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The 6-angle in QCD

Yang-Mills theories possess a topological sector represented by a @-term:
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where g(x) = topological charge density.
e It is a volume term tr(FWF/"”) = dﬂK”,

o If @ # 0,7 it introduces a CP violation — Strong CP Problem (5’QCD <1077

The effective Lagrangian at low energies with the inclusion of the #-angle reads:

P TSI 4 T MCE 4+ S0 4+ Lo Tr o =] - 4’
eff =5 rlo, )] - WG rIM(Z + )]+EQ(X) rlog 55| P2

e The 3rd and the 4th terms reproduce the Adler-Bell-dackiw anomaly:
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Quantum Field Theory at fixed charge

Fixing a charge means to impose a constraint which breaks Lorentz invariance:

0=|aafr =0,  F=w-u0: F10)=0
As an example, fixing a charge in a U(1) scalar field theory:
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produces a centrifugal barrier resulting in a double-well effective potential
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Through a spontaneous breaking of the U(1) symmetry (Superfluid Transition):

e the radial mode p acquires avev # 0 — m, oy,

e the angular field y is the expected massless GB called Superfluid Phonon.



QCD Phase Diagram at non-zero u/T
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The Chiral Lagrangian with the 6-angle

The low-energy dynamics of Nf= 3 QCD at finite isospin and strangeness chemical potentials, in the
presence of a nonzero 6-angle, is given by the Chiral Lagrangian
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describing the pseudo-Goldstone bosons arising from chiral symmetry breaking:
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The chemical potentials are included through
Meson Octet
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The Vacuum 2o

[J.B.Kogut, D.Toublan (2001)]

At zero 6-angle, the vacuum configuration can be written as: Y =R XRT
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The 6-angle is included through the Witten variables {a;, o, a3}
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W = diag{e—ial , e—iaz, e—ia3}



Symmetry Breaking Pattern
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Phase Diagram - Normal phase

The Eoms for the Witten variables can be solved in the different phases:

cosp=1, pe€(0,x/2), Normal phase,

G(m, cos a, + m,, cos a)

2Gmysina, (cos® fcos ¢ + sin® f) = ad, COS @ = p , f=0, Pion phase,

2Gm,sina; cos ¢ = al,
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, ,B=5, Kaon phase.

In the case of non-degenerate masses m, = m, = m # m,, we can define the quantity

The solutions in the Normal Phase are given by
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For y < 2, the two solutions 053(1) minimise the energy in @ € [0,z] and @ € [x,2x],

While for y > 2, the two solutions aB(i) can be glued together and the energy is analytic in 6.
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They are degenerate and related by CP —— Dashen’s phenomenon

Fory < 2, at @ = n they reduce to: |, =2sec”! (

Fory > 2,at0 = & wehave a; = w,a; = @, = 0: the solution is unigue — Dashen’s phenomenon X

This can be seen easily the realistic limit y << 1:
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The even powers of y are the same, while the odd ones appear with opposite coefficients that vanish at 8 = 7!
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Phase Diagram - Pion phase

In the the solutions for the Witten variables are:

0— a, - 2ut (2mg — mz) + m; cos 6
A =0 =a = , cosa,”’ == :
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For p; > mﬂ\/; (—cos 6) , the energy is minimised by a;, while for y; < mﬂ\/}z/ (—cos 0), it is minimised by a5 .

The energy value corresponds to
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and in the y < 1 it becomes:
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For generic values of y; it is an analytical function of 0, and the Dashen’s phenomenon is absent X.



Novel Superfluid Pion Phase

At 6 = 7, the solution for a3 can be reduced to:

2 D 2
cosa® =+ L H ut=m L T .
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For p; < ,ul* the vacuum is unique and given by a; = &, @ = ) — Dashen’s phenomenon X.

For u; > u7* there exist two degenerate minima a; = 0, @ = £ z/2, but the CP order parameter is 0!

——Dashen’s phenomenon X
At the special point y; = p* the energy reduces to

1 0 m
Ey/F? = n (4 (m% — 2m[2<) COS (—) | - 4m,2{ + 2m§) ,

and the Dashen’s phenomenon occurs 4.

How do we explain the vacuum degeneracy with no CP order parameter?



The @-dependence of the critical value of y; for the
onset of the Pion phase changes with y. In fact,

6 — (x§i)
,u,,c,,(@) =m, \cos > ,

where ag—” are the solutions related to the Normal phase.

In the limit where the strange quark decouples from the
dynamics, y < 1 it simplifies to

0
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lul,cr(ﬂ) — m]l"\/; — :l’tl>I< fory < 2, and /“t],cr(ﬂ) — mﬂ fory > 2.

In particular, when y < \/5 this special value is a minimum, while for \/5 < y < 2is alocal maximum.

For larger values of y the 0-dependence is progressively softer, as expected if m, = 0.



We thus realise that:

k —
//t] _ //tl,cr

Normal

y <2

The new pion phase is energetically favoured for p; > ,ul*.

New Pion

The solution for the Witten variables implies that

(itysd) = 2F-G cos (al a2> sing =0
a, +
(iid) = 2F*G sin ( 2) sing # 0

There is a 1st order phase transition signalled by a different,

parity-even order parameter!

Normal Pion New Pion
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Phase Diagram - Kaon phase

Lastly, in the Superfluid Kaon Phase the e.0.m.s for the Witten variables are solved by complicated
expressions:

cosay = A /Ag, cosay = —+[Ax/2,  Ax,Ap=Ax, A0,y my, yy, i)

The corresponding energy in the limit y << 1 Is:
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Apparently, there is no kaonic counterpart to the novel pion phase.



Phase Transitions to Superfluid Phases

In the y << 1 limit, the Normal to Superfluid phases transitions happen when the chemical potentials are
greater than:
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The Pion to Kaon is favoured for values greater than:
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s it worth observing that in the degenerate quark mass case, this quantity does not depend on 6.

C1
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In general, the value of us separating the two superfluid phases has to be determined numerically.
For realistic values of the meson masses

m_= 140MeV and myg =495 MeV
the y-corrections are quite large, regardless of its small value.

The behaviour of the condensate across the transition indicates that, in the case of non-degenerate
masses, the transition is actually 1st order.



Condensates

Condensates Normal phase Pion phase Kaon phase
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Phase Diagram

Non-degenerate masses

Superfluid Pion Phase
ey <2

Hy < Py =y * Normal Phase
Hy > Py = Novel Pion Phase

oy > 72
py < Py < pp* Normal Phase

Hyer < iy < pp* Ordinary Pion Phase

My > >y, Novel Pion Phase



Mass (MeV)

500

400

W
)
o

200

100

Spectrum

1000
600
800
500
/>\ 400 g 600
v v
— S— n-o z z
T — K_ ?0 SN—" N—"
g8 T
> S 400
N 200
200
100
0 0
0 1 2 3 4 5 6
6 6 6

Here . and K are the Goldstone bosons stemming from the spontaneous breaking of U(1);/¢ !



Summary

We determined the contribution of the topological sector to the QCD phase diagram
with Nf= 3 at finite isospin and strangeness densities.

We analysed the special case of 6 = &, searching for Dashen’s phenomenon. For

realistic values of y, it is present in the Normal Phase, while it disappears in the
Pion and Kaon phases.

We discovered a novel pion superfluid phase in certain regions of the isospin

phase diagram. Apparently, there is no counterpart of such a phase in the
strangeness region.

We completed our analysis by determining the condensates and the full low-
energy spectrum.

Thank you!



