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N2 41 SCFTS

Amazing context to explore
the Wonders of LARGE Charge

Interesting sometimes intrinsic strong

coupling dynamics yet
tractabledueto symmetries dualities recursion relations

Focus is on 2 point functions of chiralprimarie

Ring generated by Coulomb branch operators

Restrict to rank 1 1dCB

hard

leftlangleOnleftxrightoverlineOnleft0rightrightranglefracG2nleftxright2dn
Uleft1rightR chargeconformal

dim



Large
nWorkof Hellerman Maeda Orlando

Reffert Watanabe 17 21

showedlogG2nfracsimeqnrightarrowinftyAnwidetildeBGammaleftdnalpha1right
2leftaCFTaEFTright

non universal

A normalization of o

widetildeB normalization of 1

widetildeBBlogZ
schema dependent

Prediction of EFT on the C B

insensitive to Exp n terms

NO Reference to any other parameter

except n e g gauge coupling



SU 2 SQCD

The only Lagrangian case rank 1

Great playground for a microscopic test of HMORW

Possibly teaches lessons about isolated model

Key Technical Tool SUSY LOCALIZATION

Expresses 2 pt funct of nicefrac12 BPS

operatorsasG2nlefttauoverlinetauright
expanded for gYMrightarrow0

I nrightarrowinfty vs gYMrightarrow0

taufractheta2pifrac4piigYM2

Numerical test already made by HMORW

Analytic test so far only by
Grassi Komargodski Tizzano 19

limited to one loop

We include instantons qequive2piitau expansion

NOT suppressed for nrightarrowinfty



Large vers

Large n naturally involves another expansion

leftlanglePhirightrangleleftbeginmatrixa00aendmatrixright large n Kick arightarrowinfty

Comes from a saddle of the free energy

logZequivmathcalFapprox2ca24nloga
SW prepotentialfrom 2n insertion

of Onta Phi2
csimfrac1gyM2Rightarrowasimsqrtnicefracnc

heavy electric
and

magnetic changesnrightarrowinfty

Sy fixed

Are small vers irrelevant large n

NO

Gammaleft2nfrac52right1 loop

GKT 19

Gammaleftn1rightGammaleftn2right inclusion

of small a



The E expansion
instantons small a enter log leftZG2nright

only as Exp leftnright

But what's large vs small a in practice

Nekrasov Partition Function 02

ZZ tree Z1LZ inst

left1OleftqrightrightBarnesG
tau indepExpleft4piJmtaua2right

Localization implemented using r backnound

Here varepsilon1varepsilon2frac1R
Reorganize weak coupling expansion of Z
in team of expansion for aRrightarrowinfty

logZequivmathcalFsum_g0inftymathcalFglefttauoverlinetaurightleftaRright22g
mathcalF0 SW prep F1 contains logarithms

F0 F1 larga vers Fggeq2 small vers



Microscopic computation

Recipe by Gerchkovitz Gomis Ishtiaque Karasik

Komangodski Pufu 16

Based on Testun prescription for ZS4 07

ZS4int_mathbbRdaleft2aright2Z2
Define the matrice fracMijleftnrightlefttauoverlinetaurightZs4fracpartialtauipartialtaujZS4ZS4

Uleft1rightR on S4 mixing of operator w1 neqR

RightarrowG2nlefttauoverlinetaurightfrac16nZS4lefttauoverlinetaurightfracd
d

l
of MleftnrightMleftn1rightlefttauoverlinetauright

Gram Schmidt

orthoganalizationRatio
of dot's difficult to handle for nrightarrowinfty

help from matrix model technique

even when not exactly solvable



Universality lange n

Recall

logZS4G2nAlefttauoverlinetaurightnBlefttauoverlinetaurightGammaleft2nfrac52right
OleftExpleftsqrtnrightrightlefttauoverlinetauright

No higher derivative F term recursion

relations mio set of algebraic constraints

Enti Gammaleft2nfrac52right deduced from 3 cooff

nlogn l gn frac1n
tau independence surprising from microscopic

porStrategy

1 Work order by order in q to

see patterns

2 Generalize to closed form argument



Instantons large n I

Zinit 1fracq2lefta13rightfracq24frac8a8a691a460a2132left4a29right20q
1frac92lefta23rightfracq24leftleftfraca42frac3516a2frac138rightfrac3lefta22right16left4a29right2right09
mathcalF0mathcalF1 ggeq2

Taking derivatives inside the integral

Mijleftnrightlefttauoverlinetaurightint_mathbbRda4a2leftZ12right2left1rightjleft2piirightije4pi7mtaua2
lefta2ifrac92lefta21rightilefta23rightfracq24lefta22rightileftrightOleftq3rightrightleftbeginmatrixirightarrowjqrightarrowoverlineqendmatrixright

Key Technical device Andreief
identitymultivariate

integralofdot'sdetof matrix of integrals

detintdmuleftyrightfaleftyrightfbleftyrightfrac1leftn1rightintprod_j0ndmuleftyjrightdetleftfaleftybrightrightdetfcy

RightarrowdetMijleftnrightlefttauoverlinetaurightfracleft2pirightnleftn1rightleftn1rightint_mathbbRn1dmuleftakrightprod_ijleftai2aj2right2detMk



Instantons large n II

dmuleftarightda4a2leftZ1right2e4pi7mtaua2
Mlefttaurightsum_I0inftylambdaleftIrightleftarightleftfracq2rightIwithandExpanding

in q det Mlefttauright1frac92TrKleftarightleft1right

fracq24leftT2leftKg01left2rightKggeq2left2rightleftarightfracKleft1rightleftaright22rightfracleftT1Kleft1rightleftarightright2right
Oleftq3right

TrKleft1rightleftarightfrac12leftn1rightleftn2rightsum_alpha0naalpha2

TrleftKg01left2rightleftarightfracKleft1right2leftaright2rightfracleftT2Kleft1rightleftarightright22Gamma4leftnright
P2leftnrightsum_alpha0naalpha2

Gamma0leftnrightleftsum_alpha0naalpha2right2
We are led to evaluate moments

in a statistical ensemble



Instantons large n III

Ensemble defined by

Xnlefttrightequivfrac1leftn1rightintprod_k0ndmuleftakrightprod_ijleftai2aj2right2
GKT 119tequiv4piJmtau8log2

log det Mijleftnrightlefttauoverlinetaurightlogleft4n1left2pirightnleftn1rightrightlogXnlefttright
fracqoverlineq2leftfracleftn1rightleftn6right2Trxgeqright

fracq2overlineq264leftleft9n46rightleftn1right13Trxcrightfracleftqoverlineqright28leftlangleleftTrxright2rightranglec
Oleftq3right

x matrix w eigenvalues leftaalpha2rightalpha0ldotsn
leftlangleleftTrxrightTrightrangle expectation value in Xnlefttright

left1rightpfracpartialtpXnlefttrightXnlefttrightcongfracleftleftn1rightleftn2rightrightptp Pockhammer

leftlangleleftTrxrightprightranglec Cumulants



Instantons large n
fracoverlineN

E g leftlangleTrchirightranglecleftlangleTrchirightrangle

leftlangleleftTrxright2rightranglecleftlangleleftTrxright2rightrangleleftleftlangleTrxrightrangleright2
and so on

_Strikingfact leftlangleleftTrxrightprightrangleC quadratic in n foralls

Final result logleftZS4G2nrightconglogleftZS4G2nright0

fracqoverlineq2leftn3frac2leftn1righttrightfracq2overlineq232left9n23frac13leftn1righttrightfracleft9overlineqright24fracn1t2Oleftq3right

Contribution

only l0

A B

In fact comparing
w exact expressions

of AlefttauoverlinetaurightBlefttauoverlinetauright by HMORW 202

A I
B do not receive contributions from Fggeq2



Small vers

Long and intricate story short

Tr Kggeq2left2rightleftaright α sum_p0inftyfleftprightleftnrightPpleftaalpha2right
degree p symmetric polyn

Sn1 invariant

fleft0rightleftnrightsum_r0ncr2r1leftbeginmatrixn2r2endmatrixright
fleft1rightleftnrightsum_r0n1cr22leftbeginmatrixn1rendmatrixright

vdots

similar
structuresComputing

moment in X1lefttright

logleftZS40G2nrightggeq2fracsimeqnrightarrowinftyleftq2overlineq2rightsum_p0inftyfracFleftprightleftnrighttpOleftq3right
Fleftprightleftnrightsime2nlog3forallpwith

overlineL dependence of Fggeq2 is expleftnright suppressed



Large vers exactly I

frac47482 Blefttauoverlinetauright2 Alefttauoverlinetauright

lefttauoverlinetaurightExpleftsqrtnrightldotsldots1n lognn logn frac1nfrac1n2
all Fg sF0F1

Truncate ZS4 at F1 and see

ZS4g01int_mathbbRdae2piimathcalF02piioverlinemathcalF0emathcalF1overlineF1

tauIRF0frac12Flefttaurighta2whereMansshot
Moore
Zhang
19

F1frac112logDeltaswlefturightfrac12logfracpartialapartialulefturight
Matone ufracpartialpartialtaumathcalF0fracFlefttauright2a2

qlambdalefttauIrightFequivlambda1 modular lambda

lambdafractheta24theta34



Large vers exactly II

Now one can compute a integral

ZS4proptofracleftFlefttaurightright2leftFlefttaurightoverlineFleftoverlinetaurightright2partialoverlinepartiallogleftFlefttaurightoverlineFleftoverlinetaurightright
F HmathbbRIHuv

Remarkably

det Mijleftnrightlefttauoverlinetauright det partialioverlinepartialjZS4an1ZS4fracleftn1rightleftn2right2
with an1left1rightnnleftn1rightana1equiv1

RightarrowlogG2nlefttauoverlinetaurightlogleftnleftn1rightrightsupset

nleftlogleftFlefttaurightright2logleft4leftFlefttaurightoverlineFleftoverlinetaurightright2rightrightAlefttauoverlinetauright
frac12logfracpi8widetildeBBlefttauoverlinetaurightlogZS4lefttauoverlinetauright

large vers
widetildeB is independent of tau

2nlogn2logn
ofHMORW120



OutlookGiventhe irrelevance of instantons to fix
the universal large charge behavior

Gammaleft2nfrac52right e ben for nrightarrowinfty

and given that the 3 Argyre _Douglas

theories of rank 1 arise as strong_coupling

point of SUleft2right SACD w 1leqNfleq3
Speculate

that we can derive the EFT predicted

Gammaleftdnfrac3d12right dfrac65frac43frac32
from asymptotically free SUleft2right SQCD

Large vers F0 α a2ufrac2d i mathcalF1simfrac32leftd1rightloga
small vero Z init sim1OleftLambdaRright

Grassi Fucito
Morales RS 23 Z1L

const.InterpolatingleftZright2g01inftyeleftF0overlineF0rightR2lefta2contrightfrac32leftd1right



g

Mijleftnrightint_mathbbRdalefta2rightfracd2leftijrighteca2lefta2constrightfrac32leftd1rightr
g01infty

sptilde1 int_mathbbRdxxfrac12leftleftijrightd1rightexleftxconstrightfrac32leftd1rightthe universal behavior
should not depend
on this constant

Note a an aside that

M1left0rightsqrtpi Hypergeometric Ufrac32leftd1rightfrac32d2 con.it

Challenge

Verify even only numerically that

fracdetMijleftnrightdetMijleftn1rightnsupset_nrightarrowinftyGammaleftdnfrac3d12right


