motivates the
use of techniques from algebraic geometry to compute Feynman integrals. One of the
main goals of this paper is to study how some methods from geometry to compute periods
can be used to compute multi-loop Feynman integrals in dimensional regularization. Our
recurrent example will be a special class of l-loop Feynman integrals in D = 2 ≠ 2‘ with at
most p = l + 1 propagators, known as banana integrals (see figure 1), and the propagators
are given by

Dj = k2

j ≠ m2

j , 1 Æ j Æ l ,

Dl+1 = (k1 + . . . + kl ≠ p)2 ≠ m2

l+1 .
(2.4)
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DIFFERENTIAL EQUATIONS AND GEOMETRY

2. Feynman Integrals and Differential Equations

equations for a master integral Ij with respect to some kinematic invariant si take the
form

∂Ij

∂si
= Â

k
(Asi)jk({sn}, d)Ik, (2.22)

where k runs over master integrals in the same sector and subtopologies. It is convenient
to introduce the vector ~I =

�
I1 . . . In

�T, where we order the master integrals by
increasing sector ID. The differential equations may then be written in matrix notation,

∂~I
∂si

= Asi({sn}, d)~I . (2.23)

Due to the properties mentioned above equation (2.25), the matrix A has, in general, a
lower block-triangular form

Asi =

0

BBBBBBBBBBBBBBBB@

⇤

⇤

0
⇤

⇤

⇤

⇤
. . .

⇤

1

CCCCCCCCCCCCCCCCA

. (2.24)

The diagonal part of the matrix represents the homogeneous equations. There may be
blocks of size m ⇥ m on the diagonal for sectors of dimension m, i.e. with m master
integrals. They arise since integrals of the same sector couple to each other in general.
Note that at one loop, there are no sectors with more than one master integral. Below
the (block-)diagonal are the couplings of the master integrals to their subtopologies.

We can write down differential equations in all the kinematic invariants si, including
masses. This set of differential equations can be written in a compact form using the
total differential,

d~I = A~I , where A = Asi dsi , (2.25)

i.e. A is a matrix of one-forms. It satisfies the integrability condition

dA � A ^ A = 0 (2.26)
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In a typical multiloop problem, 
different manifolds appear: 

dlogs (possibly with roots) 

(multiple) elliptic curves  

different CY or higher genus  

….

Geometry of the full problem is (potentially) much more complicated than individual blocks

Is it a problem? Differential equations nicely help “separate” blocks and reveal unipotent part!



which is not fully ✏-factorized.
Inspecting the leading singularities of these integrals at ✏ = 0 on the contour encircling

the pole at 1/a, which defines the leading singularities LS [Ji] = LS [Ji]x=1/a, for i = 1, 2,
we have up to an irrelevant overall constant

LS [J1] = 1 +O(✏) , LS [J2] = LS
h
J (0)
2

i
+O(✏) ,

where LS
h
J (0)
2

i
is the order ✏0 of the Laurent expansion of the leading singularity and

satisfies (see eq. (4.20))
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i
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✓
3� a
p
1� a

◆
.

This equation implies that LS[J (0)
2 ] is not constant, but is instead proportional to the

first master, as we had found by integrand analysis in eq. (4.10). Since only integrals with
constant leading singularities satisfy ✏-factorized differential equations, we must remove this
contribution. However, we saw here that the exact term that we are missing can directly
be inferred from the differential equations eq. (4.20),

J3 = eJ2 +
3� a
p
1� a

J1 . (4.21)

It is easy to verify that the newly defined basis satisfies now an ✏-factorized system of
differential equations
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which is equivalent to the system found in eq. (4.4). Indeed, one can also easily verify
that the basis obtained here is identical to the one constructed using integrand analysis
in eq. (4.19), up to the numerical constant already identified above, J3 = 3J2.

5 The elliptic case: a cubic model

To see how the analysis above changes when the underlying geometry becomes non-trivial,
let us start considering a problem of elliptic type. We modify the family of integrals
in eq. (4.1) and consider instead

ICn (a, ✏) =
1
p
⇡

Z

C
dx

xnp
x(1� x)(1� a x)

(x(1� x)(1� a x))✏ , 0 < a < 1 , n 2 Z, (5.1)

where the
p
⇡ is a convenient normalization which we can largely ignore in the following.

As in the previous example, the integrals depend explicitly on the contour C. The equation
y =

p
x(1� x)(1� a x) defines a family of elliptic curves as function of the variable a.

Moreover, the integrand for ✏ = 0 never develops a single pole at x = 1 for any n 2 N,
which means there is no extra puncture at infinity and the dimension of the corresponding
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where the factor 2
→
ω is a convenient normalization which we can largely ignore in the

following. As in the previous example, the integrals depend explicitly on the contour C.
The equation

y2 = x(1↑ x)(1↑ a x) , (5.2)

defines a family of elliptic curves parametrized by the variable a. Moreover, the integrand
for ε = 0 never develops a single pole at x = ↓ for any n ↔ Z, which means that there is
no extra puncture at infinity and the dimension of the corresponding (co-)homology is two.

We take the two contours corresponding to the A- and B-cycles of the elliptic curve to
construct the two periods of the elliptic curve given by

ϑ0 = IA0 (a, 0) =
1

2
→
ω

∮

A
dx

1√
x(1↑ x)(1↑ a x)

=
1
→
ω

∫ 1

0
dx

1√
x(1↑ x)(1↑ a x)

,

ϑ1 = IB0 (a, 0) =
1

2
→
ω

∮

B
dx

1√
x(1↑ x)(1↑ a x)

=
1
→
ω

∫ 1/a

1
dx

1√
x(x↑ 1)(1↑ a x)

.

(5.3)

Note that, compared to eq. (5.1), in eq. (5.3) we assume that whenever we integrate over
the B-cycle we change the sign of the root to guarantee that all integrals are real. With
this choice the Legendre relation becomes

!(a) = ϑ0ϑ
→

1 ↑ϑ1ϑ
→

0 =
1

a(a↑ 1)
. (5.4)

If the integration contour C corresponds to one of the two cycles, it is easy to see that
∮

A,B
dx

ϖ

ϖx

(
xn

√
x(1↑ x)(1↑ a x) (x(1↑ x)(1↑ a x))ω

)
= 0 , (5.5)

which implies the recursion relation

1

2
a(3 + 2n+ 6ε)IA,B

n+2(a, ε)↑ (1 + a)(1 + n+ 2ε)IA,B
n+1(a, ε) +

(
1

2
+ n+ ε

)
IA,B
n (a, ε) = 0 .

(5.6)

Clearly, a very similar recursion relation can be derived on an arbitrary contour C, with
the obvious di!erence that, in general, one would require a boundary term, which in the
language of Feynman integrals would correspond to a subtopology. From eq. (5.6), we then
see that all integrals can be reduced to two master integrals, IC0 (a, ε) and IC1 (a, ε), modulo
possible boundary terms, as expected from the dimension of the cohomology. From now
on, we ignore boundary terms and drop the superscript C or, in physics language, we work
on the maximal cut. This is not an oversimplification here, since the new phenomenon that
we want to describe has its origin in the structure of the leading singularities of the two
master integrals on the maximal cut.

The recursion relation in eq. (5.6) allows us to derive the system of di!erential equations
satisfied by the two master integrals,

ϖ

ϖa

(
I0(a, ε)

I1(a, ε)

)
=

(
1

2(1↑a) +
ω

1↑a ↑
1

2(1↑a) ↑
3ω
1↑a

1
2a(1↑a) +

ω
a(1↑a) ↑

2↑a
2a(1↑a) ↑

(2+a)ω
a(1↑a)

)(
I0(a, ε)

I1(a, ε)

)
. (5.7)
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Coupled system of differential equations as , i.e. D → 4 ϵ → 0



singularities. We have already constructed the right candidate in our general discussion,
see eq. (3.3), which gives in our case

J1 =
I0(a, ✏)

$0
. (5.7)

In fact, by deforming the integration contour to the A- and B-cycle we can read out its
leading singularities

J1 �!

(
A cycle: LS[J1]A = 1 +O(✏) ,

B cycle: LS[J1]B = $1
$0

+O(✏) = ⌧ +O(✏) ,
(5.8)

which at order ✏0 are 1 and ⌧ on the two cycles, as desired.
To find the second candidate, we recall that we need an integral with a weight drop

and that, after accounting for the mismatch in the transcendental weight, has unit leading
singularities up to ✏0. In section 3 we showed how to select a candidate which has unit
leading singularities exactly at ✏ = 0, i.e. in this case

J2 =
1

✏

$2
0

�

@
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✓
I0(a, ✏)

$0

◆
=

$0@aI0(a, ✏)� I0(a, ✏)@a$0

✏�(a)
. (5.9)

In fact, by considering again the two independent cycles and using eq. (5.3), we see that

J2 �!

(
A cycle: LS[J2]A = 1

✏
$0$0

0�$0$0
0

�(a) +O(✏0) = O(✏0) ,

B cycle: LS[J2]B = 1
✏
$0$0

1�$1$0
0

�(a) +O(✏0) = 1
✏ +O(✏0) .

(5.10)

Since we are working in dimensional regularization, compared to section 3 we have divided
this candidate by ✏ to explicitly account for its weight drop. In this way, its LS at order
1/✏ are 0 on the A- and 1 on the B-cycle. Putting everything together, this provides the
following basis
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. (5.11)

As for the polylogarithmic case, we can easily demonstrate that eq. (5.11) corresponds to a
rotation by the inverse of the semi-simple part of the period matrix, followed by a rescaling
by 1/✏ of the second master. In fact, in this case the period matrix can be written as
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!
. (5.12)

After rotating the basis by the inverse semi-simple matrix, the differential equations read
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After rotating the basis by the inverse semi-simple matrix, the differential equations read
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Rotating away inverse semi-simple part of the period matrix [Broedel, Duhr, Dulat, Tancredi ’18] [Görges, Nega, Tancredi, Wagner ’23]
[Duhr, Maggio, Nega, Tancredi, Wagner ’25]

Rotation by the inverse semi-simple matrix defines a basis with unit leading singularities

Period matrix: solution at  is not unipotentϵ = 0

FROM LS TO SEMISIMPLE-UNIPOTENT SPLITTING

singularities. We have already constructed the right candidate in our general discussion,
see eq. (3.3), which gives in our case

J1 =
I0(a, ✏)

$0
. (5.7)

In fact, by deforming the integration contour to the A- and B-cycle we can read out its
leading singularities

J1 �!

(
A cycle: LS[J1]A = 1 +O(✏) ,

B cycle: LS[J1]B = $1
$0

+O(✏) = ⌧ +O(✏) ,
(5.8)

which at order ✏0 are 1 and ⌧ on the two cycles, as desired.
To find the second candidate, we recall that we need an integral with a weight drop

and that, after accounting for the mismatch in the transcendental weight, has unit leading
singularities up to ✏0. In section 3 we showed how to select a candidate which has unit
leading singularities exactly at ✏ = 0, i.e. in this case
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In fact, by considering again the two independent cycles and using eq. (5.3), we see that
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Since we are working in dimensional regularization, compared to section 3 we have divided
this candidate by ✏ to explicitly account for its weight drop. In this way, its LS at order
1/✏ are 0 on the A- and 1 on the B-cycle. Putting everything together, this provides the
following basis
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As for the polylogarithmic case, we can easily demonstrate that eq. (5.11) corresponds to a
rotation by the inverse of the semi-simple part of the period matrix, followed by a rescaling
by 1/✏ of the second master. In fact, in this case the period matrix can be written as
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( I1
∂aI1)

[Forner, Mella, Nega, Tancredi, Wagner ’26]

See talks by Christoph and Felix



UNIPOTENT CANONICAL DIFFERENTIAL EQUATIONS
Choosing second integral with unit leading singularities to , , diff equations become -factorized𝒪(ϵ0) K2 ϵ

which can be derived based on [53], we find

1

4

✓
Z3(x)

x
+

Z3(x)

x� 1
+

aZ3(x)

ax� 1
� 6e�3(x)

◆
dx (5.23)

=
dz

$0

✓
g(2)(z � z0) + g(2)(z + z0) + g(2)(z � z1) + g(2)(z + z1) (5.24)

+ g(2)(z � z1/a) + g(2)(z + z1/a)� 6g(2)(z)� 2⇡2

◆
. (5.25)

This proves that the combination
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corresponds to a constant linear combination of g-kernels on the torus, and is thus pure.
Comparing to our integrand in eq. (5.20), we see that we need to rescale with $2

0/�(a) and
then subtract the extra term $2

0
�(a)J1. In fact, choosing

K2 =
1

✏

$2
0

�(a)
@aJ1 �$2

0(a) J1 . (5.27)

the resulting differential equation
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is ✏-factorized.
This analysis demonstrates that, in the elliptic case, using eMPLs, an integrand analysis

can be performed in a similar fashion as when starting from integrals with higher poles in
the polylogarithmic case. This, however, relies on the knowledge of the function space to be
able to identify pure forms. Our goal in the next section is to obtain the same information
in an equivalent way, which can be generalized to settings where this knowledge on the
function space is not available.

5.2 Normalizing leading singularities from differential equations

As we will demonstrate in this section, it is possible to determine the clean up eq. (5.27)
leveraging eq. (5.13) to obtain differential equations directly for the leading singularities.
This way of arguing is equivalent but can be more easily applied to more general cases.

Let us go back to eq. (5.12). By specializing the differential equations for the two
independent contours and using eqs. (5.8) and (5.10) we find for the first master
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UNIPOTENT CANONICAL DIFFERENTIAL EQUATIONS
Choosing second integral with unit leading singularities to , , diff equations become -factorized𝒪(ϵ0) K2 ϵ

In elliptic case, we can do it at the integrand level since the generalization of “dlog”-forms are known 

[Broedel, Duhr, Dulat, Penante, Tancredi ’17, ’18]

[L.L. Yang and Y. Zhang ’25]
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corresponds to a constant linear combination of g-kernels on the torus, and is thus pure.
Comparing to our integrand in eq. (5.20), we see that we need to rescale with $2

0/�(a) and
then subtract the extra term $2

0
�(a)J1. In fact, choosing

K2 =
1

✏

$2
0

�(a)
@aJ1 �$2

0(a) J1 . (5.27)

the resulting differential equation

@

@a

 
J1
K2

!
= ✏

 
�

1
a(1�a) �

1
a(1�a)$2

0

�
(1�a+a2)$2

0
a(1�a) �

1
a(1�a)

! 
J1
K2

!
(5.28)

is ✏-factorized.
This analysis demonstrates that, in the elliptic case, using eMPLs, an integrand analysis

can be performed in a similar fashion as when starting from integrals with higher poles in
the polylogarithmic case. This, however, relies on the knowledge of the function space to be
able to identify pure forms. Our goal in the next section is to obtain the same information
in an equivalent way, which can be generalized to settings where this knowledge on the
function space is not available.

5.2 Normalizing leading singularities from differential equations

As we will demonstrate in this section, it is possible to determine the clean up eq. (5.27)
leveraging eq. (5.13) to obtain differential equations directly for the leading singularities.
This way of arguing is equivalent but can be more easily applied to more general cases.

Let us go back to eq. (5.12). By specializing the differential equations for the two
independent contours and using eqs. (5.8) and (5.10) we find for the first master
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[Forner, Mella, Nega, Tancredi, Wagner ’26]
[Broedel, Matthes, Schlotterer ’14, ’15] differential forms of pure eMPLs [Brown, Levin ’11]→
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UNIPOTENT CANONICAL DIFFERENTIAL EQUATIONS
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is ✏-factorized.
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can be performed in a similar fashion as when starting from integrals with higher poles in
the polylogarithmic case. This, however, relies on the knowledge of the function space to be
able to identify pure forms. Our goal in the next section is to obtain the same information
in an equivalent way, which can be generalized to settings where this knowledge on the
function space is not available.

5.2 Normalizing leading singularities from differential equations

As we will demonstrate in this section, it is possible to determine the clean up eq. (5.27)
leveraging eq. (5.13) to obtain differential equations directly for the leading singularities.
This way of arguing is equivalent but can be more easily applied to more general cases.
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Can be achieved even without knowing pure kernels both at integrand and diff eq level

[Forner, Mella, Nega, Tancredi, Wagner ’26]
[Broedel, Matthes, Schlotterer ’14, ’15]

[eps-collaboration ’25]Equivalent step-by-step approach by epsilon-collaboration

[Görges, Nega, Tancredi, Wagner ’23]
[Duhr, Maggio, Nega, Sauer, Tancredi, Wagner ’25]

See talks by Pögel, Weinzierl, Melnichenko 
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Choosing second integral with unit leading singularities to , , diff equations become -factorized𝒪(ϵ0) K2 ϵ

[Pögel, Wang, Weinzierl ’22, ’23]
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is ✏-factorized.
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Observation: differential forms proportional to  consistently drop from physical results in ϖ2
0 D = 4

Choosing second integral with unit leading singularities to , , diff equations become -factorized𝒪(ϵ0) K2 ϵ

[Becchetti, Coro, Nega, Tancredi, Wagner ’25]
[Forner, Nega, Tancredi, ’24]

[Duhr, Gasparotto, Nega, Tancredi, Weinzierl ’24]

Same pattern observed in GW!  Mathematical or physical mechanism behind these cancellations?



NUMERICAL RESULTS FOR ELLIPTIC AND K3 “AMPLITUDES”
Three-loop QED correlators

Figure 1: Some examples of Feynman diagrams contributing to the QED photon self-
energy up to three loops. In total, there are one, three, and 20 diagrams at one, two, and
three loops, respectively.

Denominator Integral family A Integral family B Integral family C

D1 k21 �m2 k21 �m2 k21 �m2

D2 k22 �m2 k22 �m2 k22 �m2

D3 k23 �m2 k23 k23
D4 (k1 � p)2 �m2 (k1 � p)2 �m2 (k1 � p)2 �m2

D5 (k2 � p)2 �m2 (k2 � p)2 �m2 (k2 � p)2 �m2

D6 (k3 � p)2 �m2 (k3 � p)2 (k3 � p)2

D7 (k1 � k2)2 (k1 � k3)2 �m2 (k1 � k2)2

D8 (k1 � k3)2 (k2 � k3)2 �m2 (k2 + k3 � p)2 �m2

D9 (k2 � k3)2 (k1 + k2 � k3 � p)2 (k1 + k3 � p)2 �m2

Table 1: Definitions of the propagators of the three scalar integral families A,B,C.

All scalar integrals can be reduced to masters using symmetries and integration-by-
parts (IBP) relations [10, 75, 76]. In this way, it is easy to see that family C does not
introduce any additional master integrals with respect to those generated by family A and
B. To perform the reduction we have employed Reduze 2 [77, 78] and Kira 2 [79–81]. We
find 36 independent master integrals in total, where the first 20 belong to family A, and the
last 16 come from family B. As a convenient choice of initial Laporta integrals, we follow
the general prescriptions provided in [67] and consider the basis

IA111000000 , IA111100000 , IA011100100 , IA�111100100 , IA011000110 ,

IA001010110 , IA�101010110 , IA0�11010110 , IA111110000 , IA011101100 ,

IA�111101100 , IA�111100110 , IA�211100110 , IA01110011�1 , IA01101011�1 ,

– 5 –

As customary, we decompose the self-energy into two independent spinor structures,

⌃̂(p,m) = ⌃V (p,m)/p+ ⌃S(p,m)m , (2.4)

where the two scalar functions ⌃V (p,m) and ⌃S(p,m) can be evaluated from a Feynman
diagram representation of the self-energy, as

⌃V (p,m) =
1

4p2
Tr

h
/p ⌃̂(p,m)

i
, ⌃S(p,m) =

1

4m
Tr

h
⌃̂(p,m)

i
. (2.5)

Here we used the common convention Tr[ ] = 4 in dimensional regularization in D = 4�2✏

dimensions.
The scalar functions so introduced can be expanded in a perturbative series in the

electric coupling ↵, where e =
p
4⇡↵ is the bare (positive) electron charge,

⌃N (p,m) =
1X

`=0

⇣
↵

⇡
C(✏)

⌘`
⌃(`)
N (p,m) , (2.6)

where N = V, S and we introduced the ✏-dependent normalization

C(✏) = �(1 + ✏)(4⇡)✏(m2)�✏
. (2.7)

As usual, ⌃(`)
N (p,m) receives contributions from Feynman diagrams at ` loops.

To generate the relevant Feynman diagrams up to three loops, we use QGRAF [34] and
FeynArts [35]. We find 1 diagram at one loop, 3 diagrams at two loops, and 20 diagrams
at three loops, see fig. 1 for some explicit examples. We perform all relevant spinor algebra
to extract the scalar functions in eq. (2.5) with FORM [36–38] and FeynCalc [39–41].

Figure 1: Some of the Feynman diagrams, necessary for the electron self-energy up to three
loops. In total, there are 1, 3 and 20 diagrams at one, two and three loops, respectively.

Focusing on the three-loop case, we find that all integrals can be mapped in terms of
two integrals families

I
fam
n1 n2 n3 n4 n5 n6 n7 n8 n9

= e
3✏�

Z 3Y

`=1

dDk`
i⇡D/2

1

D
n1
1 . . . D

n9
9

(2.8)
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there are a total of 47 Feynman diagrams; however, many of these diagrams generate identical re-

sults. Of the 47 diagrams, 35 contain no fermion loop, 11 contain one fermion loop, and 1 contains

two fermion loops. The Bhabha amplitude may be obtained from the e+e− → µ+µ− amplitude

by adding to it the same set of diagrams, but with an exchange of one pair of external legs. The

e−µ− → e−µ− and e−µ+ → e−µ+ amplitudes may, of course, be obtained by crossing.

Figure 1: The independent diagrammatic topologies for two-loop four-fermion scattering in QED.

We have evaluated these diagrams interfered with the tree amplitudes and summed over spins

in the conventional dimensional regularization (CDR) scheme. This interference gives directly the

two-loop virtual correction to the 2 → 2 differential cross section. The rules for implementing CDR

are straightforward because all particle are treated uniformly in all parts of the calculation. In this

scheme, all momenta and all Lorentz indices are taken to be D = 4− 2ϵ dimensional vectors. (The

γ-matrices remain as 4× 4 matrices; i.e., Tr[1] = 4.)

After performing all γ-matrix algebra present in the two-loop Feynman diagrams, we use the

conservation of momenta flowing on the internal lines to express the tensor structure of the diagrams

in terms of inverse scalar propagators and a small number of additional scalar invariants containing

loop momenta. The inverse scalar propagators cancel propagators in the denominator to generate

simpler “boundary” integrals. To handle the integrals containing scalar invariants, we introduce

Feynman parameters and interpret the resulting integrals in terms of scalar integrals with multiple

propagators, which are then reduced to a set of master integrals with the help of equations in

refs. [14, 15, 19].

Proceeding in this way, we obtain an expression for the amplitude in terms of master integrals

(of the type listed in ref. [15], plus a few more for the planar double box topology) multiplied by

4

2 loop QED Bhabha scattering

solve the differential equations, along with a brief analysis on the geometry underlying the actual
analytic solution.

Moreover, as ancillary material attached to this paper, we furnish the analytic expressions of the
finite reminder for the form factors, alongside with Mathematica files which allows for a standalone
evaluation of the MIs with DiffExp.

2 Computational setup and amplitude structure

In this paper, we consider the two-loop form factors for diphoton production in the quark annihila-
tion channel with a heavy quark loop. At the partonic level, the scattering amplitude proceeds as
the Born subprocess:

q(p1) + q(p2) ! �(p3) + �(p4). (2.1)

The kinematics for this process is described by the Mandelstam variables3

s = �(p1 + p2)
2, t = �(p1 � p3)

2, u = �(p2 � p3)
2, with s+ t+ u = 0, (2.2)

where the external particles are on-shell, i.e. p2
i
= 0, and we indicate with m2

t
the heavy-quark

Figure 1: Representative set of two-loop diagrams with internal heavy-quark loops, which con-
tribute at NNLO QCD corrections to diphoton production in the quark annihilation channel. Thin
black lines represents light quarks, thick black lines heavy quarks, curly lines gluons and curby lines
photons.

squared mass4. In order to obtain the scattering amplitude, we generated the relevant Feynman
diagrams using the FeynArts package [108]. We found a total number of 14 diagrams contributing
to the amplitude, the representative ones are shown in fig. 1. We write the scattering amplitude
in terms of form factors, which are decomposed into a basis of 72 MIs exploiting IBPs reduction
[47–49, 51–57, 109], as implemented in the software Kira [57].

The MIs contributing to this process can be described by three different scalar integral topologies
(modulo exchange of the two final photons). Specifically, the MIs for the Feynman diagrams (a)
and (b) in fig. 1 are associated to the integral families PLA and NPL, respectively, as defined
in section 3. Similarly, the MIs for the diagrams (c), (d) and (e) can be grouped into one scalar
integral family, PLB, also defined in section 3. The MIs of the families PLA and PLB were already
known in the literature [67]. Regarding the non-planar topology NPL, while most of the MIs have
already been studied [67, 72, 73, 97, 110–112], the double-box top-sector have not been considered
in the literature yet, and therefore its computation represents an original result by itself.

For this project, we performed an independent calculation of all the MIs by means of the
differential equations method [59–66]. In particular we solved the system of differential equations

3For our computations we use the metric of [107].
4For the rest of this paper we will refer to the heavy quark as top quark. We note however that our formulas are

general and they can be evaluated with a different value of the heavy quark mass.
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 and pp → γγ pp → jj , γj

(a) Real part of the coefficient of C3 of the
O(✏0) part of f��++

gg (s, t,m2)

(b) Real part of the O(✏0) part of
f+��+
g� (s, t,m2)

(c) Real part of the coefficient of C3 of the
O(✏0) part of ↵gg(s, t,m

2)

(d) Same partial amplitude as in fig. 5a, but
without the use of Shanks transformation

Figure 5: Some relative precision estimates for the series expansions of the amplitudes after
implementation of acceleration strategies (Bernoulli variables and Shanks transformation).
The plots are obtained as described in the caption of fig. 4.

The upper-left plot (a) provides a good example of how the Bernoulli-like variables
substantially extend the convergence, especially of the threshold expansion, compared to
the same plot in fig. 4. Comparing to the lower-right plot (d) shows how the usage of a
Shanks transform can help to fill the remaining white strips left after using Bernoulli-like
variables, such that both techniques combined allow us to cover the full phase-space up to
values of s ⇠ 28m2.

The other two plots (b) and (c) exemplify instead two cases where Bernoulli and Shanks
transforms, even combined, do not allow covering the entire region shown. The upper-right
one (b), in particular, corresponds to a two plus and two minus helicity amplitude for
gg ! g� for which all three crossings of the elliptic curve contribute to the same (and only)
partial amplitude. We stress that this is not the case for any of the di-jet helicity amplitudes,
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ization we are left with IR poles which are one-loop-exact,

A
OS(↵,m, s, t, ✏) = e

↵
4⇡

ZIR
1

✏ C(↵,m, s, t, ✏) , (26)

where C is the finite remainder function, ↵ is the on-shell
electromagnetic coupling, and Z

IR
1

is the anomalous di-
mension which controls the soft singularities of the am-
plitude to all-orders through exponentiation [89, 90]. The
exact form of ZIR is immaterial for the present discussion
and we report it for completeness in the supplemental
material.

We performed several checks on our results. First of
all, we verified that our two-loop amplitudes have the
correct UV and IR behavior, as illustrated above. In ad-
dition, we compared both the bare and the finite remain-
ders of our one-loop amplitudes against OpenLoops [91,
92] and found perfect agreement. We stress here that
the unpolarized finite remainders in Conventional Di-
mensional Regularization equal those in the tHV scheme,
while the bare and UV-renormalized amplitudes in gen-
eral di↵er. The equality of the finite remainders provides
another check of our calculation.

DISCUSSION AND CONCLUSIONS

Our results for the two-loop amplitudes for Bhabha
and Møller scattering are given as generalized series ex-
pansion in x = m/ECM. They are provided as computer-
readable files in the ancillary material of the arXiv sub-
mission for both the polarized and unpolarized scattering
amplitudes. We provide su�ciently high orders to ob-
tain reliable predictions for the low-energy experiments
mentioned in the introduction, where we expect the mass
e↵ects to be the largest. In the following we discuss some
of the phenomenological implications of our results. We
focus here on unpolarized Møller scattering, but all con-
clusions equally apply to Bhabha scattering.

Let us start by assessing the accuracy of the small-
mass expansion. We begin by noticing that we expect the
expansion to become unreliable in the extreme forward or
backward regions, where the coe�cients of the series in x

develop large logarithms in (�t)/s which can invalidate
the convergence of the expansion.1 To quantify the region
of convergence, we compare the exact results for the one-
loop amplitude A

1l
exact

with the corresponding expansion
A

1l
20

to O(x20) and study the ratio �
1l
exact,20 = (A1l

exact
�

A
1l
20
)/A1l

exact
. Depending on the scattering energy ECM =

p
s, we find that �1l

exact,20  1% for di↵erent ranges of the

1 This can be interpreted as a manifestation of the lack of commu-
tativity of the small mass limit with the forward limit.

scattering angle ✓:

ECM = 150m ! 2� < ✓ < 179� ,

ECM = 32m ! 9� < ✓ < 174� , (27)

ECM = 5m ! 70� < ✓ < 130� ,

where the energy values are chosen to match those probed
at present and future experiments. This shows that at
very low energies the expansions must be interpreted with
care outside of the central region. To extend this to the
two-loop amplitudes, we repeat the same analysis at one
and two loops, comparing this time the series expanded
to order 20 with the one expanded to order 18. We find
that the same applies: for L = 1, 2 (ALl

20
� A

Ll
18
)/ALl

20


1% for the same values of ✓ as in (27). In fig. 2 we
display the various orders of the series for the two-loop
amplitude, for di↵erent values of the scattering at the
intermediate energy of ECM = 32m. We highlight the
lack of convergence for ✓ not in the range [9�, 174�] in
the two sub plots.

e- e-
→ e- e-, m=0.511MeV, Ecm=32m

7.5 8.0 8.5 9.0 9.5 10.0 10.5 11.0

-0.35

-0.30

-0.25

-0.20

-0.15

-0.10

-0.05

0.00

169 170 171 172 173 174 175 176

-0.35

-0.30

-0.25

-0.20

-0.15

-0.10

-0.05

0.00

20 40 60 80 100 120 140 160

-0.35

-0.30

-0.25

-0.20

-0.15

-0.10

-0.05

0.00

μ=m , α=1/137 x
0

x
4

x
8

x
12

x
16

x
20

FIG. 2: Convergence of the mass expansion. Plotted are
the 2-loop finite remainders C†(2)

C
(0) as functions of

scattering angle in degrees, at various truncation orders.

After having assessed the validity of our small-mass
expansions, let us comment on the phenomenological rel-
evance of the mass e↵ects. We only discuss here the mass
e↵ects in the purely virtual corrections. So far two-loop
mass e↵ects had only been included to leading-power,
O(x0). We expect that the finite-mass e↵ects are more
pronounced for small values of ECM. In fig. 2 we see
that, for ECM = 32m, the two-loop leading-power ap-
proximation does not capture the full extend of the mass
e↵ects for ✓ & 150� (for small angles, we are outside the
region of (27)). We therefore expect that in that region
precise NNLO results can only be obtained by including
the subleading terms we have computed. The e↵ect is
even more pronounced for ECM = 5m: in fig. 3 we show
that, even in the range of intermediate angles in (27), the
leading-power approximation does not provide a reliable
prediction of the finite-mass e↵ects. At the same time, we
observe a very nice convergence of the mass expansion,
corroborating that we can provide reliable and precise
predictions for the two-loop corrections even at such low
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Figure 4: Real and imaginary part of ⌃(3)
S,0 (for ⇠ = 0).

Figure 5: Real and imaginary part of ⌃(3)
V,0 (for ⇠ = 0).

From the plots in figs. 4 and 5, we can easily see the expected discontinuity generated
by the threshold singularity at x0 = 1. Notice the vanishing imaginary part below x0 = 1.
At the point x0 = 9, the functions are continuous but not differentiable, see figs. 6 and 7.

5.1 Accelerated series expansions

It is a well known fact that one can apply suitable transformations in order to improve the
rate of convergence of a certain class of series expansions. When dealing with generalized
series with logarithmic singularities of the type that typically appear in the evaluation of
classical or multiple polylogarithms, a popular choice is given by so-called Bernoulli-like
variables, first introduced in ref. [31]. These have since been exploited in most numerical
routines for the numerical evaluation of multiple polylogarithms, see, e.g., refs. [12, 82, 83].
Here, we examine their use to accelerate the series expansions for the Feynman integrals
encountered in our calculation, which are related to a more general elliptic geometry. The ef-
fectiveness of using Bernoulli-like variables beyond polylogarithms has already been demon-
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Simplest example: square root r = f(x) , f(x) ∈ ℚ(x) →
d
dx

r =
1
2

1
f(x)
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Applied to non trivial case  @ 2 loops: 16 square roots, 1 elliptic curveqq̄ → jj

solve the differential equations, along with a brief analysis on the geometry underlying the actual
analytic solution.

Moreover, as ancillary material attached to this paper, we furnish the analytic expressions of the
finite reminder for the form factors, alongside with Mathematica files which allows for a standalone
evaluation of the MIs with DiffExp.

2 Computational setup and amplitude structure

In this paper, we consider the two-loop form factors for diphoton production in the quark annihila-
tion channel with a heavy quark loop. At the partonic level, the scattering amplitude proceeds as
the Born subprocess:

q(p1) + q(p2) ! �(p3) + �(p4). (2.1)

The kinematics for this process is described by the Mandelstam variables3

s = �(p1 + p2)
2, t = �(p1 � p3)

2, u = �(p2 � p3)
2, with s+ t+ u = 0, (2.2)

where the external particles are on-shell, i.e. p2
i
= 0, and we indicate with m2

t
the heavy-quark

Figure 1: Representative set of two-loop diagrams with internal heavy-quark loops, which con-
tribute at NNLO QCD corrections to diphoton production in the quark annihilation channel. Thin
black lines represents light quarks, thick black lines heavy quarks, curly lines gluons and curby lines
photons.

squared mass4. In order to obtain the scattering amplitude, we generated the relevant Feynman
diagrams using the FeynArts package [108]. We found a total number of 14 diagrams contributing
to the amplitude, the representative ones are shown in fig. 1. We write the scattering amplitude
in terms of form factors, which are decomposed into a basis of 72 MIs exploiting IBPs reduction
[47–49, 51–57, 109], as implemented in the software Kira [57].

The MIs contributing to this process can be described by three different scalar integral topologies
(modulo exchange of the two final photons). Specifically, the MIs for the Feynman diagrams (a)
and (b) in fig. 1 are associated to the integral families PLA and NPL, respectively, as defined
in section 3. Similarly, the MIs for the diagrams (c), (d) and (e) can be grouped into one scalar
integral family, PLB, also defined in section 3. The MIs of the families PLA and PLB were already
known in the literature [67]. Regarding the non-planar topology NPL, while most of the MIs have
already been studied [67, 72, 73, 97, 110–112], the double-box top-sector have not been considered
in the literature yet, and therefore its computation represents an original result by itself.

For this project, we performed an independent calculation of all the MIs by means of the
differential equations method [59–66]. In particular we solved the system of differential equations

3For our computations we use the metric of [107].
4For the rest of this paper we will refer to the heavy quark as top quark. We note however that our formulas are

general and they can be evaluated with a different value of the heavy quark mass.
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Our idea is to treat the problem as a non-linear first-order di!erential-equation system consisting

of the canonical di!erential equation (2.4) and a di!erential equation for the special functions,

dfi “ Vipωx, tfjuq . (2.5)

The derivatives of the special functions, gathered in the vector field Vi, must be known anyway in order

to obtain the connection matrix according to Eq. (2.3). For a square root r ”
a
gpωxq, for example,

one has

dr “ r

2g
dg . (2.6)

If any properties of the special functions, e.g. algebraic relations, have been used in order to simplify

the connection matrix, then the boundary values of the special functions at ωx0 must also satisfy

these properties. Otherwise, the boundary values are entirely arbitrary as far as the structure of

the canonical di!erential equation is concerned.4 On the other hand, it is important to provide the

correct condition for the canonical master integrals. This can either be given in analytic form, if

known, or be determined numerically, for example by calculating the master integrals ωI at ωx0 in a

Laurent expansion in ε to su”cient order using AMFlow [37]. These master integrals are then to

be rotated to the canonical basis using the matrix U at ωx0 with the boundary values of the special

functions as described above. The integration from ωx0 to ωx1 proceeds along a complexified path in

order to avoid singularities of the connection matrix. The correct analytic continuation of the special

functions is certified by the use of the di!erential equation and does not require any further attention.

We have verified that this approach applied to integrals of Ref. [36] is only marginally less e”cient

than using the complicated algorithm for the analytic continuation of square roots presented there.

3 Example

In order to illustrate the method, we consider the 220 two-loop master integrals occurring in the

amplitudes for di-ϑ, di-jet and ϑ+jet hadro-production through a virtual loop of quarks of mass m ‰ 0

[38]. These master integrals are obtained by extending the set of 165 integrals previously considered for

the di-photon final state [36] by a subset of these 165 integrals with some of the external lines crossed.

Although 11 of the integrals are related linearly to the remaining 209, we consider the complete set

of 220 just as in Ref. [38]. After Laurent expansion in ε of the canonical-basis integrals, there are

5 ˆ 220 functions that need to be evaluated in order to obtain the infrared finite remainder of the

renormalized amplitudes.5 By construction, the functions corresponding to the lowest power of ε are

constant. Hence, it is only necessary to solve the canonical di!erential equation for 880 functions.

The connection matrix of the canonical di!erential equation depends on the standard Mandelstam

variables s, t and u “ ´s ´ t, square roots,

r1 “
a
sps ´ 4m2q , r2 “

a
tpt ´ 4m2q ,

r3 “
a

ps ` tqp4m2 ` s ` tq , r4 “
a
sps ` 4m2q ,

r5 “
a
tpt ` 4m2q , r6 “

a
ps ` tqps ` t ´ 4m2q ,

r7 “
a
stpst ´ 4m2ps ` tqq , r8 “

a
sps ` tqpsps ` tq ´ 4m2tq ,

r9 “
a
tps ` tqptps ` tq ´ 4m2sq , r10 “

a
sp´4m2ps ` tq2 ` spm2 ` s ` tq2q ,

r11 “
a
sp´4m2t2 ` sp´m2 ` tq2q , r12 “

a
ps ` tqp4m2t2 ` p´m2 ` tq2ps ` tqq ,

4As an obvious example, in the Calabi-Yau case, one has to pay attention that the boundary values chosen for the

periods are consistent with the form of the Gri!th’s relations one has used to simplify the connection matrix.
5Details of the infrared and ultraviolet renormalization procedures that define the finite remainders of the amplitudes

can be found in Ref. [38] and are of no relevance to the present publication.
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r13 “
a
tp´4m2s2 ` p´m2 ` sq2tq , r14 “

a
ps ` tqp4m2s2 ` p´m2 ` sq2ps ` tqq ,

r15 “
a
tp´4m2ps ` tq2 ` tpm2 ` s ` tq2q , r16 “

a
´pm2stps ` tqq ,

and two types of transcendental functions. The first one has an elegant interpretation as the period

of the elliptic curve E : X Ñ Y ,

Y 2 “ P4pXq , P4pXq “ pm2 ´ Xqpm2 ` s ´ Xq
`
m2pm2 ´ 3sq ´ Xp2m2 ` sq ` X2

˘
. (3.1)

With the normalization adopted in Ref. [38], the period is given by

ωr0s
0 ps,m2q “ 1

ε

!

C

dXa
P4pXq , (3.2)

where C is any complex contour enclosing only the branch points X “ m2 and X “ m2`s of the square

root. The square root itself is analytically continued along C and hence smooth. The superscript r0s
singles out the period that is regular at s{m2 “ 0, which implies the choice of the contour. The

integral can be expressed through an elliptic integral of the first kind,

ωr0s
0 ps,m2q “ 2

ε
?
sm2

K

ˆ
´ s

16m2

˙
. (3.3)

The second type of transcendental functions is defined as follows.

Gps, t,m2q “
! m2

dx
sps ` 2tq

b
P4px ´ tq

∣∣
m2“x

ptps ` tq ´ 4sxq2 ω0ps, xq . (3.4)

Up to an integration constant, which could be determined by matching the expansion in Eq. (4.34) of

Ref. [36], the function can be expressed through elliptic functions of the first and third kind,

Gps, t,m2q “ 4ps ` 2tq
?
sm2

εr9

ˆ
x

y
Kpxq ` y ´ x

y
!py, xq

˙
, x “ ´ s

16m2
, y “ ´ s2

4tps ` tq . (3.5)

Since the master integrals cover the permutations of the external massless momenta, the complete set

of transcendental functions also contains

ωr0s
0 pt,m2q , ωr0s

0 pu,m2q , Gpt, u,m2q , and Gpu, s,m2q . (3.6)

In order to numerically solve the canonical di”erential equation, we construct a non-linear system

of first-order di”erential equations that includes the di”erential equations for the square roots and the

transcendental functions. An ancillary file to Ref. [38] provides the derivatives of ω0,

B2ω0ps,m2q
Bpm2q2 “ ´ 4ω0ps,m2q

m2
`
16m2 ` s

˘ ´ 32m2 ` s

m2
`
16m2 ` s

˘ Bω0ps,m2q
Bm2

, (3.7a)

Bω0ps,m2q
Bs “ ´ω0ps,m2q

s
´ m2

s

Bω0ps,m2q
Bm2

, (3.7b)

B2ω0ps,m2q
Bs Bm2

“ 4ω0ps,m2q
s
`
16m2 ` s

˘ ´ 1

16m2 ` s

Bω0ps,m2q
Bm2

, (3.7c)

and the derivatives of G,

BGps, t,m2q
Bs “ m2

`
16m2s ´ tp3s ` 2tq

˘
ω0ps,m2q r9ps, t,m2q

ps ` tq#ps, t,m2q2
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ps ` tq#ps, t,m2q2
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´ m2
`
16m2 ` s

˘
r9ps, t,m2q

2ps ` tq!ps, t,m2q
Bω0ps,m2q

Bm2
, (3.8a)

BGps, t,m2q
Bt “ ´m2s2

`
16m2 ` s

˘
ω0ps,m2q r9ps, t,m2q

tps ` tq!ps, t,m2q2

` m2s
`
16m2 ` s

˘
r9ps, t,m2q

2tps ` tq!ps, t,m2q
Bω0ps,m2q

Bm2
, (3.8b)

BGps, t,m2q
Bm2

“ sps ` 2tqω0ps,m2q r9ps, t,m2q
!ps, t,m2q2 , (3.8c)

where

!ps, t,m2q “ tps ` tq ´ 4m2s . (3.9)

As independent transcendental functions, we take ω0ps,m2q, B
L

Bm2 ω0ps,m2q, Gps, t,m2q and their

versions with cyclic permutations of s, t, u. The complete system of di”erential equations obtained in

this way relies on the algebraic definition of the square roots,

`?
x

˘2 “ x . (3.10)

Hence, the boundary values of the square roots must be chosen to satisfy this constraint, although the

branch is irrelevant and we simply choose the principal one. On the other hand, the system does not

depend on any other property of the transcendental functions, except for the di”erential equations

(3.7) and (3.8). In particular, it neither depends on the normalization nor on the regularity of ω0 at

any point, nor on the integration constant of G. Hence, the boundary conditions for the transcendental

functions are entirely arbitrary, and we set them to 1 for each of the functions at the boundary point.

In principle, the homogeneity of the amplitudes allows us also to set m2 “ 1 without loss of generality.

We do not make such a substitution in the system. We have checked that this substitution does not

substantially reduce the evaluation time of the connection matrix. On the other hand, our phase space

points are chosen with m2 “ 1.

We consider the following three phase space points with εx ” ps, t,m2q.

εx1 “
ˆ
11

3
,´11

10
, 1

˙
, εx2 “

ˆ
1

40
,´ 1249

50000
, 1

˙
, εx3 “

ˆ
8,´37

10
, 1

˙
. (3.11)

At each of these points, we evaluate the master integrals with AMFlow. We take the values of the

canonical-basis functions at x1 as the initial condition for the solution of the di”erential equations.

The translation between the original master integrals evaluated with AMFlow and the canonical-

basis integrals is performed with the help of the definitions in an ancillary file to Ref. [38] and the

boundary values of the square roots and transcendental functions discussed above. We then integrate

to xi, i “ 2, 3 along the paths ϑi : r0, 1s Q t Ñ εziptq,

zikptq “ x1k ` pt ` 4iϖktp1 ´ tqqpxik ´ x1kq . (3.12)

The complex-deformation parameters are set to εϖ “ p0.1, 0.2, 0q. The details of the software are

provided in the next section. Here, we only comment on the performance as summarized in Tab. 1.

As we discuss in the next section, while integrating the system of di”erential equations, we rec-

ommend to aim for a predefined relative error of the actual amplitude w.r.t. the Born amplitude.

Nevertheless, in order to keep the example software small, we aim here at a predefined maximal ab-

solute error of the evaluated functions (canonical-basis functions and special functions). Since there

is m2 “ 1, 0.1 ! s, |t| ! 10 and the phase space points are not very close to any singularities, the

values of the functions are not scattered over orders of magnitude to an extent that would require the
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solve the differential equations, along with a brief analysis on the geometry underlying the actual
analytic solution.

Moreover, as ancillary material attached to this paper, we furnish the analytic expressions of the
finite reminder for the form factors, alongside with Mathematica files which allows for a standalone
evaluation of the MIs with DiffExp.

2 Computational setup and amplitude structure

In this paper, we consider the two-loop form factors for diphoton production in the quark annihila-
tion channel with a heavy quark loop. At the partonic level, the scattering amplitude proceeds as
the Born subprocess:

q(p1) + q(p2) ! �(p3) + �(p4). (2.1)

The kinematics for this process is described by the Mandelstam variables3

s = �(p1 + p2)
2, t = �(p1 � p3)

2, u = �(p2 � p3)
2, with s+ t+ u = 0, (2.2)

where the external particles are on-shell, i.e. p2
i
= 0, and we indicate with m2

t
the heavy-quark

Figure 1: Representative set of two-loop diagrams with internal heavy-quark loops, which con-
tribute at NNLO QCD corrections to diphoton production in the quark annihilation channel. Thin
black lines represents light quarks, thick black lines heavy quarks, curly lines gluons and curby lines
photons.

squared mass4. In order to obtain the scattering amplitude, we generated the relevant Feynman
diagrams using the FeynArts package [108]. We found a total number of 14 diagrams contributing
to the amplitude, the representative ones are shown in fig. 1. We write the scattering amplitude
in terms of form factors, which are decomposed into a basis of 72 MIs exploiting IBPs reduction
[47–49, 51–57, 109], as implemented in the software Kira [57].

The MIs contributing to this process can be described by three different scalar integral topologies
(modulo exchange of the two final photons). Specifically, the MIs for the Feynman diagrams (a)
and (b) in fig. 1 are associated to the integral families PLA and NPL, respectively, as defined
in section 3. Similarly, the MIs for the diagrams (c), (d) and (e) can be grouped into one scalar
integral family, PLB, also defined in section 3. The MIs of the families PLA and PLB were already
known in the literature [67]. Regarding the non-planar topology NPL, while most of the MIs have
already been studied [67, 72, 73, 97, 110–112], the double-box top-sector have not been considered
in the literature yet, and therefore its computation represents an original result by itself.

For this project, we performed an independent calculation of all the MIs by means of the
differential equations method [59–66]. In particular we solved the system of differential equations

3For our computations we use the metric of [107].
4For the rest of this paper we will refer to the heavy quark as top quark. We note however that our formulas are

general and they can be evaluated with a different value of the heavy quark mass.
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For specific cases, one can prove one obtains:
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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G(c1, ..., ck;x) =

Z x

0
dt r(c1, t)G(c2, ..., ck; t) , r(c, t) =

1

t� c
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4.2 Solution in terms of elliptic polylogarithms

In the previous section, we saw how the banana integral can be expressed in terms

of iterated integrals over the homogeneous solution of the sunrise integral. The

sunrise integral itself has been computed in many di↵erent forms before. Here, we

are particularly interested in the fact that the sunrise integral can also be represented

in terms of elliptic polylogarithms [33]. It is therefore natural to ask the question

whether it is possible to express the banana integral in terms of elliptic polylogarithms

as well. To answer this question, let us recall the definition of the eMPLs as used in

ref. [33] (see also ref. [41]),

�̃ ( n1 ... nk
z1 ... zk ; zk+1, ⌧) =

Z zk+1

0

dw g(n1)(w � z1; ⌧) �̃ ( n2 ... nk
z2 ... zk ;w, ⌧) . (4.13)

Here the integration kernels g(n)(z; ⌧) are related to expansion coe�cients of the

Eisenstein-Kronecker series as defined in ref. [33]. The exact form of these kernels

is immaterial for the following arguments, though it is important to note that for

z = r
N + s

N ⌧ , with r, s 2 Z and N 2 N the integration kernels g can be expressed as

g(n)( r
N + s

N ⌧, ⌧) =
nX

k=0

(2⇡i s
N )k

k!
h(n�k)
N,r,s (⌧) , (4.14)

where the functions h(n�k)
N,r,s , 0  r, s < N , denote modular forms of weight k > 1 for

�(N) (cf. eq. (3.18)) defined as [35]

h(k)
N,r,s(⌧) = �

X

(↵,�)2Z2

(↵,�) 6=(0,0)

e2⇡i(s↵�r�)/N

(↵ + �⌧)2n
. (4.15)

Not all these Eisenstein series are linearly independent. In ref. [35] it was shown that

the Eisenstein series of weight k � 2 for �(N) are spanned by the set {h(k)
N,r,s}0r,s<N .

From this observation it follows that whenever all the arguments of an eMPL

are rational points, zi = ri
N + ⌧ si

N , then this function can be written as a linear

combination of Eisenstein series for �(N), defined as

I
�
n1 N1
r1 s1

�� . . .
�� nk Nk
rk sk ; ⌧

�
⌘ I(h(n1)

N1,r1,s1
, . . . , h(nk)

Nk,rk,sk
; ⌧)

=

Z ⌧

i1
d⌧ 0 h(n1)

N1,r1,s1
(⌧ 0) I

�
n2 N2
r2 s2

�� . . .
�� nk Nk
rk sk ; ⌧

0� ,
(4.16)

with h(0)
0,0,0(⌧) ⌘ 1. The converse statement, however, is not always true: not every

iterated integral of Eisenstein series for �(N) can be written in terms of eMPLs

evaluated at rational points, but this is only possible for specific combinations of

iterated integrals of Eisenstein series (cf., e.g., ref. [45, 48, 79]). The combination

of iterated integrals of Eisenstein series that describes the sunrise integrals satisfies
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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4.2 Solution in terms of elliptic polylogarithms

In the previous section, we saw how the banana integral can be expressed in terms

of iterated integrals over the homogeneous solution of the sunrise integral. The

sunrise integral itself has been computed in many di↵erent forms before. Here, we

are particularly interested in the fact that the sunrise integral can also be represented

in terms of elliptic polylogarithms [33]. It is therefore natural to ask the question

whether it is possible to express the banana integral in terms of elliptic polylogarithms

as well. To answer this question, let us recall the definition of the eMPLs as used in

ref. [33] (see also ref. [41]),

�̃ ( n1 ... nk
z1 ... zk ; zk+1, ⌧) =

Z zk+1

0

dw g(n1)(w � z1; ⌧) �̃ ( n2 ... nk
z2 ... zk ;w, ⌧) . (4.13)

Here the integration kernels g(n)(z; ⌧) are related to expansion coe�cients of the

Eisenstein-Kronecker series as defined in ref. [33]. The exact form of these kernels

is immaterial for the following arguments, though it is important to note that for

z = r
N + s

N ⌧ , with r, s 2 Z and N 2 N the integration kernels g can be expressed as

g(n)( r
N + s

N ⌧, ⌧) =
nX

k=0

(2⇡i s
N )k

k!
h(n�k)
N,r,s (⌧) , (4.14)

where the functions h(n�k)
N,r,s , 0  r, s < N , denote modular forms of weight k > 1 for

�(N) (cf. eq. (3.18)) defined as [35]

h(k)
N,r,s(⌧) = �

X

(↵,�)2Z2

(↵,�) 6=(0,0)

e2⇡i(s↵�r�)/N

(↵ + �⌧)2n
. (4.15)

Not all these Eisenstein series are linearly independent. In ref. [35] it was shown that

the Eisenstein series of weight k � 2 for �(N) are spanned by the set {h(k)
N,r,s}0r,s<N .

From this observation it follows that whenever all the arguments of an eMPL

are rational points, zi = ri
N + ⌧ si

N , then this function can be written as a linear

combination of Eisenstein series for �(N), defined as

I
�
n1 N1
r1 s1

�� . . .
�� nk Nk
rk sk ; ⌧

�
⌘ I(h(n1)

N1,r1,s1
, . . . , h(nk)

Nk,rk,sk
; ⌧)

=

Z ⌧

i1
d⌧ 0 h(n1)

N1,r1,s1
(⌧ 0) I

�
n2 N2
r2 s2

�� . . .
�� nk Nk
rk sk ; ⌧

0� ,
(4.16)

with h(0)
0,0,0(⌧) ⌘ 1. The converse statement, however, is not always true: not every

iterated integral of Eisenstein series for �(N) can be written in terms of eMPLs

evaluated at rational points, but this is only possible for specific combinations of

iterated integrals of Eisenstein series (cf., e.g., ref. [45, 48, 79]). The combination

of iterated integrals of Eisenstein series that describes the sunrise integrals satisfies
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dw g(n1)(w � z1; ⌧) �̃ ( n2 ... nk
z2 ... zk ;w, ⌧) . (4.13)

Here the integration kernels g(n)(z; ⌧) are related to expansion coe�cients of the

Eisenstein-Kronecker series as defined in ref. [33]. The exact form of these kernels

is immaterial for the following arguments, though it is important to note that for

z = r
N + s

N ⌧ , with r, s 2 Z and N 2 N the integration kernels g can be expressed as

g(n)( r
N + s

N ⌧, ⌧) =
nX

k=0

(2⇡i s
N )k

k!
h(n�k)
N,r,s (⌧) , (4.14)

where the functions h(n�k)
N,r,s , 0  r, s < N , denote modular forms of weight k > 1 for

�(N) (cf. eq. (3.18)) defined as [35]

h(k)
N,r,s(⌧) = �

X

(↵,�)2Z2

(↵,�) 6=(0,0)

e2⇡i(s↵�r�)/N

(↵ + �⌧)2n
. (4.15)

Not all these Eisenstein series are linearly independent. In ref. [35] it was shown that

the Eisenstein series of weight k � 2 for �(N) are spanned by the set {h(k)
N,r,s}0r,s<N .

From this observation it follows that whenever all the arguments of an eMPL

are rational points, zi = ri
N + ⌧ si

N , then this function can be written as a linear

combination of Eisenstein series for �(N), defined as

I
�
n1 N1
r1 s1

�� . . .
�� nk Nk
rk sk ; ⌧

�
⌘ I(h(n1)

N1,r1,s1
, . . . , h(nk)

Nk,rk,sk
; ⌧)

=

Z ⌧

i1
d⌧ 0 h(n1)

N1,r1,s1
(⌧ 0) I

�
n2 N2
r2 s2

�� . . .
�� nk Nk
rk sk ; ⌧

0� ,
(4.16)

with h(0)
0,0,0(⌧) ⌘ 1. The converse statement, however, is not always true: not every

iterated integral of Eisenstein series for �(N) can be written in terms of eMPLs

evaluated at rational points, but this is only possible for specific combinations of

iterated integrals of Eisenstein series (cf., e.g., ref. [45, 48, 79]). The combination

of iterated integrals of Eisenstein series that describes the sunrise integrals satisfies
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TWO POINTS OF VIEW
GEOMETRY  FUNCTIONS→

From geometry to “polylogs”: 

- Iterated integrals  

- Pure kernels with single poles 

- Functions with unipotent monodromy

Results obtained for 

- Multiple polylogarithms  

- Elliptic multiple polylogarithms 

- Dual picture as integrals on elliptic curve 

- Recent generalization to higher genus

See Oliver’s lecture on Wednesday!



TWO POINTS OF VIEW
GEOMETRY  FUNCTIONS→ INTEGRALS  FUNCTIONS→

From geometry to “polylogs”: 

- Iterated integrals  

- Pure kernels with single poles 

- Functions with unipotent monodromy

Results obtained for 

- Multiple polylogarithms  

- Elliptic multiple polylogarithms 

- Dual picture as integrals on elliptic curve 

- Recent generalization to higher genus

From Feynman integrals to special functions: 

- Differential equations  

- Semisimple-unipotent splitting 

- -factorized forms for iterationϵ

Results obtained for 

- Iterated integrals over dlogs (beyond MPLs) 

- Elliptic kernels 

- Mix of elliptic and algebraic dlogs 

- CY, genus 2, elliptic, algebraic dlogs …

See Oliver’s lecture on Wednesday!



A CONNECTION THROUGH CANONICAL BASES

GEOMETRY  FUNCTIONS→ INTEGRALS  FUNCTIONS→

multiple polylogs on arbitrary geometries system of canonical differential equations

Canonical differential equations produce by construction functions which are unipotent in sense above 

Is this enough to guarantee that results will be “polylogarithms” on whatever geometry we might encounter?



MY MAIN OPEN QUESTIONS FOR ELLIPTICS AND BEYOND ‘26

WHAT IS AN INTRINSIC MATHEMATICAL CARACTERIZATION OF CANONICAL BASES?

Unipotent monodromy? Logarithmic singularities? …

CAN PHYSICS CONSTRAIN THE GEOMETRIES WE NEED?
Do geometries always have to admit logarithmic degenerations? Is there always a MUM point?

WHICH SPECIAL FUNCTIONS?

Can a “correct” canonical basis guarantee that results “land” on the correct special functions?

Are some differential forms “unphysical”?
How to embed simplifications in  in the space of special functions we choose?D = 4



THANK YOU!


