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What is NRCFT?

Consider the symmetries of the Schrödinger equation in  space dimensions,
d

(i∂t +
∇2

2M ) Ψ(t, ⃗x) = 0

 Spatial and time translations, galilean boosts, spatial rotations and  rotations (Particle conservation)U(1)

Also, scale transformation D and conformal transformation C

Ψ(t, ⃗x) → eλd/2Ψ(e−2λt, e−λ ⃗x)

Ψ(t, ⃗x) → (1 − ct)−d/2e
−iM ⃗x2c
1 − ct Ψ(

t
1 − ct

,
⃗x

1 − ct
)



What is NRCFT?

Fermions with short range interaction, with large scattering length.

Strongly interacting system!

Quantum mechanics Second quantised version

ℒ = ∑
σ=↑↓

ψ†
σ (i∂t +

∇2

2 ) ψσ + cψ†
↓ψ†

↑ψ↑ψ↓ .

c is irrelevant: needs renormalisation + tuning 

This system enjoys scale and conformal symmetries (akin to free Schrödinger equation):
Φ(t, ⃗x) → eλΔΦΦ(e−2λt, e−λ ⃗x)

Φ(t, ⃗x) → (1 − ct)−ΔΦe
iNΦ ⃗x2c
1 − ct Φ ( t

1 − ct
,

⃗x
1 − ct )

Fixed point

Can define primary operators  with dimensions  and particle number Φ(t, ⃗x) ΔΦ NΦ

[Nishida & Son 2007]

convention: Nψ = − 1Fermions at unitarity



Where is NRCFT?

π− + 3H → γ + 3n

ℏ2

2ma2
n

∼ 0.1 Mev ≤ E3n ≤ 5 Mev ∼
ℏ2

2mr2
n

Within this energy range, the three-neutron state can be effectively 
described by a local operator in the NRCFT of fermions at unitarity.

[Son & Hammer 2021, 
SDC, Mishra & Son 2023, 
Beane, Orlando & Reffert 2025]

[Golak et al 2018] 

EΔ3n−5/2
3n

 an ∼ − 19 fm, rn ∼ 2.8 fm

Δ3n = 4.2727

ref: HWH’s talk



Droplets of  atoms are energetically unstable unless number of atoms 3He > 20 − 40
[Pandharipande et al 1986, …..]

[Son, Stephanov & Yee 2021]

ℒ = Ψ† (i∂t +
∇2

2mΨ ) Ψ + LNRCFT[ψa] + g(O†Ψ + Ψ†O), O = ψ N
a

 describes the resonance and  describes the particles that constitute the resonance.  Ψ ψa

Γ(E) ∼ EΔO−5/2

Where is NRCFT?

The decay rate of a near-threshold boson droplet (into free atoms) has universal scaling behaviour.

“effectively” described by

Γ(E) ∼ Im ΣΨ

Lowest dimensional N-boson 
operator.



Why is NRCFT?

Can we measure the momenta/energy distribution of neutrons/decay of droplet of  atoms 
in such experiments? 

He

?∼
⟨O(q)𝒟( ̂n1)⋯𝒟( ̂nk)O†(q)⟩

⟨O(q)O†(q)⟩

Constraints due to galilean, conformal symmetry?

Is there an operator definition of these observables analogous to relativistic 
CFTs?

Potentially useful for high precision low energy experiments 
proposed in T. Aumann et al (2020) ……

=
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hiOi
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Figure 2: In an experiment involving a QFT Q, the probe (hammer) can be expanded in op-

erators Oi that are int
rinsic to Q, schematically eq. (1.1). Similarly, a far-away measurement

apparatus (camera) can be expanded in detectors Di that are intrinsic to Q, eq. (1.2). These

twin expansions cleanly separate the details of the experiment (contained in the coe�cients

hi and cj) from the dynamics of the theory (encoded in matrix elements hOi|Dj|Oki).

local operator
detector

“measure at a point” “measure in cross-sections”

UV divergence
IR divergence

need to renormalize need to renormalize

theory-dependent
theory-dependent

OPE
light-ray OPE

radial quantizatio
n

?

Table 1: A comparison between local operators an
d detectors.

of energy. The lac
k of IR-safety manifests as IR/coll

inear divergences
in perturbation theory.

After suitably renormalizing the detector to remove the divergence
s, we obtain a new “good”

observable, but it
s anomalous dimension (suitably-defined)

is theory-depende
nt.

Recall that the sp
ace of local operat

ors has a simple nonperturbati
ve definition via radial

quantization in the UV CFT: it is its Hilb
ert space of states on Sd�1. Thus, local opera

tors

provide a basis of fundamental objects in which measurements at a point can be expanded.

Similarly, detectors provide a basis of fundamental objects in which measurements near in-

finity can be expanded, see figure 2. However, we do not currently possess a similarly clean

nonperturbative definition of the space of detectors. They are less well-understood objects,

and we seek to explore them in this work, focusin
g mostly on the case of conformal theories.

We summarize the analogy between detectors and local operators in
table 1.

The simplest kind of detector is the i
ntegral of a local operator alon

g a light-ray at future

null infinity I+. In this case, the way renormalization works is easy to understand: the

renormalized detector is the null integral of a
renormalized local operator. For example, in

a free scalar theory, the operator EJ just mentioned can be defined for even integer J � 2

as a null-integral of OJ = �@µ1
· · · @µJ

�. When interactions are turned on, OJ gets an

anomalous dimension, and thus so does EJ , leading to a nontrivial depend
ence on infrared

scales characterizi
ng the measurement.
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FIG. 1. A nuclear reaction with an unnucleus U (represented by the shaded region) in the final

state.

where A1 and A2 are some initial particles, B is a particle and U is the unnucleus. For

simplicity, we assume all particles involved in the reaction are nonrelativistic, though our

main conclusion requires that only U is. We work in the center-of-mass frame. The total

kinetic energy available to final products is

Ekin = (MA1 +MA2 � MB � MU)c
2 +

p2A1

MA1

+
p2A2

MA2

. (11)

Unless U is a particle, the energy spectrum of B is continuous. Let E and p be the energy

of the particle B, E = p2/2mB. We are interested in the di↵erential cross section d�/dE.

We can think about a term in the e↵ective Lagrangian

Lint = g U †B†A1A2 + h.c. (12)

where g is some coupling constant. The di↵erential cross section can be computed to be

d�

dE
⇠ |M|2

p
E ImGU(Ekin�E,p). (13)

For the Lagrangian (12) M = g, but in principle M can contain dependence on the momenta

of the incoming and outgoing particles. The statement of Eq. (13) is that the cross section

can be factorized into two parts, one (encoded by M) corresponding to the primary process

A1+A2 ! B+U , the other (encoded by ImGU) corresponding to the final-state interaction

between the constituents of U . Such a factorization requires that the energy scale of the

primary scattering process is much larger than that of the interaction between the neutrons

and is the essence of the Watson-Migdal approach to final-state interaction [6, 7].

According to Eq. (9),

ImGU(Ekin�E,p) ⇠
✓
Ekin � E � p2

2MU

◆�� 5
2

=


Ekin �

✓
1 +

MB

MU

◆
E

��� 5
2

. (14)

Denote the maximal value of the recoil energy received by the particle B as

E0 =

✓
1 +

MB

MU

◆�1

Ekin. (15)
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Warmup: free theory

ℒ = ∑
σ=↑↓

ψ†
σ (i∂t +

∇2

2m ) ψσ .

How does one define detectors in free theories, e.g., non-relativistic fermions ?

Want to measure energy deposited at large distance from the collision event. 

ℰ( ̂n) = ∑
σ=↑,↓

∫ ⃗k

k2

2m
a†

σ(k)aσ(k)δ(2)( ̂k − ̂n) ψ(t, ⃗x) = ∫ ⃗k
ei( ⃗k ⋅ ⃗x − ⃗k2

2m t)aσ(k),

n
n

n
n

detector

 The detector literally measures energy per particle that is deposited at ̂n

Want a more theory independent / operator version!



Warmup: free theory

lim
r→∞

ψ ( m
k0

r, r ̂n) = lim
r→∞ ∫ ⃗k

e
i(knr − (k2n + k2

⊥)
2m

m
k0

r)aσ(k)

≃ ( −ik0

2πr )
3
2

aσ(k0 ̂n) + O ( 1

r 5
2 )

Rewriting the energy detector as flux

⃗kn = ̂n ⋅ ⃗k ̂n, ⃗k⊥ = ⃗k − ⃗kn

ℰ( ̂n) =
1

2m ∫ dk0 k0 lim
r→∞

r3n ( m
k0

r, r ̂n) =
1
2 ∫ dk0 lim

r→∞
r3 ̂n ⋅ ⃗j ( m

k0
r, r ̂n) .

A more theory-independent definition

n(t, ⃗x) = ∑
σ=↑,↓

ψ†
σ(t, ⃗x)ψσ(t, ⃗x),

ji(t, ⃗x) =
−i
2m ∑

σ=↑,↓
(ψ†

σ(t, ⃗x)∂i
⃗xψ(t, ⃗x) − ∂i

⃗xψ†
σ(t, ⃗x)ψσ(t, ⃗x)) .

Valid beyond free theory, as we will show.



Warmup: free theory

r = 0

I +

I →

i+

i→

i0|v| < c

r, t→↑, t/r = 1/|v|

massive particles: E(v, n̂)

massless particles: E(n̂)

ℰ( ̂n) = ∫
∞

0
dv ℰv( ̂n), ℰv( ̂n) =

m
2

lim
r→∞

r3 ̂n ⋅ ⃗j ( r
v

, r ̂n) =
mv
2

lim
r→∞

r3 ⃗n ( r
v

, r ̂n)

graded by “velocity”   v =
k0

m

[Mateu, Stewart & Thaler 2012]

Analogy with detectors for massive particles in relativistic setting

⟨ℰv( ̂n)⟩O(ω, ⃗k) ≡
1
2 limr→∞ r3⟨0 |O(ω, ⃗k) ̂n ⋅ ⃗j( r

v , r ̂n)O†(ω, ⃗k) |0⟩

⟨0 |O(ω, ⃗k)O†(ω, ⃗k) |0⟩
.

we will be primarily interested in one-point functions of the detector:

∫ dΩ ̂n ∫ dv ⟨ℰv( ̂n)⟩O(ω, ⃗k) = ω .

In free theory, particles travel in straight lines to spatial infinity,

We set  for remainder of the discussion.m = 1



Detectors in general NRCFTs

Not  so obvious in interacting theory

∫ dΩ ̂n ∫ dv ⟨ℰv( ̂n)⟩O(ω, ⃗k)
?= ω .

• Existence of  

• Schrödinger symmetry 

ji, n ℰ( ̂n) = ∫
∞

0
dv ℰv( ̂n),

ℰv( ̂n) =
1
2

lim
r→∞

r3 ̂n ⋅ ⃗j ( r
v

, r ̂n) =
v
2

lim
r→∞

r3 ⃗n ( r
v

, r ̂n)

continues to be a good detector definition even in interacting theory!



❅
❅
❅❅A

B
Pj Kj D C H

Pi 0 −iδijN −iPi −iKi 0

Ki iδijN 0 iKi 0 iPi

D iPj −iKj 0 −2iC 2iH

C iKj 0 2iC 0 iD

H 0 −iPj −2iH −iD 0

NRCFT basics

[H, N] = [H, Pi] = [H, Mij] = 0, [N, any] = 0

Rotations, translations, galilean boosts, dilatations and special conformal transformations, generated by the set  
                                                                      
                                                                      {Mij, Pi, Ki, D, C}

[n( ⃗x), n( ⃗y)] = 0, [n( ⃗x), ji( ⃗y)] = − in( ⃗y)∂x
i δ

(3)( ⃗x − ⃗y),

[ ji( ⃗x), jj( ⃗y)] = − i (jj( ⃗x)∂x
i + ji( ⃗y)∂x

j ) δ(3)( ⃗x − ⃗y) .

 admit a representation in terms 
of 
{Mij, Pi, Ki, D, C, N}

n, ji

[Nishida & Son 2007]



Local operators, are labelled as primary if,

[Ki, O(0,0)] = 0, [C, O(0,0)] = 0

Descendants which are generated by  and Pi H

[H, O] = − i∂tO, [Pi, O] = − i∂iO

[D, O(0,0)] = ΔO O(0,0), [N, O(0,0)] = NO

They are also usually labelled by two quantum numbers,

[Ki, jj(t, ⃗x)] = − it∂i
x jj(t, ⃗x) + iδijn(t, ⃗x), [C, ji(t, ⃗x)] = − i (t2∂t + t ⃗x . ∂ ⃗x + tΔj) ji(t, ⃗x) + i ⃗xin(t, ⃗x)

While  transforms like a primary operator  does not,n ji

NRCFT basics

“Alien operator”: neither primary nor descendants
[Golkar & Son 2014]



State-operator correspondence 

[Nishida & Son 2007,  
Goldberger, Khandker & Prabhu 2014, 
Boisvert, Fadda, Kulp & Yazdi 2025 ]

Operators are in one-to-one correspondence with eigenstates of the system in harmonic potential.

Hω = H + ω2C, |O⟩ = e
−H
ω O†(0,0) |0⟩

Hω |O⟩ = ωΔO |O⟩

O(t, ⃗x) = (cos τ)ΔOexp(−
i
2

NO ⃗y2 tan τ) Õ(τ, ⃗y)

Primary operators transform in the following way:

Operator in the oscillator frame.

(we set  (not to be confused with frequency/energy) for the rest of the talk)ω = 1



Detector in harmonic trap

ji(t, ⃗x) = (cos τ)4[j̃i(τ, ⃗y)+tan τ ⃗yiñ(τ, ⃗y)], n(t, ⃗x) = (cos τ)3 ñ(τ, ⃗y),

The current and charge density transform as: 

Detector limit:  t =
r
v

, ⃗x = r ̂n, r → ∞ ⟹ τ =
π
2

, ⃗y = v ̂n

ℰv( ̂n) =
v4

2
ñ ( π

2
, v ̂n) .

Pictorial representation of  in 

harmonic trap geometry
∫ dΩ ̂n ∫ dv ℰv( ̂n)



Ward identities and symmetries

∫ dΩ ̂n ∫ dv ℰv( ̂n) = ∫ d3 ⃗v
⃗v2

2
ñ ( π

2
, ⃗v) .

Harmonic trap/oscillator frame immediately makes the symmetries manifest!

∫ dΩ ̂n ∫ dv ℰv( ̂n) = ei(H+C) π
2 (∫ d3 ⃗v

⃗v2

2
ñ (0, ⃗v)) e−i(H+C) π

2 .

since , this is just the flat-space conformal generator!ñ(0, ⃗y) = n(0, ⃗y)

∫ dΩ ̂n ∫ dv ℰv( ̂n) = H .     Using  sub algebra of schrödinger symmetry:
SO(2,1)

[H, C] = − iD, [D, C] = − 2iC, [D, H] = 2iH

Our detector therefore measures total energy injected into the system.



Ward identities and symmetries

Harmonic trap geometry motivates us to also propose new detector observables measuring charge and total spatial momentum, 

∫ d3 ⃗v ñ ( π
2

, ⃗v) = N, ∫ d3 ⃗v ⃗vi ñ ( π
2

, ⃗v) = Pi

With the final set of ward identities,

1
2 ∫ d3 ⃗v ⃗v2 ⟨ñ ( π

2
, ⃗v)⟩O(ω, ⃗k) = ω, ∫ d3 ⃗v ⟨ñ ( π

2
, ⃗v)⟩O(ω, ⃗k) = − NO, ∫ d3 ⃗v ⃗vi ⟨ñ ( π

2
, ⃗v)⟩O(ω, ⃗k) = ⃗ki .

Valid for any (interacting) NRCFT.



Ward identities and symmetries

We are interested in the one point function of the detectors in states created by primary operators.

⟨O(ω, ⃗k) ñ ( π
2

, v ̂n) O†(ω′￼, ⃗k′￼)⟩ δ(ω − ω′￼) δ(3)( ⃗k − ⃗k′￼) F(v ̂n, ⃗k, ω)
time and spatial translation invariance

F(v ̂n, ⃗k, ω) galilean and scale invariance (ω +
k2

2NO )
ΔO−4

f
v ̂n +

⃗k
NO

ω + k2

2NO

f is an unconstrained function

• determine  for : sufficient due to Galilean invariance.


• verifying ward identities for   ward identity for .

f ⃗k = 0

⃗k = 0 ⟹ ⃗k ≠ 0



Examples: Free fermions

ℋ = ℋ0 ⊗ ℋ1,0 ⊗ ℋ0,1 ⊗ ℋ1,1 ⊗ ℋ2,0 ⊗ ⋯

Hilbert space characterised by fixed number of spin up and spin down particles.

Ψ({ ⃗xi; ⃗yj}) ≡ Ψ( ⃗x1, ⃗x2, …, ⃗xm; ⃗y1, ⃗y2, …, ⃗yn)with multi-particle wave functions

anti-symmetry due to Pauli exclusion principle

1
p! q!

ϕ1( ⃗x1) ⋯ ϕ1( ⃗xp)
⋮ ⋱ ⋮

ϕp( ⃗x1) ⋯ ϕp( ⃗xp)
×

χ1( ⃗y1) ⋯ χ1( ⃗yq)
⋮ ⋱ ⋮

χq( ⃗y1) ⋯ χq( ⃗yq)

Simple for free fermions

Also need local operators, that create the states from vacuum:  OQ
Degree  polynomial of  and arbitrary number of 
derivatives to account for Pauli exclusion principle

Q ψ↑, ψ↓

Focus on primary  OQ ⟨OQ(t, ⃗x)O†
Q(0,0)⟩ =

Ce− iQ ⃗x2
2t

tΔOn

ℒ = ∑
σ=↑↓

ψ†
σ (i∂t +

∇2

2 ) ψσ .



Examples: Free fermions

Warm up with two particle states: outcome is kinematically constrained.

Ofree
2 (t, ⃗x) = ψ↓ψ↑(t, ⃗x)

| ⃗k1, ⃗k2⟩ = ∫ ⃗x, ⃗y
Ψ ⃗k1, ⃗k2

( ⃗x, ⃗y)ψ†
↓ ( ⃗y)ψ†

↑ ( ⃗x) |0⟩, Ψfree
⃗k1, ⃗k2

( ⃗x, ⃗y) =
1
V

ei( ⃗k1⋅ ⃗x+ ⃗k2⋅ ⃗y) .

states created by the local operator:

which overlap with the two particle sector of the hilbert space,

(We normalise our wave functions in a box of 
volume  and take continuum limit in the end.)V

⟨O2(ω, ⃗k)ℰ( ̂n)O†
2 (ω′￼, ⃗k′￼)⟩ ⟹ ⟨ℰv( ̂n)⟩free

O2(ω,0) =
1

2π ω
v4δ(ω − v2)

Insert  due to particle number conservation,∑
ki

| ⃗k1, ⃗k2⟩⟨ ⃗k1, ⃗k2 |

v =
→
ω

v =
→
ω

• consistent with physical picture.


• verified using two different definitions of ℰ( ̂n)

↑ ↓



Examples: Free fermions
Three particle states: Non-trivial

ϵ ⋅ O3, Oi
3(t, ⃗x) = ψ↑ψ↓∂iψ↑(t, ⃗x)states created by the local operator:

| ⃗k1, ⃗k2, ⃗k3⟩ = ∫ ⃗xi

Ψ(3), free
⃗k1, ⃗k2, ⃗k3

( ⃗x1, ⃗x2, ⃗x3)ψ†
↑ ( ⃗x1)ψ†

↓ ( ⃗x2)ψ†
↑ ( ⃗x3) |0⟩, Ψ(3), free

⃗k1, ⃗k2, ⃗k3
( ⃗x1, ⃗x2, ⃗x3) =

1

2V3/2 (ei( ⃗k1⋅ ⃗x1+ ⃗k3⋅ ⃗x3) − ei( ⃗k1⋅ ⃗x3+ ⃗k3⋅ ⃗x1)) ei ⃗k2⋅ ⃗x2

with the corresponding three particle Hilbert space

a spin one operator 

∫
∞

0
dv ⟨ℰv( ̂n)⟩free

ϵ⋅Oℓ=1
3

= ∫
4ω
3

0
dv

9v4 12ω − 9v2 ((4ω − 3v2) + 9v2 cos θ2)
32π2ω3

, ϵ ⋅ ̂n = cos θ

Kinematic configuration for the maximal velocity
• Also for scalar primary operators 


• Free bosons

v =

√
4ω
3

v =

√
ω
3

v =

√
ω
3

↑
↑

↓

Appears naturally due to energy-momentum conservation!

in the figures, ω = 1



Examples: Fermions at unitarity

Ψ({ ⃗xi; ⃗yj}) ≡ Ψ( ⃗x1, ⃗x2, …, ⃗xm; ⃗y1, ⃗y2, …, ⃗yn)

anti-symmetry due to Pauli exclusion principle

ℒ = ∑
σ=↑↓

ψ†
σ (i∂t +

∇2

2 ) ψσ + cψ†
↓ψ†

↑ψ↑ψ↓ .

c is irrelevant: needs renormalisation + tuning 

Ψ( ⃗xi, ⃗yj) →
C0 ( ⃗xi + ⃗yj

2 )
| ⃗xi − ⃗yj |

+ O( | ⃗xi − ⃗yj | )

−iT(p)−1 → −
1

4π
p2

4
− p0 − iϵ,

1
4πa

= −
1
c

+ ∫
d3q

(2π)3

1
q2

, a → ∞

Unitarity condition: solve the free many-body Schrödinger 
equation with Bethe-Peierls boundary condition. 

ℋ = ℋ0 ⊗ ℋ1,0 ⊗ ℋ0,1 ⊗ ℋ1,1 ⊗ ℋ2,1 ⊗ ⋯

n(t, ⃗x) = ∑
σ=↑,↓

ψ†
σ(t, ⃗x)ψσ(t, ⃗x),

ji(t, ⃗x) =
−i
2 ∑

σ=↑,↓
(ψ†

σ(t, ⃗x)∂i
⃗xψ(t, ⃗x) − ∂i

⃗xψ†
σ(t, ⃗x)ψσ(t, ⃗x)) .

A non-perturbative definition



Examples: Fermions at unitarity

Ψ(2)
⃗P cm,k

( ⃗x1, ⃗x2) =
1

2πRmaxV
cos k | ⃗x1 − ⃗x2 |

| ⃗x1 − ⃗x2 |
ei ⃗P cm⋅ ⃗x1 + ⃗x2

2 , E ⃗P cm,k =
P2

cm

4
+ k2,

Two-particle sector

Wavefunction:

O2(t, ⃗x) = lim
| ⃗y|→0

| ⃗y |ψ↑(t, ⃗x +
⃗y

2
)ψ↓(t, ⃗x −

⃗y
2

), Δ = 2Local operator:

relative coordinate  confined in a sphere with radius  r Rmax

⟨ℰv( ̂n)⟩interacting
O2(ω,0) =

ω
2π

v2δ(ω − v2)

Kinematically trivial and (almost) same as free theory!

[Nishida & Son 2007]

v =
→
ω

v =
→
ω

↑ ↓

The function   is different f



Examples: Fermions at unitarity

[Efimov 1971, 
Felix Werner thesis, 
SDC, Mishra & Son 2023]

Three-particle sector

|Ψ(3)⟩ =
1

2 ∫d3 ⃗x1 d3 ⃗x2 d3 ⃗x3 Ψ(3)( ⃗x1, ⃗x2, ⃗x3)ψ†
↑ ( ⃗x1)ψ†

↓ ( ⃗x2)ψ†
↑ ( ⃗x3) |0⟩ .

Wavefunction:

anti-symmetry due to Pauli exclusion principle

Ψ(3)( ⃗x1, ⃗x2, ⃗x3) →
C0 ( ⃗x1 + ⃗x2

2 )
| ⃗x1 − ⃗x2 |

+ O( | ⃗x2 − ⃗x2 | ), Ψ(3)( ⃗x1, ⃗x2, ⃗x3) →
−C0 ( ⃗x3 + ⃗x2

2 )
| ⃗x3 − ⃗x2 |

+ O( | ⃗x3 − ⃗x2 | ),

Unitarity condition:

Local operators: Ol,m,s
3 (t, ⃗R cm), Δ(ℓ) = s +

5
2

Infinite number of charge three operators labelled by  (determined by the properties of )s, ℓ, m Ψ(3)

ℓ = 0 : Δ = 4.666,7.627,9.614,⋯2n +
7
2

,

ℓ = 1 : Δ = 4.273,6.878,8.216,⋯2n +
5
2

.



Examples: Fermions at unitarity

Scalar operator:                       Oℓ=0,interacting
3 , Δint

Oℓ=0
3

= 4.666 Oℓ=0,free
3 = ψ↓ψ↑ ∇2ψ↑ − 2∇iψ↓ψ↑ ∇iψ↑, Δfree

Oℓ=0
3

=
13
2

ρℓ=0
3 (v) =

4π
ω

⟨ℰv( ̂n)⟩Oℓ=0
3 (ω, ⃗k)

v =
ω
3

v =
4ω
3

(Integrable) divergences in the interacting wavefunction 
in these configurations due to the unitarity condition.

v =

√
4ω
3

v =

√
ω
3

v =

√
ω
3

↑
↑

↓



0.0 0.2 0.4 0.6 0.8 1.0
v0.00

0.05

0.10

0.15

0.20

0.25

0.30

ρ3m(v)

m=0
m=1

ρ3(v, θ) =
2π
ω (cos θ2

ϵ ⟨ℰv( ̂z)⟩Om=0
3 (ω, ⃗k) + sin θ2

ϵ ⟨ℰv( ̂z)⟩Om=1
3 (ω, ⃗k))

Spin one operator:                       ϵ ⋅ Oℓ=1
3 , Δint

ϵ⋅Oℓ=1
3

= 4.273

Examples: Fermions at unitarity

ϵ ⋅ ⃗O3 = ∑
m

(−1)mϵmOℓ=1,−m
3 , ϵz = ̂z, ϵ± =

1

2
(∓ ̂y − i ̂x)

ρ0
3(v) ρ1

3(v)



Examples: Large charge

IR of Unitary fermions described by superfluid EFT

L = c0M
3
2 X

5
2 + ⋯, X = ∂tθ −

(∇θ)2

2M
[Son & Wingate 2006…..]

goldstone boson of the  symmetry breakingU(1)

ji =
−∂iθρ

M
, ρ =

5
2

c0M
3
2 X

3
2

⟨ℰv( ̂n)⟩OΔQ(ω,0) ≃ ⟨ℰv( ̂n)⟩
OΔQ(t12=

−iΔQ
ω , ⃗x12=0)

, ΔQ ∼ Q
4
3

using saddle point approximations of the insertions,

[Cuomo, Firat, Nardi & Ricci 2025]

using “master solution”   θs(t, ⃗x)
[Beane, Orlando & Reffert 2024]

27M4Q4v4 ( 16ω
3MQ −v2)

3/2

1024π2r3ω3
Satisfies the ward identities

Agrees with [Son, Stephanov & Yee 2021]

Interpret ,  beyond which  is imaginary, possibly 

signalling breakdown of leading order EFT.

vmax =
16ω
3MQ

ñ ( π
2

, v ̂n)



0.2 0.4 0.6 0.8 1.0
v

-1

1
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3

α2(v)

s=1.77272
s=4.35825
s=5.71643
s=8.05319

0.2 0.4 0.6 0.8 1.0
v

0.5

1.0

1.5

2.0

2.5

3.0

α2(v)

Interacting

Free

Positivity ?

ℰv( ̂n) =
v4

2
ñ ( π

2
, v ̂n)

ñ(τ, ⃗y) ≡ (cos τ)−3n(t, ⃗x), v ≥ 0

ℰv( ̂n) ≥ 0

Non-relativistic  analogue of ANEC
 [Hofman & Maldacena 2008]

⟨ℰv( ̂z)⟩ϵ.Oℓ=1
3 (ω,0) ∼ f(v)(1+α2(v)(cos2 θ −

1
3 ))

NR ANEC −3
2

≤ α2(v) ≤ 3

s = 1.77272

f(v) ≥ 0

αOint
3

2 (v) =
3 (ρ0

3(v) − ρ1
3(v))

(2ρ1
3(v) + ρ0

3(v))



Summary

=
X

i

hiOi
(1.1)

=
X

j

cjDj
(1.2)

Figure 2: In an experiment involving a QFT Q, the probe (hammer) can be expanded in op-

erators Oi that are int
rinsic to Q, schematically eq. (1.1). Similarly, a far-away measurement

apparatus (camera) can be expanded in detectors Di that are intrinsic to Q, eq. (1.2). These

twin expansions cleanly separate the details of the experiment (contained in the coe�cients

hi and cj) from the dynamics of the theory (encoded in matrix elements hOi|Dj|Oki).

local operator
detector

“measure at a point” “measure in cross-sections”

UV divergence
IR divergence

need to renormalize need to renormalize

theory-dependent
theory-dependent

OPE
light-ray OPE

radial quantizatio
n

?

Table 1: A comparison between local operators an
d detectors.

of energy. The lac
k of IR-safety manifests as IR/coll

inear divergences
in perturbation theory.

After suitably renormalizing the detector to remove the divergence
s, we obtain a new “good”

observable, but it
s anomalous dimension (suitably-defined)

is theory-depende
nt.

Recall that the sp
ace of local operat

ors has a simple nonperturbati
ve definition via radial

quantization in the UV CFT: it is its Hilb
ert space of states on Sd�1. Thus, local opera

tors

provide a basis of fundamental objects in which measurements at a point can be expanded.

Similarly, detectors provide a basis of fundamental objects in which measurements near in-

finity can be expanded, see figure 2. However, we do not currently possess a similarly clean

nonperturbative definition of the space of detectors. They are less well-understood objects,

and we seek to explore them in this work, focusin
g mostly on the case of conformal theories.

We summarize the analogy between detectors and local operators in
table 1.

The simplest kind of detector is the i
ntegral of a local operator alon

g a light-ray at future

null infinity I+. In this case, the way renormalization works is easy to understand: the

renormalized detector is the null integral of a
renormalized local operator. For example, in

a free scalar theory, the operator EJ just mentioned can be defined for even integer J � 2

as a null-integral of OJ = �@µ1
· · · @µJ

�. When interactions are turned on, OJ gets an

anomalous dimension, and thus so does EJ , leading to a nontrivial depend
ence on infrared

scales characterizi
ng the measurement.

– 2 –
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FIG. 1. A nuclear reaction with an unnucleus U (represented by the shaded region) in the final

state.

where A1 and A2 are some initial particles, B is a particle and U is the unnucleus. For

simplicity, we assume all particles involved in the reaction are nonrelativistic, though our

main conclusion requires that only U is. We work in the center-of-mass frame. The total

kinetic energy available to final products is

Ekin = (MA1 +MA2 � MB � MU)c
2 +

p2A1

MA1

+
p2A2

MA2

. (11)

Unless U is a particle, the energy spectrum of B is continuous. Let E and p be the energy

of the particle B, E = p2/2mB. We are interested in the di↵erential cross section d�/dE.

We can think about a term in the e↵ective Lagrangian

Lint = g U †B†A1A2 + h.c. (12)

where g is some coupling constant. The di↵erential cross section can be computed to be

d�

dE
⇠ |M|2

p
E ImGU(Ekin�E,p). (13)

For the Lagrangian (12) M = g, but in principle M can contain dependence on the momenta

of the incoming and outgoing particles. The statement of Eq. (13) is that the cross section

can be factorized into two parts, one (encoded by M) corresponding to the primary process

A1+A2 ! B+U , the other (encoded by ImGU) corresponding to the final-state interaction

between the constituents of U . Such a factorization requires that the energy scale of the

primary scattering process is much larger than that of the interaction between the neutrons

and is the essence of the Watson-Migdal approach to final-state interaction [6, 7].

According to Eq. (9),

ImGU(Ekin�E,p) ⇠
✓
Ekin � E � p2

2MU

◆�� 5
2

=


Ekin �

✓
1 +

MB

MU

◆
E

��� 5
2

. (14)

Denote the maximal value of the recoil energy received by the particle B as

E0 =

✓
1 +

MB

MU

◆�1

Ekin. (15)
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• Proposal for event-shapes in non-relativistic setting with Schrödinger invariance. 

• Using symmetries to study ward identities and constrain correlations in non-trivial states. 

• Explicit examples. 

• Proposal for positivity. 



Future Directions

• Higher point detectors? Their OPE? 

• Scattering length & effective range corrections? 
 


• Proof of positivity?  

• Anyons? Efimov states?.. 

• …..


