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- Non-relativistic conformal field theory (NRCFT)

- Example: Unitary fermi gas

- EFT framework

Collective excitations of the supertluid in a trapping potential
e Spectrum

- Dynamic structure factor

- Comparison with experiment



NRCET

Centrally extended schrodinger group

- Phase rotation N
+ Space and time translation P;, H

. Rotation sz Galilean
subgroup

» Galilean boosts K.
- Dilatation D

. Special conformal transformation C
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NRCET

Centrally extended schrodinger group

Some differences with the relativistic case
. Phase rotation N

Central charge
. Space and time translation P;, H ‘ 1
} The number of generators is different

|

. | N Galilean |

rRotation Ml] subgroup ‘ Only one analogue to SCT '

l: ':

1‘ |

| ) i |

' | Allowed to have dimensionful parameters |

. Galilean boosts Ki P )
. Dilatation D

. Special conformal transformation C
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NRCET

Local operators and representations of the Schodinger algebra

Operators with well-defined particle number and scaling dimension:

Ay +2

Ay + 1

Ap

A, — 1

A, —2

[H, 00)]

[P, O(0)]

0(0)

(K, O(0)]

[C, O(0)]

(D, 6(0)] = iA;0(0)
[N, 0(0)] = Q0(0)
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NRCET

Local operators and representations of the Schodinger algebra

Operators with well-defined particle number and scaling dimension. 1D, O0)] = 1A ,0(0)

Ay +2

Ay + 1

Ap

A, — 1

A, —2

[H, 00)]

[P, O(0)]

0(0)

(K, O(0)]

[C, O(0)]

[N, 0(0)] = Qs0(0)

Primary operators

(K, 0(0)] = [C,00)] =0 J
/
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NRCET

State-operator correspondance

The state-operator correspondence for an NRCFT is based on the following definition:

/ Primary operator of charge Q5+

|0) = == 0%(0) | 0)

By Schrodinger algebra, this state satisties:

N|0O) = Q| 0), H,|0) =wAs|0)

— Em—— ______ —_— = E— s =

e — = __ __ ; - = — ——

Hamiltonian in a harmonic trap H, = H + w*C
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NRCET

State-operator correspondance

VZ
Example: free theory in d-dimensions S = Jdtddxng (iat ) )

2m
One particle
d
Lowest operator O =4¢ Ap=— \ / )
2 o E; = (5 + Dho
a N
Second lowest 6=V A =—+ ] o E = Zho 5
? 6=73 N
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Unitarity Fermi gas

Cold atom in a trap

- Tunability of the interaction - Feschbach resonance

-Strongly interacting: | a | = o

-Unitarity: Cross section saturates the unitarity bound

-Scale invariant

H
& = characteristic number of the interacting critical point
free
NRCFT in nature:

Neutron stars

p~ l4m <a,, ~ 18.5fm

T/Ep

Unpaired
fermions
/8
Normal
| Bose
liquid
. l/" /’/;(,/ -
/ ; Superfluid
Fomi S Te
ermi e 4 -
liquid / Y .-':. st . e
;‘/ // . . N y ¢ %
Lo -~ N it b d B s
.... — e} g
::,.::”// : T ! ®
-2 -1 0 1 2
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How to describe the unitary Fermigas at OT"?

Thomas-Fermi theory and superfluid hydrodynamics 1927 & 1938

|

go beyond the leading order, include systematic corrections

FT description of the large-charge sector

[T

Conformally invariant Lagrangian in the nonrelativistic case, describing the quantum
critical points in interacting fermion systems at unitarity.

The large-charge sector admits an EFT for a single conformal Goldstone mode, with @
controlled derivative expansion in which higher-order terms are parametrically

suppressed at large Q.
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M WW d U”ap (spherically symmetric)

Fffective theory for the massless Goldstone — 0(t, X) = ut + z(t, X)

\—— Phonon field

1
Galilean invariant building block X = 0,0 — E(VH)Z — V(z,Xx)
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D. T. Son and M. Wingate arXiv:cond-mat/0509786v2
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S. Hellerman, |I. Swanson arXiv:2010.07967v1

_I WW d U”ap (spherically symmetric)

Fffective theory for the massless Goldstone — 0(t, X) = ut + z(t, X)

\—— Phonon field

1
Galilean invariant building block X = 0,0 — E(VH)Z — V(z,Xx)

w
\-— Charge density vanishes

H — V(Rcl) — O 13
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Acoustic branch

Sign of the cubic term?

q0(q) = ¢q (1 +3=24% + 0(g"* log(q))> (V="0)
. ¥ > 0, Beliaev and Landau 3-phonon » ¥ < 0, 3-phonon processes forbidden by
orocesses are dominant energy conservation, Landau-Khalatnikov
4 A-phonon processes are dominant
T g / 9o
= — ! B q q
o \613 fo = &4 1\ / 3
q
> g 1\ . g 612/ \ 44
Q2/

Study the effect of the trapping potential on the phonon fluctuations

15
Y. Castin arXiv:2410.20866v2



M WW d Uap (spherically symmetric) T F_UCtuaUODS

L =X+ o XTHVX) + X2 (A0 = 3(VR VO +...

Energy of the fluctuations g,

Fxpand at quadratic order in &

16
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1 1l a Uap (spherically symmetric) T F UCtuaUODS
L =X+ XTA(VX) + ¢, X' ((A0)* = 3(V® VO)?) +
Energy of the fluctuations g =
Fxpand at quadratic order in & F = gt

5 .
L] = - —¢ |,

| 5/2,72 ] — (2(1 —V)( Vuzz)z 3% (a%) ) +c, | ,

\H

f\qu\/ﬁ/Rcl

(A =3(V.®V 1)
(A7) =3(V,®V,7)"

-\ 2 _ _ —\ 2
qOR2 (V,0r/01)" v, V-V, (0nldD)> 3 (0n/orV,V)
U Vi-v  20-vpr 81— V)"

FFT is controlled by

= 17



_I WW d Uap (spherically symmetric) T F

2
L[] = — 3c0ﬂ5/2;72\/ 1-V (2(1 —V)( Vuyt)z —3 <%> )

3

FOM at leading order:

uctuations

ot

2
(q ORCZ)2

WKB expansion is controlled by

V 21 (v
O = = —
dgoR.  qo

V.. ((1 = V)2V, z(w)) + 3zu)/1 -V =0

WKB is equivalent to a gradient expansion (1) = e7SoW+SI+HOS+5°5;w)



Energy of the fluctuations g,

LO EFT - NLO WKB

Low energy
n<Ko<kl1

_I W\ d Uap (spherically symmetric) T F

4o

M= 7 controlling the EFT

(o

uctuations

o =—  controlling the WKB expansion

4o

Linear regime

\/

NLO EFT - LO WKB

High energy
R/

19



Spectrum vs dispersion relation ven-vw
a(t,r) ~ e DV (1Y, (0, $)

Time translation invariance, the spectrum is well-defined and discrete gy(n, 1)

The potential breaks spatial translation invariance. The right quantity to study is the dynamic
structure factor.

The probability to excite the many-body system from its ground state by transferring
momentum g and energy ¢y is proportional to $(gy, q).

S(qo-@) = ) 1{018p™(q) Im) |5 (gp — go(m))

20






Fluctuation spectrum

| | [OFFT-NIO WKB | NIOFFT-IOWKR |ous”
Linear regime

Fquation of motion 3V, (A =V)"V,7) =3\/1-V— "R,

Ansatz from symmetries (i, u) = e"n(u)Y,,(0, P)

Sturm-Liouville

d _ap d - %
5% <u2(1 — V)3/2Eﬂ(u)> — 8%+ D(1 = V)z(u) + 3u*\/1 = Va(u) = 0 problem
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Fluctuation spectrum

Linear regime V2H

[OFFT-NLO WKB || NIOFFT-IOWKB | gm0

\/ U M

d _ . d _ _ Sturm-Liouville
5% — <u2(1 —~ V)3/2—7r(u)) — 8211+ D)(1 = V)Pa(u) + 3u™/1 — Va(u) = 0 oroblem

du du
Sturm-Liouville problem d dm 2
p(N—/| +q(nNz = — gyw(r)z 0<r<R;
dr dr
Tbe solutions c]g and & ore.ei.genvolues and I — 1 d [p(r) dﬂ] gDz | = qgﬂ
eigenvectors of the self adjoint operator L w(r) dr
Rcl
With the following weighted inner product  {n | m) = J w(r)rz (r)z, (r)dr =0,
0
5/2 d 2 d / 271 1 2 .2 p(l")
LIX] = cyX roLTu — V]—Jt —Lp—=V](l+ Dr=—rL"u—-Vigyn w(r)=r
dr dr CSZ(;/-)
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Fluctuation spectrum

. . -NLO WKB jj NIOFFT- T
Linear regime

Fquation of motion 3V, (A =V)"V,7) =3\/1-V— TR

Ansatz from symmetries (i, u) = e"n(u)Y,,(0, P)

d _ . d . _ Sturm-Liouville
5 — <u2(1 - V)”—rr(u)) = 81+ (1 = V) Pz(u) + 3u>/1 = Vzw) =0 5opjem

du du

| ; Eikonal and transport
WKB ansatz for the radial mode m(u) = es20+5w) | P
equations
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T

uctuation spectrum

2k
r
V(r) = u (R_>
cl

Linear regime

| LOFEFT-NLO WKB | NILOFFT-LOWKB |omaees S

D_ exp [z@ju\/ =l ] + D_exp l i\ffu\/ 2l ]
Y0011 = Viw) Y001 = T(w)

(1) = :
/ ”\/1 e \
Singularity in O Singularity in 1
B 2
D 90 = NG vy
Setu():OomdDJr:—D_:? 1/2
l

25
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T

uctuation spectrum

v =u (RL> w = V2 \/ U L
cl

In all three regimes, the radial mode satisfies a Sturm-Liouville problem.

! - 4(5¢; — Slc,) = _
High energy ;O — 1/(2k) n 1 2 —; — 324 0(—n2)
\/g ( s ) 374 7k(5¢0)4(c; — 9 02)3/4<”1(/2k)) \/ J7; U
i 2
Linear g = S

1/(2k)
Va('e)

Low energy 9 _ . 2k+D 1

() 1/(2k) DN T
\/§< 1/2> 2\/5%( o ) §




Fluctuation spectrum

0)21’2

2

[OFFT-NLO WKB || NIOFFT-IOWKB | gm0

Low energy  V(r) =

or the harmonic potential, the radial equation of motion is solvable exactly, giving
nypergeometric function:

() = u',F{(=n,n+ 1+ 2,3/2 + [; u?)

With spectrum:

dn
qo(n,l)=a)\/?(n Fl+2)+1, n,l=0,1,...

First excited states:
QO(Oal) — W

Descendant operators
QO(laO) = 2w

27
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Dynamic structure ractor

| LOFFT-NIO WKB i NIOFFT-IOWKB |pamaes SN
2
o @ = ¥ 1(018p7(@) | m) 125 (o — go(m) e v ”
n
Linear regime
Co naw
S (9o q ut—— sin? chlu ol qo
( Z (u)\ ) So(1)
4= S50
| - | [ 2(p = V()
The curve on which the Fourier integral localizes gy = ; q

Local density approximation

The dynamic structure factor peaks where §5(«) = 0

Go = 2_”q Type-I Goldstone boson

3
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Dynamic structure ftactor

[OFFT-NLO WKB || NIOFFT-1OWKR | guuts

Curve along which the dynamic structure factor peaks

2 4 ¢, —3c, g° , .

High energy 9o =1 /—”q 1 | 7o 't doesn't depend on the potentiall
3 15 CO M

| 2u
Linear qdo = ?q = C{q
From exact phonon field in a harmonic potential
i 2 (1 - 02
OW ener =14/— — .
gy 90 3 q G2 ik q():\z?ﬂ <q2_27>
30




Dynamic structure tactor

|OFFT-NIO WKB 1 NIOEFT-1O WKB

Curve along which the dynamic structure factor peaks <ﬁ - 1oo>
| - [2u i 4 ¢, =3¢, q°
Highenergy  90=14/ 579 15 ¢ u
. 2l/t
Linear GD=4/739=9

2:“ a)2k
Lowenergy  qo=1/—=x4q9\ 1 —O0CF=2)




Dynamic structure tactor

NLO WKB 1 NLOFEFT -10O WKRB

Curve along which the dynamic structure factor peaks <” = 1oo>
25 -
—
high energy i i
-

linear regime — 3

4 ™~

-

=

| | l ' 1




Closer to experiment
Cvylinder geometry

o L - TN,
w(t.r) = e'sin (K +2) ) e,k =—=

i." “‘i | ,’1197\
2scalesR,; ., R, \/ 7 fr, O .

1 \Z 1 4 | |
i I ] I \ 1
I ! L
: 1 I : \ ’l \ I ll R
) I \ \ clz
% | \ /] " \ / \ /
cl cl,r N v/
7
’ : N : \\ / \\ /
I — - — .
. I

We break isotropy S(qy, q)
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T

uctuation spectrum

2k
r
Wﬂ=M(R )
cl,r

In all three regimes, the radial mode satisfies a Sturm-Liouville problem.

| [OFFT-NILO WKB i NIOEFT-1O WKB

High energy EO o : : : 571 | —n"? + O(—n?)
\/_< 172 ) 37 mk(Sco) ey — 96‘2)3/4<1/1(/22k)> " "
- 2
Linear gy = S

1/(2Kk) Ry,
\/§< 1/2 ) /G_Rcz,z

1 +k 2
Low energy — =3 ! /3 T + -
r(1+3) S zk> F(%(“%))




Dynamic structure ftactor

[OFFT-NIO WKB | NIOFFT-IOWKR |ous”

Curve along which the dynamic structure factor peaks

2U 4 ¢, — 3¢, cﬁ
Highenergy 40 =1/ =54 1 5 o &
0
. 2
Linear do = ?Ch = 64,

24 1 ( q: 5 o Correction always convex
Low energy do =1\/ 5 4L (1 T = (—Z) — —0( k)) 4
Except whenn, = 0
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N column [/ L1 _2]

05 1 156 2 25 3

Comparison with experiment

920 |

z [pm]

20}

40 20 0 20 40
y [pm]

oo

-J
|

D
|

hw = hw, — ho,
hg = hk, — hk,

t
|
1

(N
1

|

wave vector ¢ [pum™!]
M

(N
|

ol

5! 10 15 20
distance between Bragg beams d [mm|]

—
I

-

Bragg spectroscopy

-
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Comparison with experiment

Dynamic structure factor

LInear

Yexp =

High energy 4o =

qdo =

Low energy 4o =

— 0.085(3)

2 4 01 — 302 q1
?Cﬂ

3

=
=

37



Conclusion

Scale study of Schrodinger invariant superfluid w K gy <K< u

Define 3 distinct regimes to compute the spectrum and dynamics structure factor
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