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Universality and the unitary limit

Schrédinger symmetry
Nuclear reactions with neutrons

Short-distance production of hadrons
= Summary and Outlook
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Universality

Universality: Physical systems with different short-distance behavior exhibit identical
behavior at large distances
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Universality

Universality: Physical systems with different short-distance behavior exhibit identical
behavior at large distances

m Condensed matter systems near critical point

P
* B I M0
‘ M<0 Tf T
T
piig/gas(T) = pe — £A(Te — T)" Mo(T) — A'(Te — T)”
Liquid-gas system Ferromagnet (one easy axis)
= Universality class determines critical exponents: B8 =0.325

m Scale invariance (often conformal invariance)
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Physics Near the Unitary Limit
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m Consider short-ranged, resonant S-wave interactions = halo state

m Unitary limit:a — oo, £ ~re — 0
v] ) v] [ V]I

To(k,k) o [ keots —ik ] ~i/k

—1/a+rek?/2+...

o Scattering amplitude scale invariant, saturates unitarity bound
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Physics Near the Unitary Limit

m Consider short-ranged, resonant S-wave interactions = halo state
® Unitary limit: @ — 0o, £ ~re — 0
v] ) v] ) V], VA2
. -1 i ' ' ' 15 4
Ta(k,k) o< [ kcotd ik ] i’k B B

—1/a+rek?/2+...

o Scattering amplitude scale invariant, saturates unitarity bound
. (cf. Schifer, Baym, PNAS 118, e2113775118 (2021))

Neutron Star

\
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Physics Near the Unitary Limit
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m Consider short-ranged, resonant S-wave interactions =  halo state
m Unitary limit:a — oo, £ ~re — 0
v] [ v] [ V],

Ta(k,k) o< [ keots —ik |7 ~i/k

—1/a+rek?/2+...

o Scattering amplitude scale invariant, saturates unitarity bound

m System has also (non-relativistic) conformal symmetry/Schrédinger symmetry
Mehen, Stewart, Wise, PLB 474, 145 (2000); Nishida, Son, PRD 76, 086004 (2007); ...

m Exploit approximate conformal symmetry for nuclear reactions with neutrons

ax~ -18.6fm, re~28fm =  1/(ma’) < E™ < 1/(mr?)
~—— ~——
0.1 MeV 5 MeV
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= Non-relativistic conformal symmetry: Schrédinger symmetry

o Galilei symmetry
space + time translations
rotations
Galilei boosts

o Scale transformations
x—erx, t—et, e My

o Special conformal transformations
X t
X — —, t— —, - =...
14 &t 14 ¢t vy
= preserves angles

m 12 Parameters
m Generators: H,P,L,K, D, C, satisfy Schrodinger algebra
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Spin-1/2 Fermions with zero-range interactions (|a| > re ~ £)
B e

Renormalization group equation: /\%gz =G2(1432)

Two fixed points:

—§.=0 < a=0 = nointeraction, free particles

—g2=-1< 1/a=0 = unitarylimit = conformal/Schrodinger symmetry

® Neutrons:a= —18.6 fm, re~28fm = closetounitarylimit = approximately conformal

= multineutron system can be described by conformal field
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Conformal field theory constraints
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® Two-point function of (primary) conformal field operator ¢/

: 2
Gu(t.x) = —i(Tu(t.x)u'(0,0)) = C % exp (mgf )

= Determined by symmetry up to overall constant C
= Two-point function in momentum space

2n\** (5 p’ a3
auter == (i) (3-2) (20 —)

o pole only for A = 3/2 (free field)
o branch cut for A > 3/2

= Non-relativistic analog of Georgi's unparticle (cf. Georgi, Phys. Rev. Lett. 98, 221601 (2007))
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Conformal field theory constraints
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® Imaginary part of propagator
p? —
§(w — %) A=
A—3
(w—g—z 20<w—%), A >
General U does not behave like a particle (“unparticle/unnucleus”) = continuous energy spectrum
Examples of unnuclei

o N free fields: U=1Pr...¢9y, M=Nmy, A=3N/2
o Ninteracting fields: &/ = ¢ ...4¥y, M=Nmy, A>3/2

Im Gy (w,p) ~

Nlw Nlw

m Corrections from finite aand ro  (Dutta, Mishra, Son, Phys. Rev. D 109, 016001 (2024); Beane, Orlando, Reffert, Phys. Rev.
D 112, 014028 (2025))

_5 C
ImGu(w,O)NwA 2‘9({,0) <1+a\/7;17w+czr0\/mw+...> s c, =0
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Scaling dimension < critical exponents
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= How to calculate scaling dimension A?  not given by symmetry — non-perturbative problem

(1) A can be obtained from field theory calculation
(2) A can be obtained from operator state correspondence

’ A of primary operator = (Energy of state in HO)/Aw

(Nishida, Son, Phys. Rev. D 76, 086004 (2007))

N| S |L| o | A | Apee = Connection between A and
2] 00 P12 2 3 energy of particles in a trap
3|12 |1 ra Vit 427272 | 55

31120 Y1V Virhy 4.66622 | 6.5 m Predictions for N < 70 avail-
410 |0 Y12 Vi Vjahe 5.07(1) 8 able (Endres et al., PRA 84, 043644
512 | 1| vnoVihVioVin | 7.6(1) | 10.5 201
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Large charge expansion
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m A can be calculated in large charge
(= large N) expansion

m NLO* describes general trend well even
at low N (one-parameter fit)

m Pairing effect?

Aq(Q)

50

40

30

20

b v AFMC, DMC  Carlson and Gandolfi (2014)
A GFMC Chang and Bertsch (2007) i

r = ECG Yin and Blume (2015) =4
®  LATTICE  Endres et al (2011) N : >
— Lo 3

[ A

—  NLO

5 10 15 20

S.R. Beane, D. Orlando, S. Reffert, Phys. Rev. D 112, 014028 (2025)
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Reactions with neutrons

m High-energy nuclear reaction with multi-neutron final state
(HWH, Son, Proc. Nat. Acad. Sci. 118, €2108716118 (2021))

\@, — A\@Z"
T, Az/ ~,
AMC? + Ep, + Ea, = Eg + Ey

2
= Assumption: energy scale of primary reaction > E;; — 25\)47 = E™

- do
® Factorization: E” |Mp,,»ma,y|21m Gu(Eu,p) (cf. Briceno, Costa, HWH, Phillips, arXiv:2605.22805)

m Reproduces Watson-Migdal treatment of FSI for 2n
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= Two ways to do experiments

(a) detect recoil particle B Z—Z ~ (Eo —Eg)2~%2,  Ey = (1+ Mg/My) "Egin

E)((:mS)A75/2

icles i ; d
(b) detect all final state particles including neutrons: di; ~ (EST
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Conformal symmetry and reactions with neutrons
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= Two ways to do experiments

(a) detect recoil particle B Z—Z ~ (Eo —Eg)2~%2,  Ey = (1+ Mg/My) "Egin

. ) . d
(b) detect all final state particles including neutrons: d—z ~ (ESTS)A—5/2

® 2n case can be understood from dimer propagator in halo/pionless EFT (A = 2)

1 Enn
G Enn, 0 ~N = I G Enn, 0 ~
a(Em, 0) 1/a + iv/MmEm m Gg(En. 0)

= See also (Gabel et al,, Phys. Rev. C 104, 024001 (2021)) for ®He(p, par)2n

(m32)71 + Enn
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Predictions for relative energy distributions
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m Power law behavior at low energies

2.57

E : ]
g2 mN=5: E® 5 F5
2E g’ . 05 a N — F10-5 -2
s —— — E - -
5L ] m
E‘ E . E ...
= ‘ — 2on 4 m Predictions for N < 70 available
5 @ — & i (M.G. Endres et al., PRA 84, 043644 (2011))
i g’ = No peak except for 2n
0.1 ‘ — 1 ‘ — ‘10 ‘ —

Ele

nn

Braaten, HWH, Phys. Rev. D 107, 034017 (2023)
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3n reaction calculations

® Radiative muon/pion capture on the triton (AV18 + UIX)

1.5
0.6
3 o 04
g E
Y o
5osp § 02
K R B ° 05T 18 25
ESH [MeV] E3n [MeV]
Golak et al., PRC 98, 054001 (2018) Golak et al., PRC 94, 054001 (2016)

= Conformal prediction: dI/dE ~ (Es,)*?%"27%/2 ~ (E3,)" 77?2, 0.1 MeV < Ez, < 5 MeV
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Large charge expansion
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0.7 T T T 7 T T
® J. Golak ct al (2018) :
0.6F === free fixed point
. . . . = — unitarity fixed point
= Radiative pion capture on the triton & o5 — gé’g’)‘) comections
0 _— r3) corrections
(AV18 + UIX) S 04— O cometions
m Can be calculated in large charge o 0%
(= large N) expansion S oaf
=
m Large 1/a corrections = oaf
® Can be calculated in pionless EFT 0. e = 5 55 >

E [MeV]

S.R. Beane, D. Orlando, S. Reffert, Phys. Rev. D 112, 014028 (2025)
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3n system in pionless EFT

® Point-production amplitude in pionless EFT

“BikT —in
Kt

oy P By

= Reproduces conformal behavior (Backert, Dietz, HWH, Kénig, Son, Phys. Rev. C 113, 064001 (2026))

107 -
_________ 108
_wp T = 10
S <0 P-Wave
10%F )
- -~ ELTT
5 L 0 L L e s—re———ree?
107 10° 10! 10 107! 10" 10! 10%
E [MeV] E [MeV]

® Free and unitary limit exponents reproduced, range corrections very small
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= 3n case consistent with previous experiments for *H(zw~,~)3n  (Miller et al.,, Nucl. Phys. A 343, 347 (1980))
m 3n distributions from *H(®H,%He)3n  (Miki et al., Phys. Rev. Lett. 133, 012501 (2024))

17 T T 150 . . . 5 -

F 3,3 / L3 3 7/ ]

[ "H(t'He)3n q =22MeVic Lash HG He)3n g =40 MeV/c ]

— 0.8 1 1 ]
IS —— pionless EFT = [ [— pionless EFT 1
B pionless g pionless ]
= | o cEy s f i
%06 | A Mikietal, PRL (2024) 4 [ ]
s 3 [ ]
E T E075F 3
£ 04l g 2 r ]
g I g osf 3
N_f [ Ng 5 ]
o2 N 0251 B

L N I B B L N N B B
05 1 5 05 1 5

3 2 3
E, [MeV] E,, [MeV]

3n

= Small gcm data consistent
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= Search for tetraneutron resonances in ®He(p, pa)4n (M. Duer et al., Nature 606, 678 (2022))

[ * ®He(p, pHe) S
30 |- — “nresonance
r -~ Continuum
3 [ — Background les' spae
=3  — Total !
N 20 E56
5 [
o [
2
‘é ‘ 3
[ 2.
S top E*® couformal
OTHHHHHIHL 1 // ; >
C,
-20 0 20 40 60 =] 5 E,,_,,M /Mcv

m Structure from initial state?

m Dineutron correlations can produce peak (Lazauskas, Hiyama, Carbonell, Phys. Rev. Lett. 130, 102501 (2023))
(cf. Zhang, Elhatisari, MeiRner, arXiv:2512.18849)
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= New cC states at B factories: X, Y, Z w2 1
(cf. Godfrey, arXiv:0910.3409) ;
o Challenge for understanding of QCD Py s
o Unitary limit relevant?
m X(3872) (Belle, CDF, BaBar, DO, LHCb)
= Nature of X(3872)?

o DOD%*-molecule, tetraquark, charmonium s,
hybrid, ... 000

0T 1T T 0t 1T 2T 2T 2 3 ?

H
g3

Mass (MeV)

g

my = (3871.65+ 0.06) MeV, I = (1.1940.21)MeV, J°=1"" (PDG2023)

= Assumption: X(3872) is weakly-bound D°-D%*-molecule
= [X) = (D°D°) + |D°D°*))/V2, Bx = (0.07 & 0.12) MeV ~ 1/(2ppp+a?)
= universal properties  (Braaten et al., 2003-2008; ...)
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= Approximate unparticles of three D°/D°_* mesons
= Interaction of X(3872) with D°, D°, D%, D°* determined by large a
(Canham, HWH, Springer, PRD 80, 014009 (2009))

aD(JX = —973 aD*OX = —1663

® Richer structure because of X(3872) (bound state)

D*U DO
two charm mesons
(a) o——x
DU D*U
D*li Dll X
(b) Do D
three charm mesons
DO D° D

February 10, 2026 | Department of Physics | Institute for Nuclear Physics | H.-W. Hammer | 21



Neutral charm mesons and X(3872) TECHNISCHE
UNIVERSITAT

DARMSTADT

= Approximate unparticles of three D° /D% mesons

= Interaction of X(3872) with D°, D°, D%, D°* determined by large a
(Canham, HWH, Springer, PRD 80, 014009 (2009))

aD(JX = —973 aD*OX = —1663

® Richer structure because of X(3872) (bound state)

D*O DO
two charm mesons
(a) o——x
D“ Dxli
D D X
(b) o< Do o< Do <
three charm mesons
D(l DU D(J
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Scaling Behavior

= Universal scaling for unparticles of three neutral charm mesons
(Braaten, HWH, Phys. Rev. Lett. 128, 032002 (2022))

Henkel, Unterberger, Nucl. Phys. B 660, 407 (2003)
Fuertes, Moroz, Phys. Rev. D 79, 106004 (2009)
Volovich, Wen, JHEP 05, 087 (2009)

dR/dE [arbitrary units]

1
Elley|

XD point production

dr _ _ :
E~E (Br+82=83)/2\2\/E ~ 1 forE/|ex| >1  from conformal 3-pt. function
A1=3/2, Ay=2, A3~3.10119/3.08697 (Braaten, HWH, Phys. Rev. D 107, 034017 (2023))

February 10, 2026 | Department of Physics | Institute for Nuclear Physics | H.-W. Hammer | 22



Scaling Behavior
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= Universal scaling for unparticles of three neutral charm mesons
(Braaten, HWH, Phys. Rev. Lett. 128, 032002 (2022))

§ R L-o 4
g g 0.1 Let o 3
° L //’/ S \\\\\ 4
Bl 0 o (l.‘(]l ¢ ' E/\/\' ] b 100
XD point production XD elastic scattering
dR —(A1+Ag—A3) /242 0.1 -1.6
~ (E VAVE ~ E*, o~E for E/|ex| > 1

dE

£=3/2, DA,=2, A3~3.10119/3.08697

February 10, 2026 | Department of Physics | Institute for Nuclear Physics | H.-W. Hammer | 23



1
Summary and Outlook

TECHNISCHE
UNIVERSITAT
DARMSTADT

Universality in strongly interacting quantum systems
® High-energy nuclear reactions with final state neutrons

= (approximate) conformal symmetry
= power law behavior of observables determined by scaling dimension A

Model-independent constraints on (certain) nuclear reactions
m Connection between reactions & properties of trapped particles
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Summary and Outlook
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Universality in strongly interacting quantum systems
= High-energy nuclear reactions with final state neutrons

= (approximate) conformal symmetry
= power law behavior of observables determined by scaling dimension A

Model-independent constraints on (certain) nuclear reactions
m Connection between reactions & properties of trapped particles
Understand difference between 3n and 4n, initial state dependence

Other applications & extensions
o Neutral charm mesons, bottom mesons (Lin, HWH, Meilner, JHEP 04, 092 (2026))
o Two-component fermions in ultracold atom physics
o Systems with the Efimov effect?

= bosonic atoms, nucleons, « particles
= only discrete scale symmetry, complex scaling dimensions
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