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Motivation

Large charge success story J

@ Two heavy external operators
g, o _p, Q>1
@ Plain vanilla setup: a superfluid EFT on the cylinder
R x S?
@ The lowest operator dimension

Ag = alQP2 + BIQIY? 4+

EFT = systematic way for computations in 1/|Q)| )

(Q| Oight - - - Ohignt| Q)
——



Motivation

Large charge is not always the same state of matter )

@ CFT can realize large charge through qualitatively different states
superfluid, Fermi liquid on 52, conformal solids

@ In large-NN holographic CFTs, the large-charge state can also be dual
to a bulk object such as

AdS boson star (CFT superfluid) or charged black hole
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Questions

@ How generic is the superfluid EFT description?

What assumptions about the CFT lead to the EFT description?

Crossing is the most generic constraint in CFT

All CFTs in question have

¢q’ J@L7 Tab

Large charge bootstrap J

The scalar-scalar sector was done in JHEP 05 (2018) 043 by
Daniel Jafferis, Baur Mukhametzhanov, Alexander Zhiboedov
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Assumptions

© The ground state @, is unique
@ The large charge-Q) spectrum is parity even and

Ay # Ag + 4, Ap#Ag+1—2, {>2
© The macroscopic limit exists

Q—00, R—
e=AgR® =fixed, p=QR? = fixed
© The same order in the s-channel expansion:
first descendant of ®¢ + new primary states
© Only finitely many Regge trajectories contribute

There is at least one Goldstone Regge trajectory J
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Assumptions

Assuming also

© The large charge-Q) spectrum is non-degenerate

Only the Goldstone trajectory contributes to

(®_0 T dg)

@ Only one Regge trajectory reaches zero at £ = 0:

Only the Goldstone trajectory contributes to

(B0 J*®q)
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Macroscopic limit (EFT anzatz)
The limit

Q—>o0, R—x

e =gy =fixed, p= © _ fixed

R:,/%, Ao =alQPF2 + ...

The cylinder coordinates

implies that

ds® = R*(dr? + df*) + - - - = fixed

Coordinates scale as

1

T, 0 ~ ——

VIQI
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Scalar-scalar channel

Consider for simplicity just the scalar-scalar sector

(@ (24) b_g(w3) dgl(w2) D (1))
\(8
12120 G2 (2, 2) = (Q|o—q(3) b(22)|Q)

The s-channel expansion for z = €7 cos 6
| 2|2 Gss z,Z) Z])\o] 9go(z, 2)
— Z Moz (1 + Ap|z|cosf + ...
@

v [AQ Ao+ 0(1)] [AQ — Ao +0(1)

Ao = 2A0
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Conformal block expansion

The leading contribution comes from the ground state

q)Q-Irq

Corrections are suppressed by the relative factor |z|20~Aa+a

Agral’l2]2@% (14 Aguglzl cosd +...)

+ Ao %2120 ¢ (cosB) (14 Ao|2| cosb+...) + ...
—_——
spin £ primary
Operators with
Ap > AQ-H]
are only relevant for
1 1
TL — L —=

Ao V1Al
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Large charge anzatz

For other operators the descendant contribution is suppressed

[AQ+q - AO} [Acm - AO} 1

2A 0 - V1@l

Ao =~

It is an assumption that
Ao 1

~ —

)‘Q+q |Q’

Therefore the large charge expansion gives

G (2,2) = Puql? 229729 (1 4 Agyq|2| cos§)

+ >~ Pollzlto 20 cosb)
@
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Crossing LO

The crossing equations can be obtained by equating the s- u-channels

(Do (1) p—g(73) Pg(w2) P_q(74)) = (P (24) p—g(73) Pg(x2) Pg(71))
J
_ 11

Gss” (;7 g) =G (2.2)

At LO it implies that
|)‘Q+q|2 = |)‘—Q+q’2

and

AQ+q—AQ = Ag — Ao~
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Crossing NLO
At NLO, we get

e(AQ+q_AQ)T <1 + e’ cos 6) + Z |)\0|26(AO_AQ)TC§1/2) (COS 9)
8\/_ 5

_ e(AQ—AQ_q)T <1 + \/q_ e cos 0) + Z |)\O’2 (Ap— AQ)T0(1/2)(COS 9)

Defining

3ag? | A\|?

=Ap—A Mol? = (20+1 =
wy o —Aq, R¥el (+)8\/ng

20+1

h(r,cos0) =7+ 3e” cosG-l—Z | Ae|? “’”C( /2)(cost9)

which satisfies
h(—7,cos0) = h(r,cosb)
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EFT
In EFT, for 7 < 0, defining

0+ 1)
2

Ji =

we obtain

hprr(T,cos6) =7+ 3€e” cos + Z %j_ 1 elem 0(1/2)(603«9)

(=2
Formally the derivative
Orherpr(07, cos6) Z (20+1) 1/2 (cos ) = 4mdg2 (1)
=0

Higher derivatives

02 hppr(07,cos0) = 4m Y ef T (V?)k 50 (i)
k=0

This suggests a way to solve the crossing equation J
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Bootstrap equations

The t-channel singularity is the only singularity of

o0

h(t,cosf) = Z

=0

20+1
we

Ap et Cél/m(cos 0)

We define the integral I,

I, = / i [82”“
0 T

From the spectral sum we get

h(r,0) — o2+

T=—¢

T=¢

h(r, 9)] C1) (cos 0) sin 6df

I, = 2A,wi"
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Bootstrap equations

On the other hand, the existence of the macroscopic limit implies

ao (5)
h(r,cos) = ———— + less singular terms,
7,0—0 (7—2 + 62 )

Therefore, every odd derivative is a distribution
PR (0F cos ) = + Z (V) kg2 (1)
As a result,

I, =2 / 0 CM? (cos0)sin 8 Y cx(VA)Fdg2 (i) = 2P (J7)
0 k=0

Therefore
A" = Po(J7)
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Regge trajectories

For ¢ > 2
Z|)‘€z|2wh n(Jg)
For/ =1
L +Z|x\ul2w“= (1)
descendant =1
For £=0

N
5n,0 + ; ‘)\071‘2 wgg = Pn(())

dimension mismatch

Unknowns: fusion coefficients |As|?, energies wy, and polynomials P, (.J?)
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Regge trajectories

The spectrum is analytic for £ > 2 J

We introduce the variables

w=J7, zi(w)=wi;, Si(w)=]|Al?

)

As a result, for w > 3

N
> Si(w) a7 (w) = Pu(J7)
=1
Forw =1
N
1+ Siial; = Pa(1)
i=1
Forw =10

N
On0+ Y Soiaf; = Pa(0)
=1
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Regge trajectories
The partition function

W(t,w) = t"Py(w)
n=0
For w > 3
Si(w)
Wit =
(t,w) ;1—t:1:i(w)
For w =1 N
1 S14
t,1) = :
W(, ) 1—If—i_7;z_;1—tl‘17Z
Forw =10
N So.
Wit 1) =1 “
(7 ) +l§::11—t£60’z

Consistency

o, € {5(51(0), .. .:L“N(O)}, T4 € {l’l(l),. . .J,‘N(l)}
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Solutions

The strategy
@ Solve for w > 3
e Find P, (w)
@ Analytically continue the rhs P, (w) to w = 0,1
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Example: N =1
For w > 3

The solution

P (w
S(w) = Py, r(w) = 1; ) _ Fw+m?, Py (w) = Py (Cw +m?)
0
For w =
n=>0 1+ 5 =F 9
=x90=5 =0, P=1
n>1 Sol,g, =P m2n =m o So ) 0
For w =
1+Slaz7f=02” = =1, S =0
The only solution is the Goldstone J
Po(w)=w",  n=0
June 23, 2026 20/ 44



N =
For N =2

Py (S1$n+1 + 52$§L+1) (x1 + x2) — (S12] + Sa22h) 122

= Ppti1(x1 + x2) — Py
Equivalently,
Prya(w) = Pry1 (w)Q1(w) — Po(w)Q2(w),
with 21 2(w) roots of
2 — Q1(w)z + Qa(w) =0

In particular for Q1(w) = w and Q2(w) = (1 — a®)w? + a®w

w £ ay/w(w —1)

2

T12 =
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Arbitrary N

In general, we can show that polynomials satisfy order N recursion

Prin(w) = Qu(w) Poyn-1(w) + -+ + (=1)" Qv (w) Pa(w)
with @, symmetric polynomials of x;. Equivalently,

N

[[@—2)=2" Q"""+ + (-D)"Qn

n=1
At the same time, @), is an order n polynomial of w

Any solution is specified by: P,_1(w) and Qn(w), withn=1,...,n J
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Generalization

Solutions are not sufficiently restricted by only considering scalars
Existence of J* and T is necessary
Additional universal constraints

Technically more challenging

We are interested in

Gsn(r,c0s0) = (Q = 2| -y (w) Bla) @ + )

and
Gap(T,cost) = (Q[ A(x3) B(z2) |Q)

with
A,B=Jo 1%
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Spinning 4-pt functions: primaries contibution
In this case the correlators have tensor structure. For example,

<Q N g‘ $—q(3) " (22) \Q + g>

— Ze To—T3) <Q — —‘ ¢ 0 ng)‘(’)al W> <Oa1...ae
o ~~ ~
A (ngt ...ng’ —traces) )\‘(]1)(€+1)@)\(JQ)(271)

7o) [Q+ 1)

Conservation of J¢ implies that

(Our.an|J7(0,782) |Q) = APTL) AP T

a,al,.

2 (1
1yeees@p? )‘f]) ~ AJ)
Therefore

= Z SN eA(T2T3){ [A 0(3/2)(008 0) + By 0(1/2) (cos 9)}
(@

—n3 (A¢ + By) 0(3/2) (cos 0)}
= Ggjans +Gsyzng

Sasha Monin Spinning the Large-Charge Bootstrap June 23, 2026 24 /44



Spinning 4-pt functions

A systematic way for computing the spinning conformal blocks:
Costa, Penedones, Poland, Rychkov JHEP 11 (2011) 154

@ There is only one coupling constant (at fixed spin) for every channel
@ All tensor structures are proportional to this coupling constant

@ Example

(Q1I*T°1Q) ey

2 (f33ngnb + faangnb + fagngnf + faangnl + f56°°)

=\

ng“b, JoTb  and 7T have 3, 8, and 14 tensor structures
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H-basis
o Crossing mixes these tensor structures, schematically

fij(=7,0080) = My fra(7, cos f)
ol

Special basis for coefficient functions: J

@ Contain only one Gegenbauer polynomial for fixed spin, schematically
Z Céi/k%k) (cos0)
¢

@ Are eigenfunctions of the crossing

h(—7,cos0) = +h(r,cosf)
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H-basis illustration
@ For the scalar-scalar channel
Hgg(7,cos0) = Ggs(T,cos0)
@ For the scalar-vector channel
level 0: G/ (7, cosf) D n§ Hgya(r,cos0) — 2023/2) (cosf)

level 1: n§G¢y (1,cos60) = Hgyo(T,cos0) — ZC’él/m (cosf)

As a result
Hgy3(1,cos8) = Ggyz(T,cosb)

Hgyo(1,cos8) = Ggya(r,cos8) + Ggy3(r,cos)cosb
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()-scaling

The @-scaling of the NLO terms is fixed by the descendant:

6Ggp ~ 0Gap = A,B=J*T%

1 R
Q’ QP

For H-functions

Hup,y = Hapo 0o, + kaBhapy] -
with
3¢ q 1
RSS = & ) RSB = —=, RAB = 1 ~12/9"
8/]Q] 4Q 60| Q[3/2

Sasha Monin Spinning the Large-Charge Bootstrap

June 23, 2026 28 /44



Asymptotic behavior

@ The macroscopic limit fixes the leading singularities

@ Example, for 7,6 — 0

1
Sv =, M2 Hsvo + (n§ —n3) Hsvs 0 TP OE
For the NLO
|73 — 7ia| = O(0)
therefore
1 1
hsy, hsy,

0 r,0—0 T2 + 02 3 7,0—0 (7‘2 + 02)3/2
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Bootstrap equations

@ There is an equation for every h-function: 2+ 3+ 548+ 14 = 32
@ Not all are independent:

Consistency equations for the polynomials: J

Divisibility by w
PfAB)(w) =papw, n>1, A B=g¢_g Je, T
Divisibility by w?

PéAB)(w) — w? "Tgfjf)(w), n>2AB= JII,Tab
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Spinning bootstrap equations: T-sector
The T'T' channel
hrtss O G925 (8acObd + Saddbe) hrro O GEetngningng

The expansion

w2
hrrss = Z Z (20+1 ])\Th\Q ( Wm) eveiT 053/22) (cos @)

TH(TE =)

and

hrro=3(1+T11)e" cosf + Z Z(% + )| Ag|? e 051/2) (cosf)
i 0=2

Both functions scale as

hrrss, b et
TT,66, 1VTT,0 7,00 (7_2 +92)3/2
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Spinning bootstrap equations: T-sector
Let's compute the discontinuity integral for 0. h:

0, hrr 2

h 19) ~ —
TT,665 Ut _— .0 .00 (62 i 02)5/2

T=¢

As a result for £ > 2

L)

—a / dfsin® 0 C2) (cos ) V2562 (77)+-
(77— 1)°

and

For/=1
14T, = P02
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Spinning bootstrap equations: T-sector

All terms in the sum are non-negative

=0

> (7 -et)”
Wy z| TE@’ Z’ 5 2
JA(J2 1)

Therefore
Areil> =0, or wj,=.J7

It is inconsistent to have all A7 ; = 0 because in this case

0=P 2 =147, >1

No degeneracy: there is one and only one Goldstone trajectory J
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N = 1: T-sector
Forw>3andn>1
P (w) = Ty (w) w"™ = ppp w™
PV (w) = /S1(w)Ti(w) w' ™" = pspw,

PT(LVT) (w) = /Vi(w)Ty (w) w" = pyr w™ !
Forw =1

PygTT)(w) =prr=1+T11

P,,(f?(l) =pst=1++/S11T11 =1,
PV (w) = pyr =1+ /Vi1Tia
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N = 1: SV-sector

Forw>3andn>1

n 1+T1,
1+ +/Vi1T11)
P(VV) — ( 5 5 n
" (w) 1+ T1’1
Forw =1
14+ /Vi1T
ISR LALIE S Ve TR
14711
14+ /ViiTi1)?
P,gVV>(1):( EEAND —14Viy = Vi =Ti1=0
14711 ' ' '
Therefore
SS % ST
Pﬁ—l)(l@ = Pr(L—l)(w) = PT(L—l)(w) =w"!
PV (w) = PYD (w) = P (w) = w”
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N = 2: T-sector

In this case

Forw>3andn>1

P (w) = Ty (w) w"™ = ppp w”

Forw=1

P(TT) (w) =prT = 1 + T171

PO (1) = pgr =1+ /S1171.1,

VT
Prg )(w) =pyvr=1++/Vi1Ti1
N



N = 2: SV -sector

Forw>3andn>1

POV () = (14 /S1aTia) (1 + /ViaiTia) ]

n—l 1+T1,
+ /So(w)Va(w) (Pw + m?)" 1

1+ ViaTi1)? n S(VV
P (w) = = w4 Va(w) (P m) = w? B

Divisibility for m? # 0 implies Va(w) = 0

For arbitrary N the condition is that x;(0) # 0 except for the Goldstone )
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N =2

Forow=1,n>1

(14 /SiTi) 1+ /ViiTiq)

(SV)
P 1) =
w1 (1) 1+Th,
=14+ /S1aVi1+/S12Via (¢ +m?)" !
1+ /ViiT1,1)?
Py = | LAY v 4 Vi ()
14+Tia ’ 7
Therefore

Vip="1Ti,, Vig=0
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N =2

For 2 +m? #1

PED(w) = w" + Soz (G +m?)"

PPV (w) = P (w) = w !,
P (w) = PV (w) = P (w) = w"

For ¢ + m? = 1 the spin-1 primary coupling is not fixed

1

Vi1 (0211} + m2)n_ ,

(,/1 +Vig+ 1)2
BV (w) = P (w) = I+ Vi,
PV (w) = PV (w) = P (w) = (1+ Vi) w"

n

PPV (w) = w4
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THANK YOU
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Backup: A, g corrections

Restoring the R-dependence for the three point function we get

Pq _ )‘q,Q L f
<Q+q A Q)= Ty = finite
We conclude that at LO N
Ay
A = aq|Q|
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Backup: Bootstrap equations an alternative derivation

The t-channel singularity is the only singularity )

The existence of the macroscopic limit implies

a0 (5) -
h(t,cosf) = ———2— + less singular terms,
7,0—0 (7-2 + 92)5

After differentiating 2n + 1 times we get for 7,0 < 1

a2n+1 h(T 9) — bO (%) bl (%)
Toodr=e (T2 + 62" (72 4 g2)*57

We split the integral into 2 regions: 6 € [0,e0) and 6 € [, ], with
1<

The second integral is zero for any nonzero lower bound
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Backup: Bootstrap equations an alternative derivation
As a result expanding

sin@Cél/z)(cosﬂ) 901/2 Z Py(J?) 6%*
k=

and changing the variable of integration:

€ 1
0= —, € |-,
y Y {5 oo)
the integral becomes

NN 2k © b(y)
_ 2%—2p 2 D
In ;%ZZE Pk(‘]ﬁ)/l/é 242 (1+y2)pdy

Only terms with €% contribute
I, = 2P, (J})
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Backup: Bootstrap equations an alternative derivation
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